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in neural networks and modeling in other terrains. In the context of Riemann form (ABR), we discuss
the discrete fractional operator influencing discrete Atangana-Baleanu (.43)-fractional operator having h-
discrete generalized Mittag-Leffler kernels. In the approach being presented, some new Pélya-Szeg6é and

MSC: Chebyshev type inequalities introduced within discrete .AB-fractional operators having h-discrete gener-
26A51 alized Mittag-Leffler kernels. By analyzing discrete .AB-fractional operators in the time scale domain Z,
26A33 we can perform a comparison basis for notable outcomes derived from the aforesaid operators. This type
;gg% of discretization generates novel outcomes for synchronous functions. The specification of this proposed

strategy simply demonstrates its efficiency, precision, and accessibility in terms of the methodology of

26D15 qualitative approach of discrete fractional difference equation solutions, including its stability, consistency,
Keywords: and continual reliance on the initial value for the solutions of many fractional difference equation initial
Discrete fractional calculus value problems. The repercussions of the discrete .AB-fractional operators can depict new presentations
Atangana-Baleanu fractional differences and for various particular cases. Finally, applications concerning bounding mappings are also illustrated.
sums
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Pélya-Szego type inequality
Chebyshev inequality

1. Introduction ments of previously reported versions and can be considered as a
form of modal analysis, have been researched in [1].
Inequalities having mappings of multiple variables are well- Chebyshev [2] pondered the best description in 1882 as fol-
known for attempting to develop descriptive and analytical repre- lows:

sentations of complex and algebraic calculus. The key advantage of
Pélya-Szeg6 and Chebyshev in terms of more comprehensive im-

f . . s . . . P2 P2
plementations is that such inequalities will provide precise bounds 1 1
for multiple variables. Currently, authors are considering inventive W / U@®)v(©)do > W / U©)do
forms of such modifications that may be beneficial in the treat- @1 @1
ment of classified differential and difference equations. A variety ®
of Pélya-Szegé and Chebyshev type variants, which are improve- ( 1 / V(@)d@), (11)

@2 — 1
P1
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0 in (@1, ¢2). On the other hand, the inequality
P2

1
w/u(e)we)de < <¢2 o gO/u(e)de)

1
( ) w2

Because of the same values of 6 in (¢, ¢,), the inequality (1.2) ap-
pears to satisfy for one component to be increasing and the other
to be decreasing. Ever since, persistent, differentiated forms, and
advancements of certain varieties have received considerable at-
tention in research, leading to a variety of classical inequalities,
see [3-14]. Numerous esteemed versions reported in the literature
are immediate consequences of diverse frameworks of nonlinear
dynamics, which now address not only numerous aspects in the
analysis of fractional order problems, mathematical modelling as
well as certain analytical and functional science research inquiries.
In this regard, Pdlya-Szeg6 inequality is a fascinating topic that re-
quires the most consideration. Pélya-Szeg6 [15] addressed this col-
lection of variants as follows:

P2
1

$2 —

(%] ©2
/ U (61)d6; / V2(6;)d6;
1 [RT [T1t4 2
Q/ UV (0r)d6; |2
where
rn=u@)=<r
and
H=Vv@O)<T

for all 6 € (¢1, ¢2) and for some ry,R,t;, T € R. In (1.3), the con-
stant % is ideally plausible, and it cannot be substituted by a
smaller factor.

Stimulated by aPélya-Szeg6é and Chebyshev [1,3,16], Our pur-
pose is to evaluate modified forms of Pdlya-Szeg6é and Chebyshev
type variants for discrete .AB-fractional sums in the time frame-
work hZ.

DFC captivated a lot of consideration across various analysis
and engineering disciplines, particularly in modelling [17], neural
networks [18] and image encryption [19]. The developing approach
portraying real-world problems has been exhibited to be helpful
numerical devices to analyze, comprehend and predict the nature
of humankind’s lives [20]. While new definitions/operators help re-
searchers to analyze and predict nature, it is significant that the
expectation and understanding will be accomplished only if such
techniques are illuminated with non-local effects [21]. Numerous
utilities have been developed via DFC such as the solution of frac-
tional difference equations and discrete boundary value problems
are proposed in terms of new mathematical techniques [22].

