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1 Introduction
Let (X, |]-]|) be a Banach space. First, we take into consideration of the following abstract
Cauchy problem:

G=Av()+3(@), 0<t<T, (1.1)
v(0) = v,

where §:[0,T] - X, v € X, and A : D(A) C X — X is densely defined operator satisfying
following conditions:

(D) Y g:={ueC:pu#0,|arg(n)| <0} C p(A),

(i) 11l = A) Moo < X Vi e Yy,
for some 6 € (3, 7), N > 0. The sets p(A), L(X) are denoted as resolvent set of A and the set
of all bounded linear operators on X, respectively. Such operator A, is known as sectorial
operator, and it generates the analytic semigroup {7(¢t)};>0 on X (cf. [1]). The study of
strict solution of (1.1) is very well known. For instance, we refer to [1, Chap. 4], [2] and
the references therein. In these cited papers, the authors proved strict Holder regularity
of the mild solution of (1.1) under suitable space and time regularity of the initial datum.
More precisely, if § € C?([0, T]; X), where 0 < 6 < 1, vy € D(A) with Avg + F(0) € D4(6, 00),
an interpolation space, then (1.1) has strict solution. The results have been obtained by
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using the advantage of representation of interpolation space D4 (6, 00) in terms of analytic
semigroup. Here we are interested in the investigation of similar results for the following
fractional order ACP on X:

‘Dev(t) =Av(t) +§5(t), 0<t<T,
V(O) =10,

(1.2)

where °DY represents Caputo fractional differential operator of order « € (0, 1).

Over the last few decades, the study in the area of fractional calculus has influenced the
researchers owing to its generous applicability in the branch of science and engineering.
Specifically, we refer the work [3] for some substantial applications of fractional differential
equations.

There have been intensive investigation on existence, uniqueness and regularity of solu-
tion for variety of generalized model of (1.2). For the enthusiastic reader, we refer to [4—6]
for linear autonomous case, [7, 8] for semilinear autonomous case, [9] and some work
cited therein for the non-autonomous case with delay. But the study of strict regularity
of the problem (1.2) is very rare for the case @ € (0,1). Bazhlekova [10], in her precious
thesis, studied strict L?- regularity by introducing the concept of solution operators and
using the resolvent representation of classical interpolation space D4 (0, p) for 1 < p < 0.
The case p = oo (i.e., strict Holder regularity case) has been studied first by Ph. Clément
et al. in their pioneer work [11]. Using some suitable transformation, the author split the
problem (1.2) into two abstract problems, one is having homogeneous force function (i.e.,
$ = 0) but with inhomogeneous initial data, and another is having inhomogeneous force
function §(¢) — §(0) but with homogeneous initial data. The author used method of sum
to investigate the regularity of the latter one, in which the problem is converted to an op-
erator equation of the form Bu + Cu = v on the space X = {v € C([0, T]; X) : v(0) = 0} and
applied a suitable theorem [11, Theorem 8]. Whereas, the regularity of the first one is
solved by exploiting resolvent representation of the interpolation space D4 (6, oo). Finally,
combining the both results, the author obtained the strict Holder regularity of the prob-
lem (1.2). Also, the work of Li liu et al. [12] is devoted to examining maximal regularity
property of the weighted Holder space Cg ([0, TT; X) for the problem (1.2) by utilizing the
concept of a-times resolvent families introduced in [13], when v(0) = vy € D(A).

In contrast to this above-mentioned work, for the first time we are going to prove that the
classical real interpolation space D4 (6, p) can also be represented in terms of S, (), T,(£),
named as “solution operators” of fractional ACP. Guswanto, in [14], explicitly introduced

these pair of operators on X, defined as follows:

1 -
Su(t) = — / (A —A) Ty, £>0, (1.3)
27i Jy
1 -
T,(t) = _/ MO -A)d, t>0, (1.4)
21i Jy

where Y C p(A), an anticlockwise oriented path. He also demonstrated the topological
properties of these operators which are somewhat similar to those in classical case; see
[15]. These similarities create a great advantage to study the existence, uniqueness and

regularity properties of solution of (1.2) in the same fashion as of classical case. However,
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there are some disadvantages as these families do not satisfy semigroup properties and
the operator T,(t) has singularity near ¢ = 0.

On the other hand, the study of strict solutions come into effect when one wants to
get the differentiability of the solutions up to ¢ = 0. In fact, it is known that the a- Ca-
puto derivative of classical solutions of (1.2) cannot be extended up to ¢ = 0, even under
the conditions vy € D(A), § € C?([0, T]; X) (see, e.g., [16]). Thanks to interpolation spaces
which play crucial role to fill this gap between classical solutions and strict solutions. It
is evident that interpolation spaces can be expressed in terms of semigroup. However, no
such expression in terms of S, (£), T,(¢) is available in the literature so far. Motivated by
this, we analyze the following points:

(I) constructing interpolation spaces in terms of solution operators S, (t), Ty (¢) of
fractional ACP and characterize these spaces,

(II) establishing the strict Holder regularity (or maximal Holder regularity) results for

the problem (1.2) utilizing this new representation of interpolation space.
It is worth to mention that this new finding creates not only a great opportunity to study
the strict regularity results of the problem (1.2) in the similar fashion as of classical case,
but also provide a new sight in the area of fractional calculus.

