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Abstract

This paper aims to investigate the notion of p-convex functions on fractal sets RY (0 < & < 1).
Based on these novel ideas, we derived an auxiliary result depend on a three-step quadratic
kernel by employing generalized p-convexity. Take into account the local fractal identity, we
established novel Newton’s type variants for the local differentiable functions. Several special
cases are apprehended in the light of generalized convex functions and generalized harmonically
convex functions. This novel strategy captures several existing results in the relative literature.
Application is obtained in cumulative distribution function and generalized special weighted
means to confirm the relevance and computational effectiveness of the considered method.
Finally, we supposed that the consequences of this paper can stimulate those who are interested

in fractal analysis.

Keywords: Generalized Convex Function; Generalized Harmonically Convex Function; Gener-
alized p-Convex Functions; Newton’s Type Inequality; Fractal Sets.

1. INTRODUCTION

The fractal sets in science have introduced some
fascinating complex graphs and picture compres-
sions to computer graphics. Fractal is a Latin word,
derived from the word “Fractus” which signifies
“Broken.” The expression “fractal” was first uti-
lized by a young mathematician, Julia! when he was
considering Cayley’s problem identified with the
conduct of Newton’s method in a complex plane.
Fractal is frequently utilized in real-world involv-
ing: fractal antennas, fractal transistors, and frac-
tal heat exchangers. It has applications in the music
industry, the creation of photography, soil mechan-
ics, small-angle scattering theory, and many more.
It is to be emphasized that fractal theory assumes
an essential job in the improvement of picturesque
of fractal sets. The utilizations of fractal sets are
in cryptography and other useful areas of research
have increased the interest of researchers to broaden
the utilization in mathematical inequalities. Frac-
tals are the elite, arbitrary examples abandoned by
the erratic developments of the disorderly world at
work. The most significant utilization of fractals in
software engineering is the fractal picture compres-
sion. This sort of compression utilizes the way that
this present reality is very much portrayed by frac-
tal geometry 2 Interestingly, authors? investigated
the local fractional functions on fractal space delib-
erately, which comprises of local fractional calculus
and the monotonicity of functions. Numerous ana-
lysts contemplated the characteristics of functions

on fractal space and built numerous sorts of frac-
tional calculus by utilizing various strategies 814
Mathematical inequalitiesT® 33 assume a significant
job in engineering and applied sciences. An enor-
mous heft of fractional differential problems and
partial differential equations can be converted into
problems of comprehending some estimated inte-
gral equations, see Refs. 3438 Nevertheless, some
underlying differential equations are fractal images,
which are continuous and nowhere differentiable. In
this phenomenon, an important tool can be utilized
to cope with fractal and fractal-based problems with
continuity and nondifferentiable.

The Newton’s type identity is famous for its
distinguished nature known as error estimation or
Simpson’s second formula, stated as follows:

Theorem 1. Let Q@ C R be an interval and let
X : Q = [g,h] — R be a four times continuously
differentiable function on Q° (Q° is the interior of
Q) and | XYoo = SUPyelg,h] IxW]| < o0, then

‘é[x(g) +3x(29;h> +3x<922h> +X(h)}

1 h

1
< = IXPloo(h = 9)°.

x(wdu| < =5
(1)
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Many important results have been obtained for
the investigation of the inequality ({l) on fractional
calculus theory and in the classical sense. Specifi-
cally, several researchers paid their interest in devel-
oping the novel versions depends on a two-step
quadratic kernel and Simpson’s second type results
based on three-step quadratic kernel via differ-
ent classes of functions, for some specific formu-
lation, modifications, and innovative speculations,
see Refs. [39H46l It is also worth pointing out that
the concepts of fractal fractional calculus are also
modified and further developed to adapt to the new
requirements of theory and practice. Up to now,
there exist several definitions of the convexity the-
ory in the frame of local fractional integration in
the literature, each being constructed to satisfy var-
ious modifications and to be consistent with physi-
cal background and applications, among which the
most popular one is the p-convex functions. Inspired
by the above phenomena, we intend to establish the
novel version of Newton’s type identity in the frame
of local fractional integration by proposing general-
ized p-convexity property and to check the effective-
ness, we provide the generalized variants in proba-
bility density functions and a-type weighted special
means.