Several diverse kinds of fractional operator have been con-
templated in continuous and discrete contexts, such as Caputo,
Riemann-Liouville, Hadamard, Riesz, Caputo Fabrizio and hence-
forth. Several researchers practiced inventing new methodologies
of simulation via fractional frameworks [23-29], and to explore
new strategies that can then be applied in the bulk of utilities [25],
involving bioengineering [21,30], cryptography and control theory
[31]. It is critical to keep evolving these innovative representations:
both in terms of accumulating scientific appreciation for its specific
aspects and also from the applications standpoint just mentioned
[32], subsequently recovered consideration of fundamental mathe-
matics will enable a superior analysis of the physical simulations
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they designate [33]. Among the computational models formulated
in fractional calculus, discrete .4B-fractional operators, which is a
universal operator of fractional calculus that has been tradition-
ally employed to develop modern operators and their characteri-
zations have been proposed in research articles [34,35]. Moreover,
DFC has been theoretically presented by introducing and analyz-
ing discrete forms of these fractional operators [36]. Here, we in-
tend to find the discrete fractional inequalities analogous to frac-
tional operators having h-discrete Mittag-Leffler kernels, encom-
passing and simplifying these operators in such a manner as to
recuperate certain appropriate traits such as the discrete inequali-
ties for h-discrete Mittag-Leffler kernels.

Discrete fractional variants have been considered as fabulous
tools to investigate the qualitative characterizations of difference
equations. Previously, many variants have been established by sev-
eral researchers, for example, Ostrowski, Hardy, Olsen, Opial, Lya-
punov and Hermite-Hadamard, see [37,38]. Therefore, the most
captivating and distinguished inequalities are the variants (1.2) and
(1.3), respectively, which they have not studied yet for discrete .A53-
fractional sums.

This paper significantly presents the implementation of the dis-
crete AB-fractional operator having h-discrete Mittag-Leffler func-
tion in the kernel with a step size 0 < h < 1. This recently gen-
erated scheme provides the discrete version of variants similar
o (1.2) and (1.3), respectively, via the aforesaid operator on hZ.
Hence, our proposed technique present several consequences in
the discrete .AB-fractional operator. Interestingly, it is highlighted
that intermingling these two approaches, DFC and variants might
be the extreme dexterous methodology of relating inequities in
fractional and time scale calculus. Finally, the proposed results are
evaluated using various criteria, with the results indicating that the
introduced discrete inequalities are viable for multifaceted applica-
tions in fractional difference equations and boundary value prob-
lems. However, we enhance our reference index by including in-
triguing literature for such implementation [39-41] from where in-
terested readers can obtain further details.

2. Preliminaries on discrete fractional calculus

In this note, we introduce some fundamental concepts re-
lated to fractional operators, discrete generalized Mittag Leffler
functions, and time scale calculus; for more information, see
[36]. For the sake of convenience, we symbolize, for ¢1,¢; €
R, h>0, Ny n={p1.01+N" @1 +2h ..} and Ny, 4 = {2, @2 +
h, @y + 20, ..}

2.1. Basics on delta and nabla h-factorials

Definition 2.1 ([34]). The backward difference operator of a func-
tion ¢/ on hZ is stated as

UE) —uUpné))
f, (2.1)

Vald (€) =

where p;(£) =& — h denotes the backward jump operator. Also,
the forward difference operator of a function ¢/ on hZ is stated
as

AU(E) =

where 0, (§) = £ + h denotes the forward jump operator.

UGn(§)) —UE)
E S— (2.2)

Definition 2.2 ([34]). (i) For any &,? € R and h > 0, the delta h-
factorial function is stated as
@ _ o ré+1

, 2.3
" rG+1-9) (23)
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where I" denotes the Euler gamma function. For i = 1, then £ @) =
%. Also, a division by a pole results in zero.
(ii) For any &, e R and h > 0, the nabla h-factorial function is

described as:
@) _ 4o ré+0)

(2.4)

" ré)
For =1, we observe that £€@) = %g).
Lemma 2.3 ([39]). Let § € T =N, p,, then for all & e T, we ob-
tain
o [W-OF ) W-8)F s

””‘{ e+ 1)1 }_ Kkl 25)
Lemma 2.4 ([35]). For the time scale T = N, ; then the nabla Taylor
polynomial

W -8y

A .6) = — kel (2.6)

2.2. Nabla h-discrete Mittag-Leffler function

Now we present the idea of nabla h-discrete Mittag-Leffler
function which is introduced by Abdeljawad et al. [26].

Definition 2.5. ([26]) Let ¢, 8, w € C having %(¥) > 0 such that
A eR with |[Ah?| < 1, then the nabla discrete Mittag-leffler func-
tion is stated as:

Rl
. . 5
ks (A ) = ZA F(ﬁ ot |ARY] < 1. (2.7)
For f =1, we have
-~ A = ygl’ 9
£ K
nE, () = B (A y) = Z/\ O [AR?| < 1. (2.8)

The following remark illustrates the strengthening properties
why hZ is important.

