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a b s t r a c t 

Discrete fractional calculus ( DFC ) has had significant advances in the last few decades, being successfully 

employed in the time scale domain h̄ Z . Understanding of DFC has demonstrated a valuable improvement 

in neural networks and modeling in other terrains. In the context of Riemann form ( ABR ), we discuss 

the discrete fractional operator influencing discrete Atangana-Baleanu ( AB ) -fractional operator having h̄ - 

discrete generalized Mittag-Leffler kernels. In the approach being presented, some new Pólya-Szegö and 

Chebyshev type inequalities introduced within discrete AB -fractional operators having h̄ -discrete gener- 

alized Mittag-Leffler kernels. By analyzing discrete AB -fractional operators in the time scale domain Z , 

we can perform a comparison basis for notable outcomes derived from the aforesaid operators. This type 

of discretization generates novel outcomes for synchronous functions. The specification of this proposed 

strategy simply demonstrates its efficiency, precision, and accessibility in terms of the methodology of 

qualitative approach of discrete fractional difference equation solutions, including its stability, consistency, 

and continual reliance on the initial value for the solutions of many fractional difference equation initial 

value problems. The repercussions of the discrete AB -fractional operators can depict new presentations 

for various particular cases. Finally, applications concerning bounding mappings are also illustrated. 

© 2021 Elsevier Ltd. All rights reserved. 
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. Introduction 

Inequalities having mappings of multiple variables are well- 

nown for attempting to develop descriptive and analytical repre- 

entations of complex and algebraic calculus. The key advantage of 

ólya-Szegö and Chebyshev in terms of more comprehensive im- 

lementations is that such inequalities will provide precise bounds 

or multiple variables. Currently, authors are considering inventive 

orms of such modifications that may be beneficial in the treat- 

ent of classified differential and difference equations. A variety 

f Pólya-Szegö and Chebyshev type variants, which are improve- 
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ents of previously reported versions and can be considered as a 

orm of modal analysis, have been researched in [1] . 

Chebyshev [2] pondered the best description in 1882 as fol- 

ows: 

1 

ϕ 2 − ϕ 1 

ϕ 2 ∫ 
ϕ 1 

U(θ ) V(θ ) dθ ≥
(

1 

ϕ 2 − ϕ 1 

ϕ 2 ∫ 
ϕ 1 

U(θ ) dθ

)
(

1 

ϕ 2 − ϕ 1 

ϕ 2 ∫ 
ϕ 1 

V(θ ) dθ

)
, (1.1) 

or integrable functions U and V on (ϕ 1 , ϕ 2 ) and both the map- 

ings instantaneouslyáincrease or decrease for the same values of 
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in (ϕ 1 , ϕ 2 ) . On the other hand, the inequality 

1 

ϕ 2 − ϕ 1 

ϕ 2 ∫ 
ϕ 1 

U(θ ) V(θ ) dθ ≤
(

1 

ϕ 2 − ϕ 1 

ϕ 2 ∫ 
ϕ 1 

U(θ ) dθ

)
(

1 

ϕ 2 − ϕ 1 

ϕ 2 ∫ 
ϕ 1 

V(θ ) dθ

)
. (1.2) 

ecause of the same values of θ in (ϕ 1 , ϕ 2 ) , the inequality (1.2) ap-

ears to satisfy for one component to be increasing and the other 

o be decreasing. Ever since, persistent, differentiated forms, and 

dvancements of certain varieties have received considerable at- 

ention in research, leading to a variety of classical inequalities, 

ee [3–14] . Numerous esteemed versions reported in the literature 

re immediate consequences of diverse frameworks of nonlinear 

ynamics, which now address not only numerous aspects in the 

nalysis of fractional order problems, mathematical modelling as 

ell as certain analytical and functional science research inquiries. 

n this regard, Pólya-Szegö inequality is a fascinating topic that re- 

uires the most consideration. Pólya-Szegö [15] addressed this col- 

ection of variants as follows: 

ϕ 2 ∫ 
 1 

U 

2 (θ1 ) dθ1 

ϕ 2 ∫ 
ϕ 1 

V 2 (θ1 ) dθ1 ( ϕ 2 ∫ 
ϕ 1 

U(θ1 ) V(θ1 ) dθ1 

) 

2 

≤ 1 

4 

(√ 

RT 
r 1 t 1 

+ 

√ 

r 1 t 1 
RT 

)
2 , (1.3) 

here 

 1 ≤ U(θ ) ≤ R 

nd 

 1 ≤ V(θ ) ≤ T 

or all θ ∈ (ϕ 1 , ϕ 2 ) and for some r 1 , R , t 1 , T ∈ R . In (1.3) , the con-

tant 1 
4 is ideally plausible, and it cannot be substituted by a 

maller factor. 

Stimulated by áPólya-Szegö and Chebyshev [1,3,16] , Our pur- 

ose is to evaluate modified forms of Pólya-Szegö and Chebyshev 

ype variants for discrete AB -fractional sums in the time frame- 

ork h̄ Z . 

DFC captivated a lot of consideration across various analysis 

nd engineering disciplines, particularly in modelling [17] , neural 

etworks [18] and image encryption [19] . The developing approach 

ortraying real-world problems has been exhibited to be helpful 

umerical devices to analyze, comprehend and predict the nature 

f humankind’s lives [20] . While new definitions/operators help re- 

earchers to analyze and predict nature, it is significant that the 

xpectation and understanding will be accomplished only if such 

echniques are illuminated with non-local effects [21] . Numerous 

tilities have been developed via DFC such as the solution of frac- 

ional difference equations and discrete boundary value problems 

re proposed in terms of new mathematical techniques [22] . 

Several diverse kinds of fractional operator have been con- 

emplated in continuous and discrete contexts, such as Caputo, 

iemann-Liouville, Hadamard, Riesz, Caputo Fabrizio and hence- 

orth. Several researchers practiced inventing new methodologies 

f simulation via fractional frameworks [23–29] , and to explore 

ew strategies that can then be applied in the bulk of utilities [25] ,

nvolving bioengineering [21,30] , cryptography and control theory 

31] . It is critical to keep evolving these innovative representations: 

oth in terms of accumulating scientific appreciation for its specific 

spects and also from the applications standpoint just mentioned 

32] , subsequently recovered consideration of fundamental mathe- 

atics will enable a superior analysis of the physical simulations 
2 
hey designate [33] . Among the computational models formulated 

n fractional calculus, discrete AB -fractional operators, which is a 

niversal operator of fractional calculus that has been tradition- 

lly employed to develop modern operators and their characteri- 

ations have been proposed in research articles [34,35] . Moreover, 

FC has been theoretically presented by introducing and analyz- 

ng discrete forms of these fractional operators [36] . Here, we in- 

end to find the discrete fractional inequalities analogous to frac- 

ional operators having h̄ -discrete Mittag-Leffler kernels, encom- 

assing and simplifying these operators in such a manner as to 

ecuperate certain appropriate traits such as the discrete inequali- 

ies for h̄ -discrete Mittag-Leffler kernels. 

Discrete fractional variants have been considered as fabulous 

ools to investigate the qualitative characterizations of difference 

quations. Previously, many variants have been established by sev- 

ral researchers, for example, Ostrowski, Hardy, Olsen, Opial, Lya- 

unov and Hermite-Hadamard, see [37,38] . Therefore, the most 

aptivating and distinguished inequalities are the variants (1.2) and 

1.3) , respectively, which they have not studied yet for discrete AB - 

ractional sums. 

This paper significantly presents the implementation of the dis- 

rete AB -fractional operator having h̄ -discrete Mittag-Leffler func- 

ion in the kernel with a step size 0 ≤ h̄ < 1 . This recently gen-

rated scheme provides the discrete version of variants similar 

o (1.2) and (1.3) , respectively, via the aforesaid operator on h̄ Z . 

ence, our proposed technique present several consequences in 

he discrete AB -fractional operator. Interestingly, it is highlighted 

hat intermingling these two approaches, DFC and variants might 

e the extreme dexterous methodology of relating inequities in 

ractional and time scale calculus. Finally, the proposed results are 

valuated using various criteria, with the results indicating that the 

ntroduced discrete inequalities are viable for multifaceted applica- 

ions in fractional difference equations and boundary value prob- 

ems. However, we enhance our reference index by including in- 

riguing literature for such implementation [39–41] from where in- 

erested readers can obtain further details. 

. Preliminaries on discrete fractional calculus 

In this note, we introduce some fundamental concepts re- 

ated to fractional operators, discrete generalized Mittag Leffler 

unctions, and time scale calculus; for more information, see 

36] . For the sake of convenience, we symbolize, for ϕ 1 , ϕ 2 ∈
 , h̄ > 0 , N ϕ 1 , h̄ 

= { ϕ 1 , ϕ 1 + h̄ , ϕ 1 + 2 h̄ , ... } and N ϕ 2 , h̄ 
= { ϕ 2 , ϕ 2 +

h̄ , ϕ 2 + 2 h̄ , ... } . 