Additionally, integral inequalities in the con-
text of local fractional calculus have a significant
role in all fields of pure and applied mathemat-
ics. For example, Chen*? derived a novel version
of Holder inequality on fractals. In Ref. 14, Mo
et al. established the fractal version of Hermite—
Hadamard inequality by the use of generalized con-
vex functions. Du et al. contemplated the novel
generalizations for Simpson’s, Hermite-Hadamard
and Hermite-Hadamard-Fejér type inequalities for
generalized m-convex functions concerning to local
fractional calculus. In addition to these results,
Luo et al.™ deduced several new Fejér—Hermite—
Hadamard inequalities for a class of h-convex func-
tions with applications. For some useful and recent
studies on fractional calculus and its applications in
different fields of mathematics, see Refs. 49H53.

Owing to the above phenomena, the key aim of
this research is to introduce a new auxiliary result
depending on the three-step quadratic kernel on
local fractal sets will be given. With the aid of
novel identity, we derived numerous novel general-
izations of Newton’s type for mappings whose pow-
ers contain local fractional derivatives in modulus
are generalized p-convex. The main impetus of this
study is to capture new estimates for generalized

Local Fractional Integral via Generalized p-Convexity

convex functions and generalized harmonically con-
vex functions. In addition, the application of the
proved results in probability density functions and
the generalized weighted special mean formula is
also presented. We hope that the new strategy for-
mulated in this paper is more invigorating than the
accessible one.

2. PRELIMINARIES

Now, we mention the preliminaries from the theory
of local fractional calculus. These ideas and impor-
tant consequences associated with the local frac-
tional derivative and local fractional integral are
mainly due to Yang®

Let w§, w$ and w§ belong to the set R* (0 < & <
, then

(1) wé + wf and wiw§ belongs to the set RY;

(2) Wi +wy =wi +wi = (w1 +w2)* = (w2 +w1)%

(3) Wf‘+(w§+w§‘) = (w?+w§“)+w§“i

(4) wiwy = wyw = (WIWQ) = (waw1)%;

(5) wi (W2W3) (W1W2)W3a

()wl(w2+w3)_wlw2+wlw37 o o

()wl—i-()o‘ 0% + wf = wf and wW{1Y = 1%¢
- wl .

Definition 2. A nondifferentiable mapping x

R — R* 0 — x(e) is said to be local fractional con-

tinuous at €., if for any € > 0, there exists k > 0,
satisfying that

|X(6) - X(EO)‘ < 65[7
holds for |e — €| < k. If x(€) is local continuous on
(g,h), then we denote it by x(e) € C4(g, h).

Definition 3. The local fractional derivative of
X (€) of order & at € = ¢, is defined by the expression

x@(ee) = Dix(e) = dizfg) -
i A%((6) = x(<0))
e—e€o (e —€) ’

where A%(y(e) —
Let X(é‘)( ) =
(k+1) times

X(€)) = T(@+ 1)(x(€) — x(co)).

Df‘ (€). If there exists X(k"‘ )04( )

ﬁ%
D ... D x(e) for any € € Q C R, then it is denoted
by X € D(x41)a(Z), where k =0,1,2,....

Definition 4. Let x(¢) € C4lg, h], and let A =
{no,m,...,nn},(N € N) be a partition of [g,h]
which satisfies g =19 <1 < --- <1y = h. Then
the local fractional integral of x on [g, h] of order &
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is defined as follows:

h
(&) 1 a
T -
N = 7 / X(n) ()
N—-1
= hm
577%0 =0

X x (1) (&),
where on = max{An,Any,...
An; :=nj41—14,7=0,...,N -1

Here, it follows that gI}(L&)X(G) =0ifg =nh
and gféd)x(e) = —hIg(,d)X(e) if ¢ < h. For any
€ € [g, h], if there exists gféd)x(e), then it is denoted
by x(€) € Z2(g. h].

Lemma 5 (Ref. [5). (1) Suppose that x(u) =
G@ (u) € Cylg, h], then
oI () = G(h) = G(g).
(2) Suppose that x(u),G(u) € Dalg, h], and x'¥ (u),
G® (u) € Cylg, h], then
oI X ()G (w)
= x(G (W)}~ VX ()G ().

Lemma 6 (Ref. B5). For k > 0, the following
results hold true:

dduké‘ N F(l + kd) u(k_l)&
du® — T(1+ (k—1)a) '

1 /h kd(d )d
ri+a)/, © ™
_ (1 + ka)
T(1+ (k+1)a)
« (h(k+1)d . g(k+1)d)‘

,Any_1} and

Lemma 7 (Ref. 47, Generalized Holder’s
inequality). For s,q > 1 with s~ +¢ ' =1, and
let x,G € Calg, h], then

3. MAIN RESULTS

This section dedicated to an auxiliary result asso-
ciated with the local fractional integral and then
by employing the said result we derive a novel ver-
sion of Newton’s type inequalities considering sev-
eral new and existing generalized classes of convex
functions.