Remark 1. In view of hZ :

L. letting h = 1, we attain the nabla discrete Mittag-Leffler func-
tion stated in [40,41].

IL letting 0 < i < 1, the interval of convergence to which A lies.
Observe that, when h — 0, then ¢+ € (0, 1). Moreover, when h ~ 1
guarantee convergence for A = ‘—” ¥ € (0, 2)

For further investigation of the discrete Mittag-Leffler function
we refer the reader to Abdeljawad and Baleanu [24].

2.3. Delta fractional sums on hZ

Definition 2.6 ([32]). For some x € N, ¢ > 0 and let ¢, = ¢ + k.
Assume that a function ¥ be defined on T =N, NNy, ;. Then
the delta h-fractional sums in the left and right case are defined
as follows

(0 APUNE) = NG Z (¥ — o (kh) P Puch)h,
K=@1/h
Ye{t+9h:71eT}
and
1 @2/h=10
AJWE) = 557 2 (kh—o @)Y Puhh,
K=y /h+0

Yel{t-9%h:teT},

respectively.
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2.4. Nabla fractional sums on hZ

Definition 2.7 ([26,35]). Assume that i >0 and the backward
Jjump operator is §(y) = —h. A function ¢ : Ny, , = R is said
to be nabla h-fractional sum of order ¥, if
1 v
oy 2 V- plech))y Puchyh,
k=1 /h+1
Y € Ny, 41

For ¢ > 0, the nabla right h-fractional sum (ending at ¢,) for U/ :
N, n +— R is described as follows:

(0 ViU (E) =

¥2:
1 ¢2/h-1
Vo WE) = gy 22 h= A Ui
k=Y /h

2.5. Nabla h-fractional differences depending on h-discrete Mittag
Leffler kernels

Now, we are demonstrating some new concepts which we will
be use to prove the coming results of this paper, see [24]. Also, we
use the notation, A = 7% and p(Y) =y — h.

Definition 2.8. ([39]) For ¢ € [0,1], h > 0 with |Ah?| <1 and let
U be a function defined on Ny, N o, ;N with ¢ < ¢, such that
@1 = @o(mod h), then the left nabla .4BC-fractional difference (in
the frame of 4B) is described as

Y/h
S Y +0h
(5 Vau) () = H(@, h>719 >
k=1 /h+1

VAl (ch) nE | O, ¥ = Slich))

and in the left Riemann sense by

y/h
S U +Uhs
(BRVIU) () = H(D. h)iﬁvf, 3
K=@1/h+1

Ak h) hE; (A, Y = Bk h)).

Definition 2.9 ([39]). For 0 < ¥ <1 and let the left h-fractional
sum concern to (AFRV”L{)(df) defined on Ny, j is stated as fol-
lows

A719 1 — '19
@) = ssma—sramd®)
g
TH@. A7 1 o)
Y/h
> (W)UK, (2.9)
k=¢1/h+1
The right h-fractional sum is described on ,, ;N by
- 1-9
Ve )W) = s ma—somd®)
g
THO. A0 oI D)
@2/h-1
> (kh=pE)) uh)h, (210)
k=Y /h

3. Some discrete Pélya-Szego and Chebyshev type inequalities

To continue, we present some new generalizations of Pdlya-
Szegd type variants via AB-fractional sums within h-discrete
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Mittag-Leffler function and this is the major key part of this ar-
ticle.

Theorem 3.1. For 0 < <1 and let two positive functions U and
V defined on Ny, ;. Suppose that there exist four positive functions
A1, Az, ©1 and ©, on Ny, such that:

(A1) 0 <A1 (A) =UQ) = Az(A),

0<01(1) <V(A) <Ox(1), (AeNy p). (3.1)
Then, for all ¥ € {¢1, 91 + h, @1 +2h, ...}, the following inequality
holds:
2V [©1012] () 5V [ AV ] (9) 1 52)
[ABV ﬂ[(@ A+ ®2A2)UV](1/f)] =7 '

Proof. By means of condition (A4), for A € N, 5, we have

A (A)  UR)
(&1 ~vea) =© 63
Analogously, we have

uir) M@
(W\) - @2@)) > 0. (3.4)
Multiplying (3.3) and (3.4), it follows that
(um - AM))(AZ(A) - um) 0

V) 00)/\01(0) vy T

The above inequality can be expressed as
(A1 (V)BT (M) + A2 (M) O, (W)U V(L) = O1 (M) O (MU (1)