This paper is organised as follows. In Sect. 2, we present preliminary results on some
Hardy-type inequalities, a short introduction of real interpolation spaces and properties
of the solution operators. In Sect. 3, we construct interpolation spaces in terms of solution
operators and characterize these spaces, which is one of the goals of this paper. In the last
section, we establish the sufficient conditions to investigate the strict Holder regularity of

mild solutions of (1.2), and provide an example to illustrate the results.

2 Some notations, preliminary results and interpolation spaces

Let I C R be an interval. Traditionally, for a compact interval I, C(Z; X) represents the
space of X-valued continuous functions on I endowed with the usual supremum norm.
The Holder space C?(I; X) is defined by

C'(I; X) := {g €C;X): [gly = sup e =g@)I oo},
s,tel,s#t |t - S|(9

assigned with the norm |\g||co 1,x) = sup,¢/11g(¢) Il + [glo, where 6 € (0, 1).
The space LL(I) := L*(I, %), equipped with norm

1
ds\? .
gl = (_/I|g(S)|p?> , ifl<p<oo,

, ifp=oc0c.

ligllzee ) = ess suplg(s)
sel
Definition 2.1 Let f € L!([a, b]; X). The operator defined by

(1af)(t) = ﬁ /ﬂt(t—s)"‘lf(s) ds, a.etéela,b],

is known as Riemann—Liouville integral of order o € (0,1).
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For o > 0, we consider

-1
a={r@ 0
0, t<0.

The convolution between f : [0, T] — X and g, is defined by

(@ * 1)) = ﬁ fo (t—s)\f(s)ds, te(0T).

One can verify that, for o, 8 € (0,1), gy+p = gy * gp-

Definition 2.2 Letf € L'([a, b]; X) be such that I'*(f(-) = f(a)) € W'!([a, b]; X). Then the
Caputo derivative of order « € (0, 1) is defined as

Dif)= 5 (0 @) ©

1 d [*
:mE/a(t—s)’“(f(s)—f(a))ds aetela,b.

Definition 2.3 Let § € L1((0, T); X). By a mild solution of (1.2), we mean a function v €
C([0, T']; X) which satisfies the following integral equations:

v(t) = So(B)vo + /t T,(t—-s)§(s)ds, te(0,T].
0

Definition 2.4 A function v € C([0, T']; X) satisfying:
(i) ve C((0, T];D(A)),
(i) £+ g1_q * (V() = vo)(2) € C((0, T]; X),
(iii) Eq. (1.2),

is called a classical solution of (1.2).

Definition 2.5 A function v € C([0, T]; D(A)) satisfying:
(i) t+> gi_o * (V(-) = wo)(t) € C'([0, T]; X),
(i) Eq.(1.2),

is called a strict solution of (1.2).

Lemma 2.6 (Hardy-type inequalities involving Riemann Liouville integral [17]) Let 1 <
p<g<oo, }7 + 1% =1, and u, v be non-negative weight functions. Then the boundedness of
the linear operator 1* : LP((0, 00); v(t) dt) — L((0, 00); u(t) dt) holds if and only if for some
C>0

1

00 a/ (R Y
(/ Hoe Dy (f) dt) (/ (V(t))l"p dt) <C forallR>0
2R 0

and I : LP((0, 00); v(t) dt) — L1((0,00); u(t) dt) defined by If(t) = s f%f (t — )" f (s)ds is
bounded.
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In particular, if p = q, u(t) = t"! and v(t) = "7, t > 0. Then boundedness of 1% :
L#((0, 00); v(t) dt) — LP((0, 00); u(t) dt) holds if and only if

v <p, n<(l-a)p and oz+ﬂ= . (2.1)
p

T

Next, we give Hardy-type inequality involving Riemann-Liouville integral for the case
p=q=1(cf. [18, Theorem 2.3]).

Lemma 2.7 Let u, v be non-negative weight functions. If there exist g € [0,1],C > 0 such
that

O<t<r

( / Oo(t — 1)@ DBy () dt) (supess(r — )@ D1A) [v(t)]_l) <C forallr>0. (2.2)

Then there exists constant B > 0 such that [,°|(I°f)(¢)|u(t) dt < B [, |[f(£)|v(t) dt.

Lemma 2.8 (Hardy—Young inequality [19, p. 245-246]) Let 0 < b < 0o and p > 1. Then,
for any measurable function V : (0,b) — R* and y > 0, the following inequality holds:

b C o ds\Pdt 1 [ d
| t‘”’( [ ‘-I-’(S)—S> Lol [emuepZ 23)
0 0 s o yPJo s

Before constructing interpolation spaces in terms of S, (¢), T,(t), we draft a base by re-
calling the classical real interpolation spaces. For Banach spaces X and Y, L(X; Y) stands
for the set of all bounded linear operators from X to Y. For X = Y, L(X; X) is indicated as
L(X).