We now present the concept of generalized
p-convex functions on fractal space as follows.

Definition 8. Let p € R\{0}. Then x : Q =
[g,h] — R is said to be generalized p-convex, if

x([¢a? + (1= Q)] %’)

< ¢x(2) + (1= ¢)*X(y), (2)
holds for x,y € Q, and ¢ € [0,1].

Remark 9. In Definition

(1) If we take a = 1, then we get a definition in
Ref. [54L

(2) If we take p = 1, then we get a definition in
Ref. [14l

(3) If we take p = —1, then we get definition in
Ref. 52l

(4) If we take p = —1 and & = 1, then we get defi-
nition in Ref. [55

(5) If we take p = 1 with & = 1, then we get classi-
cal convex functions.

It is worth mentioning that generalized p-convex
functions collapses to generalized convex, general-
ized harmonically convex functions, harmonically
convex functions and classical convex functions as
special cases. This shows that outcomes derived in
this paper continue to hold for these classes of con-
vex functions and their variant forms.

Example 10. Let y : Q = [g,h] — RY ; x1(u) =
u® p # 0 and xa2 : Q@ — RY xo(u) = %, ¢ € RY,
then x; and x» are both generalized p-convex and
generalized p-concave functions, respectively.

Lemma 11. For p € R\{0} and let there is a func-
tion x : Q° C R — RY such that x € Da(Q2°) (Q° is
the interior of Q) and x*) € C4lg, h]. Then, for all
i€ [g,h], we have

(&) b [#5)

EEIRE
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(o N\ Ay @ ! (n—1D)°
<hp_gp) D(1+4),Z¢ x/g —

3 [ng? + (1 —n)nr]®

X @ ([ng” + (1 = n)h?] ») (dn)®
=1+ I + Is. (4)

Considering I; and applying the local fractional

integration by parts, one obtains

X ([ng?” + (1 = mh?]7) (dn)*, h= %
(3) , o
b )
where X/O [ngp+(1n_ ns)hp}a(ll)
(n—é)a’ ne[g’ ) <X ([ng? + (1= )] )
p(n) = ("‘%>&’ 776[%7 ) =<n—é ax(d)(["«qpﬂl—n)hpﬁ)!s
(-3 nef5] e

Proof. Utilizing the given assumption and it suf-

fices that

(P —g?)*
peT(1 + &)

y /1 11(n) :
0 [ng? + (1 —m)nr] %)

% @ ([ng” + (1 = n)h?]7) (dn)®
(WP —gP)?
-~ peT(1+ &)

X/é (=)

0 [ng? + (1 - n)h#]* "%

< XD ([ng” + (1 = m)P]¥) (dn)°®
(h? — g")*
pT(1+ &)

e (n—3%)"
1 a(1-1)

5 [ng? + (1 —n)hr]

< XD ([ng? + (1 —n)h?] ) (dn)® +

X ([ng? + (1 —n)h?] %) (dn)®

() ([T ) - ()
_%([Wﬁ)%@ W e

Analogously, we have

(2 — )
pT(1+ &)

9 =

()27
()

Cp°T(1+4) @ X (u)
gy W= (i) (s s
pT(1+4) (6)

2140018-5
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and
5. (P —g")"
57T pAT(1+ a)
y /1 (n=5)"
1
3 [ngr + (1 —p)he] 0P

< XY ([ng” + (1 —n)h?] 7 (dp)®

([5)

T+ ) 7@ X (u)
(hp _ gp)d g ([Qgp;hpﬁ wa(1=p)"

(7)

Combining (@)-(6) gives the desired identity (3.
This completes the proof. |

Remark 12. In Lemma [Tt

(1) If one takes p = —1, then we get result in
Ref. 411,

(2) If one takes p = —1 and & = 1, then we get a
result in Ref. [43.

(3) If one takes p = 1, then we get a results for
generalized convexity and classical convex func-
tions in the literature, respectively.