.1. Basics on delta and nabla h̄ -factorials 

efinition 2.1 ( [34] ) . The backward difference operator of a func- 

ion U on h̄ Z is stated as 

̂ 

 h̄ U (ξ ) = 

U (ξ ) − U( ̌ρh̄ (ξ )) 

h̄ 

, (2.1) 

here ρ̌h̄ (ξ ) = ξ − h̄ denotes the backward jump operator. Also, 

he forward difference operator of a function U on h̄ Z is stated 

s 

̂ 

h̄ U (ξ ) = 

U ( ̌σh̄ (ξ )) − U(ξ ) 

h̄ 

, (2.2) 

here σh̄ (ξ ) = ξ + h̄ denotes the forward jump operator. 

efinition 2.2 ( [34] ) . (i) For any ξ , ϑ ∈ R and h̄ > 0 , the delta h̄ -

actorial function is stated as 

(ϑ) 
h̄ 

= h̄ 

ϑ 
	( ξ

h̄ 
+ 1) 

	( ξ
h 

+ 1 − ϑ) 
, (2.3) 
¯
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here 	 denotes the Euler gamma function. For h̄ = 1 , then ξ (ϑ) = 

	(ξ+1) 
	(ξ+1 −ϑ) 

. Also, a division by a pole results in zero. 

(ii) For any ξ , ϑ ∈ R and h̄ > 0 , the nabla h̄ -factorial function is

escribed as: 

(ϑ) 
h̄ 

= h̄ 

ϑ 
	( ξ

h̄ 
+ ϑ) 

	( ξ
h̄ 
) 

. (2.4) 

or h̄ = 1 , we observe that ξ (ϑ) = 

	(ξ+ ϑ) 
	(ξ ) 

. 

emma 2.3 ( [39] ) . Let ξ ∈ T = N ϕ 1 , h̄ 
, then for all ξ ∈ T 

κ , we ob-

ain 

̂ 

 ψ, h̄ 

{ (ψ − ξ ) κ+1 

h̄ 

(κ + 1)! 

} 

= 

(ψ − ξ ) κ
h̄ 

κ! 
. (2.5) 

emma 2.4 ( [35] ) . For the time scale T = N ϕ 1 , h̄ 
then the nabla Taylor

olynomial 

̂ 

 κ (ψ, ξ ) = 

(ψ − ξ ) κ
h̄ 

κ! 
, κ ∈ N 0 . (2.6) 

.2. Nabla h̄ -discrete Mittag-Leffler function 

Now we present the idea of nabla h̄ -discrete Mittag-Leffler 

unction which is introduced by Abdeljawad et al. [26] . 

efinition 2.5. ( [26] ) Let ϑ, β, ω ∈ C having � (ϑ) > 0 such that

∈ R with | λh̄ ϑ | < 1 , then the nabla discrete Mittag-leffler func-

ion is stated as: 

h̄ ̌E ϑ,β
(λ, ω) = 

∞ ∑ 

κ=0 

λκ
ω 

κϑ+ β−1 

h̄ 

	(ϑκ + β) 
, | λh̄ 

ϑ | < 1 . (2.7) 

or β = 1 , we have 

h̄ ̌E ϑ (λ, y ) � h̄ ̌E ϑ, 1 
(λ, y ) = 

∞ ∑ 

κ=0 

λκ
y κϑ 

h̄ 

	(ϑκ + 1) 
, | λh̄ 

ϑ | < 1 . (2.8) 

The following remark illustrates the strengthening properties 

hy h̄ Z is important. 

emark 1. In view of h̄ Z : 

I. letting h̄ = 1 , we attain the nabla discrete Mittag-Leffler func- 

ion stated in [40,41] . 

II. letting 0 < h̄ < 1 , the interval of convergence to which λ lies.

bserve that, when h̄ 	→ 0 , then ϑ ∈ (0 , 1) . Moreover, when h̄ 	→ 1

uarantee convergence for λ = 

−ϑ 
1 −ϑ 

, ϑ ∈ (0 , 1 2 ) . 

For further investigation of the discrete Mittag-Leffler function 

e refer the reader to Abdeljawad and Baleanu [24] . 

.3. Delta fractional sums on h̄ Z 

efinition 2.6 ( [32] ) . For some κ ∈ N , ϑ > 0 and let ϕ 2 = ϕ 1 + κ h̄ .

ssume that a function U be defined on T = N ϕ 1 , h̄ 
∩ N ϕ 2 , h̄ 

. Then

he delta h̄ -fractional sums in the left and right case are defined 

s follows 

 ϕ 1 ̂
 �−ϑ 
h̄ 

U )(ξ ) = 

1 

	(ϑ) 

ψ/ h̄ −ϑ ∑ 

κ= ϕ 1 / h̄ 
(ψ − σ (κ h̄ )) (ϑ−1) 

h̄ 
U(κ h̄ ) h̄ , 

ψ ∈ { τ + ϑ h̄ : τ ∈ T } 
nd 

 h̄ ̂
 �−ϑ 
ϕ 2 

U )(ξ ) = 

1 

	(ϑ) 

ϕ 2 / h̄ −ϑ ∑ 

κ= ψ/ h̄ + ϑ 
(κ h̄ − σ (ψ)) (ϑ−1) 

h̄ 
U(κ h̄ ) h̄ , 

ψ ∈ { τ − ϑ h̄ : τ ∈ T } , 

espectively. S

3 
.4. Nabla fractional sums on h̄ Z 

efinition 2.7 ( [26,35] ) . Assume that h̄ > 0 and the backward 

ump operator is ρ̌(ψ) = ψ − h̄ . A function U : N ϕ 1 , h̄ 
	→ R is said

o be nabla h̄ -fractional sum of order ϑ, if 

 ϕ 1 ̂
 ∇ 

−ϑ 
h̄ 

U )(ξ ) = 

1 

	(ϑ) 

ψ/ h̄ −ϑ ∑ 

κ= ϕ 1 / h̄ +1 

(ψ − ρ̌(κ h̄ )) (ϑ−1) 
h̄ 

U(κ h̄ ) h̄ , 

ψ ∈ N ϕ 1 + h̄ , h̄ . 

or ϑ > 0 , the nabla right h̄ -fractional sum (ending at ϕ 2 ) for U :
 ϕ 2 , h̄ 

	→ R is described as follows: 

 h̄ ̂
 ∇ 

−ϑ 
ϕ 2 

U )(ξ ) = 

1 

	(ϑ) 

ϕ 2 / h̄ −1 ∑ 

κ= ψ/ h̄ 

(κ h̄ − ρ̌(ψ)) (ϑ−1) 
h̄ 

U(κ h̄ ) h̄ . 

.5. Nabla h̄ -fractional differences depending on h̄ -discrete Mittag 

effler kernels 

Now, we are demonstrating some new concepts which we will 

e use to prove the coming results of this paper, see [24] . Also, we

se the notation, λ = − ϑ 
1 −ϑ 

and ρ̌(ψ) = ψ − h̄ . 

efinition 2.8. ( [39] ) For ϑ ∈ [0 , 1] , h̄ > 0 with | λh̄ ϑ | < 1 and let

be a function defined on N ϕ 1 , h̄ 
∩ ϕ 2 , h̄ 

N with ϕ 1 < ϕ 2 such that

 1 ≡ ϕ 2 (mod h̄ ) , then the left nabla ABC -fractional difference (in 

he frame of AB ) is described as 

ABC 
ϕ 1 

̂ ∇ 

ϑ 
h̄ U 

)
(ψ) = H(ϑ, h̄ ) 

1 − ϑ + ϑ h̄ 

1 − ϑ 

ψ/ h̄ ∑ 

κ= ϕ 1 / h̄ +1 

h̄ ̂

 ∇ h̄ U(κ h̄ ) h̄ ̌E ϑ (λ, ψ − ρ̌(κ h̄ )) 

nd in the left Riemann sense by 

ABR 

ϕ 1 
̂ ∇ 

ϑ 
h̄ U 

)
(ψ) = H(ϑ, h̄ ) 

1 − ϑ + ϑ h̄ 

1 − ϑ 

̂ ∇ h̄ 

ψ/ h̄ ∑ 

κ= ϕ 1 / h̄ +1 

h̄ U(κ h̄ ) h̄ ̌E ϑ (λ, ψ − ρ̌(κ h̄ )) . 

efinition 2.9 ( [39] ) . For 0 < ϑ < 1 and let the left h̄ -fractional

um concern to 
(
ABR 

ϕ 1 
̂ ∇ 

ϑ 
h̄ 
U 
)
(ψ) defined on N ϕ 1 , h̄ 

is stated as fol- 

ows 

AB 
ϕ 1 

̂ ∇ 

−ϑ 
h̄ 

U 

)
(ψ) = 

1 − ϑ 

H(ϑ, h̄ )(1 − ϑ + ϑ h̄ ) 
U(ψ) 

+ 

ϑ 

H(ϑ, h̄ )(1 − ϑ + ϑ h̄ )	(ϑ) 

ψ/ h̄ ∑ 

κ= ϕ 1 / h̄ +1 

(ψ − ρ̌(κ h̄ )) ϑ−1 

h̄ 
U(κ h̄ ) h̄ . (2.9) 

he right h̄ -fractional sum is described on ϕ 2 , h̄ 
N by 

AB 
h̄ 

̂ ∇ 

−ϑ 
ϕ 2 

U 

)
(ψ) = 

1 − ϑ 

H(ϑ, h̄ )(1 − ϑ + ϑ h̄ ) 
U(ψ) 