2.1 Real interpolation spaces

In this subsection, we recall interpolation space for the case Y < X, though for gen-
eral theory of interpolation spaces, we direct [20] for the interested reader. Let (X, ||-||x),
(Y, ||-|ly) be Banach spaces with Y < X. A Banach space E is called an intermediate space
if Y — E — X. An intermediate space E is said to be an interpolation space if for ev-
ery T € L(X) such that T|y € L(Y), we have T|g € L(E). A classical method known as
K-method to produce a class of real interpolation spaces is recalled now.

Forxe X, t>0, set

K(t,x; X, Y) := inf{ lx1llx + Ellxally :x = %1 +x2,%1 € X, %5 € Y}.
Let 0 <0 < 1. For 1 < p < 00, define the following spaces:
X, Y)op={reX:tr ¢(t) =t Kt %X, Y) € 12(0,00)},
with the norm %l vy, = ||¢||L’j(o,oo)'
Then (X, Y)y,, are known as real interpolation spaces. One important thing is to note
that K(,x;,X,Y) < |x|lx as Y — X. Hence, to prove x € (X,Y)g, it is adequate to prove

that ¢ — ¢(t) € I£(0,a), and then %l x, ), becomes equivalent to ||x|x + lo1l20,0) for
any fixed a > 0.
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A well-known result is that interpolation space (X, D(A))y,, can also be represented in
terms of semigroup as follows:

(X,D(4)) op= (xeX:tm y(t) = "0 |AT(0)x| , € 12(0,1)} := Da(0, p), (2.4)
with the equivalent norm [|x|lg, = Il*lx + 112 0,1 (see, [1, p. 46]).

Definition 2.9 Let 6 € (0,1). An intermediate space E is of Jy class if 3¢ > 0 s.t.
lxllz < cllxl|x”I%l§ forallxe Y.

In such a case, it is written as E € J(X,Y).

Definition 2.10 Let 0 € (0,1). An intermediate space E is of Ky class if 3k > 0 s.t.
K(t,x%X,Y) <k’ ||x||z forallx €E,t>0.

In such case, it is written as E € Ky(X, Y).

One can observe that (X, Y),, belong to the class J (X, Y) N Ky (X, Y) for every p € [1,00].
For any 6 € (0,1), the domain of fractional power of the sectorial operator, D(A?) is not
an interpolation space but belongs to the class Jy(X, D(A)) N Ky(X, D(A)). However, in a
Hilbert space X, if A is densely defined positive self-adjoint operator, then D(A?) is an
interpolation space (cf. [1]).

Now, we recall the properties of the solution operators S, (¢), T,(¢) in fractional calculus

in order to find the motivation behind constructing new interpolation spaces.

Lemma 2.11 ([14]) Let S, (t) be defined as (1.3). Then the following results hold.
(i) S«(t) € L(X) and 3B; = B1(«t) > 0 such that ||Sy(¢)||Lex) < B1, Ve > 0.

(i) Foreacht >0, S,(t) € L(X;D(A)), and AS,(t)x = Sy (t)Ax if x € D(A). Moreover,
3B, = By(er) > 0 s.L. || ASe(£)lx) < Bat™*,Vt > 0.

(iii) > Sy(t) € C*°((0, 00); L(X)) and IM,, = M, () > O such that
IIS((;‘)(t)IIL(X) <M, t7",Vt > 0. Moreover, S,(t) can be continued analytically to the
sector 29_%.

(iv) Foreach x € X, lim;_,¢||So(£)x — x||x = 0.

V) 7 Jo (& =) Sy(s)xds € D(A), Vx € D(A), and

L g _ _
F(a)fo(t $)* T AS,(s)xds = Sy (t)x — x. (2.5)

Remark2.12 Since A is densely defined, closed operator, therefore (2.5) holds for all x € X.
Thus, the operator equation (I*AS,)(t) = S, (t) — I is valid on X.

Lemma 2.13 ([14]) Let T,(t) be defined as (1.4). Then the following results hold.
(i) To(t) € L(X) and 3Cy = C1(a) > 0 such that | Ty ()|l L0 < C12*71, V¥t > 0.
(i) Foreacht>0, T,(t) € L(X;D(A)), and AT, (t)x = T,(t)Ax if x € D(A). Moreover,
3C, = Cy(@) > 0 such that | AT, (2) | Lo < Cat 1, VE> 0.

Page 6 of 18
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(iii) £ > T,(£) € C*((0,00); L(X)), and AK,, = K,,(«t) > 0 such that
[I Té”)(t)HL(X) < K,t*" 1Yt > 0. Moreover, T,(t) can be continued analytically to the
sectory ,_ z.

(iv) S, (Hx=AT(t)xforallx e X, t>0.

(V) Se(®)x=(g1-q * Ty)(t)x forallx € X, £ > 0.

Note that S, (¢) is bounded near zero. Hence, by defining S, (0) = I, the identity operator
on X and taking note of the property given in Lemma 2.11(iv), we can say that the family of
bounded linear operators {S, (£)};>o is continuous for £ > 0 in the strong operator topology.

