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1 | INTRODUCTION
The time-fractional nonlinear reaction-diffusion system has the following general form:
Dfu =K, D2u—ap + oyu + av + azu® + agV? + asuv + agu’v + a;u’, 0<a <1, (1a)

D =K,D2v— P + ru + Bov + yu® + Buv? + Bsuv + Beu’v + frun?, (1b)

subject to the initial conditions

u(x,0) =p;(x), v(x,0) =p,(x), Xa <x<Xp, (2)
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and the boundary conditions

u(xg,t)—hy(t) =u(xp,t)—hy(t)=0, 0<t<T, (3a)

V(Xa,1) =81 (1) = v(xp,£) =&, () =0, (3b)

where pi(x), h{(t), g(t), i = 1,2 are smooth continuous functions, a;, §;, i = 0,1,...,7 are constants, and the operator Df rep-
resents the Caputo fractional derivative.

Nonlinear reaction—diffusion equations (NRDEs) are a mathematical tool that describes many phenomena in engi-
neering and science. Due to the existence of the reaction and diffusion terms, NRDSs can tackle complicated behaviors
such as the Gray-Scott model, Belousov-Zhabotinskii reaction systems, Gierer-Meinhardt model, Lengyel-Epstein sys-
tem, wave optics, and spread of infectious diseases; see Onarcan et al.!

Nowadays, the non-integer-order derivative plays a vital role in modeling many processes in physics, engineering,
and science such as optimal control problems,* heat transfer model,** convection-diffusion reaction equations,” quan-
tum mechanics,®® fractional predator-prey biological model,’ fractional tumor-immune models,'®"" and the reference
therein. The fractional nonlinear reaction-diffusion equations (FNRDEs) appear in many applications such as gas
transport model,'? gas dynamics system,'? the Lotka-Volterra type,'*'* fractional telegraph equation,'® chaotic dynami-
cal systems,'” diffusion with reaction terms,'®® Gray-Scott model,***! reaction-diffusion system arising in biology,**
Belousov-Zhabotinskii reaction systems,* Gierer-Meinhardt model,>* Lengyel-Epstein system,?” and dynamics of
coronavirus (2019-nCov).® Also, the new fractional derivatives that have nonsingular kernel are given in Kumar
et al.,>”?® fractional Navier-Stokes equation,? Boussinesq-Burger's equation,*® and the nonlinear Kaup-Kupershmidt
equation.®!

For the numerical methods dealing with the non-integer-order differential equations, many authors have developed
numerical methods such as exponentially fitted methods and**™>* high-order difference schemes.>*®*” On the other
hand, some numerical methods have been developed for nonuniform mesh such as the L1-approximation scheme,**~°
error analysis of time stepping with nonsmooth data,*® and the finite difference with nonuniform time stepping
(NUTS).* Recently, previous studies**™*® proposed a finite difference method with nonuniform time steps to solve dif-
fusion, advection, and Allen-Cahn equations.

In this paper, we will introduce a new nonstandard higher-order L1l-approximation combined with the multi-
parameter of exponentially fitted (MPEF) methods on NUTS to find the approximate solution of a system of
time-fractional nonlinear diffusion. The main advantage of the suggested technique is to annihilate and overcome the
difficulties that arise due to the singularity behavior near ¢t = 0. Also, MPEF enables us to get the best y-parameter to
promote high-order accuracy. Finally, we will show that the suggested technique is superior to the uniform time-
stepping schemes.

The article is organized as follows: Temporal discretization has been developed in Section 2, while the MPEF
method is introduced in Section 3. In Section 4, we present the numerical approximation for both uniform and NUTS.
Section 5 is devoted to stability and convergence analysis, and Section 6 deals with the numerical examples that validate
the theoretical aspects. Finally, the conclusions are summarized in Section 7.

2 | TEMPORAL DISCRETIZATION
2.1 | Basic definitions

The following basic definitions and properties in the theory of fractional calculus need to be introduced before proceed-
ing; see previous studies.*’~*

Definition 1. The Caputo fractional operator is

t
Dbt = gy | (-0 Ded )z, 0<azl, @)

ra

where I'(.) denotes Gamma function.



ﬂl_w ILEY ZAHRA p1 AL
Definition 2. The Riemann-Liouville (RL) derivative is
¢
D) = g | (-0 RO, 0<azl. (5
The relation between the Caputo and RL fractional derivatives is defined as follows.’>>!
“Dfp(x,t) = "D (x,t) = (x,0)]. (6)
Definition 3. The shifted-Griinwald-Letnikov (SGL) derivative is
Dbl ) =lim S gt (k=9)e), )
where s is a constant and the coefficients gi can be evaluated as
&=1 g-= (1—“T+1>gi_1, k=1,2,3,... (8)
If s = 0, we get the GL formula,® and the GL coefficients satisfy>>
g8 =1 g'=-a<0, g5 <gf<gi<..<0, Zzozogzzo, Zzzogz >0,n>1. (9)
Definition 4. The Caputo-Fabrizio (CF) derivative is
D p(x, 1) = l;/l(oojtl)c:d)(x, £)expl—8(1—0)]dL,6 = —— M(0) =M(1) = LM(a) = =—. (10)
—a Jo —Q 2—a
Definition 5. The Atangana-Baleanu (AB) derivative is
D75,0) = [ D, Bl —l0-0)" e Bl 1) = Z,‘;‘;O%. (1)
Definition 6. The conformable fractional derivative (CFD) is
CFD Db (x, 1) = hl]%% (POt +e=0) —p(x.1)), (12)
for all t > 0. If ¢ is a-differentiable in some (0,a), a > 0, and lim,_y+ ¢@ (x,t) exists, then
“PDI¢(x,0) = lim “PDp(x, ). (13)

Additionally, if the CFD of ¢ of order « exists, then it can be said that ¢ is a-differentiable. In case ¢ is ordinary differ-

entiable, the CFD is connected with the ordinary derivative, for ¢t > 0, by

TPDip(0) =17 (1),

(14)
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where the ordinary derivative of ¢ is denoted by ¢ ' (¢) at the point . For more details about other fractional operators,
we may refer to the reference.*’

2.2 | Uniform temporal discretization
Let the interval [0,T] be dived into N equal subintervals with 0 = t, < t; < t, < .. < ty = T, where

ti=to+jr,t= %,j: 1,2,...,N.