+ 

ϑ 

H(ϑ, h̄ )(1 − ϑ + ϑ h̄ )	(ϑ) 

ϕ 2 / h̄ −1 ∑ 

κ= ψ/ h̄ 

(κ h̄ − ρ̌(ψ)) ϑ−1 

h̄ 
U(κ h̄ ) h̄ . (2.10) 

. Some discrete Pólya-Szegö and Chebyshev type inequalities 

To continue, we present some new generalizations of Pólya- 

zegö type variants via AB -fractional sums within h̄ -discrete 
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ittag-Leffler function and this is the major key part of this ar- 

icle. 

heorem 3.1. For 0 < ϑ < 1 and let two positive functions U and 

defined on N ϕ 1 , h̄ 
. Suppose that there exist four positive functions 

1 , �2 , �1 and �2 on N ϕ 1 , h̄ 
such that: 

A 1 ) 0 < �1 (λ) ≤ U(λ) ≤ �2 (λ) , 

0 < �1 (λ) ≤ V(λ) ≤ �2 (λ) , (λ ∈ N ϕ 1 , h̄ ) . (3.1) 

hen, for all ψ ∈ { ϕ 1 , ϕ 1 + h̄ , ϕ 1 + 2 h̄ , ... } , the following inequality

olds: 

AB 
ϕ 1 

̂ ∇ 

−ϑ 
h̄ 

[
�1 �2 U 

2 
]
(ψ) AB 

ϕ 1 
̂ ∇ 

−ϑ 
h̄ 

[
�1 �2 V 2 

]
(ψ) [

AB 
ϕ 1 

̂ ∇ 

−ϑ 
h̄ 

[
(�1 �1 + �2 �2 ) UV 

]
(ψ) 

]
2 

≤ 1 

4 

. (3.2) 

roof. By means of condition (A 1 ) , for λ ∈ N ϕ 1 , h̄ 
, we have 

�2 (λ) 

�1 (λ) 
− U(λ) 

V(λ) 

)
≥ 0 . (3.3) 

nalogously, we have 

U(λ) 

V(λ) 
− �1 (λ) 

�2 (λ) 

)
≥ 0 . (3.4) 

ultiplying (3.3) and (3.4) , it follows that 

U(λ) 

V(λ) 
− �1 (λ) 

�2 (λ) 

)(
�2 (λ) 

�1 (λ) 
− U(λ) 

V(λ) 

)
≥ 0 . 

he above inequality can be expressed as 

�1 (λ)�1 (λ) + �2 (λ)�2 (λ) 
)
U(λ) V(λ) ≥ �1 (λ)�2 (λ) U 

2 (λ) 

+�1 (λ)�2 (λ) V 2 (λ) . (3.5) 

aking product both sides of (3.5) by 1 −ϑ 
H(ϑ, h̄ )(1 −ϑ+ ϑ h̄ ) , we get 

(1 − ϑ) U(λ) V(λ) 

H(ϑ, h̄ )(1 − ϑ + ϑ h̄ ) 

(
�1 (λ)�1 (λ) + �2 (λ)�2 (λ) 

)
(1 − ϑ)�1 (λ)�2 (λ) U 

2 (λ) 

H(ϑ, h̄ )(1 − ϑ + ϑ h̄ ) 
+ 

(1 − ϑ)�1 (λ)�2 (λ) V 2 (λ) 

H(ϑ, h̄ )(1 − ϑ + ϑ h̄ ) 
. 

(3.6) 

oreover, interchanging λ by ξ in (3.5) and conducting product 

oth sides by 
ϑ (ψ −ρ̌(ξ )) ϑ−1 

h̄ 

H(ϑ, h̄ )	(ϑ) 
, we have 

ϑ(ψ − ρ̌(ξ )) ϑ−1 

h̄ 

H(ϑ, h̄ )	(ϑ) 

(
�1 (ξ )�1 (ξ ) + �2 (ξ )�2 (ξ ) 

)
U(ξ ) V(ξ ) 

≥
ϑ(ψ − ρ̌(ξ )) ϑ−1 

h̄ 

H(ϑ, h̄ )	(ϑ) 
�1 (ξ )�2 (ξ ) U 

2 (ξ ) 

+ 

ϑ(ψ − ρ̌(ξ )) ϑ−1 

h̄ 

H(ϑ, h̄ )	(ϑ) 
�1 (ξ )�2 (ξ ) V 2 (ξ ) . (3.7) 

umming both sides for ξ ∈ { ϕ 1 , ϕ 1 + h̄ , ϕ 1 + 2 h̄ , ... } , we get 

ψ/ h̄ ∑ 

κ= ϕ 1 / h̄ +1 

ϑ(ψ − ρ̌(κ h̄ )) ϑ−1 

h̄ 

H(ϑ, h̄ )	(ϑ) (
�1 (κ h̄ ) h̄ �1 (κ h̄ ) h̄ + �2 (κ h̄ ) h̄ �2 (κ h̄ ) h̄ 

)
U(κ h̄ ) h̄ . V(κ h̄ ) h̄ 

≥
ψ/ h̄ ∑ 

κ= ϕ 1 / h̄ +1 

ϑ(ψ − ρ̌(κ h̄ )) ϑ−1 

h̄ 

H(ϑ, h̄ )	(ϑ) 
�1 (κ h̄ ) h̄ �2 (κ h̄ ) h̄ U 

2 (κ h̄ ) h̄ 

+ 

ψ/ h̄ ∑ 

κ= ϕ 1 / h̄ +1 

ϑ(ψ − ρ̌(κ h̄ )) ϑ−1 

h̄ 

H(ϑ, h̄ )	(ϑ) 
�1 (κ h̄ ) h̄ �2 (κ h̄ ) h̄ V 2 (κ h̄ ) h̄ . (3.8) 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
U 

2 (ψ) 
]
AB 
ς 1 

̂ ∇ 

−ϑ 2 
h̄ 

[
�1 (ψ)�2 (ψ) 

]
+ 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
�1 (ψ

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
�1 (ψ) U(ψ) 

]
ς 1 

AB ̂  ∇ 

−ϑ 2 
h̄ 

[
�1 (ψ) V(ψ) 

]
+ 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
�2 (ψ
4 
dding (3.6) and (3.8) , we have 

(1 − ϑ) U(λ) V(λ) 

H(ϑ, h̄ )(1 − ϑ + ϑ h̄ ) 

(
�1 (λ)�1 (λ) + �2 (λ)�2 (λ) 

)
+ 

ψ/ h̄ ∑ 

κ= ϕ 1 / h̄ +1 

ϑ(ψ − ρ̌(κ h̄ )) ϑ−1 

h̄ 

H(ϑ, h̄ )	(ϑ) (
�1 (κ h̄ ) h̄ �1 (κ h̄ ) h̄ + �2 (κ h̄ ) h̄ �2 (κ h̄ ) h̄ 

)
U(κ h̄ ) h̄ . V(κ h̄ ) h̄ 

≥ (1 − ϑ)�1 (λ)�2 (λ) U 

2 (λ) 

H(ϑ, h̄ )(1 − ϑ + ϑ h̄ ) 
+ 

ψ/ h̄ ∑ 

κ= ϕ 1 / h̄ +1 

ϑ(ψ − ρ̌(κ h̄ )) ϑ−1 

h̄ 

H(ϑ, h̄ )	(ϑ) 

�1 (κ h̄ ) h̄ �2 (κ h̄ ) h̄ U 

2 (κ h̄ ) h̄ 

+ 

(1 − ϑ)�1 (λ)�2 (λ) V 2 (λ) 

H(ϑ, h̄ )(1 − ϑ + ϑ h̄ ) 
+ 

ψ/ h̄ ∑ 

κ= ϕ 1 / h̄ +1 

ϑ(ψ − ρ̌(κ h̄ )) ϑ−1 

h̄ 

H(ϑ, h̄ )	(ϑ) 

�1 (κ h̄ ) h̄ �2 (κ h̄ ) h̄ V 2 (κ h̄ ) h̄ . 

Consequently, we have 

AB 
ϕ 1 

̂ ∇ 

−ϑ 
h̄ 

[(
�1 �1 + �2 �2 

)
UV 

]
(ψ) ≥ AB 

ϕ 1 
̂ ∇ 

−ϑ 
h̄ 

[
�1 �2 U 

2 
]
(ψ) 

+ 

AB 
ϕ 1 

̂ ∇ 

−ϑ 
h̄ 

[
�1 �2 V 2 

]
(ψ) . 

esides, by AM − GM inequality, that is, c 1 + c 2 ≥ 2 
√ 

c 1 c 2 , c 1 , c 2 ∈
 

+ , we obtain 

AB 
ϕ 1 

̂ ∇ 

−ϑ 
h̄ 

[(
�1 �1 + �2 �2 

)
UV 

]
(ψ) ≥

2 

√ 

AB 
ϕ 1 

̂ ∇ 

−ϑ 
h̄ 

[
�1 �2 U 

2 
]
(ψ) + 

AB 
ϕ 1 

̂ ∇ 

−ϑ 
h̄ 

[
�1 �2 V 2 

]
(ψ) 

nd it follows straightforward the statement (3.1) . �

orollary 3.2. For 0 < ϑ < 1 and let two positive functions U and V
efined on N ϕ 1 , h̄ 

satisfying 

A 2 ) 0 < r 1 ≤ U(λ) ≤ R , 0 < t 1 ≤ V(λ) ≤ T , (λ ∈ N ϕ 1 , h̄ ) . 

hen, for all ψ ∈ { ϕ 1 , ϕ 1 + h̄ , ϕ 1 + 2 h̄ , ... } , the following inequality

olds: 

AB 
ϕ 1 

̂ ∇ 

−ϑ 
h̄ 

[
U 

2 
]
(ψ) AB 

ϕ 1 
̂ ∇ 

−ϑ 
h̄ 

[
V 2 

]
(ψ) [

AB 
ϕ 1 

̂ ∇ 

−ϑ 
h̄ 

[
UV 

]
(ψ) 

]
2 

≤
(√ 

r 1 t 1 
RT + 

√ 

RT 
r 1 t 1 

)
2 . 