Lemma2.14 LetA:D(A) C X — X be a densely defined sectorial operator and S, (t), T, (¢)
be the fractional solutions operator defined as in (1.3), (1.4), respectively. Then the following
identity holds:

Si(t)x=AT,(t)x forallt>0,x€ X.

Proof Consider the following representations of S, (£), T, (¢) (see, [5, p. 213]):

o0
Se(t)x = / M, (s)T(st“)x ds,
0
o0
Ty (t)x =7t / asMe(s)T (st*)xds, t>0,x€X,
0

T'(1+r)

where M, is a probability density function having the property fooo "My (s)ds = & Trar)

-1.
Since ¢ > T,(t) € C*((0, 00); L(X)), using the Lebesgue dominated convergence theo-

>

rem, we have the following integral representation of T/, (t):

o0
T, (t)x = (o - DT, (0)x + 2@ / o> M, ()T’ (st"‘)x ds.
0

Now, a2s2M, ()| AT’ (st*) ||y < Ct=2*M,(s), which is integrable over s € (0,00). Hence,
by [20, Proposition A.5.], we conclude that T, (t)x € D(A) for all x € X, ¢ > 0.

Finally, using the identity T(")(t) = A"T(t),t > 0,n € N, analyticity of £ — S,(¢) and the
Lebesgue dominated convergence theorem, we get

So(t)x=AT,(t)x forallt>0,x€X. O

3 Construction and characterization of the interpolation spaces in terms of
Sa(t), Te(t)
In this section, we introduce two classes of interpolation spaces in terms of solution op-
erators. We show that these interpolation spaces are identical with the classical real inter-
polation space.
Let0<6 <1,1<p < oo. We define the following classes:

TeDA0,p) = {y € X 1t > Yo (£) = Y| AT, (0)y ||, € L2(0, 1)}, (3.1)
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equipped with the norm "(|yllg,, = Iyllx + Vel 20,-
SeDa(0,p) = {y € X :t > do(t) = "V | AS e}y, € 2O, D)}, (3:2)

equipped with the norm 5 [yllo,» = lyllx + a2 0.)-

Remark 3.1 We observe that, for any 0 < a < b < 0o, the two maps ¢ — v,(¢) and
+> gu(t) belong to L(a, b). Indeed, [Vl 20 < Ci(eab,0,p)yllx and lgall p ey <
Co(a,a,b,0,p)|lyllx for some Cy,Cy > 0. Therefore, one can replace the interval (0,1) by
any intervals of the form (0, T'] and check that the corresponding norms will also be equiv-

alent to the norms mentioned in (3.1), (3.2), respectively.

From now onward, we will use C as a positive constant appeared in any estimation in-

stead of mentioning it precisely and the norm ||| in place of the norm ||-||x on X.

Theorem 3.2 Let 6 € (0,1), p € [1,00]. Then
DA(Q;p) = TQDA(Q;‘U) = SQDA(Q)p)ﬁ

and the respective norms defined on these spaces are equivalent.

Proof Let x € Ds(0,p) := (X,D(A))g,, with x = x1 + xp, where x; € X and x, € D(A).
By the properties in Lemma 2.13, [|AT, (t)x|| < [[AT,(&)x1 | + AT, ()% < C(t7 x| +
7 Axa ).

This implies that

Va(t) = 7| AT, (x| < CE (1]l + £ %2l py) = CE*K (¢, %X, D(A)).  (3.3)

By the change of variable ¢ > ¢%, the R.H.S of (3.3) belongs to L£(0, 1), which concludes
that the map ¢ — ¥, () € L£(0,1), and " |x|lg,, < Cllxllg,p-
Hence we proved that

D4(0,p) — D4(0,p). (3.4)

Now, let x € T7*D4 (8, p). By Lemma 2.13(v) and the closedness of A, we have

e F(% /0 (£ -5 | AT, (s)x] ds

—a)
1

t
= r1l-a) /0 (t-9)"s"" Yy (s)ds, forO<t<l.

If p = oo, then ||AS, (£)x| < r(ll_a)t”(”‘l)B(l — &, @0) || W |l 220 (01), where B is the beta func-
tion defined as B(m, n) = fol(l —s)" " ds, m, n>0.

Thus, the map ¢ — ¢, (t) € L2°(0,1), and 5 ||x]|g,00 < CT||xl6,00-

For 1 < p < 00, one can easily check the validity of the inequality (2.1) with the functions

u(t) = 12101 () = {1-29P-1 Thus, by Lemma 2.6 and noting Lemma 2.13(ii), (v) we
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get

dt

1
| e orjas oS
0

5/ tal Qp”Il—a(AT )(t)x”P_t

/ A |AT, 00"
f1-a0)p pdt % a1,
<C [AT@x]"—+ | 0 ter ) de
1
< ( s ae)pHAT ”1’_ + ||x||17)

= (||1/foz||Lp01 + [1x[17),
which resulted to 5 ||x|lg, < CT||x|lg,,. Hence, 7D4(0, p) — SHDA(G D).
For the case p = 1, the inequality (2.2) holds for u(t) = t**~9-1 y(t) = % and B = 1.