Theorem 13. For & € (0,1]) with st + ¢! =1,
q > 1 let there is a function x:Q° C R — R%
such that x € Da(Q°) (Q° is the interior of Q)
and XY € C4lg, h). If |[x\¥|? is generalized p-convex
function on §, then

) boorea([557 )
+3%x ([%} ) + x(h)}

—< E >&F(1+d)gz,§d) x(w)

hp — gp ua(lfp)

(50 () )

‘ q

[T (0,49, 1) |x @ (9)

. . 1
+ 15 (p, g3 9, 1) | XD (h)] Y] @

(&) )

X [T;(f‘) v, 4:9, 1) |x'V(9)

. . 1
+ 0 (p, g5 9, 1) | XD ()1 @

(&) )

% [T (p, 4; 9. 1)[x' ¥ (9)

. . 1
+ Y (p, 5.9, 1) | XD ()] ‘1} :

Y1, q;9,h)

p®(8hP)% 4 (gP + ThP)?

s — gy

X

3

X (2—q(p+1))°T(1+

8
(h,p(q n-2 (gp+7hp

p(g—1)—2/p
(=

i) |

p°

(- g")R(2+p

X

_.|_

|
3
(
{

(¢=1)=*%;
<9p+7hp>

+q(1-p))°T(1 + &)

<h}7(q 1)—
(a-1)-2\ &
gp+7hp) )

q+2

(¢-1)-2\ &
gp+2hp> >}

p*(hP(g? + ThP))*

B )P (1 —p

2140018-6
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% 3 (q—l)_% &
hqp ha(p—1)+p—2 + T

)™ M
gP + Thr \ P+ TP ’
(h7(g? + ThP))* 5 (0, ¢:9.h)

(I=p+q(l—p)*TA+a) o ((2hP)0 + (gP + hP)%)

y <<78 >(q+1) 2% (h? — gP)
14 A ~
gr +Th? % (q+p(2 — q)°T(1 + &)
_< 3 ><q+l>q22>@] (8) 3\
gP + 2hP ’ X [<(g7p+2hp>
Téa) (pvqagv h) 3 q_Q_% &
o p® - <29” + hp) >
(h? — gP)**T(1 + @) 3 g-2-1
X (2+q+pB-q)" _<<29p+hp)
X ; 2 q*Q*% &
hpla—3)—(q+2) \ P+ hp
()
9"+ 27 (P =g (g +pB — q)°
3 (4-3)- L2\ @& x T(1 4 a&)
() ) s e
(q—3)— 42 ) [<( P 2hp>
8 9-3) » \ & gP +
_ gP + Thy ( 3 )q—3—%)6¢
B P ((89p)d + (gp 4 7hp)d)5é 2gp + hP
8% (hP — gP)3eT << 3 )qSZ
x (14 &) (g +p(2—q)* 297 + hP

1 3 2-9)-5\ @ ( 2 >q35)d]
x th(q—2)—q B (gp+2h,p> ) gP + h?

()

xF(l—i—a)

‘<gp+%>@_®_g)a} ; [((L)

p*(gP(gP + ThP))
8% (hP — gP)3eT ( 3 )‘1‘1—5)5‘
x (14 &) (g +p(1—q)* 297 + hp
1 3 (Q*l)*% a _<< 3 )q_l_%
x th(lq)w B (gp + 2hp> ) 2gP + hp

2140018-7
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=) )]

Y (p, q; 9, h)

pd

(h? = gP)*(q + p(3 — q))*

x T(1+ &)

p((297)% + (g7 + hP)%)

C28(hP — )P (g + p(2 - q))°

xT'(1+ &)

) )

P (gP(g” + h7)°

2%(hP — gP)**(q + p(1 —
xT'(1+ &)

and

(1)

2140018-8

8 (P — g")% (g + p(

Y (p,q;9,h)

p* ((8hP)* + (Tg” + hP)%)

- 854(hp _ gp)3o}

X (q+p(2-q)°T(1+ @)

B p
(h? — g7)3%(q + p(3 — q))°
xI'(1+a)

3\
()

3 RN
_<7g”+h”) )

8 9-3-3 1\
(wew) )|

P (hP(g” + hP))*
1-q))"
xI'(1+a)

q

)

] q—l—% a
(rw) )

8 a-1-3 1\
()]

Y (p, g g, 1)

~ (87 + (Tg” + hP)%)
8d(hp _ gp)Bd
x(q+p2—9q)T(1+a)
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p
’ (h? — gP)3%(q + p(3 — q))*
x (1 + )

3\
X F—
(5w)

]

8 q—3-14\ &
_<7g”+h”> )

q

() 53]
P (9P (¢” + hP))~
85 (hP — g7)30
X (¢ +p(1—q)°T(1+a)

q

3 1=y
X —_—
(&%)
] q—l—% &
_<7g”+h”> )