As a special case of Theorem 3.1 with the assumption of h̄ = 1 ,

e get the following result. 

orollary 3.3. For 0 < ϑ < 1 and let two positive functions U and 

defined on N ϕ 1 . Suppose that there exist four positive functions 

1 , �2 , �1 and �2 on N ϕ 1 such that: 

A 1 ) 0 < �1 (λ) ≤ U(λ) ≤ �2 (λ) , 

0 < �1 (λ) ≤ V(λ) ≤ �2 (λ) , (λ ∈ N ϕ 1 ) . 

hen, for all ψ ∈ { ϕ 1 , ϕ 1 + 1 , ϕ 1 + 2 , ... } , the following inequality

olds: 

AB 
ϕ 1 

̂ ∇ 

−ϑ 
[
�1 �2 U 

2 
]
(ψ) AB 

ϕ 1 
̂ ∇ 

−ϑ 
[
�1 �2 V 2 

]
(ψ) [

AB 
ϕ 1 

̂ ∇ 

−ϑ 
[
(�1 �1 + �2 �2 ) UV 

]
(ψ) 

]
2 

≤ 1 

4 

. 

heorem 3.4. For 0 < ϑ 1 , ϑ 2 < 1 and let two positive functions U
nd V defined on N ϕ 1 , h̄ 

. Suppose that there exist four positive func- 

ions �1 , �2 , �1 and �2 on N ϕ 1 , h̄ 
satisfying (A 1 ) on N ϕ 1 , h̄ 

. Then, for

ll ψ ∈ { ϕ 1 , ϕ 1 + h̄ , ϕ 1 + 2 h̄ , ... } , the following inequality holds: 

(ψ) 
]
AB 
ς 1 

̂ ∇ 

−ϑ 2 
h̄ 

[
V 2 (ψ) 

]
) 
]

ς 1 
AB ̂  ∇ 

−ϑ 2 
h̄ 

[
�2 (ψ) V(ψ) 

] ≤ 1 

4 

. (3.9) 

roof. By means of assumption (A 1 ) , it is clear that 

�2 (λ) 

�1 (ω) 
− U(λ) 

V(ω) 

)
≥ 0 
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a(
I(
B

w

�

≥
T

≥

M

b

≥

S

κ

≥

A

≥

C

≥

T

≥

A

b

{

κ

≥

A

≥

nd 

U(λ) 

V(ω) 
− �1 (λ) 

�2 (ω) 

)
≥ 0 . 

mplies that 

�1 (λ) 

�2 (ω) 
− �2 (λ) 

�1 (ω) 

) U(λ) 

V(ω) 
≥ U 

2 (λ) 

V 2 (ω) 
+ 

�1 (λ)�2 (λ) 

�1 (ω)�2 (ω) 
. (3.10) 

esides, multiplying both sides of (3.10) by �1 (ω)�2 (ω ) V 2 (ω ) , 

e get 

1 (λ) U(λ)�1 (ω) V(ω) + �2 (λ) U(λ)�2 (ω) V(ω) 

�1 (ω)�2 (ω) U 

2 (λ) + �1 (λ)�2 (λ) V 2 (ω) . (3.11) 

aking product both sides of (3.11) by 
1 −ϑ 1 

H(ϑ 1 , h̄ )(1 −ϑ 1 + ϑ 1 ̄h ) , we g et 

1 − ϑ 1 

H(ϑ 1 , h̄ )(1 − ϑ 1 + ϑ 1 ̄h ) 
�1 (λ) U(λ)�1 (ω) V(ω) 

+ 

1 − ϑ 1 

H(ϑ 1 , h̄ )(1 − ϑ 1 + ϑ 1 ̄h ) 
�2 (λ) U(λ)�2 (ω) V(ω) 

1 − ϑ 1 

H(ϑ 1 , h̄ )(1 − ϑ 1 + ϑ 1 ̄h ) 
�1 (ω)�2 (ω) U 

2 (λ) 

+ 

1 − ϑ 1 

H(ϑ 1 , h̄ )(1 − ϑ 1 + ϑ 1 ̄h ) 
�1 (λ)�2 (λ) V 2 (ω) . (3.12) 

oreover, interchanging λ by ξ1 in (3.12) and conducting product 

oth sides by 
ϑ 1 (ψ−ρ̌(ξ1 )) 

ϑ 1 −1 

h̄ 

H(ϑ 1 , h̄ )	(ϑ 1 ) 
, we hav e 

ϑ 1 (ψ − ρ̌(ξ1 )) 
ϑ 1 −1 

h̄ 

H(ϑ 1 , h̄ )	(ϑ 1 ) 
�1 (ξ1 ) U(ξ1 )�1 (ω ) V(ω ) 

+ 

1 − ϑ 

H(ϑ, h̄ )(1 − ϑ + ϑ h̄ ) 
�2 (ξ1 ) U(ξ1 )�2 (ω ) V(ω ) 

ϑ 1 (ψ − ρ̌(ξ1 )) 
ϑ 1 −1 

h̄ 

H(ϑ 1 , h̄ )	(ϑ 1 ) 
�1 (ω)�2 (ω) U 

2 (ξ1 ) 

+ 

ϑ 1 (ψ − ρ̌(ξ1 )) 
ϑ 1 −1 

h̄ 

H(ϑ 1 , h̄ )	(ϑ 1 ) 
�1 (ξ1 )�2 (ξ1 ) V 2 (ω) . (3.13) 

umming both sides for ξ1 ∈ { ϕ 1 , ϕ 1 + h̄ , ϕ 1 + 2 h̄ , ... } , we get 

ψ/ h̄ ∑ 

= ϕ 1 / h̄ +1 

ϑ 1 (ψ − ρ̌(κ h̄ )) 
ϑ 1 −1 

h̄ 

H(ϑ 1 , h̄ )	(ϑ 1 ) 
�1 (κ h̄ ) h̄ U(κ h̄ ) h̄ �1 (ω) V(ω) 

+ 

ψ/ h̄ ∑ 

κ= ϕ 1 / h̄ +1 

ϑ 1 (ψ − ρ̌(κ h̄ )) 
ϑ 1 −1 

h̄ 

H(ϑ 1 , h̄ )	(ϑ 1 ) 
�2 (κ h̄ ) h̄ U(κ h̄ ) h̄ �2 (ω) V(ω) 

ψ/ h̄ ∑ 

κ= ϕ 1 / h̄ +1 

ϑ 1 (ψ − ρ̌(κ h̄ )) 
ϑ 1 −1 

h̄ 

H(ϑ 1 , h̄ )	(ϑ 1 ) 
�1 (ω)�2 (ω) U 

2 (κ h̄ ) h̄ 

+ 

ψ/ h̄ ∑ 

κ= ϕ 1 / h̄ +1 

ϑ 1 (ψ − ρ̌(κ h̄ )) 
ϑ 1 −1 

h̄ 

H(ϑ 1 , h̄ )	(ϑ 1 ) 
�1 (κ h̄ ) h̄ �2 (κ h̄ ) h̄ V 2 (ω) . (3.14) 

dding (3.12) and (3.14) , we obtain 

1 − ϑ 1 

H(ϑ 1 , h̄ )(1 − ϑ 1 + ϑ 1 ̄h ) 
�1 (λ) U(λ)�1 (ω) V(ω) 

+ 

ψ/ h̄ ∑ 

κ= ϕ 1 / h̄ +1 

ϑ 1 (ψ − ρ̌(κ h̄ )) 
ϑ 1 −1 

h̄ 

H(ϑ 1 , h̄ )	(ϑ 1 ) 
�1 (κ h̄ ) h̄ U(κ h̄ ) h̄ �1 (ω) V(ω) 

+ 

1 − ϑ 

H(ϑ, h̄ )(1 − ϑ + ϑ h̄ ) 
�2 (λ) U(λ)�2 (ω) V(ω) 

+ 

ψ/ h̄ ∑ 

κ= ϕ 1 / h̄ +1 

ϑ 1 (ψ − ρ̌(κ h̄ )) 
ϑ 1 −1 

h̄ 

H(ϑ 1 , h̄ )	(ϑ 1 ) 
�2 (κ h̄ ) h̄ U(κ h̄ ) h̄ �2 (ω) V(ω) 
5 
1 − ϑ 1 

H(ϑ 1 , h̄ )(1 − ϑ 1 + ϑ 1 ̄h ) 
�1 (ω)�2 (ω) U 

2 (λ) 