Using the SGL derivative given by Equation 7, we can approximate the RL derivative using the SGL derivative.>*>>

BDL ) S () (15)

Lemma 2.1. Let peH>**(R) and ¢“** € L'(R), e = 1,2,3, the 3-WSGL approximation for 0 < a < 1 is; see Gao et al.>

RLD%ep(x, 1) ‘”‘Zk Wed (X, tj—1) +0(7 ?), (16)
where
W = 0180; WY = @187 + 2855 Wi = P18k + 9281 + ¢38 2 k2. (17)
and ¢, = 5a+3a L, =14+ a—lgaz’ 3= —7(12-:‘—3(12'

Also, using the nonstandard finite difference, we get the new approximation as

Jj+1

BD ) = (p(2) Y Wbtk (18)

where 7 is replaced by the y(z) = 74+0(z*) and y(z) be chosen as 7,sin z; see previous studies.>*>>

2.3 | Nonuniform temporal discretization

Using the same number of subintervals as in Section 2.1, we have
j r
tj:T(N) ,r>0,1j:tj—tj_1,1§j§N.

We will see that there is a singularity near f, = 0; to overcome this situation, we need to use NUTS. The L1 formula for
approximating the Caputo fractional derivative is given as in the following Lemma:

Lemma 2.2. The L1-approximation formula for the Caputo fractional derivative is given by**

Dl (x,1)) Zk (@0, t) —lx,te-1)), 1<k <J; (19)

we may write aj = ﬁ [(tj_tk—l)l_a— (tj_tk)l_ai|, and the coefficients {aﬂc}i satisfy

0<d<dy<..<d,_ <d,<..<d_, <d.
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Lemma 2.3. The nonstandard higher-order L1-approximation formula for the Caputo fractional derivative is given by

D))= h(perti)—p(xte-1)).1 <k <, (20)
where ¢} =}, and
. 1 1 .
O @)W m) (@) k=2
: : 1 1 : 1 ; .
%= a/k_r(z—a) <W(Tk)(W(Tk—l)+V/(Tk))blk_l//(7k)(1//(fk)+1//(Tk+1>)b]k+1>, 2sksj=1, (1)
a’:— ! ! b] k:]
T TC-a)y () (w(g-1) +w(z) 7 ’

i 2— 2—a - 1-
and b = o725 [ (5= t1) ™" = (5= 1) —wimo) [ (G-te-1) "= (5-8) "]
Proof. Follow the same procedure as in Soori and Aminataei.*?

N
Lemma 2.4. For 0 < a <1, and w(z,) = 71, the coefficients {c’k} satisfy**
1

d >0,k#1,j#2, ¢, <d,<..<c,_, < <.. <d_,<d. (22)

3 | THE MPEF METHOD
To introduce the MPEF methods, we consider the following:

U =f(x,u). (23)

For details of the EF approach, we refer to previous studies.**>*3>¢>°

Let x; =X, +ih, h=""%i=0,1,..,m, m > 3. To get the approximate solution of the problem 23, we apply the fol-
lowing EF scheme:

Uiy + ol + Ui 1 = h*(biM;_1 + boM; + biM; 1), (24)

where y; is the approximate value of the exact solution u(x;) and M; = u(x;). To evaluate the constants a, b;, i = 0,1,
we need to define the following operator:

L[, aju(x)=u(x-h) +apu(x) + u(x +h) - h*(byu” (x—h) + bou” (x) + byu” (x + h)), (25)
with the fitting space
ox.p={Lx, x%,.. x5} U {exp(tugx), xexp(£p,x), x> exp(£px), ..., x" exp(£upx) }, (26)
where K+2P = N - 3, jig, ¢ = 0,...,P are either real or complex.
A class of MPEF procedures to solve 23 is given as follows.

Lemma 3.1. The MPEF approach (24-26) develops S;-S, methods as
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1
S1:P=-1: (ao,bo,bl):(—z §

—h° 6 8
) 6,E>,ltei: %Dxul+0(h )

—2Ey+2+EZy —Zo—260+2
Zo(&—1) 7 2Zy(&-1)

S2:P=0: (ag,bo,by) = (—2, ),ltei = h® (DSu;— piDiu;) + O(h®).

So(61=1)Zo+ £ (1-80)Z1 (§1-1)Zo + (1-&0)Z:
ZoZ1 (&1 —&o) ’ ZoZ1 (& =)

S3:P=1:(ao,bo,b1) = (—2, -2 ),ltei =h®(DSu; — (ug + u7) Dyui + pgps D2u;) + O(h®).