+A1 (M)A (M)V (L), (3.5)
Taking product both sides of (3.5) by WM, we get
1 -MHuUR)yr)
HO A0 100 (A1 (AM)O1(A) + Aa(M) B, (1))
_a- D)O1(M)O(MU*(A) | (1 =D)A1 (M)A (M)VA(L)
- H@O, (A -9 +9h) H(P, h)(1 -39 + 0 h)
(3.6)

Moreover, interchanging A by & in (3.5) and conducting product
P (—pE),) !
HOML@)

,[9. 71
%(Al@)@](s) + A E)O5EUEVE)

V- pE))y"

both sides by we have
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Adding (3.6) and (3.8), we have

(A= DUGIVE) (5, (3001 (1) + A (1O (1))

H@D . h)(1 -0 + 9 h)
U9 — BT
K=q%;t+l W

(A1 (ch)hO (k)R + Az (k1) hO, (k) R)U (kMR (k)R

O - P
HO. ML)

(1 - 9)01 (MO, (MU (A) "’Z/“

>
TTHEWA-0+0R) L

©1(kh)hO, (k h) 4 (k h) R

(1-9)A; (M)A A
HP, h)(A -9 +0h) Z

O =P
HO. WT (D)

k=@ /h+1
A1 (cR)RA, (kK R)YRV? (K h) R
Consequently, we have
A5V (MO + M@ uv| (W) = 45V, 7[00, ] ()
+ A5V [ A AV ().
Besides, by AM — GM inequality, that is, ¢c; 4+ ¢ > 2,/C1C3, €1,C; €
R*, we obtain

2V (M1 + A2 uv](¥) =

2\/ABV 1[0:0:U2] (W) + 25V, [A1A2V2] ()
and it follows straightforward the statement (3.1). O

Corollary 3.2. For 0 < < 1 and let two positive functions U and V
defined on Ny, p satisfying

(A2) 0<r <UR) <R,
Then, for all v € {¢1, 91 + h, @1 + 2, ...

holds:
ABV 0[U2](I//)ABV 2 V2 (w) \/E \/?7-
[ABV Tuv]n]? RT r1t1
As a special case of Theorem 3.1 with the assumption of h =1,
we get the following result.

0< tl < V()\.) < T, ()\ c Nwhh)A
}. the following inequality

Corollary 3.3. For 0 < ¥ <1 and let two positive functions U and
V defined on Ny, . Suppose that there exist four positive functions

> W@] (§)®2(%‘)M2(§) A], AZ» @1 and @2 on N(p] such that:
O (Y — BENTT R , . (A1) 0<A1(A) <UR) = Az (A),
HE LD A1 (E)A2(E)V(8). (3.7) 0<O;(A) <V(A) <BO(A), (heNy,).
Summing both sides for £ e {¢1, @1 + I, @1 + 2R, ...}, we get Then, for all ¢ e {1, 1+ 1,01 +2,..}, the following inequality
holds:
R IGON
> ;{/f(ﬂ h)r(ﬁ§ ABV ’9[®1®2u2](w)%v T[A1 AV (Y) 1
=gy /h+1 ' [ABV 2[(O1A1 + O AUV (Y1) ]? =x
A1(kh)h®1(kh)h + Ay (kh)hO®,(kh)h Mh.V(kh)h
( 1RO (e + Az (ki) RO2 (1) )U(K YhV(ich) Theorem 3.4. For 0 < 1,1, <1 and let two positive functions U
v/n P — pkh)) T and V defined on N, ;. Suppose that there exist four positive func-
= Www;’@ﬂxh)h@xxh)huzwh)h tions A1, Ay, ©4 an?@z on Ny, p satisfying (A1) on Ny, 4. Then, for
K=p1/h+1 ’ all ¥ € {¢1, 91 + h, @1 + 2h, ...}, the following inequality holds:
A5G L2 ()] 25V, [0 () 02 ()] + 48V, [A 1(1/f)A2<x/f)]ABv (V2 (y)] 1

BV I A (U] 648V, [01 VD | + 28V, [A (W)U )] 648V, 2 [0 v ()] ~ 4

KW - AT
2 H(T, DT (D)

k=1 /h+1

Aq(ch)hA (k) RV (kh)h. (3.8)

<

(3.9)

Proof. By means of assumption (A;), it is clear that

(Az()») U(M)
O1(w) V()
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and

Ur) M3y
<V(w) B @z(a))> 2 0.

Implies that

(A1()») 3 Az(k)>u(k) _ W) A M)A
B(w) BO1(w)/V(w) ~ V(@) BO1(w)Ox(w)’

Besides, multiplying both sides of (3.10) by ®;(w)®,(w)V2(w),

we get

A (MUR)B(@)V () + A (MU R) B2 (@) V(w)

> O1(0)O1()U* (1) + Ay (M) Az (W)Y ().