+ 

ψ/ h̄ ∑ 

κ= ϕ 1 / h̄ +1 

ϑ 1 (ψ − ρ̌(κ h̄ )) 
ϑ 1 −1 

h̄ 

H(ϑ 1 , h̄ )	(ϑ 1 ) 
�1 (ω)�2 (ω) U 

2 (κ h̄ ) h̄ 

+ 

ϑ 1 (ψ − ρ̌(ξ1 )) 
ϑ 1 −1 

h̄ 

H(ϑ 1 , h̄ )	(ϑ 1 ) 
�1 (λ)�2 (λ) V 2 (ω) 

+ 

ψ/ h̄ ∑ 

κ= ϕ 1 / h̄ +1 

ϑ 1 (ψ − ρ̌(κ h̄ )) 
ϑ 1 −1 

h̄ 

H(ϑ 1 , h̄ )	(ϑ 1 ) 
�1 (κ h̄ ) h̄ �2 (κ h̄ ) h̄ V 2 (ω) . 

onsequently, we have 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
�1 (ψ) U(ψ) 

]
�1 (ω) V(ω) 

+ 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
�2 (ψ) U(ψ) 

]
�2 (ω) V(ω) 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
U 

2 (ψ) 
]
�1 (ω)�2 (ω) 

+ 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
�1 (ψ)�2 (ψ) 

]
V 2 (ω) . (3.15) 

aking product both sides of (3.15) by 
1 −ϑ 2 

H(ϑ 2 , h̄ )(1 −ϑ 2 + ϑ 2 ̄h ) , we g et 

(1 − ϑ 2 ) 
AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
�1 (ψ ) U(ψ ) 

]
H(ϑ 2 , h̄ )(1 − ϑ 2 + ϑ 2 ̄h ) 

�1 (ω) V(ω) 

+ 

(1 − ϑ 2 ) 
AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
�2 (ψ ) U(ψ ) 

]
H(ϑ 2 , h̄ )(1 − ϑ 2 + ϑ 2 ̄h ) 

�2 (ω) V(ω) 

(1 − ϑ 2 ) 
AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
U 

2 (ψ) 
]

H(ϑ 2 , h̄ )(1 − ϑ 2 + ϑ 2 ̄h ) 
�1 (ω)�2 (ω) 

+ 

(1 − ϑ 2 ) 
AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
�1 (ψ)�2 (ψ) 

]
H(ϑ 2 , h̄ )(1 − ϑ 2 + ϑ 2 ̄h ) 

V 2 (ω) . (3.16) 

gain, interchanging ω by ξ2 in (3.15) and conducting product 

oth sides by 
ϑ 2 (ψ−ρ̌(ξ2 )) 

ϑ 2 −1 

h̄ 

H(ϑ 2 , h̄ )	(ϑ 2 ) 
. Also, summing bo th sides for ξ2 ∈ 

 ς 1 , ς 1 + h̄ , ς 1 + 2 h̄ , ... } , we get 

ψ/ h̄ ∑ 

= ς 1 / h̄ +1 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
�1 (ψ) U(ψ) 

]
�1 ( h̄ κ) κV( h̄ κ) κ

+ 

ψ/ h̄ ∑ 

κ= ς 1 / h̄ +1 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
�2 (ψ) U(ψ) 

]
�2 ( h̄ κ) κV( h̄ κ) κ

ψ/ h̄ ∑ 

κ= ς 1 / h̄ +1 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
U 

2 (ψ) 
]
�1 ( h̄ κ) κ�2 ( h̄ κ) κ

+ 

ψ/ h̄ ∑ 

κ= ς 1 / h̄ +1 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
�1 (ψ)�2 (ψ) 

]
V 2 ( h̄ κ) κ. (3.17) 

dding (3.16) and (3.17) , we have 

(1 − ϑ 2 ) 
AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
�1 (ψ ) U(ψ ) 

]
H(ϑ 2 , h̄ )(1 − ϑ 2 + ϑ 2 ̄h ) 

�1 (ω) V(ω) 

+ 

ψ/ h̄ ∑ 

κ= ς 1 / h̄ +1 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
�1 (ψ) U(ψ) 

]
�1 ( h̄ κ) κV( h̄ κ) κ

+ 

(1 − ϑ 2 ) 
AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
�2 (ψ ) U(ψ ) 

]
H(ϑ 2 , h̄ )(1 − ϑ 2 + ϑ 2 ̄h ) 

�2 (ω) V(ω) 

+ 

ψ/ h̄ ∑ 

κ= ς 1 / h̄ +1 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
�2 (ψ) U(ψ) 

]
�2 ( h̄ κ) κV( h̄ κ) κ

(1 − ϑ 2 ) 
AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
U 

2 (ψ) 
]

H(ϑ , h̄ )(1 − ϑ + ϑ h̄ ) 
�1 (ω)�2 (ω) 
2 2 2 
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T

≥

C

e

 

p

C

a

�  

{
2 (ψ

(ψ)

T

fi  

i

P

U

T

M

b

{

κ

κ

A

≤

I

A

M

i

C

a  

i

T

V
�  

2

w

P

o

U

T

≥

M

u

ξ

κ

+ 

ψ/ h̄ ∑ 

κ= ς 1 / h̄ +1 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
U 

2 (ψ) 
]
�1 ( h̄ κ) κ�2 ( h̄ κ) κ

+ 

(1 − ϑ 2 ) 
AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
�1 (ψ)�2 (ψ) 

]
H(ϑ 2 , h̄ )(1 − ϑ 2 + ϑ 2 ̄h ) 

V 2 (ω) 

+ 

ψ/ h̄ ∑ 

κ= ς 1 / h̄ +1 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
�1 (ψ)�2 (ψ) 

]
V 2 ( h̄ κ) κ. (3.18) 

herefore, we have 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
�1 (ψ) U(ψ) 

]AB 
ς 1 

̂ ∇ 

−ϑ 2 
h̄ 

[
�1 (ψ) V(ψ) 

]
+ 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
�2 (ψ) U(ψ) 

]AB 
ς 1 

̂ ∇ 

−ϑ 2 
h̄ 

[
�2 (ψ) V(ψ) 

]
AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
U 

2 (ψ) 
]AB 

ς 1 
̂ ∇ 

−ϑ 2 
h̄ 

[
�1 (ψ)�2 (ψ) 

]
+ 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
�1 (ψ)�2 (ψ ) 

]AB 
ς 1 

̂ ∇ 

−ϑ 2 
h̄ 

[
V 2 (ψ ) 

]
. (3.19) 

onsequently, applying the AM − GM inequality to the last in- 

quality, we come to (3.9) . �

With the assumption of h̄ = 1 , we get the following result as a

articular case of Theorem 3.4 . 

orollary 3.5. For 0 < ϑ 1 , ϑ 2 < 1 and let two positive functions U
nd V defined on N ϕ 1 . Suppose that there exist four positive functions 

1 , �2 , �1 and �2 on N ϕ 1 satisfying (A 1 ) on N ϕ 1 . Then, for all ψ ∈
 ϕ 1 , ϕ 1 + 1 , ϕ 1 + 2 , ... } , the following inequality holds: 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
[
U 

2 (ψ) 
]
AB 
ς 1 

̂ ∇ 

−ϑ 2 
[
�1 (ψ)�2 (ψ) 

]
+ 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
[
�1 (ψ)�

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
[
�1 (ψ) U(ψ) 

]
AB 
ς 1 

̂ ∇ 

−ϑ 2 
[
�1 (ψ) V(ψ) 

]
+ 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
[
�2 (ψ) U

heorem 3.6. Suppose that all assumptions of Theorem 3.4 are satis- 

ed. Then, for all ψ ∈ { ϕ 1 , ϕ 1 + h̄ , ϕ 1 + 2 h̄ , ... } , the following inequal-

ty holds: 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
U 

2 (ψ) 
]AB 

ς 1 
̂ ∇ 

−ϑ 2 
h̄ 

[
V 2 (ψ ) 

]
≤ AB 

ϕ 1 
̂ ∇ 

−ϑ 1 
h̄ 

[ 
�2 UV 
�1 

(ψ ) 
] 

AB 
ς 1 

̂ ∇ 

−ϑ 2 
h̄ 

[ 
�2 UV 
�1 

(ψ) 
] 
. (3.20) 

roof. By means of assumption (A 1 ) , it is clear that 

 

2 (λ) ≤ �2 (λ) 

�1 (λ) 
U(λ) V(λ) . (3.21) 

aking product both sides of (3.11) by 
1 −ϑ 1 

H(ϑ 1 , h̄ )(1 −ϑ 1 + ϑ 1 ̄h ) , we g et 

1 − ϑ 1 

H(ϑ 1 , h̄ )(1 − ϑ 1 + ϑ 1 ̄h ) 
U 

2 (λ) ≤
1 − ϑ 1 

H(ϑ 1 , h̄ )(1 − ϑ 1 + ϑ 1 ̄h ) 

�2 (λ) 

�1 (λ) 
U(λ) V(λ) . (3.22) 

oreover, interchanging λ by ξ1 in (3.21) and conducting product 

oth sides by 
ϑ 1 (ψ−ρ̌(ξ1 )) 