—&0(61—82)20Z1 + £5(61 —£0)Z0Z1 + £1 (60— 82) 2022 b= _p %1 (b0—82)Z1—&:(61—40)Z2 + &0 (61— £2)Z0

S4:P=2:a0=-2 ,00= s
w Z1Z5(&=&1) + Z0Z1 (& = &) + ZoZ2(80— &) ° 21258 =&1) + Z0Z1 (& = &) + ZoZ2(6— &)

by = (63—80)Z1—(&1=80)Z2 + (61— &,) Zo
! Z1Zy(E— &) + ZoZ1 (6, — &) + ZoZ2 (69— &)’

lte; = h° (DSu; — (pg + 5 + 3) Diui + (ughss + s + i3 ) Dysei = pipipioui) + O (h®),

where &, =¢&(Z,) and Zq =¢(Z,) are in Ixaru and Vanden Berghe® and defined as

SinIvV/Z )
§<Z>:cos(1ﬁ),§<2>:{ l?\/z 270, 2= (uh)
1, Z=0,

4 | NUMERICAL APPROXIMATION

Now, we apply MPEF introduced in 23 to solve the reaction-diffusion system (1a-3b) at the point (x;, f;). Then the
MPEF scheme for the problem 1a has the form:

(”11:—1""10“1:"'”}1:“):hz(blMJz:—1+b0M]z:+b1M]z:+1)’ (27)
where Mjl: = D}u(x;,t;), and for two different time levels j and j+1, one has
(i bt ) + (3 ™ 2) = o (ML, M) o (M) 0 (M 2] 29

Let

f106,6,u,) = ag + au + av + asu® + agv? + asuv + agu®v + azu?, (29)

folx,t,u,v) =By + pru+ pyv +ﬁ3u2 +ﬂ4v2 + fsuv +ﬂ6u2v +ﬁ7uv2.

Then applying the Crank-Nicolson scheme for the system (1a,1b), we have

1 . . . ;
“Dyul,) =3 [Ki (M+ M) ==, (30a)
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1 . . . .
“Dpv(aet) = [Ka (L+LH) £ -0, (30b)

where L] =D (x;,t).f1i=f, (xi,tj,u]l:,v’i-) andf, =f, (xi,tj,u’li,vg :

4.1 | Numerical approximation via uniform time stepping

Using the approximation given by Equation 18, along with Equation 6 in Equations 28 and 29, we get the following:

W b ool b oy, = 2by () S w1 2D (31)
i1 i i+1 i-1 i +17 k=0 k™i-1 tj“I“(l—a)

a4k 2bopy; —aN v+ k 2bipy;
+2bo(y (7)) =0 wiu] m+2b1(w(f)) K0 w7 - tff(ﬁ

+ (bl b b1 ) + (Bl +bqﬁ’;+bLﬁ’$+1>1,
and

VI b T v T 4yt agv v _r 2bi(w(z) ™" S k1 2bib2ig (32)
i—1 i i+1 T Vi1 iV = k=0 Kk’i-1 1#r(l1-a)

—a Jj+1 k+1 2bOpZi —a Jj+1 k+1 2b1P2i+1
+2bo(y(7)) WiV m+2b1(v/(r)) o WEVIT TEr(1-a)

+ (b + b T b3 ) + (bt +bm’z’£+blf2’%+1)]'

Let U/ = (u’l) and V/ = (v’l) be the approximate solutions and & = (u(x;, t;))) and Vv = (x;, £;)) be the exact solutions.

Also, the local truncation errors are T/ = (T{) Then the matrix equations of the above discrete system are

PRSI N “"“——ij+1 W o L S L R ¥ e T S R P
kl(l//(»[))“ 1 2k1(l//(‘[))a k=1 "k k 1 tj‘»’l"(l—a) 1 s J ,1,2,...,1,
(33)

and
(A_ﬂ )vm_h_BHl S e 2 gy, 20,12,
kZ(W(T)) kl Zkz(l//(f))a k=1 k k 2 tjar(l_a) 2 5 s Ly Lyeenslly
(34)

where A = Tri(ay, 1) and B = Tri(by, b,) are tridiagonal matrices of order m — 1, where

a,i=j
Tri(a,b)=<¢ b, li-l|=1 ,i,1=1,2,3,..,m-1,
0, otherwise.



ZAHRA ET AL. W l L E Y 5347

P 2b,h* +1 2bh°p
W _pt? 1 J “h’ k+1_ 11 Pro Jj+1
v +k1(w( ) Ltke=0 Wi kltj‘?’F(l—a) (f1°+f )
0
0= : ,and
0
i i+1 2b1]’l Jv+1 k+1_ Zblthlm b1h2 j+1
o R e T g Vit
[ 1 2b J+1 k+1 2b1R’py, jr1 |
-8 -8 ky (y(7))* &=k=0 wigh kltyr(l—a) <f2°+f )
0
D=
0

1 2b1h Jj+1 k+1 2b1h2p m b1h2
-g-g" "+ W W klt‘?’l“(lia) (f2m+f]+1)
]

The nonlinear functions fi(x,t,u,v),i = 1,2 satisfy the Lipschitz condition.
|f10et,u,v)=f1 (L, w,v)| < Ly Ju—w|, | f,(x, t,u,v) —f,(x, t,u,z)| <L,|v—z[,0 < Ly,L, <1, (35)

where L,,L, are called a Lipschitz constant.
We can linearize the nonlinear terms with aid of the study given in previous studies®*°! as

1

(u’l:+1)2:2Lc’l:u’l:+1—(Lt’:)2, (vi:H)Z:ZVi:véH—(v’l:)z,uéHv{:H:u€+11)é+Lt£1)§+l—u§1)é, (Lté+1)21)£+1:2bt£+1ué1)£

(36)
N2 . N2 . . 2 . P . 2 .
() o =2 () g =2 (o) 2 -2()
Then, we have
AT =G T RV + 50, 4T =G+ R + 54, (37)
where
. it . . P A 2
Gij = anu] ™ + 2] + ]+ 2auy] + a7 (v]) (38)