(3.10)

(3.11)

1-0

Taking product both sides of (3.11) by WM’

we get

1-t4
H(D1, h)(1 - U1 + 4 h)
N 1-%
H(Vq, h) (A =0 + V4h)
1—1}] 2
- T O @@ ()
N 1-14
H(D, h)(1 — 4 + P4 h)

Moreover, interchanging A by &; in (3.12) and conducting product

K Y-pENT

E1CZROINCE)

A1 (MUR) O (0)V(w)

Az (MUL) Oz (0)V(w)

A1 (W) A2 )V ().

(3.12)

both sides by , we have

(- P&,
H(D, W (D)

1-9

RO DA -0 1 0h)

. (Y —pED),
H(, W) (D)

(Y —pED),
H(, WL (P)

Summing both sides for & e {¢1, 91 + h, @1 + 20, ...}, we get

Y9 (Y - plech)),
2 H(, BT (D)

K=@q/h+1
YN (= pleh)
2 H(, BT (D)

k=@1/h+1

YN 9 (P — Blch)) T
= 2 H@LRHIO)

Kk=¢1/h+1

Y (Y - )
Z H(D1, W) (D)

k=1 /h+1
Adding (3.12) and (3.14), we obtain
1-

H(l?], h)(] — 191 + 191 h)
% (Y — peh)),
=Tt 1 H(, WD)

N 1-9
H(, (A -0 +0Uh)

Lo - peh)y
L TH@ WO,

k=@ /h+1

A1 (EDUED O (@)V(0)

Ay (EDUE) O (w)V(w)

©1(w)O2 (w)U*(§1)

A1 (ED A ENV ().

(3.13)

A (kW)U (k) O, (w)V(w)

Ay (kh) U (k) RO, (w)V(w)

O1 () (w)U?(kh)h

A1 (kh)YRA (k)2 (w)(3.14)

A (MUR) O (0)V(w)

A (kW)U (kM) hO1 (w)V(w)

A (MUL) Bz (w)V (@)

Ay (kh) U (K h) RO, (w)V(w)
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- 1-14
- H(l?], h)(1 - +191h)

Y@ - pch)

©1(®)O; (@)U (1)

2
K=q%:h+] H(D, )T (91) O1(w)O, (w)U*(kh)h
D1 — P 2
i H(P, W) (D) A1 (M)A M)V ()
v/h 5 TN =
Z ];;/(fl?] I(;lgll(—v (3;:’) A1 (K h)hA2 (Kh)hvz (0))

k=1 /h+1
Consequently, we have
AV [A (DU |01 (@)Y (@)
+ A5G [ A (1)U )]0 @)V (@)
> AV U2 (9)]01(@) 0 (@)
VI M (W) A () ]V (@),

Taking product both sides of (3.15) by

(1= 02) 28V, A (U )]
H(D,, h) (1 — 95 + DV, h)

(1= 02) BV, [ A (W)U ()]
H(F,, ) (1 — U, + U, h)

_ A=)V " )]

~ HD,, h)(1 =T, + D,h)

(1= 02) 2BV, A1 (¥) A2 (¥)]
H(Do, ) (1 — ¥y + 1 h)

Again, interchanging w bLEZ in (3.15) and conducting product

71
P2 1 2
both sides by %. Also, summing both sides for &,

{c1.¢1+h, ¢y +2h, ...}, we get
¥/h _
S VAU ]O: (i) ()i
K:§1/fl+1
o
+ Z glsvr:ﬂ][AZ(W)M(W)](az(ﬁK)KV(hK)K
k=¢1/h+1
L.
> 3 VU ()]O (kO (i ke
Kk=¢1/h+1
o
Y BV A ) A () [V (i k.

k=¢1/h+1

Adding (3.16) and (3.17), we have
(1= 02) 28V, A (U )]

(3.15)

1-v

2
O, ma-d,+0,m We get

O1(w)V(w)

Oz (w)V(w)

01(w)Oz(w)

V(). (3.16)

(3.17)

H(D,, h)(1 — U5 + U2h) O1(@w)V(w)
Y/h R
LY AT A WOUW)] O (i kY (i i
Kk=61/h+1

(1= 82) 59, " [A (Y)u)]
H@D,, (1= 0, + 027)
o
+ Y BV AU O (i (i )i
k=¢1/h+1
_a- 92) 25V, [P ()]
= H5 W1 = 0, + 05h)

Oz (w)V(w)

O1(w)Oz(w)
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ymo
+ Z glgvh_ﬁl [uz(w)]®1(hK)K®2(hK)K
k=61/h+1
(1- 0Z)Asv A (Y A (Y)]
H(T2, ) (1 = V2 + U2h)
umo
+ Y AV M) A PRk

Kk=¢1/h+1

Vi(w)
(3.18)

Therefore, we have
S5V AT DU | 25V, 2 [0 (¥)v ()]

+ 15V [ A (U | 22V [0, (1)V ()]
> 159, WP @) ] 259,72 [0 (1) O2(9) ]

+ 45V, A () A ()] 25V, 2 [V () .