Again, by a similar procedure to the last case, we can obtain 5 ||x||9,1 < CTa||x||,,. Hence,

forall1 <p < oo,
DA, p) = **Da(0,p). (3.5)

Again, let x € 5“D4(6, p). Then, by Lemma 2.11(v), we can write

_ _ __L ! _ -1
x=—(Su(t)x —x) + So () = r@ ), (t—s)*tAS, (s)xds + S, (t)x.

Therefore,

1 t
K(t x5 X, D(A)) m A (t—s)*t HASO, (s)x|| ds +t* ||Sa(t)x||D(A), t>0.

First, consider p = co:
. Lo .
K(t*, X, D)) < o /0 (= 9 | ASu ] ds + S0 oy

1 t
< — £ — )% 1g2@-D (1) ds + Ct¥||x
T ]0 (t-s) | ll22°(0,1 [l

+ 20 g 12 01)

0 o
< Ct | pallo0,1) + CE¥llxll + £%7 | da Il 132 0,15

implying t K (t%,x; X, D(A)) < Ct*%05 || x| g.00.
Therefore, noting the change of variable ¢ — ¢t*, we obtain

s,
1%11D4 0,000 = € %l6,00-
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Now, for the case 1 < p < 0o, we first note that

a0 pdt e pdt »
/ £PK (%, %X, D(A)) — S/ | (1 AS,) (Ox " — + Cllxl” + el .
0 t 0 t Ly (0,1)

Now, to prove [|x[|p, @, < CSe llxll6,5, it suffices to show that
! —ab), o Pdt ! a(1-0), Pdt
|| (I“AS,) (O —=C| ¢ 7| AS, ()« | - (3.6)
0 0

This inequality immediately follows from Lemmas 2.6, 2.7 with u(¢) = %71, v(t) =
t*1-9=1 "8 — 1 and using the procedure same as in the proof of the second inclusion (in-
clusion number (3.5)). Hence for all 1 < p < oo,

5D (6, p) = Da(0,p). (3.7)
Therefore, the inclusions (3.4), (3.5) and (3.7) validate the theorem. O
Next we show the another formation of *D4(6, p) in the next result.

Proposition 3.3 Let0<0 <1 and 1 < p < co. Then the following holds:
4D40,p) = {y € X1t > @o(t) = 7| Su(e)y - y|| € L2(0, 1)},
and the norm y > S llyllo,p is equivalent to the norm y — ||yl + @ ||L§(0Y1).

Proof Let x € *D4(6,p), i.e., x € X such that ¢ — ¢, (£) = t*3-9 || AS, (t)x| € L£(0,1).
For p = co. By Lemma 2.11(v), we get

[ Sa® =] = [ (140 ) (0)x]

< ﬁ =gtV 0 ds

< Ct|¢pullzo0n forall£e(0,1).

Then it is obvious that ¢, € L°(0,1) and [|¢q |l22(0,1) < Cll¢a l22°(0,1)-
For 1 < p < o0, it is adequate to prove that 3C > 0 such that

1 1
/ t‘e""’”(l‘)‘ASa)(t)pr?EC / taﬂ-f*w”Asa(t)x”P?. (3.8)
0 0

This inequality appeared in the proof of the third inclusion of Theorem 3.2 and has been
proved by using Lemmas 2.6, 2.7 (see the inequality (3.6)).

Conversely, let y € X such that t > ¢, (£) = t%|S,(£)y — || € L£(0,1).

Now one can check the validity of the following identity for all £ > 0:

ASo(t)y = ASo,(t)% /0 (t =) (y - Suls)y) ds

Ma+1) 1

+ASC( (t) P m

/t(t —5)*7S, (s)yds.
0
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By using Lemma 2.11(v), we get

Mo +1)
t

ASy(0)y = ASa(t)% / (=) (y = Sa(s)y) ds + Su(t) (Sa(t)y -9).
0

For the case p = 0o, we employ the properties in Lemma 2.11 and get

t
|AS. ()] < ce / (£ =95 g () ds + CL" g, (1)
0
<2V i@y 1 13(0,)-

So t > ¢o(t) = 79[| AS, (2)y | belongs to L3°(0, 1), and [|¢u |01 < Cliga 5 (0,1)-
For the case 1 < p < o0, first note that

00 ASa @y = CE O (1 (= Sa () O] + u®)-

Hence, to prove [|¢all;2(,1) = Cllgall2 g1y, it is enough to prove that

! —a(1+0)p o p dt ! —afp p dt
PN (=S = < C |y = Satey ] (3.9)

0 0
The above inequality is validated by the Lemmas 2.6, 2.7 for u(t) = t*(+9P-1 y () = ¢~20p-1
and B = 1. Hence, the proposition is proved. d

4 Strict regularity of mild solutions

This section is devoted to establishing strict Holder regularity (i.e., the p = 0o case) results
using the interpolation space constructed in the last section. Before that we shall present
the necessary and sufficient condition for a mild solution to be a strict solution of the
problem (1.2) in the case 0 < « < 1. For the case 1 < « < 2, we refer to [21].