ϑ 1 −1 

h̄ 

H(ϑ 1 , h̄ )	(ϑ 1 ) 
. Also, summing bo th sides for ξ1 ∈ 

 ϕ 1 , ϕ 1 + h̄ , ϕ 1 + 2 h̄ , ... } , we get 

ψ/ h̄ ∑ 

= ϕ 1 / h̄ +1 

ϑ 1 (ψ − ρ̌(κ h̄ )) 
ϑ 1 −1 

h̄ 

H(ϑ 1 , h̄ )	(ϑ 1 ) 
U 

2 (κ h̄ ) h̄ ≤

ψ/ h̄ ∑ 

= ϕ 1 / h̄ +1 

ϑ 1 (ψ − ρ̌(κ h̄ )) 
ϑ 1 −1 

h̄ 

H(ϑ 1 , h̄ )	(ϑ 1 ) 

�2 (κ h̄ ) h̄ 

�1 (κ h̄ ) h̄ 

U(κ h̄ ) h̄ V(κ h̄ ) h̄ . (3.23) 

dding (3.22) and (3.23) , we have 

1 − ϑ 1 

H(ϑ 1 , h̄ )(1 − ϑ 1 + ϑ 1 ̄h ) 
U 

2 (λ) + 

ψ/ h̄ ∑ 

κ= ϕ 1 / h̄ +1 
6 
) 
]
AB 
ς 1 

̂ ∇ 

−ϑ 2 
[
V 2 (ψ) 

]
 

]
AB 
ς 1 

̂ ∇ 

−ϑ 2 
[
�2 (ψ) V(ψ) 

] ≤ 1 

4 

. 

ϑ 1 (ψ − ρ̌(κ h̄ )) 
ϑ 1 −1 

h̄ 

H(ϑ 1 , h̄ )	(ϑ 1 ) 
U 

2 (κ h̄ ) h̄ 

1 − ϑ 1 

H(ϑ 1 , h̄ )(1 − ϑ 1 + ϑ 1 ̄h ) 

�2 (λ) 

�1 (λ) 
U(λ) V(λ) + 

ψ/ h̄ ∑ 

κ= ϕ 1 / h̄ +1 

ϑ 1 (ψ − ρ̌(κ h̄ )) 
ϑ 1 −1 

h̄ 

H(ϑ 1 , h̄ )	(ϑ 1 ) 

�2 (κ h̄ ) h̄ 

�1 (κ h̄ ) h̄ 

U(κ h̄ ) h̄ V(κ h̄ ) h̄ . 

n view of Definition 2.9 , we have 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
U 

2 (ψ) 
]

≤ AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[ 
�2 UV 
�1 

(ψ) 
] 
. (3.24) 

nalogously, we have 

AB 
ς 1 

̂ ∇ 

−ϑ 2 
h̄ 

[
V 2 (ψ) 

]
≤ AB 

ς 1 
̂ ∇ 

−ϑ 2 
h̄ 

[ 
�2 UV 
�1 

(ψ) 
] 
. (3.25) 

ultiplying (3.24) and (3.25) , we achieve the intended inequality 

n (3.20) . �

orollary 3.7. For 0 < ϑ 1 , ϑ 2 < 1 and let two positive functions U
nd V defined on N ϕ 1 , h̄ 

satisfying A 2 . Then, for all ψ ∈ { ϕ 1 , ϕ 1 +
h̄ , ϕ 1 + 2 h̄ , ... } , the following inequality holds: 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
U 

2 (ψ) 
]
AB 
ς 1 

̂ ∇ 

−ϑ 2 
h̄ 

[
V 2 (ψ) 

]
AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
UV(ψ) 

]
AB 
ς 1 

̂ ∇ 

−ϑ 2 
h̄ 

[
UV(ψ) 

] ≤ RT 
r 1 t 1 

. 

In what follow, some discrete Chebyshev type variants concern- 

ng the AB -fractional sum defined in (2.9) are presented as follows. 

heorem 3.8. For 0 < ϑ < 1 and let two positive functions U and 

defined on N ϕ 1 , h̄ 
. Suppose that there exist four positive functions 

1 , �2 , �1 and �2 on N ϕ 1 , h̄ 
. Then, for all ψ ∈ { ϕ 1 , ϕ 1 + h̄ , ϕ 1 +

 h̄ , ... } , the following inequality holds: 

AB 
ϕ 1 

̂ ∇ 

−ϑ 
h̄ 

[
U(ψ) V(ψ) 

]
≥

AB 
ϕ 1 

̂ ∇ 

−ϑ 
h̄ 

[
U(ψ) 

]
AB 
ϕ 1 

̂ ∇ 

−ϑ 
h̄ 

[
V(ψ) 

]
AB 
ϕ 1 

̂ ∇ 

−ϑ 
h̄ 

[
I(ψ) 

] , (3.26) 

here I is the identity mapping. 

roof. It follows from the synchronism of the functions U and V
n N ϕ 1 , h̄ 

that 

(λ) V(λ) + U(ω) V(ω) ≥ U(λ) V(ω) + U(ω) V(λ) . (3.27) 

aking product both sides of (3.27) by 1 −ϑ 
H(ϑ, h̄ )(1 −ϑ+ ϑ h̄ ) , we get 

1 − ϑ 

H(ϑ, h̄ )(1 − ϑ + ϑ h̄ ) 
U(λ) V(λ) 

+ 

1 − ϑ 

H(ϑ, h̄ )(1 − ϑ + ϑ h̄ ) 
U(ω) V(ω) 

1 − ϑ 

H(ϑ, h̄ )(1 − ϑ + ϑ h̄ ) 
U(λ) V(ω) 

+ 

1 − ϑ 

H(ϑ, h̄ )(1 − ϑ + ϑ h̄ ) 
U(ω) V(λ) . (3.28) 

oreover, interchanging λ by ξ in (3.27) and conducting prod- 

ct both sides by 
ϑ (ψ −ρ̌(ξ )) ϑ−1 

h̄ 

H(ϑ, h̄ )	(ϑ) 
. Also, summing both sides for 

∈ { ϕ 1 , ϕ 1 + h̄ , ϕ 1 + 2 h̄ , ... } , we get 

ψ/ h̄ ∑ 

= ϕ 1 / h̄ +1 

ϑ(ψ − ρ̌(κ h̄ )) ϑ−1 

h̄ 

H(ϑ, h̄ )	(ϑ) 
U(κ h̄ ) h̄ V(κ h̄ ) h̄ 
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ϑ(ψ − ρ̌(κ h̄ )) ϑ−1 

h̄ 

H(ϑ, h̄ )	(ϑ) 
U(ω) V(ω) 

ϑ(ψ − ρ̌(κ h̄ )) ϑ−1 

h̄ 

H(ϑ, h̄ )	(ϑ) 
U(κ h̄ ) h̄ V(ω) 

+ 

ϑ(ψ − ρ̌(κ h̄ )) ϑ−1 

h̄ 

H(ϑ, h̄ )	(ϑ) 
U(ω) V(κ h̄ ) h̄ . (3.29) 

dding (3.28) and (3.29) , we have 

1 − ϑ 

H(ϑ, h̄ )(1 − ϑ + ϑ h̄ ) 
U(λ) V(λ) 

+ 

ψ/ h̄ ∑ 

κ= ϕ 1 / h̄ +1 

ϑ(ψ − ρ̌(κ h̄ )) ϑ−1 

h̄ 

H(ϑ, h̄ )	(ϑ) 
U(κ h̄ ) h̄ V(κ h̄ ) h̄ 

+ 

1 − ϑ 

H(ϑ, h̄ )(1 − ϑ + ϑ h̄ ) 
U(ω) V(ω) 

+ 

ϑ(ψ − ρ̌(κ h̄ )) ϑ−1 

h̄ 

H(ϑ, h̄ )	(ϑ) 
U(ω) V(ω) 

≥ 1 − ϑ 

H(ϑ, h̄ )(1 − ϑ + ϑ h̄ ) 
U(λ) V(ω) 

+ 

ϑ(ψ − ρ̌(κ h̄ )) ϑ−1 

h̄ 

H(ϑ, h̄ )	(ϑ) 
U(κ h̄ ) h̄ V(ω) 

+ 

1 − ϑ 

H(ϑ, h̄ )(1 − ϑ + ϑ h̄ ) 
U(ω) V(λ) 

+ 

ϑ(ψ − ρ̌(κ h̄ )) ϑ−1 

h̄ 

H(ϑ, h̄ )	(ϑ) 
U(ω) V(κ h̄ ) h̄ . (3.30) 

n view of Definition 2.9 , yields 

AB 
ϕ 1 

̂ ∇ 

−ϑ 
h̄ 

[
U(ψ) V(ψ) 

]
+ 

AB 
ϕ 1 

̂ ∇ 

−ϑ 
h̄ 

[
I(ψ) 

]
U(ω) V(ω) 

AB 
ϕ 1 

̂ ∇ 

−ϑ 
h̄ 

[
U(ψ) 

]
V(ω) + 

AB 
ϕ 1 

̂ ∇ 

−ϑ 
h̄ 

[
V(ψ) 

]
U(ω) . (3.31) 

gain, taking product both sides of (3.31) by 1 −ϑ 
H(ϑ, h̄ )(1 −ϑ+ ϑ h̄ ) , we 

et 

(1 − ϑ ) AB 
ϕ 1 

̂ ∇ 

−ϑ 
h̄ 

[
U(ψ ) V(ψ ) 

]
H(ϑ, h̄ )(1 − ϑ + ϑ h̄ ) 

+ 

(1 − ϑ ) AB 
ϕ 1 

̂ ∇ 

−ϑ 
h̄ 

[
I(ψ ) 

]
H(ϑ, h̄ )(1 − ϑ + ϑ h̄ ) 

U(ω) V(ω)

(1 − ϑ ) AB 
ϕ 1 

̂ ∇ 

−ϑ 
h̄ 

[
U(ψ ) 

]
H(ϑ, h̄ )(1 − ϑ + ϑ h̄ ) 

V(ω) + 

(1 − ϑ) AB 
ϕ 1 

̂ ∇ 

−ϑ 
h̄ 

[
V(ψ) 

]
H(ϑ, h̄ )(1 − ϑ + ϑ h̄ ) 

U(ω) . 