Consequently, applying the AM — GM inequality to the last in-
equality, we come to (3.9). O

(3.19)

With the assumption of h = 1, we get the following result as a
particular case of Theorem 3.4.

Corollary 3.5. For 0 < 1,9, <1 and let two positive functions U
and V defined on Ny, . Suppose that there exist four positive functions
A1, Ay, ©1 and ©®, on Ny, satisfying (A1) on Ny, . Then, for all i €
{01, 01 +1,¢91 +2,...}, the following inequality holds:

gl G 2) Pk U LEIU ) s

A5G0 [ A (Y) A (¥) | 28V -2 [V2(yr)] 1
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(Y = plech))y"

) 2
Ao T, o KM
1, Ay (0) w
= WO WA= 0+ o) 8,0 VM +K=§h+l
(W - p&h)," Ay,
HO O @1(Kh)hv{(/<ﬁ)hv(/ch)h.

In view of Definition 2.9, we have

L] < #9025 W) | (3:24)
Analogously, we have
2] = 29,7 2w, (3.25)

Multiplying (3.24) and (3.25), we achieve the intended inequality
in (3.20). O

Corollary 3.7. For 0 < ¥1,9%, <1 and let two positive functions U
and V defined on Ny, 5 satisfying A,. Then, for all ¥ € {01, 01 +
h, o1 + 2, ...}, the following inequality holds:

SV PV V)] RT
8V [uvan 4V uv] Tt

<

AV A (YU [ 28V -22[0 )V ()] + 28V -2 [A (WU | 28V -2 [@:(¥)v(y)] ~ 4

Theorem 3.6. Suppose that all assumptions of Theorem 3.4 are satis-
fied. Then, for all ¥ € {¢1, p1 + h, 1 + 20, ...}, the following inequal-
ity holds:

AB@—I% [Uz(lﬁ)] ABV ﬁz[VZ(w)] < é}Bﬁ;%[Azuv
29, [ 2 )

Proof. By means of assumption (A;), it is clear that

w)]

(3.20)

Ay (X)

U < UMVQ). 3.21
() = GriyHeV ) (321)

Taking product both sides of (3.11) by WM, we get

1-% )

A

Ao A ome * =

1=, AZ(“u(A)V(A). (3.22)

H(D, ) (1 = 01 + Ph) ©1(X)
Moreover, interchanging Aﬂ & in (3.21) and conducting product

7
9 x5 1
both sides by %.

{¢1. 01 + 1, @1 + 20, ...}, we get
Y/h 1}1 (w_ ,O(Kh))ﬂl

Also, summing both sides for &; e

U*(kh)h <
K=</;/h+1 H(h. T (D)
9 (- ST Ay )R
2 H(O1, WL (D) ®1(/ch)hu(Kh)hv(Kh)h' (3.23)

k=1 /h+1
Adding (3.22) and (3.23), we have

1- L

UA(A) +
H(D1, h)(A -4 + 14 h) @) K:%Z/M]

In what follow, some discrete Chebyshev type variants concern-
ing the AB-fractional sum defined in (2.9) are presented as follows.

Theorem 3.8. For 0 < <1 and let two positive functions U and
V defined on Ny, ;. Suppose that there exist four positive functions
A1, A2, 01 and Oy on Ny, . Then, for all ¥ € {p1, 91+ h, o1 +
2h, ...}, the following inequality holds:

5V U@ ] 25V, )]

, 3.26
59, [10)] (3:20)

BV U@ vE)] =

where I is the identity mapping.