Proposition 4.1 Let§ € C([0, T]; X), vo € D(A), and v be a mild solution of (1.2) on [0, T].
Let us consider

w(t) = /t T,(t—-s)F(s)ds, t>0.
0

Then the following are equivalent:
(i) v is strict solution of (1.2).
(ii) w(t) € D(A),Vt €[0,T], and w e C([0, T1; D(A)).

Proof Let v be a strict solution. Then v € C([0, T]; D(A)), I'"*(v(-) — vy)) € C*([0, T); X)
and v satisfies Eq. (1.2), and explicitly v(z) = S, (£)vo + w(t). Since by Lemma 2.11 S, (¢)vy €
D(A),Vt € [0, T], we have w(t) € D(A) and

Aw(t) = Av(t) — AS, (£)vo = Av(t) — Sy () Avy.

Hence, it follows that w € C([0, T']; D(A)).
Now, we assume that w(t) € D(A),Vt € [0, T], and w € C([0, T']; D(A)).
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Then we prove that v € C([0, T]; D(A)), I**(v(-) — vo)) € CX([0, T];X) and v satisfies
Eq. (1.2).

Since v is mild solution of (1.2), v(¢) = Sy (£)vo + w(t). Obviously v € C([0, T']; D(A)).

Now

(gl—a * (V(') - Vo))(t) = (gl—a * (Sa(')VO - Vo))(t) + (810 * To % §)(2)
(gl—a *got *ASa(')VO)(t) + (Sot * S)(t)
= (g1 % ASo()v0) (2) + (Su * B)(2). (4.1)

Also, by Remark 2.12 we have

(Sa *B)(8) = A(ga * S x F)() + (€1 % F)(?)
= A(ge ¥ 81 * To % 3)(8) + (g1 % F)(X)
= A(g1 * Ty x §)(2) + (g1 x F)(2)
= (g1 Aw)(®) + (&1 * ) (®). (4.2)

Since Aw € C([0,T];X) and § € C([0, T]; X), it follows that ¢ > (S, * §)(¢) belongs to
CY([0, T; X). Also AS, (-)vy € C([0, T]; X) as vy € D(A). So, t — (g1 * AS,(-)vo)(£) belongs to
CY([0, T]; X). Consequently, I'™*(v(-) — o) = (g1- * (V(-) = 9)) € C}([0, T]; X). Now using
(4.1), (4.2),

d
‘Div(t) = E(gl—a * (v(-) = v0)) (2)

= AS, (0 + (S, % H)0
=AS,(t)vy + Aw(t) + 5(¢)

= Av(t) + §(¢). |
Proposition 4.2 Consider the integral defined as
t
wo) = [ Tle-950)ds §eC(0.75X).
0

Then w € C*([0, T]; X).
Proof By Lemma 2.13, ||[w(#)| < ClI§|lcqo 1) fot(t - 5)*1ds < C|IFl cqomt®, forall t €

[0, T'], with w(0) = 0.
ForO0<s<t<T,

”w(t)—w(s)” 5/(; ||[Ta(t—r)—Ta(s—r)]S(r)Hdt+f ||Ta(t—r)S(I)Hdt

s t-1 ,
5/ / | T0(0)3(0)| do dT+C||§||C([0,T];X)/ (t— 1) dr
0 Js-1 :

s t-t t
< e [ [ o rdoar [(¢-orar)
0 Js-t1 s
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< ClIS o, (E — 8)*.
Hence, w € C*([0, T]; X) and [w]y < CIFlcqo11:0- .

Theorem 4.3 Let § € CY([0, T); X), where 0 € (0,1), and v be the mild solution of (1.2).
Also, we assume that vy € D(A) such that Avy + §(0) € TeD 4 (6, 00). Then v is strict solution
on [0, T). Indeed, v € C*°([0, T1; D(A)) and consequently °D?v € C*°([0, T]; X). Moreover,
there exists C > 0 such that

”CD?VHCW([O,T];X) + [|AvI| cet (j0,17:0)

< C(IBllco o + Ivollneay + T [ Avo + F(O) |, . )- (4.3)

Proof We can write

W(E) = Su(E)vo + / Tt - 9)(3(5) - §(0)) ds + / T, (- 9)3(0) ds
0 0

= Sa(E)vo + wi(t) + (g1 * To) (D) ()
= Sa(B)vo + wi(t) + (ga * So) ()T (2)
= wy () + wy (),
where w;(¢) = fot To(t —5)(F(s) = 5(2) ds, wa(t) = S (£)vo + (go * Sa) ()T (2).
Now, |AT,(t - s)(F(s) - )l < C[Fla(t - 5)°", which is integrable on (0,¢). By the
closedness of A, we have

|[Aw1(®)|| < C[3l6t” forallt e [0, T].