(3.32)

Again, interchanging ω by ξ in (3.31) and conducting prod- 

ct both sides by 
ϑ (ψ −ρ̌(ξ )) ϑ−1 

h̄ 

H(ϑ, h̄ )	(ϑ) 
. Also, summing both sides for 

∈ { ϕ 1 , ϕ 1 + h̄ , ϕ 1 + 2 h̄ , ... } , we get 

AB 
ϕ 1 

̂ ∇ 

−ϑ 
h̄ 

[
U(ψ) V(ψ) 

] ψ/ h̄ ∑ 

κ= ϕ 1 / h̄ +1 

ϑ(ψ − ρ̌(κ h̄ )) ϑ−1 

h̄ 

H(ϑ, h̄ )	(ϑ) 
I(κ h̄ ) h̄ 

+ 

AB 
ϕ 1 

̂ ∇ 

−ϑ 
h̄ 

[
I(ψ ) 

] ψ/ h̄ ∑ 

κ= ϕ 1 / h̄ +1 

ϑ (ψ − ρ̌(κ h̄ )) ϑ−1 

h̄ 

H(ϑ , h̄ )	(ϑ ) 
U(κ h̄ ) h̄ V(κ h̄ ) h̄ 

AB 
ϕ 1 

̂ ∇ 

−ϑ 
h̄ 

[
U(ψ ) 

] ψ/ h̄ ∑ 

κ= ϕ 1 / h̄ +1 

ϑ (ψ − ρ̌(κ h̄ )) ϑ−1 

h̄ 

H(ϑ , h̄ )	(ϑ ) 
V(κ h̄ ) h̄ 

+ 

AB 
ϕ 1 

̂ ∇ 

−ϑ 
h̄ 

[
V(ψ ) 

] ψ/ h̄ ∑ 

κ= ϕ 1 / h̄ +1 

ϑ (ψ − ρ̌(κ h̄ )) ϑ−1 

h̄ 

H(ϑ , h̄ )	(ϑ ) 
U(κ h̄ ) h̄ . (3.33) 

dding (3.32) and (3.33) , then this leads to the conclusion that 

AB 
ϕ 1 

̂ ∇ 

−ϑ 
h̄ 

[
U(ψ) V(ψ) 

] AB 
ϕ 1 

̂ ∇ 

−ϑ 
h̄ 

[
I(ψ) 

]
+ 

AB 
ϕ 1 

̂ ∇ 

−ϑ 
h̄ 

[
I(ψ) 

]
AB 
ϕ 1 

̂ ∇ 

−ϑ 
h̄ 

[
U(ψ) V(ψ) 

]
≥ AB 

ϕ 1 
̂ ∇ 

−ϑ 
h̄ 

[
U(ψ) 

]AB 
ϕ 1 

̂ ∇ 

−ϑ 
h̄ 

[
V(ψ) 

]
+ 

AB 
ϕ 1 

̂ ∇ 

−ϑ 
h 

[
V(ψ) 

]AB 
ϕ 1 

̂ ∇ 

−ϑ 
h 

[
U(ψ) 

]
. 
¯ ¯

7 
his completes the proof of Theorem 3.8 . �

As a special case of Theorem 3.8 with the assumption of h̄ = 1 ,

e get the following result. 

orollary 3.9. For 0 < ϑ < 1 and let two positive functions U and 

defined on N ϕ 1 . Suppose that there exist four positive functions 

1 , �2 , �1 and �2 on N ϕ 1 . Then, for all ψ ∈ { ϕ 1 , ϕ 1 + 1 , ϕ 1 + 2 , ... } ,
he following inequality holds: 

AB 
ϕ 1 

̂ ∇ 

−ϑ 
[
U(ψ) V(ψ) 

]
≥

AB 
ϕ 1 

̂ ∇ 

−ϑ 
[
U(ψ) 

]
AB 
ϕ 1 

̂ ∇ 

−ϑ 
[
V(ψ) 

]
AB 
ϕ 1 

̂ ∇ 

−ϑ 
[
I(ψ) 

] . (3.34) 

heorem 3.10. For 0 < ϑ 1 , ϑ 2 < 1 and let two positive functions

and V defined on N ϕ 1 , h̄ 
. Suppose that there exist four positive 

unctions �1 , �2 , �1 and �2 on N ϕ 1 , h̄ 
. Then, for all ψ ∈ { ϕ 1 , ϕ 1 +

h̄ , ϕ 1 + 2 h̄ , ... } , the following inequality holds: 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
U(ψ) V(ψ) 

] AB 
ς 1 

̂ ∇ 

−ϑ 2 
h̄ 

[
I(ψ) 

]
+ 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
I(ψ) 

]
AB 
ς 1 

̂ ∇ 

−ϑ 2 
h̄ 

[
U(ψ) V(ψ) 

]
AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
U(ψ) 

] AB 
ς 1 

̂ ∇ 

−ϑ 2 
h̄ 

[
V(ψ) 

]
+ 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
V(ψ) 

]
AB 
ς 1 

̂ ∇ 

−ϑ 2 
h̄ 

[
U(ψ) 

]
. (3.35) 

roof. Interchanging ϑ by ϑ 1 in (3.31) , gives 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
U(ψ) V(ψ) 

]
+ 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
I(ψ) 

]
U(ω) V(ω) ≥ AB 

ϕ 1 
̂ ∇ 

−ϑ 1 
h̄ 

U(ψ) 
]
V (ω) + 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
V (ψ) 

]
U(ω) . (3.36) 

aking product both sides of (3.36) by 
1 −ϑ 2 

H(ϑ 2 , h̄ )(1 −ϑ 2 + ϑ 2 ̄h ) , we g et 

(1 − ϑ 2 ) 
AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
U(ψ ) V(ψ ) 

]
H(ϑ 2 , h̄ )(1 − ϑ 2 + ϑ 2 ̄h ) 

+ 

(1 − ϑ 2 ) 
AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
I(ψ) 

]
H(ϑ 2 , h̄ )(1 − ϑ 2 + ϑ 2 ̄h ) 

U(ω) V(ω) 

(1 − ϑ 2 ) 
AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
U(ψ) 

]
H(ϑ 2 , h̄ )(1 − ϑ 2 + ϑ 2 ̄h ) 

V(ω) 

+ 

(1 − ϑ 2 ) 
AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
V(ψ) 

]
H(ϑ 2 , h̄ )(1 − ϑ 2 + ϑ 2 ̄h ) 

U(ω) . (3.37) 

Again, interchanging ω by ξ2 in (3.36) and conducting product 

oth sides by 
ϑ 2 (ψ−ρ̌(ξ )) 

ϑ 2 −1 

h̄ 

H(ϑ 2 , h̄ )	(ϑ 2 ) 
. Also, summing bo th sides for ξ2 ∈ 

 ς 1 , ς 1 + h̄ , ς 1 + 2 h̄ , ... } , we get 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
U(ψ) V(ψ) 

] ψ/ h̄ ∑ 

κ= ς 1 / h̄ +1 

ϑ 2 (ψ − ρ̌(κ h̄ )) 
ϑ 2 −1 

h̄ 

H(ϑ 2 , h̄ )	(ϑ 2 ) 
I(κ h̄ ) h̄ 

+ 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
I(ψ) 

] ψ/ h̄ ∑ 

κ= ς 1 / h̄ +1 

ϑ 2 (ψ − ρ̌(κ h̄ )) 
ϑ 2 −1 

h̄ 

H(ϑ 2 , h̄ )	(ϑ 2 ) 
U(κ h̄ ) h̄ V(κ h̄ ) h̄ 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
U(ψ) 

] ψ/ h̄ ∑ 

κ= ς 1 / h̄ +1 

ϑ 2 (ψ − ρ̌(κ h̄ )) 
ϑ 2 −1 

h̄ 

H(ϑ 2 , h̄ )	(ϑ 2 ) 
V(κ h̄ ) h̄ 

+ 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
V(ψ) 

] ψ/ h̄ ∑ 

κ= ς 1 / h̄ +1 

ϑ 2 (ψ − ρ̌(κ h̄ )) 
ϑ 2 −1 

h̄ 

H(ϑ 2 , h̄ )	(ϑ 2 ) 
U(κ h̄ ) h̄ . (3.38) 

dding (3.37) and (3.38) , then this leads to the conclusion that 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
U(ψ) V(ψ) 