) ) ) N 2 .
lei =a,+ 2a4v]i + asu’i + ag (u’) + 2a7u’-v’-,

Syl =2 a0 + it + av) — a6(u]) V- WJ(\;)
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Go| = puad ™" + 250 + ] + 2]+, (v]) (39)
. . N 2 .o
Ry} =y + 2B,V + i + B¢ (Lt]l> +2p,uV,
j . . N2 . . N\ 2
Sl =2po + By, + oV, — P (”{) Vi_ﬂ7”}z<"{) .
Insert 36 into 31 and 32, we have the linear algebraic system
AU B VIt =y, (402)
— AU + BV =, (40b)
with the matrices
2h*we 2h? ; h? ; h?
A=A-——2L_B-""_(BG,Y,Bi=—(BR,), A,=—(BG
V=A@ D T B0 B (BRY, Ae= (B
2h° e 2h? ;
B,=A-——9%_B—""(BR,),
A L) Ky PR
L , 22 W2
Ci=———=BY w1 AU —-— = _BP, + —(BS;) +cd,
@ ar - P e B
o I . 2n? W2
Cr=———=BY WiV Kl _Aavio == _Bp,+ —(BS,Y +dd,
() ,Z : glal(1-a) " ko 2)
(BGY = Tri( (b§)', (66 (BR.Y = Tvi( (85, (65)'). (Bs1) = Tri( (85) (63)').1=1,2
1 o) »\Y11) ) \PR1 o) »\Y11) )»\PR1 o) »\*11) )» » <
bo(Xl)Jl:, i=k,
. . j e
Tri((bg‘l)’,(bi‘l)’): briXi)py, I-k=1, X,€{G;,R;,S;i},1=1,2,and i,k =1,2,...,m~1,
bi(X1)iy s i—k=-1,
0, otherwise,
[ i+l 2b 0 v+1 k+1 2h%bypy, bl +1 i j+1 N ]
W _en @ + (R ),V
hll hll +k1(U/( )) k=0 kh] klt}”l“(l—a) k (Gl)Joh] ( 1)6 0 +(Sl){))
0
cd= ,and
0
P 2b,h? j+1 i 2h*bip b, h? C ;
_h] _h]+1 it S y) a k+1_ 1P1m 1 G h]+1 R v/+1 S
I 2 2 +k1(l//(7))a k=0wk 2 klt]ql"(l—a)-i_ kl <( 1)]m 1 1)]m ( 1)Jm)
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1, 2bih’ j+1 k1 2h’bipy, | bik? i+l i+l |
g] gll l//(T)) k=0 kgll kltjqr(l_a) + k2 ((GZ){)hll +(R2){)v{) + (SZ)O>
0
dd=
0
+1 Zblh Jv+1 k+1_ 2h2b1p2m blh +1 1
it S vy
gJZ g]2 U/(T)) k=0 kgIZ k tj(lr(l _a) k < GZ)J h] SZ)J )
Solving the system (40), we get
VI+l = [By—AA7 By ] T [AA7ICy + Gy, (41a)
Ut =AT BV 4+ 0. (41b)
4.2 | Numerical approximation via NUTS

Using the approximation given by Equation 19, along with eq. (1.5) in Equations 28 and 30, and using Equation 36, we
get the following system:

AU —B VIt =y, (42a)
—AzUj+1+B2Vj+1262, (42b)
with
A= [2cj+lB +203(BUY +as(BV) +2a5(BUVY + ar (BV?) |,

I
By = |wB+2a4(BVY +as(BUY +as (BU?) +2a,(BUVY |,
1

2
Ci = Zl |(@2B+as (BU)V/ + (1B=2¢] 1 B—ar (BV2) ) U+ 2B ", i (U~ U*"") +20BO
2

—~AU +D|, A, = Z_z [ﬂlB +2B,(BUY + ps(BVY +2p,(BUVY + 5, (BVZ)j} ,

By=A-— [ 20 B+ 28,8+ 25, (BVY + 5 (BUY + 5 (BU2) + 2ﬁ7(BUV)f] ,

j+1

2
CZ:Z_Z[(ﬁZB+ﬁ6(BU2) —2d 1)V + (BB, (BV?) U + 2B ) e (VF=VE) +25,BO-AV + |

j+1

where (BUY,(BV),(BUVY (BV?Y,and (BU?Y are tridiagonal matrices defined as follows.
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bo(q), l:k’
(BQY = bo(q‘l)’ i—k=1, Qe{u,v,uv,u’,v’}and i,k=1,2,..,m-1.
bo (@), i—k=-1,
0, otherwise,

O is ones, m — 1 vector matrix, D and E are (m — 1) X N zero matrices except for the elements in the first and last
rows where

D(L,j) = (h’”+h’) (

2CJ]I%(,@]+1 >+22Jk:1dl'c+1(h§+1_h{)
i+1 . . P N 2 i+l . . N 2 P
h (a1+za3h;+a5gl+za6h;gl+a7(gg) >+gl (co+ 2048] + ] + 2]+ 207glH)
. . N2 N2 .
+ (200 + k] + g + as () gl —ar (&) )|
B =~ (6" ) + (2 () #2307 (4 )
" (2658 g+ 20 e+ () )+l (4 2]+ D]+ 28,0
25,80 + (20 + Bk + gl + 5ol0]) &= (&) Vi) 1=1.2 W =h(t). gl =(6),1=1,2) =2,1,..N.
Solving the system (42), we get
1 < 5-15 175 5-1A4 , =
Vit B- AR [AATC+ G, (432)

Ut =A7 BV +Cy. (43b)

5 | THEORETICAL ANALYSIS
To study the theoretical analysis of the proposed technique, we let
wp={u|u=(Ug,Us,...m)|tlo = Uy =0}, and vy, = {v| v = (Vo, V1, e Vi) Vo = Vi =0}

Sxlly_1 = F(Ui—ui_1),6,v;
following operator.