8 \7 s 1 \¢
TgP + hP gq,k% ’

(13)

Proof. Considering Lemma [IIl the generalized
power mean inequality and the generalized p-

convexity of [x(®)|9, one obtains

(&) proresn([*5])

()

S p )\ o @) x(u)
Qw—w)ru+a”% w0

- ({Lp—gp)f“ /é
- pO‘F(l—i-oa) 0

2140018-9
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n—&l"

[ng? + (1 — n)hp]d(k%)

% |x® ([ng? + (1 — mh?] 7)]

x (dn)® + (h? — gP)® /j

X

pT(1+ &)
n—3|°

X

[ng? + (1 — n)hp]d(k%)
<|x@ ([ng” + (1 — n)h?] )|
o, -y
<)+ i+ a) /g
- Z*

X - 1
[ng? + (1 — n)ne]* %)

<|x@ ([ng” + (1 — n)h?] 7) | (dy)°

g(M;fﬁd(m11@yA%

1% 1—1
— 2| (dn)@
<= g| @)
1
1 /§
X _—
<I‘(1+d) 0
_ 1@
% ’77 8‘

G(1—1
[ng? + (1 — n)hw] *40 %)

< [ ()] + (1 —n)?

4Jm—fﬁ< ! /%
p& F1+a) /L
1ad N 1—%
X ?7—5 (dn) )
2
1 3
X(F(1+d)/;
n—3°
% 2
qé(1—=)
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< XY (g)|* + (1 —n)?|

76

n—% —
[ng? + (1 — )] 0%

< [ XY (g)|* + (1 —n)?|

< DD )] (dn)&) q

X

Utilizing Lemma[@land using the change of the vari-
able, yields

o1 /
T +a) Jo
1 _ )\%a
x ) ———
[ngp_i_(l_n)hp]qa(lf )
1
1 3
+r(1+a)/é
_1\& &
y (n—5)"n _dyy
[ngp+(1_n)hp]Qa(l—;)
p® 1

88 (h — )R T(1 + &)

y h (8hp)&
(gp+87hp )1/P Vd/(qp_q_l)

AN A U 00
B — yalap—gtp-1)

palagp—g—p—1)
P 4 ThP\& .
LT >(dy)a

pa(gp—q—1)

(gP-;-87hP 1/17( (8hp)5‘

)
1
P

1 A 7 N
1 3 11 . (974207 pé(agp—q—1)
- n—z| (dn)* ’
T(1 / 8 ) )
( +C¥) 0 e (hp(gp + 7hp))a
1 o . - yalegp—q—p-1)  palep—g+p—1)
=i /_1 v (dv)” » o TPV
s L TR (el (15)
& R pa(gp—q—1)
_(IT\ T +4a)
- \288) T(1+24) ' _ .
, A Now, applying the change of (\/ag{able =z =T
1 3 11 N 1 & dr)®
= 167 and from ﬁ(du) = 57 vay WE get
. I'l+ &) /% T3 (dm) valap=p=1) (2—q(p+1))
(1T +a) (8hP)& + (gP 4 ThP)™ /h (dv)®
“\18) I'(1+2a)’ I(1+a) (12 1/ VPP
1 L AL 8hP)& + (gP + ThP)®
X 7A/ n—<| (dn) = (817) ( = ) _
I1+a) )z 8 (2-qlp+1)°T(1+a)
~ 1
1 “T(1+a plg—1)—2 &
- <—7> (7+Oi) (14) X /h 3 p(g—1)—2 (dT)
288 ) T'(1+24) (o) 7

Now, using Lemma[@l and the change of the variable
technique, it follows that

&

1 /3 n—3|"n
F(l‘f‘@) 0 [ngp+(1_n)m]q&(l_%)

_|5<

(dn)®

2140018-10

_ (8RP)* + (gP + ThP)®
C (2—q(p+1)°0(1+ @)

p(g—1)—2

1 _ 8 P “
“\ ppleD2 gP + Thp

(16)
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and

(%)UP

(8hP)& 4 (gP + ThP)®
(14 a) K

gP+2hP )1/p
3

(dv)®

pap—p—1

(8hP)* + (g” + ThP)*
(2 —qlp+1)°T(1 +a)

s p(g—1)—2
(gp77mm) ? &
X / 3 p(g—1)—2 (dT)
(gpramp)  *
(8RP)* + (¢" + ThP)*
(2—q(p+1)°T(1 + &)

p(g—1)—2

()
() T ) w

applying the change of variable
e (du)® = (dr)?,

pé(ap—q—p—1)