Hence, wy(t) € D(A),Vt € [0, T].
For 0 <s<t<T,wehave

| Aw: () — Awi (s)

= /0 AT, (¢ - 0) - AT, (s - 0)) (3(0) — §(6)) | do

+

/0 AT, (t - 0)(3(5) - §(0) do

+ [ AT (e~ o)(3(0) - 500) | o
= [ [ 1ol g 50150 e do

+

f AT, (0)(3() - 5(0) d

-

+C[Sle ft(t - 0)9’1 do

<15h [ =0 [ s, drdo +

| su0E6-50) ar

+ C[Fla(t —s)’

< Cl3lo /0 / 2 drdo + || (Sat) - Sult - ) (3(6) - 30)|
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+ C[§o(t - s)’
< C[Flo(t - )" +2B1[Flo(t —5)” + C[Fo(t —5)°
< C[§lo(t —9)" < CTPV[Fa(t - 5)*. (4.4)

By Remark 2.12, we also note that

Aw(t) = So(£)Avo + (g * AS) (D) (1) = So (1) (Avo + F(0)) + S, (D (3 () - F(0)) - F(®).

ForO<s<t<T,

| (Sa(6) = S()) (Avo + F(0) | < / | S (@) (Avo +5(0)) || d=
- / | AT, (x) (4vo + §(0)) | dx

t
- / 01T | Ay, + %(O)HQ,OO ar

< CTe|Av + 3(0) |, . (- 9)* (4.5)
and

|52 (3(1) - F(0)) - Sa(5)(F(s) - F(0)) |
< [ (Sa(®) = Sa(s)) (F(s) - FO) || + || S () (F(®) - F(5)) |

<1810 [ 15205 dr + CIRIa (e~

=C[3le /tr“ dt + C[lo(t - s)’

< C[§lo(t -9 < C[Fy TV (£ - 5)*°.

Hence, by (4.5), it is clear that Aw, € C*%([0, T]; X) with [Aws]as < C([Flo + To||Avy +
T(0)]lg,00)- Also, from (4.4), Aw; € C*([0, T]; X) with [Aw;]ue < C[Fls.

Consequently, Av € C*?([0, T]; X).

By Proposition 4.2, it follows that v € C*?([0, T]; D(A)) and the estimation (4.3) follows
easily. O

We say B, set of all X-valued function on [0, T, satisfies maximal regularity property
for the problem (1.2) if for every § € BB, the solution v of (1.2) is such that both “Dfv and
Av belong to B. Clearly, if 0 < 6 < «, then by Theorem 4.3, B = C?([0, T]; X) enjoys the

maximal regularity property for the problem (1.2) which is stated now as a corollary.

Corollary 4.4 Let § € C°([0,T);X), 6 € (0,0). Assume that vy € D(A) such that Avy +
F(0) € T‘XDA(g, 00). Then a mild solution, say v, of (1.2) is a strict solution. Indeed, v €
C?([0, T); D(A)) and consequently °D%v € C?([0, T1; X). Moreover, there exists C > 0 such
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that

”CD‘;‘VHC(,([O’T];X) + 1AVl co qo,11,3)

< CI8llco oy + Ivollpwy + ™ | Ave + FO) &, )- (4.6)

Corollary 4.5 Let § € C?([0, T]; X), 6 € (0,1). Assume that vy € D(A) such that Avy +
F(0) = 0. Then a mild solution, say v, of (1.2) is a strict solution. Indeed, v € C?([0, T]; D(A))
and consequently °D%v € C?([0, T1; X). Moreover, there exists C > 0 such that

1DV co o710 * 14Vl o010 < CIF v o710 + I1vollbiy). (4.7)

Remark 4.6 Now, one may question the establishment of the strict regularity of mild so-
lution of (1.2) in the interpolation space 7@D4 (6, 00) using the method presented in this
paper. This is possible when T, (¢)y € D(42),Vt > 0,y € X. However, till now it is an open
problem to find whether T, (t)y € D(42%),Vt >0,y € X.

In [16], we studied that the assumptions vy € D(A) and § € C?([0, T]; X) with F(0) #0
do not guarantee that the mild solution is strict. But, in the next theorem, we shall see that
the assumption § € C?([0, T]; 7« D4(#, 00)) ensures the strict Holder regularity of a mild
solution of (1.2). We shall use the following constant:

_ 1-a6
M= 0<§21T)+1t Az ”L(TO‘DA

(0.00):X)" (4.8)

Theorem 4.7 Let § € C?([0, T); T2 D4 (0, 00)), 6 € (0,1), and vy € D(A). Then a mild solu-
tion, say v, of (1.2) is a strict solution. Additionally, if we assume that Av, € Tep,(8,00),
then v € C([0, T]; D(A)) and consequently ‘Div e C*([0, T]; X). Moreover, there exists
C > 0 such that

1D cos 0,730 + 1AVl ce ro,71:)
< C(II3 1l ¢t 0,77 D 0,000 *+ Vol piay + T || Avollg,00)- (4.9)
Proof Let w(t) = fot To(t - 5)§(s) ds, t > 0. Now, for s € (0,£) we have,
||ATa (t - S)S(S) || < HATat(t - S) ||L(To( D4 (0,00);X) || S(S) || Ta Dy (6,00)