= %(vi —Vi_1), 5§ui = %(quiJr%—éxui_l) and 52vl W (5xvi+%—5xvi_%). Also, we introduce the

Hpu; = W (byui 41 + bow + byui_1),and 82u; = u; 41 + au; + Ui ;.

Lemma 5.1. Let 5(x) € C3[x; _ 1, X;11], then

R (b} +bon! +bin)_1) =ni 41 +an; +n_y + (ltep);,where
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h®0_,(Z)Dn; +O(h%),P= -1,
h%0y(Z)D*(D? —po)n; + O (h®),P=0,
h®0:(Z)D?(D? ~ o) (D* —py )n; + O(h°), P =1,
h®0,(Z)(D? = pp) (D* =y ) (D> — iy ) + O (hs),P =2,

(lte’li)i =

where @P(Zo,zl,...,Zp) = - ﬁ + O(Z(),Zl,...,Zp).

Applying Lemma 2.4 to our problem (1a,1b), we have

Zjl;zlc],;(uf—uf‘l) =Ky Dt —fh + (Ite')], Ziﬂc’é(vf—vﬁ“” = K D) —fh + (Ite")].

Once we apply the operator Hj, on Equation 44, one has
HhZi _ lc’,‘{ (uf —uf™1) = Hp Ky Dcld— Hpf, + H (lte‘)’l:,
Hi 0 (v —vE") = MK oD = Hifh, + Hi(lre').
Using Lemma 5.1, we get
HpDctt] = 52u; + (It€l) HDv] = 520, + (Itel ).
From Equation 46 into Equation (45) leads to
Hid - 6l =™ = a8l = H0fl + T
Hi> (Vv = Koy~ Hufly + T,
where T} =K, (lte}&)’l: + Hy(Ite')} and

J
T

<0(7*"+h°),P=0,1,2,and ‘TJIJ‘ <0(#~"+h*),P=-1.
Eliminating the local truncation error, we obtain
Hid o (US=UF) = KU~ Hif,
Hi> O (VE=VEY) = Kod2Vi—Hifly
Up=h (). U = ha(4). Vo =81 (4). VI =8:(1), 1<j<n,

U? :pl(xi)’V? :pz(xi),, 0<Li<m.

(44)

(45a)

(45Db)

(47a)

(47b)

(48a)

(48b)

(48¢c)

(48d)
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51 | Stability

Let U; and V; be two approximations of the system given by Equations 48a and 48b and define the round-off error

ol =Ul-T5|=VI-Vi1<j<n0<i<my]=fi (6,0 V]) ~F (5.6, V), 7= (56, ULV ) o (%, UL V) 1 < j <m0 <i <m.

Let 6= (a{),a’l,...,a’ ) , 6= (5{),5’1,. ) mzor?leixma’i )a’ ’ and ‘ = max. o2 :‘61‘ Also, using the
Lipschitz condition ’y" ol and |7 aﬁ and Equation (48), one has
e (U-U7) + 1Y L (UF-UE) =K U= Hif (49a)
Hd) (VI=ViT) 4 1> (VE-VETY) = Ki82Vi=Hof (49b)
Via a straightforward simplification, we have
1 i . . : : .
BT}, + BV + DU = 5 o(Ghi=dl) (BiUL +boUL+ b1 UL, (50a)
j
1 i . . ; . ;
BV B+ BV, = (=) (BVE + bV 4BV, (50b)
j
whereb‘l‘:bl—? LLJ“,b”—bl—K%f“’—%,b‘l’:bl—%_%,bg:bl_%ﬁo_%.
Then the round-off system is given as
uUi uoj uoj 1 v-1 c} C] k k k
by 6i41 +byo; + by i—1:§ kzo( k41 k> (bi6{41 + boof +biof_,), (51a)
J
vo_l v(—)j v(—yi 1 y-1 C] C] —k —k —k
b16; 41 +byo; + by i—1:§ k:O( k+1~ k) (b16i+1+b00i +b10i—1)- (51b)
J
One can write the above system as
Lioj=Lio|", Lig|=L4c] ", (52)
where
. . 1 i . .
Lici=bioy, + bugl"'bu‘fl oLy 0{ sz: (dk+1_dk) (bl"i'{+1+b061'(+b161'(—1)’ (53a)
J
L =B, + b6 + b6 [ie= 25! (dho1—k) (it s +bost +biat ). (53b)

k=0
g

From Equations 53a and 53b, we have
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u j- 1 i—1 . .
Lo, = J szo(clkﬂ_clk) (bl‘yiﬁ+1+b06£‘<+b1‘7;{—1) )
j

47| = o et colGn=)| =4

L8]] <[biol 3| + [boo] ™+ [biol} | < (261 +bo) o],
and

10/l = |ot| = b ol + bl + bl | = |24 ] = |1 ol < (21 + bo)| o] =1

We have ||0/||o < [|6°]|e,1 <j < 1; similarly, we have ||&]| , <[|°||.,,1 <j<n.

We brief the above results as follows.

Theorem 5.1. The MPEF system (48) is unconditionally stable.