Again,
ﬁ = 7 and from
we get

R4 /h (dl/)é‘
L(1+ &) (AATHE 1/ p&(ap—q—p—1)
854
2+p+aq(l—p)T(1+a)
1

pp(g—1)—q—2

&
x 8 \(g—1)—-Lt2 (dT)
(gp+7h,p) P

854
24+p+q(1—p)T(1+a)

1
% hpla—1)—q—2

8 ((I*l)*% a
__<gp+—7hp) ) 18)

(%)UP

and
8 (dv)*
1+ a) (L2 )1/ palgp—q—p—1)

8d
2+p+q(1—p)T(1+ &)

Local Fractional Integral via Generalized p-Convexity

_1)_9t2
(a=1)="5

(riem) N
X/( 3 )(4;1*1)*M (dT)

P IRP P
854
(2+p+q(l—p)T(1+a)

8 (Q*l)*%
X«¢+%»

3 (‘1—1)—% &
_<¢+2M) )'

Further, applying the change of variable

(19)

1 _
pvap—q+p—2 T

1 (du)® = (dr)%, we get

7 and from Salap—g—p—1)

(hP(gP + ThP))® /h (dv)®
F(l + d) (gP-»-87hP)1/p v&(egp—q+p—1)
(RP(gP 4 ThP))«
(2—p+q(1—p)T(1+a)
1
nalp—1)+p—2 &
X/( 8 )(q+1>—‘1%2(d7)

(hP(gP 4 ThP))%
(2—p+q(1—p)*T(1+a)

1 ] (‘1+1)—% &
g (hq(pw? ) (gp = 7hp> >

(20)

and
(gP-y-87hP)1/p (dV)OAé

GPE2RP )1 /p pa(egp—q—p—1)
3

(hP(gP + ThP))®

1+ a) /(
(hP(gP 4 ThP))%

(I—p+q(l—p)T(1+a)

a+n- 152

(grrmm )
X/( 3 )(q+1)*"",%2 (dT)

gP+2hP

(hP(gP + ThP))®
(1-p+q(1—p)T(1+a)

8 (‘H’l)_%
X«¢+%»

3 (‘H’l)_% «
()T
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A combination of (I8)—-21) yields

L[ [ — &[0
F(l‘f‘@) 0 [gp+(1_77)hp]q&(l_%)
x (dn)®
=1 (p, q;9,h).

Adopting the aforementioned procedure, and after
substituting the computed identities (I4) in (I4),
we get immediate consequence (). This completes
the proof. O

Remark 14. In Theorem [I3¢

(1) If one takes p = —1, then we get result in
Ref. (411

(2) If one takes p = —1 and & = 1, then we get a
result in Ref. [43.

(3) If one takes p = 1, then we get results for gener-
alized convexity and classical convex functions
in the literature, respectively.

Theorem 15. For p € R\{0} with s™' + ¢! =1,
s > 1 let there is a function x : Q° C R — R®
such that x € Da(Q°) (Q° is the interior of Q)
and XY € C4lg, h). If |[x\V|? is generalized p-convex
function on ), then

(5) oo [=5]

1
. 2gP + hP 1
(5]

w

bl
N———

3

—( P >dr(1+d)gz,§d) x(w)

hp—gp

b
N——
+
=
>
[

|

< M [(T(O‘)(q p; g:h))
([(152824)&5&? o
(1208054) i)
x [IX@(9)]7 + [x ¥ (h)|]

[
&) 1
+ (Y8 (g,p; 9, 1)) 7

X

_l’_

X

() e
(s )T 20y
x [[x ¥ (9)|7 + X (h)|]

+(r§ qu,A)é
(|(5) mress
)

13.824
<[ @ (@)l + O (h m].

—+

X

(22)

Proof. Considering Lemma [[Il the generalized
power mean inequality and the generalized p-
convexity of [x(®)|9, one obtains

() oo s[5

[ng? + (1 — )] *C )
< [ ([ng? + (1 — )] 7)]

~ 2
. (P — gp)e /§

d [ -~ J 7
<)+ i+ a) :

2140018-12
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n—§
[ng? + (1 — n)hr]®

% [x@ ([ng” + (1 = m)h¥] #) | (dn)*

X

D)

< ;agp)& (m 1+ &) /0%

8

- 4"
[ngp + (1 - ’I’])hp]q&(l_%)
1

(23)

2140018-13

—
o\
o]

L(1+a)
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‘07 From Lemma [6] and simple computations, yields