< M(t —s5)*! 151l o (10,777 D4 (6,00))

which is integrable on (0, £). Using the closedness of A, we get
M, .
||AW(t)|| < Et ||{§||C9([0,T];TQDA(9'OO)) <oo,Vt e [0, T] with AW(O) =0.
Therefore, w(t) € D(A) forall ¢ € [0, T]. Nowlet 0 < z < 1 be such that £, +z € [0, T]. Then

”Aw(t +2z) — Aw(t) ”

ft+ZATa(t+z—a)§(U)dU —/tATa(t—a)S(U)dU
0 0
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= H/tATa(t—a)S(a +2z)do —/tATa(t—o)S(G)dG
2 0

0 t
< / |ATs(¢ - 0)3(0 +2)|do + /0 |ATo(t - o) (30 +2) - 3(0)) | do

0 t
< M”S”Cg([O,T];TU‘DA(@,OO)) (/ (t - 0’)059—1 do + Z(') / (t — 0’)059—1 dU)
,Z 0
6
= ClIS o 0,757 D 0,00) 2" -

Therefore, Aw € C*([0, T]; X) and by Proposition 4.2, w € C*([0, T]; D(A)). Hence by
Proposition 4.1, it is concluded that v is a strict solution of (1.2).

Now, if Avy € T@D4 (6, 00), then by following the procedure to obtain (4.5) in Theo-
rem 4.3, we can prove that ¢ > AS,(t)vy € C¥([0, T]; X) with [AS,(-)volas < T [Voll6,00
and the estimation (4.9) follows easily. O

Example 4.8 Consider the following time-fractional diffusion equation:

‘DYu(t,x) = Au(t,x) +f(t,x), te(0,T],xeR",ac(0,1),

u(0,%) = up(x), xeR”.
Consider the operator A : D(A) — X = C,(R") defined by

D(A) = {# € My 2o Wiet (R") N C(R") : Art € Cy(R")) (4.10)
Au = Au,

where C,(R") is the space of all bounded continuous functions endowed with the usual
supremum norm. The operator A generates an analytic semigroup ¢ and D(A) =
BUC(R”) := X, the space of all bounded uniformly continuous functions (cf. [1, p. 81]).

Now, the part of A in Xj is defined by
D(Ap) = {u €D(A):Au € Xo}, Aou := Au,u € D(Ap). (4.11)

Then Ap : D(Ao) — Xo is densely defined sectorial operator which generates the bounded
analytic semigroup €. In fact, e = " (cf. [1, Remark 2.1.5]). Now, using the setting
u(t,x) = u(t)(x) and f(¢,x) = f(t)(x), the problem (4.10) can be written as the following
abstract Cauchy problem in the Banach space Xj:

‘DYu(t) = Aou(t) +f(t), t>0,
1(0) = up.

(4.12)

We denote Cg(R”) as the space of all bounded and Hoélder continuous functions en-
dowed with the usual Hélder norm. We also define C;*(R”) = {f : DPf exists, Df €
Cp(R™")¥multi-index 8 with || <2, and D?f € CZ (R™) for |B] = 2}.

By Theorem 3.2, 1, p. 45] and [1, Theorem 3.1.12], we know that

Te Dy (6,00) =5 D4 (0,00) = Da(0,00) = Dy (6, 00) = C3* (R").

Therefore, uy € C;*2°(R") implies that 1y € D(Ao) and Aguo € 12Dy (0, 00).
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Now, if f: [0, T] x R” — R be bounded uniformly continuous function such that f is 6-
Holder continuous with respect to time variables, uniformly in x, then f € C?([0, T]; Xo).
Also £(0,-) € C¥(R") implies £(0) € 72D, (6, 00). Therefore, applying Theorem 4.3, we
have the following result.

Theorem 4.9 Let 6 € (0, %) and f : [0,T] x R” — R be bounded uniformly continuous
function such that f is 6-Holder continuous with respect to the time variables, uniformly
in x. Assume that ug € Ci***(R") and £(0,-) € C(R"). Then any mild solution, say u, of
(4.10) is a strict solution. Moreover, °D%u, Au € C*°([0, T]; BUC(R")).

Again, let f : [0, T] x R” — R be a bounded function such that

ACL RGN (4.13)
oty I~ 7 + |5 — 91 ’

Then f € C/([0, T]; 7= D 4(0, 00)). Hence, by Theorem 4.7, we have the following result.

Theorem 4.10 Let 6 € (0, %) and f [0, T] x R" — R be a bounded function satisfying the
condition (4.13). Assume that ug € CZ*ZG (R™). Then any mild solution, say u, of (4.10) is a
strict solution. Moreover, “D%u, Au € C*/([0, T]; BUC(R")).

5 Conclusion

We constructed two classes of interpolation spaces in terms of solution operators of frac-
tional abstract Cauchy problem, and showed that these classes coincide with the real in-
terpolation space. Moreover, it is found that these newly formulated interpolation spaces
are useful to prove the strict Holder regularity of a mild solution of a fractional ACP in the
semigroup fashion as of the classical case.
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