5.2 | Convergence

To discuss the convergence of the scheme (48), let

e{:u{—UJl,é’l:v{—VJl,l S]Sn,OSlSm, g,l:fl (xl,tj’u]pvi> _‘fl (xbtj’U{;v’l);

g‘]l:fz(xlﬁtjﬁ i’ ) fz(xl,t],ui,vj) lﬁjﬁn,OSlSWL

Using Equations (47) and (48), we have

Lie =Ly +T} Lig=Lye " +T}, (54a)
d=e =¢ =6 =0, 1<j<n, (54b)
ed=¢), 0<i<m. (54c)
Define ||e/||, = max |é] :’e’ ’and €|, = max || =|¢. |, then one can obtain
T o<i<m ! 0<i<m !
Jell, =[e =t + 7 <[+ 7)< e+ [ <l 7)< |7
where [|¢°||o, = 0 and HTJZ _max’T”
Similarly, we have ||/|| , <||€°||, + || T ) < HT{ , |l€°]ls = 0. We can list all the above results as follows.

Theorem 5.2. Let {u(x;,t)}, {uﬁ}, {v(xi,;) },and {v{} are solutions to the system (1a,1b) and the MPEF scheme (48)
then
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O(z*~*+h°),P=0,1,2,

dl| <
Il < O(r*~"+h*),P=-1,

and ] <

6 | NUMERICAL EXAMPLES

o(7*~“+h°),P=0,1,2,
o(z*~*+h*),P=-1,

<j<n.

In this section, the MPEF methods are verified by various test problems to reveal the accuracy of the developed tech-

Z;lz 0 Z:n: o
(

niques. The mean absolute error is MAE = T M D)

, where E* = Hu(xi,tj) —u’l’

the infinite norm.

6.1 | Examplel

Consider the time fractional reaction—diffusion system,"%*

JE' = Hv(xi,tj) -V,

L

, and ||| iS
(o9

Diu=D>u—0.1u+v, 0<a<l, (55a)
TABLE 1 The absolute errors for P= — 1,T = 10,m = 64, and a = 1 and different values of =
E* E’
X 7=0.1 7=0.01 7 =0.001 7=0.1 7=0.01 7 =0.001
0.1x 9.1752 e-6 5.8442154 e-8 5.7621094e-9 3.8450 e-7 3.5470 e-9 3.49851 e-10
0.27 1. 0489 e-6 8.6928334 e-8 8.5721262 e-9 6.2562 e-8 5.2761 e-9 5.20464 e-10
0.37 9.4439 e-7 8.2384967 e-8 8.1249712e-9 5.7131 e-8 5.0003 e-9 4.93315 e-10
0.4rx 5.8427 e-7 5.1015438 e-8 5.0316016 e-9 3.5348 e-8 3.0964 e-9 3.05498 e-10
TABLE 2 The absolute errors for P = — 1,T = 10,m = 64, and « = 1,7 = 0.01 for different values of y(z)
E* E’

X w(z) =sint w()=1-—e" w()=tanht y(r)=7 w()=sint w()=1—-e" y(r)=tanht y(r)=7
0.1z 5.825e-8 2.710 e-9 5.800e-8 5.844 e-8 3.535e-9 7.060 e-11 3.523e-9 3.547e-9
0.2z 8.665e-8 4.030e-9 8.637e-8 6.928 e-8 5.258e-9 1.051e-10 5.241e-9 5.276e-9
0.3z 8.212e-8 3.823 e-9 8.186€e-8 8.238e-8 4.984¢e-9 9.968 e-11 4.967e-9 5.000e-9
0.47 5.080e-8 2.367 e-9 5.060 e-8 5.101e-8 3.086 e-9 6.173 e-11 3.076e-9 3.096e-9

I B TABLE 3 The absolute errors for

P=0,T =10,m = 64,0 = 1, = 0.01, and

x Uq H' He® Hys Hy' Hy* w(7) = v, where p' is the average of ug,
0.1z 2.9e-8 2e-8 288 1.7¢9 1.66-9 1.7¢-9 q=0,...N, and ug® is the average of s
0.27 4.3e-5 4.2e-5 4.3e-5 2.6e-5 2.5e-5 2.6e-5 and iy
0.37 4.0e-5 4.1e-5 4.0e-5 2.4e-5 2.4e-5 2.4e-5

0.47 2.5e-5 2.5e-5 2.5e-5 1.5e-5 1.5e-5 1.5e-5
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(A) Exactsolution of u(x,t) fora =1 (B) Exact solution of v(x, t) fora = 1
0.1
0.08
_oos
§ 0.04
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2
(C)  Approximate solution of u(x, ) for a = 1 (B) Approximate solution of v(x, ) for a = 1
25
2
s,
3
0s
0.l
2 J
15 o1
PN /,4//'{”5 0.08
(E) Approximate solution of u(x, t) for « = 0.8 (F) Approximate solution of v(x, t) fora@ = 0.8
Z
(G) Approximate solution of u(x, t) for & = 0.6 () approximate solution of v(x, t) for & = 0.6
(1) Approximate solution of u(x, t) for @ = 0.4 (1) Approximate solution of v(x, t) for @ = 0.4
. et .
(K) Approximate solution of u(x, t) for @ = 0.2 (L) Approximate solution of v(x, t) for @ = 0.2
FIGURE 1 (A) Exact solution of u(x,t) for « = 1. (B) Exact solution of v(x,t) for « = 1. (C) Approximate solution of u(x,t) for a = 1. (D)

Approximate solution of v(x,t) for @ = 1. (E) Approximate solution of u(x,t) for @ = 0.8. (F) Approximate solution of v(x,) for @ = 0.8. (G)
Approximate solution of u(x,t) for @ = 0.6. (H) Approximate solution of v(x,t) for @ = 0.6. (I) Approximate solution of u(x,t) for a = 0.4. (J)
Approximate solution of v(x,t) for « = 0.4. (K) Approximate solution of u(x,t) for a = 0.2. (L) Approximate solution of v(x,t) for a« = 0.2
[Colour figure can be viewed at wileyonlinelibrary.com]
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ue(x.t)