1 0’ <é — n)d(dn)é‘

- () Ry~ (30 T

- (%)@&(11:252)

19 \°T(1 + 24)
216) T(1+3a)’

crirar fy (5 0)

/3885 \“I(1+4)
- \13,824) T(1+2a)

5165 \“I(1+2a) 1 /1 N
13824) T(1+36) TA+a) J: "

X (n — g)él(dn)‘i

/4563 \“T(1 4 24)
-\ 13,824 ) T(1+ 34)

(2835 \“I(1+4)
13,824 ) T(1+24)’

w7 (-3) @
- < 21 >@ I'(1+a)

216 ) T(1+2a)

win

(24)
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Analogously, we have

ﬁ /Oé(l - n)d@ — n)a(dn)d

(4563 \“T(1 +24)
-\ 13,824 ) T(1+ 34)

(2835 \“I'(1+4)
13,824 ) T(1+24)°

xﬁ/ﬁ(l—m@(

/3885 \“T(1+@&)
- \13,824 ) T(1+2a)

5165 \“T'(1 + 24)
13,824) T(1+3a)’

1 2 N
XF(1+@)/§ (1=m)

7

1 8 &
Xr(1+a)/z (1=n)

3

X <£ - n)&(dn)é‘

/485 \“I(1+24)
- \13,824 ) T(1+3a)

165 \* T(1+4 @)
13,824 ) T(1+2a)

<t o (0= 1)

G G

(25)

Again, utilizing Lemmal@land the change of variable
technique, we have

Y7(q,p;9,h)
1
_ 1 /5
T +4) ),
_ 1@ R
X |77 8‘ _ - (dn)a
[ng? + (1= mh#] 207

2140018-14

1 8 \7r e\
X J—
g5 \gP+Th

p(g” + ThP) )6‘
8(h? — gP)%(q + p(1 — q))

(
) )
(
(

X

—+

p(g? + Th?) )d
8(h? — g?)*(q + p(1 — q))

8 \7'7v
<gp + 7hP)

q

3 qflfg a
g +2hp) )

(
- ((h” = g”)2(5+p(2 - @))a

X
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8 =2
) <<gp + W’)

3 g—2-%\ &
() )

q

g

Ys(q,p; 9, h)

+ =
[oN
wWn

|1 —n|®

[gr -+ (1 = ] 140

(dn)®

(3-n°

&

[ng? + (1 —n)hr] ™

- dn)
i

(=

2\
gp+h”)
NG
p
2gP + ) }
gp+hp)
20 hp
q+p1—q))
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q q

A=) =)

2\
-(7)

]

() )

(26)

(27)
and
Yo(q,p; 9, h)
_ 1 /1
CT(1+a) )z
7 &
x 5 ”‘ —~(dn)®

I'(l+a) [((hp - gp)(qp+ p(2 - q))>a

p(h” +7g") )d
(h? —gP)(q +p(1 —q))

q

{
()

2140018-15
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(28)

Substituting 24)-28) in (23) gives the desired
inequality (22]). This completes the proof. O

Remark 16. In Theorem

(1) If one takes p = —1, then we get result in
Ref. 411

(2) If one takes p = —1 and & = 1, then we get a
result in Ref. 43,

(3) If one takes p = 1, then we get results for gener-
alized convexity and classical convex functions
in the literature, respectively.

4. APPLICATIONS
4.1. Probability Density Functions

Consider a random variable X whose generalized
probability density function is p : [g, h] — [0%, 1],
which is generalized convex having cumulative dis-
tribution function Fy is stated as

Pa(X <) = Falu)

- ﬁ / " B0 (o)
g

Moreover, the generalized expectation can be
expressed as

1 " &
Es = m/g ¢Up()(dC)™.

For more information related to probability density
function, see Ref. [B0.
Clearly, we see that

1 s

& 1 g &
—h —m/g FalQ)(dO)°.

The following results are associated with Sec. [ and
obtained as follows.