] AB 
ς 1 

̂ ∇ 

−ϑ 2 
h̄ 

[
I(ψ) 

]
+ 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
I(ψ) 

]
AB 
ς 1 

̂ ∇ 

−ϑ 2 
h̄ 

[
U(ψ) V(ψ) 

]
AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
U(ψ) 

] AB 
ς 1 

̂ ∇ 

−ϑ 2 
h̄ 

[
V(ψ) 

]
+ 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
h̄ 

[
V(ψ) 

]
AB 
ς 1 

̂ ∇ 

−ϑ 2 
h̄ 

[
U(ψ) 

]
. (3.39) 



S. Rashid, S. Sultana, Z. Hammouch et al. Chaos, Solitons and Fractals 151 (2021) 111204 

 

w

C  

U
f  

≥

R  

T

4

t

c

u

A

u

C

a

�

w

�

�

�

w  

b

ε

P  

t

(

P

a

E

P  

t

(

⎧⎪⎪⎨⎪⎪⎩
P

w

5

i

p

v

k

v

d

a

m

a

w

h

c

c

t

T

t

f

A

a

D

A

p

S

R

As a special case of Theorem 3.10 with the assumption of h̄ = 1 ,

e get the following result. 

orollary 3.11. For 0 < ϑ 1 , ϑ 2 < 1 and let two positive functions

and V defined on N ϕ 1 , h̄ 
. Suppose that there exist four positive 

unctions �1 , �2 , �1 and �2 on N ϕ 1 , h̄ 
. Then, for all ψ ∈ { ϕ 1 , ϕ 1 +

h̄ , ϕ 1 + 2 h̄ , ... } , the following inequality holds: 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
[
U(ψ) V(ψ) 

] AB 
ς 1 

̂ ∇ 

−ϑ 2 
[
I(ψ) 

]
+ 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
[
I(ψ) 

]
AB 
ς 1 

̂ ∇ 

−ϑ 2 
h̄ 

[
U(ψ) V(ψ) 

]
AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
[
U(ψ) 

] AB 
ς 1 

̂ ∇ 

−ϑ 2 
[
V(ψ) 

]
+ 

AB 
ϕ 1 

̂ ∇ 

−ϑ 1 
[
V(ψ) 

]
AB 
ς 1 

̂ ∇ 

−ϑ 2 
[
U(ψ) 

]
. 

emark 2. If we take ϑ 1 = ϑ 2 , then Theorem 3.10 reduces to

heorem 3.8 . 

. Application 

In this note, we illustrate how to build the four bounding func- 

ions and how to employ them to determine Chebyshev form dis- 

rete fractional variants of two unknown functions. 

Let us define a unit step function u : 

 (ξ ) = 

{
1 , ξ > 0 , 

0 , ξ ≤ 0 . 
(4.1) 

lso, the Heaviside unit step function u c (ξ ) is stated as 

 c (ξ ) = u (ξ − c) 

{
1 , ξ ≥ c, 
0 , ξ < c. 

(4.2) 

onsider a piece-wise continuous function �1 on N 0 , h̄ presented 

s 

1 (ξ ) = ε1 

(
u 0 (ξ ) − u ξ1 

(ξ ) 
)

+ ε2 

(
u ξ1 

(ξ ) − u ξ2 
(ξ ) 

)
+ ε3 

(
u ξ2 

(ξ ) − u ξ3 
(ξ ) 

)
+ ... + εw +1 u ξw +1 

(ξ ) 

= 

w ∑ 

j=0 

(εj+1 − εj ) u ξj
(ξ ) , (4.3) 

here ε0 ≡ 0 and 0 ∈ { ξ0 , ξ1 , ..., ξw +1 } = N 0 , h̄ . 

Similarly, the functions ϒ2 , ϒ3 and υ4 are presented as 

2 (ξ ) = 

w ∑ 

j=0 

( ̃  εj+1 − ˜ εj ) u ξj
(ξ ) , (4.4) 

3 (ξ ) = 

w ∑ 

j=0 

( ̌εj+1 − ε̌j ) u ξj
(ξ ) , (4.5) 

4 (ξ ) = 

w ∑ 

j=0 

( ̀εj+1 − ὲj ) u ξj
(ξ ) , (4.6) 

here constants ˜ ε0 = ε̌0 = ὲ ≡= 0 . If the condition (A 1 ) is satisfied

y an integrable function U on N 0 , h̄ , then we have εj+1 ≤ U(ξ ) ≤
˜ j+1 for every ξ ∈ { ξ0 , ξ1 , ..., ξw +1 } , j = 0 , 1 , 2 , ..., w. 

roposition 4.1. For 0 < ϑ < 1 and let there be two positive func-

ions U and V defined on N 0 , h̄ . Suppose that the mappings defined in 

4.3) , (4.4) , (4.5) and (4.6) , respectively, satisfy (A 1 ) , then [ w ∑ 

j=0 

ε̌j+1 ̀εj+1 
AB 
ξj ξj+1 ̂

 ∇ 

−ϑ 
h̄ 

U 2 
]
(ψ) 

[ w ∑ 

j=0 

εj+1 ̃  εj+1 
AB 
ξj ξj+1 ̂

 ∇ 

−ϑ 
h̄ 

V 2 
]
(ψ) [ w ∑ 

j=0 

(
εj+1 ̌εj+1 + ὲj+1 ̃  εj+1 

)
AB 
ξj ξj+1 ̂

 ∇ 

−ϑ 
h̄ 

UV 
] 

2 (ψ) 

≤ 1 

4 
. (4.7) 

roof. In view of Definition 2.9 , we have 

AB 
0 

̂ ∇ 

−ϑ 
h̄ 

[
�1 �2 U 

2 
]
(ψ) = 

[ w ∑ 

j=0 

ε̌j+1 ̀εj+1 
AB 
ξj ξj+1 ̂

 ∇ 

−ϑ 
h̄ 

U 

2 
]
(ψ) , 
8 
AB 
0 

̂ ∇ 

−ϑ 
h̄ 

[
�1 �2 V 2 

]
(ψ) = 

[ w ∑ 

j=0 

εj+1 ̃  εj+1 
AB 
ξj ξj+1 ̂

 ∇ 

−ϑ 
h̄ 

V 2 
]
(ψ) 

nd [AB 
0 

̂ ∇ 

−ϑ 
h̄ 

[
(�1 �1 + �2 �2 ) UV 

]
(ψ) 

]
2 

= 

[ w ∑ 

j=0 

(
εj+1 ̌εj+1 + ὲj+1 ̃  εj+1 

)AB 
ξj ξj+1 ̂

 ∇ 

−ϑ 
h̄ 

UV 
] 

2 (ψ) . 

mploying Lemma 3.1 , we get the inequality (4.7) . �

roposition 4.2. For 0 < ϑ < 1 and let there be two positive func-

ions U and V defined on N 0 , h̄ . Suppose that the mappings defined in 

4.3) , (4.4) , (4.5) and (4.6) , respectively, satisfy (A 1 ) , then 

AB 
0 

̂ ∇ 

−ϑ 1 
h̄ 

[
U 

2 (ψ) 
]AB 

0 
̂ ∇ 

−ϑ 2 
h̄ 

[
V 2 (ψ) 

]
≤ AB 

ξj ξj+1 ̂

 ∇ 

−ϑ 1 
h̄ 

 

 

 

 

 

 

 

w ∑ 

j=0 

˜ εj+1 UV 

w ∑ 

j=0 

ὲj+1 

(ψ) 

⎫ ⎪ ⎪ ⎬ ⎪ ⎪ ⎭ 

AB 
ξj ξj+1 ̂

 ∇ 

−ϑ 2 
h̄ 

⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ 

w ∑ 

j=0 

ε̌j+1 UV 

w ∑ 

j=0 

εj+1 

(ψ) 

⎫ ⎪ ⎪ ⎬ ⎪ ⎪ ⎭ 

. (4.8) 

roof. Taking into account (4.3) - (4.6) and employing Theorem 3.6 , 

e get the immediate consequence (4.8) . �

. Conclusion 

The DFC expansions will help researchers implement increas- 

ngly effective analytical models developed by discrete fractional 

hysical phenomena in the context of fractional derivatives with 

arious discrete kernels. In this note, we proposed novel diverse 

inds of inequalities such as the Pólya-Szegö and Chebyshev type 

ariants that are accomplished with AB -fractional sums involving 

iscrete h̄ -Mittag-Leffler kernel, whose compensations concluded 

ll novelties in literature. The previously described implications 

ay also be applied to the discrete AB -fractional case. From an 

pplication viewpoint, we have presented several generalizations 

ith the aid of the Heaviside function, which appears relatively 

armonious with the results. Consequently, one can forthrightly 

reate the sense that present implications can be accomplished for 

h̄ = 1 . In order to ascertain the intensity of the presented reper- 

ussions, we leverage them to explore a collection of inequali- 

ies such as the Agarwal-Ryoo-Kim type inequality, the Agarwal- 

handapani type inequality, one-dimensional Ou-Yang inequality, 

he Nanko inequality and several other variants incorporating AB - 

ractional sums involving discrete h̄ -Mittag-Leffler kernel. 
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