2
x 0 o f

(A) Exact solution of u(x, t) fora = 1 (B) Exact solution of v(x,t) for & = 1

1
\-/\4
- 2
x 0 o f

Approximate solution of u(x, ¢) for @ = 0.8 (F) Approximate solution of v(x, t) for « = 0.8

E

(G) Approximate solution of u(x, t) for @ = 0.6 (H) Approximate solution of v(x,t) for « = 0.6

(D Approximate solution of u(x, ) for a« = 0.4 (J) Approximate solution of v(x, ) for a = 0.4

2 01
15 0.08
1 0.06

u(xt)
vixt)

0.04

0 002

1 -

S _ 6
05 T~ _— 4

x 0 o t

(K) Approximate solution of u(x,£) for & = 0.2 (L) Approsimate solution of v(x, t) for @ = 0.2

FIGURE 2 (A) Exact solution of u(x,t) for « = 1. (B) Exact solution of v(x,t) for « = 1. (C) Approximate solution of u(x,t) for a = 1. (D)
Approximate solution of v(x,t) for @ = 1. (E) Approximate solution of u(x,t) for @ = 0.8. (F) Approximate solution of v(x,t) for « = 0.8. (G)
Approximate solution of u(x,t) for @ = 0.6. (H) Approximate solution of v(x,t) for @ = 0.6. (I) Approximate solution of u(x,t) for @ = 0.4. (J)
Approximate solution of v(x,t) for @ = 0.4. (K) Approximate solution of u(x,t) for a = 0.2. (L) Approximate solution of v(x,t) for « = 0.2
[Colour figure can be viewed at wileyonlinelibrary.com]
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(A) u(x,t) using UTS with for P = -1 (B) v(x,t) using UTS with for P = —1
2
s
i
0s
H
o1
x 0 o 00 t x 0o o t
(C)  ulx,t) using NUTS with for P = —1 (D) v(x,t) using NUTS with for P = —1
x 0 o t x 0o t
(E) u(x,t) using UTS with for P = 0 (F) v(x,t) using UTS with for P = 0
x 0 o t x 0 o t
(G) u(x,t) using NUTS with for P = 0 (H) v(x,t) using NUTS with for P = 0
(I) u(x,t) using UTS with for P = 2 (J) v(x,t) using UTS with for P = 2
x 0 o t x 0 o t
(K) u(x,t) using NUTS with for P = 2 (L) v(x,t) using NUTS with for P = 2
FIGURE 3 (A) u(x,t) using UTS for P = —1. (B) v(x,t) using UTS for P = —1. (C) u(x,t) using NUTS for P = —1. (D) v(x,t) using NUTS for

P = -1. (E) u(x,t) using UTS for P = 0. (F) v(x,t) using UTS for P = 0. (G) u(x,t) using NUTS for P = 0. (H) v(x,t) using NUTS for P=0. 1) u
(2¢,t) using UTS for P = 2. (J) v(x,t) using UTS for P = 2. (K) u(x,t) using NUTS for P = 2. (L) v(x,t) using NUTS for P = 2 [Colour figure can be

viewed at wileyonlinelibrary.com]
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Div=D2v-001v,x€ 0, g} te0, ],

with the boundary and initial conditions

u(g,t> = v(g,t) = u(0,£)— [ 4+ &70M] = v(0,£) —0.09¢ " =0, (55b)

u(x,0) = 2cos x, v(x,0) = 0.09cos x, and the exact solution is

u(x,t) = [e~ "1 + e ] cos x,v(x,t) = 0.09¢ " cos x.

This example is solved using the MPEF method P = — 1 with time step = = 0.001, w(zr) = 1 — e " as the spatial and the
nonstandard weighted shifted-Griinwald-Letnikov (NSWSGL) for temporal approximations. Table 1 shows the absolute
errors for both u(x,t), and v(x,t). Also, Table 2 depicts the absolute errors for different choices of the function y(z) and
declares that the best choice is y(7) = 1 — e”". While Table 3 uses the method P = 0 to illustrate the effect of the solution
when choosing the value of y,4, ¢ = 0,...,N. Also, Figures 1 and 2 give the solution plots of example 1 by the method
P = 0 combined with NSWSGL with uniform time-stepping (UTS) for T = 0.1, and T = 10 for different values of «
where m = 64, 7 = 0.01, y(zr) =1 — e ", and Hg*- We can see that the solution plots have some oscillations near t = 0
for diverse values of a.

Finally, Figure 3 gives the solution plots of example 1 when « = 0.8, T=0.1,n =10, m = 64, w(z) =1 — e ", and
r = 2 for different methods P = — 1,0, and 2 with NSWSGL method with UTS and nonstandard high-order L1

v(x,t)

-0.1 5

200 200

-100 0.04
0.02
X -200 0 t X -200 0 t

(A) u(x,t) using UTS (B) w(x,t) using UTS

0.3

0.2

v(x,t)

200

X 200 ¢ ’ t X 200 o t

(C)  u(x,t) using NUTS withr = 2 (D) v(x,t) using NUTS withr = 2

FIGURE 4 (A) u(x,t) using UTS. (B) v(x,t) using UTS. (C) u(x,t) using NUTS with r = 2. (D) v(x,t) using NUTS with r = 2 [Colour figure
can be viewed at wileyonlinelibrary.com]|
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approximation with NUTS, respectively. We observe that all oscillations appear with NSWSGL-UTS have been elimi-
nated when using nonstandard high order L1 approximation with NUTS as illustrated in Figure 3.