Proof. It follows from the synchronism of the functions ¢/ and vV
on Ny,  that

UMV +U(@)V(0) = UMV (@) +U(w)V(L). (3.27)

Taking product both sides of (3.27) by WM, we get

1-7

H@. WA~ +D0h)

1-9

RO A= +00)
1-9

= H@. (- l;xﬂ?mu(k)\/(w)
1-9

RO A= 0+0n

Moreover, interchanging A by & in (3.27) and conducting prod-

S pENTT
uct both sides by %. Also, summing both sides for

& el o1+ ¢ +20, ..}, we get

KB AT
2 HW, T (D)

Kk=@q/h+1

UR)VL)

U(w)V(w)

U(w)V(A). (3.28)

Uh)hY(kh)h
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V(- pkch)) ™
TTHO. DT D)
A p(kh)) T

= THO, ML)
B —pkh))
HO, HT(D)
Adding (3.28) and (3.29), we have
1-9
HO, (-0 +0h)
KB = AT
2 HO, )T (D)

k=@ /h+1
1-9
RO DA -0 1 0h)
V(- p(kh))) T
@ T ®)
y 1-9
= H@, WA -0 +0h)
V(- p(kh)) T
e T ®)
1-9
RO A -0 +0h)
P = plch);
@ T ®)
In view of Definition 2.9, yields
VU@ YAN] + BV 1) U @)V (@)
> VU@ V(@) + 25V, v Ju(w).

Again, taking product both sides of (3.31) by
get

U(w)V(w)

UKh)hV ()

U(w)V(kh)h. (3.29)

UMR)V(A)

Uh)hV(kh)h

U()V(w)

U(w)V(w)

UMV (w)

Uk )RV (@)

U(W)V(A)

U(w)V(kh)h. (3.30)

(3.31)

1-9
HOma-o+0R) WE

(1= 9) S92 U] (- 9) 59,2 [16)]
HE. (-0 +0h) O AT i @V@)
(1= 0)2459,2 [u(p)] (1-0) 49,2 V)]
2@ ma-s o Ot mona-sromn L@

(3.32)

Again, interchanging w by & in (3.31) and conducting prod-

9 -5 o1
uct both sides by %. Also, summing both sides for

& e{o1, 1 +h, @1 +2h, ...}, we get
o ‘”Z“’ DY = plch)y
9 A

k=@ /h+1

_ oW - plkh)
I IOn] Y i ra

k=1 /h+1

_ VIR (- pkh)TT
= 5] Y e mre

k=1 /h+1

_ Y9 - pkch) T
A T D e

k=@ /h+1
Adding (3.32) and (3.33), then this leads to the conclusion that

(
A TUVD 25V, [100)] + 259, [1v)]
Y UEHVA)] = 2BV U@ ] 25V, [V ]
+ AV A 15 [u@].

I(kh)h

U(kh)hV(kh)h

V(kh)h

Ukhh,  (3.33)
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This completes the proof of Theorem 3.8. O

As a special case of Theorem 3.8 with the assumption of h =1,
we get the following result.

Corollary 3.9. For 0 < <1 and let two positive functions U and
V defined on Ny, . Suppose that there exist four positive functions
A1, Ay, O and O, on Ny, . Then, for all Y € {¢1, 01+ 1,01 +2, ...},
the following inequality hOldS'

[u(w)]f“fv vy ]
)
Theorem 3.10. For 0 < 4,9, <1 and let two positive functions
U and V defined on Ny, .n. Suppose that there exist four positive

functions Ay, Ay, ®1 and ©; on Ny, 4. Then, for all ¥ e {p1, o1 +
f, @1 + 20, ...}, the following inequality holds:

BV UV 2BV 1] + 28V 1]
Y, [uH ()]

= IV U8V van ] + 58V )]
VU]

Proof. Interchanging ¥ by ¥ in (3.31), gives

AV UE@HYAD ] + BV IO Ju@)V) = 25V,
[U) V(@) + 2V, V) Ju (). (3.36)
Taking product both sides of (3.36) by 1-7,

m
(1= 32) 28V, [u (v )]

H(l?z h)(l — 192 + l?zh)
(1= 92) 28V, [1(y)]
7‘[(192 h)(l - 192 + 19271)

A= 0)gV " uy)]

= W@ A =0, + 0,0 @)
(1 02) 28V, V()]
/H(l?z, h)(] — 1y + l?zh)
Again, interchanging a) by &, in (3.36) and conducting product

¢ p(%‘))
both sides by 727{(192 RTo5

{c1.61+h, g1 +2h, ..}, we get

_ Y 0 - pch))
SV u@Hva] Y 2H(ﬁ2,h)r(l>‘z)

Kk=¢1/h+1

g L 0 - s
+o Vi W] Y S mren

k=¢1/h+1

~ 9, (- ,o(lcﬁ))ﬁ2
,191 2
=5 U] X )

k=¢1/h+1

- L @ - Ak
oW Y e mron

k=¢1/h+1
Adding (3.37) and (3.38), then this leads to the conclusion that

A5V, U@ YD ] 2BV, 160 + 45V, 1))
BV U@ v)]

= BV U) ] LEV v ] +
2V, B luw)).