Proposition 17. In Theorem [[3, and p € R\{0},
we have

‘ <l)a |:Pd(X <g)+3%P;

+3an<X§ [ZQP;FM];>
+Pa(X < h))} - hi}:_Ej)(f)‘

(s
< [T (0, ;9,1 [p(9)|”
+ 159 (p, g5 g, 1) |p(h)| "]
(&) )

<[5 (p, q: 9, 1) |p(9)|”

[un

R 1
+ T (0,459, 1) |p()] 7] 7

() )
‘q
|

where T\ (p, ¢ 9,0), TS (p, 459, 1), Tééf) (P43 9,h),

T (0, q:9.h), Y (0, q:9,h), and T (p,q59, h)
are given in [&)—(3]), respectively.

x [T (9, ¢ 9, 1) p(9)

Q=

+ 18 (0, 4.9, 1) | p(R)|"]

Proposition 18. In Theorem [[H, and p € R\{0},
then we have

‘ (i>& [P@(X <g)+3%P,

8
1
p Py
(v=[=])

2140018-16
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3
<) -t
< (hP —gp)a [(T< (g, p: 0, h))%

X

[(ﬁi&)d i)

(
(i) T sse))
< [I(a) 1+ 1o

+(r{® qp,g7A)1
([(5) mress
()
x [Ip(g)|? + [p(h)]7]

+ (Y (g, p 9, b A ))*
([(531) Fse

1))

o)t + (e ]|

where  YSV(prq.9,h), T (pia,9.h)  and
T(a)(p,q g, h) are given in 2Q)-28), respectively.

—+

X

Q=

X

4.2. Generalized Special Means
Considering the following a-type special means 2%
For g < h and g, h € R%, we have:

(I) The generalized arithmetic mean:

Aalg, h) = (g ; h>0‘ = ga;ha‘
(IT) The generalized weighted arithmetic mean:
Ad(g, h; w1y, wg)
wig® + wyh®

:: ﬁ,ﬂ)iﬁ w(QX E Ra.
wi + wy

Local Fractional Integral via Generalized p-Convexity

(IIT) The generalized logarithmic mean:

Ls(g,h)
F(l + n&) hatl _ gd+1
ri+n+0a) (h—g)* |’
n € Z\{-1,0};9,h € R with g # h.
Consider x(u) = u"*(u € R : n € Z,|n| > 2)
in Theorems and [[0] we obtain the following

inequalities asserted by the Propositions [[9 and 20
respectively.

Proposition 19. Let g, h€ R with g < h, 0 ¢ [g, h],
and p € R\{0}, and n € N\{1}. Then

1
D th D
(o (55)
3
1
D P\ p R R ~ N
x (L o >p7h; 16“73&,3&71&)]
3
—pT(1+ &) Lagpt(n-1))
)
1
I'(1 4 na) q
X
1+ (n—1)a)

I(
( 288> T 11j202)> :

&(n— 1’

IN

X

x [T (v, q;9,1)|g

+ 05 (p, s g, h)| RSV 1] 0

(&) )

&(n— 1’

_.|_

x [T (0, 4;9,1)|g

+ 14 (p, s g, h)|RE=D| 1] 0

Y
((288) T 11++202)>1q

&(n— 1’

_.|_

x [T, q;9,1)|g
+ 1 (p, ¢ 9, 1) || ]5]

where ng) (p,q:9,h), Té@) (p,q:9,h), Téd) (p,q:9,h),

T (0, q9.0), T (0, 0:9.h) and T6(p,g;9,h)
are given in [&)—(3]), respectively.

2140018-17
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Proposition 20. Let g,Ao€ R with g < h, 0 ¢
l9,h], p € R\{0}, and n € N\{1}. Then

‘/4(3( 9, 3 ] 3 9

h;1%,3%,3%, 15‘”

—p°T(1+ d)ﬁé(p-l-(n—l))‘

< <hp - gp>d (r(lril(;; 71@1))02)) %

W [

X (¢:p: 9, 1))

o
([(15224)?&? e
(

1008 \ *T(1 +2a)7\
13,824 ) T(1+34)

x[lg* D] 4 a8 D]

X

_l’_

w |

+ (Y5 (q,p 9. h))
(|(w2) mrose
(i5e1) Tiia])
(g2 4 [pot =]

+ (1 (@ ps 9. A))
8 [(1528824>arr((11j262)
(i) Hiesa))

[l + e |

X

_l’_

X

w |

Q|

where T(&)(p;q,g, h), T( )(p,q g,h) and
T(a) (p;q,9,h) are given in 28)—28), respectively.

5. CONCLUSIONS

Newton’s type inequalities are obtained for gener-
alized p-convex functions within the local fractional
calculus. They include a large number of particu-
lar cases of generalized convexity of segmental type

and generalized harmonically convex functions. The
techniques used to prove the results in this paper
may generate new results within other classes of
generalized convexity, which are not included in
generalized p-convexity type. These types of results
are useful in all the pure and applied domains of
science and technique when approximation schemes
are involved. Also, the need for error estimation
may often lead to using inequalities of this kind.
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