6.2 | Example 2

Consider the nonlinear time fractional reaction—diffusion system,

Du=e Diu—u*v+f(1-u), 0<a<l, (56a)
Dv=e,Dv+u*v—(f +k)v,xe[-L,L],t €[0,T],
with the boundary and initial conditions
u(=L,t)=u(L,t) =1,v(-L,t) =v(L,t) =0, (56b)

(x=L)

u(x,0) = 1-0.5sin'® ( sin”
2L

where £, = 1074, £, = 107°, f = 0.024, k = 0.06, L = 200.

) ,v(x,0) = 0.25sin'® (sin

z(x—L)
2L

)

06
1
0.4
% X 0.2
0.4 0
0.2 0.2
200 200
X 200 o t X -200 0 t
. : c for ex. 2 : ¢ F
(A) The solution plot of u(x, t) for example 2 (B) The solution plot of v(x, t) for example 2
11 06
--------- V(x0)
R smsessssrmasmsssenssinnsy,  geedsemsscstsasssonsssnsnoffreceeitteibig = A | - v(x,T/4) -
M i 05 i v(xTR2) ;“
i \ v(x.T) i
0.9 i i ;
! 0.4 1 !
0.8 ! i ;
1 3 ‘I
i K ‘I
=07 i = 03 7
Z i Z
=1 H >
0.6 ! 0.2
i
- R [ u(x,0)
05 A ,
! u(x,T/4) 0.1
i u(xT/2)
0.4 'l uxT) | i ! i
i
H i ) --Y
i R ﬂj
02 0.1

(C) The solution plot of u(x, t) at the level times T = 0,

TI r,7=300
4°2

FIGURE 5

-200

(D) The solution plot of v(x, t) at the level times T = 0,

-150 -100 -50 0

X

50

LT T,T =300
42

(A) The solution plot of u(x,t) for example 2. (B) The solution plot of v(x,t) for example 2. (C) The solution plot of u(x,t) at

the level times T = 0, T/4, T/2, T, T = 300. (D) The solution plot of v(x,t) at the level times T = 0, T/4, T/2, T, T = 300 [Colour figure can be

viewed at wileyonlinelibrary.com|
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The numerical solution of example 3 for « = 0.9, T = 0.1, L = 200, n = 10, m = 4L, y(r) = 7, and r = 2 using the
method P = — 1 with the NSWSGL-UTS is presented in Figure 4A,B, and the nonstandard high-order L1 scheme with
NUTS is shown in Figure 4C,D, respectively. Our new scheme illustrates the best performance when dealing with sin-
gularity behavior. Also, the solution graph of example 2 using NSWSGL-UTS for T = 300, L = 200, n = 5T, m = 8L, and
y(7) = 7 for the method P = — 1 are shown in Figure 5 for different level times.

6.3 | Example 3: Gray-Scott: Pulse splitting®
Consider the nonlinear time-fractional reaction-diffusion system,

Diu=Diu—u*v+a(l-u), 0<a<l, (57a)

D =eD2v +u*v—bv,x€[-L,L],t€[0,T],

with the boundary and initial conditions

u(—L,t)=u(L,t) =1,v(—L,t) =v(L,t) =0, (57b)

—-L —-L
u(x,0) =1-0.5sin'® (sin”(x)) ,v(x,0) =0.25sin'® (sin”(x)) ,—L<x<L

2L 2L

0.3

0.2

0.1

v(x.t)

-0.1 3l
50

0.2
X 50 0 t X 50 0 t

(A) u(x, t) using UTS (B) v(x,t) using UTS

0.3
0.2

0.1

v(x.t)

-0.13l
50

0.2 .
X -50 0 t X -50 0 t

(C)u(x,t) using NUTS with r = 2 (D) v(x,t) using NUTS withr = 2

FIGURE 6 (A) u(x,t) using UTS. (B) v(x,t) using UTS. (C) u(x,t) using NUTS with r = 2. (D) v(x,t) using NUTS with r = 2 [Colour figure
can be viewed at wileyonlinelibrary.com]|
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0 800
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50 o0 t

X -50 0 t X
(A) The solution plot of u(x, t) for example 3 (B) The solution plot of v(x, t) for example 3
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1

05

r/’ \\.
. X . . . . . " . 0 . et .
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X X

(C) The solution plot of u(x, t) at the level times T = 0,1000 (D) The solution plot of v(x, t) at the level times T = 0,1000

FIGURE 7 (A) The solution plot of u(x,t) for example 3. (B) The solution plot of v(x,t) for example 3. (C) The solution plot of u(x,t) at the
level times T = 0, 1000. (D) The solution plot of v(x,t) at the level times T = 0, 1000 [Colour figure can be viewed at wileyonlinelibrary.com]

where e = 1072,L = 50.

The numerical solution of example 3 fora =09, T=1,L =50, n = 20T, m = 8L, w(r) =1 —¢e ", and r = 2
using the method P = — 1 with the NSWSGL-UTS are presented in Figure 6A,B, and the nonstandard high-order
L1 scheme with NUTS is shown in Figure 6C,D, respectively. Our new scheme illustrates the best performance
when dealing with singularity behavior. Also, Figure 7A-D gives the solution graph of example 3 using NSWSGL-
UTS when T = 1000.

T

7 | CONCLUSIONS

Two numerical schemes depending on the MPEF technique have been introduced for solving the time-fractional reac-
tion—diffusion system. The first scheme based on the NSWSGL with uniform mesh provides some oscillations near
t = 0 due to singularity behavior inherited in the system. The second approach depends on the nonstandard high-order
L1 approximation for NUTS compensates these oscillations and increases the accuracy of the suggested method. Uncon-
ditional stability and convergence analysis have been derived. Some numerical illustrations have been applied to verify
the theoretical studies.
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