VI U] = (3.34)

(3.35)

we get

U(w)V(w)

U(w). (3.37)

Also, summing both sides for &, e

I(xh)h

Uh)hV(kh)h

V(kh)h

U(kh)h. (3.38)

25V ]
(3.39)
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As a special case of Theorem 3.10 with the assumption of h =1,
we get the following result.

Corollary 3.11. For 0 < 9,9, <1 and let two positive functions
U and V defined on Ny, p. Suppose that there exist four positive
functions Ay, Ay, ®1 and © on Ny, . Then, for all ¥ € {p1, 1 +
h, 1 + 20, ...}, the following inequality holds:

SV U]V [l ]+ 3V 1]
AU v ()]

= WV ]SV an] +

SV

Remark 2. If we take
Theorem 3.8.

w V" [van]
= 1), then Theorem 3.10 reduces to

4. Application

In this note, we illustrate how to build the four bounding func-
tions and how to employ them to determine Chebyshev form dis-
crete fractional variants of two unknown functions.

Let us define a unit step function u:

)1, £&>0,
u(§) = {O’ 20, (41)
Also, the Heaviside unit step function u(&) is stated as

_ 1, &=>c
uc(é) = u(é - C){O, E <c (4.2)

Consider a piece-wise continuous function A; on Ny presented
as

A1(§) = €1 (uo(§) —ug, (§)) + €a(ug, (§) —ug, ()

+€3 (ugz (&) —ug, (f)) + o+ €, , ()
= 3 (€)1 — € g, (6, (43)
J=0
where €0 = 0and 0 e {So, f;:], ey SW-H} = NO,FI'

Similarly, the functions Y5, T3 and v,4 are presented as

Ay(E) =) (€1 —&)ug (§), (4.4)
J=0

©3(8) = Y (€41 — &) ug, (6, (4.5)
J=0

Oa(§) =) (11— €)ug (§), (4.6)
J=0

where constants €y = €y = € == 0. If the condition (A4;) is satisfied
by an integrable function ¢ on Ny p, then we have €, <U(§) <
€, for every & € {£0.&1.....5y11}. 7 =0.1.2, ... w

Proposition 4.1. For 0 < ¢ <1 and let there be two positive func-
tions U and V defined on Ny p,. Suppose that the mappings defined in
(4.3), (4.4), (4.5) and (4.6), respectively, satisfy (A7), then
](1//)[ Z 6/+161+1 E,§j+1 Vlﬁ 2](1ﬂ)

w

[ Z /+1€/+1 E}E

(4.7)

<

4 - s _9
|:I§0 (6_]+]€j+1 + €j+16_/+1) £8) 1 th uviz)

Proof. In view of Definition 2.9, we have

5V (01002 (W) = [ D& 018,a 25 VituR (),
J=0
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ABV 0[[\ AZVZ](‘/’) = [ZGJHE/H EJEJnV ﬁvz](l/f)

J=0
and
(6597 [(©1A1 + ©20)uv] ()]

w

= [Z (Ej+1€j+1 +€J+1€J+1)515/+1 719]/”}] ).

J=0
Employing Lemma 3.1, we get the inequality (4.7). O

Proposition 4.2. For 0 <% <1 and let there be two positive func-
tions Y and V defined on Ny ;. Suppose that the mappings defined in
(4.3), (4.4), (4.5) and (4.6), respectively, satisfy (A;), then

SOV U]V V] = 25V

w w
Y & ally Y €ptdy

J= - J=

Bt G S (48)
2 €441 D €4

J=0 J=0

Proof. Taking into account (4.3)-(4.6) and employing Theorem 3.6,
we get the immediate consequence (4.8). O

5. Conclusion

The DFC expansions will help researchers implement increas-
ingly effective analytical models developed by discrete fractional
physical phenomena in the context of fractional derivatives with
various discrete kernels. In this note, we proposed novel diverse
kinds of inequalities such as the Pélya-Szegd and Chebyshev type
variants that are accomplished with AB-fractional sums involving
discrete h-Mittag-Leffler kernel, whose compensations concluded
all novelties in literature. The previously described implications
may also be applied to the discrete AB-fractional case. From an
application viewpoint, we have presented several generalizations
with the aid of the Heaviside function, which appears relatively
harmonious with the results. Consequently, one can forthrightly
create the sense that present implications can be accomplished for
h =1. In order to ascertain the intensity of the presented reper-
cussions, we leverage them to explore a collection of inequali-
ties such as the Agarwal-Ryoo-Kim type inequality, the Agarwal-
Thandapani type inequality, one-dimensional Ou-Yang inequality,
the Nanko inequality and several other variants incorporating .A53-
fractional sums involving discrete h-Mittag-Leffler kernel.
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