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ABSTRACT. This paper studies a class of fourth point singular boundary value
problem of p-Laplacian operator in the setting of a specific kind of conformable
derivatives. By using the upper and lower solutions method and fixed point
theorems on cones., necessary and sufficient conditions for the existence of
positive solutions are obtained. In addition, we investigate the dependence of
the solution on the order of the conformable differential equation and on the
initial conditions.

1. Introduction. The usual calculus, dealing with differentiation and integra-
tion of integer orders, causes some obstacles for scientists who search for the best
tools to model the real world problem they investigate. The derivatives and inte-
grals of fractional order are reported to aid these secientists to better understand
real world phenomena, For details, see [12, 18, 24, 26] and references therein.
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As it can be obviously in the literature the most well-known Riemann, Liouville,
Hadamard, Caputo and Grunwald-Letnikov fractional operators with singular ker-
nels have found plenty of applications in various fields of science and engineering
because of the fact that they convey the memory and hereditary effect, see, for
example [9, 10].

The fractional differential operators with non-singular kernels, introduced re-
cently in the literature such as the Caputo-Fabrizio [7], the extended fractional
Caputo-Fabrizio derivative and the Atangana-Baleanu derivatives [3] have been ex-
tensively investigated parallel to the classical fractional operators with singular
kernels.

The local fractional derivatives can be candidates to be used to portray real
world problems. The conformable derivative introduced in [17] and modified in [1]
is considered to be a kind of local derivatives and has received the attention of many
researchers since it was applied in many problems where the traditional derivative
can not be used. See, for example, [13, 28].

The research on differential equations in the frame of non conventional derivatives
is very important in both theory and applications. For fractional boundary value
problems at resonance we refer to [33], for fractional multi-point problems with
nonresonance [31, 32], [2, 4, 6, 8, 11] and to [5] for fractional problems with lower
and upper solutions.

The theory of singular boundary value problems has become an important area
of investigation in recent years [16, 22, 29, 30, 33]. The search for the existence of
positive solutions and multiple positive solutions to nonlinear fractional boundary
value problems with p-Laplacian operator by the use of techniques of nonlinear
analysis, have been studied by several authors [4, 6, 11, 28, 34, 35]. For studying
this type of problem, in [19], L. S. Leibenson introduced the p-Laplacian equation
as follows

/
(o0 (@ () = f (2 (1), (1), (1)

where ¢, (s) = [s|" s, p>1, s€R.
The equations can be applied in various fields of science such as physics, elec-

tronics, mechanics, calculus of variations, control theory, etc.. In [34, 35], Zhang
and Liu considered the following fourth-order four-point boundary value problem

(pp (@ ()" = f (£, 2 (1), t€(0,1), (2)
with the four-point boundary conditions
2(0) =0, z(1) = bz (&), 2" (0) =0, 2" (1) = baz" (&) (3)

As the intensive development of fractional derivative, a natural generalization of
the p-Laplacian differential equation is to replace the ordinary derivative by a frac-
tional derivative to yield fractional p-Laplacian equation, which can be considered
as a particular case of the generalization of the p-Laplacian differential equation.

In recent years, some results have been obtained under different assumptions on
f 4,5, 6], as for fractional boundary value problems, in [29], J. Wang and H. Xiang
have investigated the following the fractional boundary value problem

(PF) (60 (DE)) () = £ (t,2(1)) in (0,1), (4)
and boundary conditions

2(0) =0, z(1) = biz (&), Dz (0) =0, D'z (1) = b D'z (§2), (5)
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where D}, Df are Riemann-Liouville fractional operators with 1 < «, 8 < 2, see
also [25].

Motivated by the above-mentioned works, we investigate the following boundary
value problems of conformable nonlinear differential equations with p-Laplacian
operator and a nonlinear term dependent on the local fractional derivative of the
unknown function

T), (¢p (T8, 2)) (1) = f (t2 (1), ~Th, 2 (1)), t € (0,1), (6)
with the four-point boundary conditions
€ (0) = Ov x (1) = bl‘r (gl) 9 T8+$ (O) = 07 T8+93 (1) = b2T8+l' (52) ) (7)

where TOB . and T§, are the conformable derivatives with 1 < o, 8 < 2,1 < a <
a+B—-1,0<b;,00<1,0<&,86 < 1.

In the special case p = o = 8 = 2 and by = by = 0, the problem (6-7) becomes the
two point boundary value problems of fourth order ordinary differential equation.
When f is continuous, problem is nonsingular, the existence and uniqueness of
positive solutions in this case have been studied by papers [2, 27]. The theorems
we present include and extend some previous results.

The remainder of the paper is organized as follows: Firstly, we present some nec-
essary definitions and Lemmas that are needed in the subsequent sections. In Sec-
tion 3, we construct the Green functions for the homogeneous conformable bound-
ary value corresponding to (6-7) and estimate the bounds for the Green functions.
One of the difficulties here is that the corresponding Green’s function is singular
at s = 0. By applying the upper and lower solutions method associated with the
Krasnosel’skii’s fixed point theorem in a cone, the existence of at least one posi-
tive solution are established is dealt with in section 4. Furthermore, example is
presented to illustrate the main results. In the final section of the paper, we look
at the question as to how the solution x varies when we change the order of the
conformable differential operator or the initial values and the dependence on param-
eters of nonlinear term f is also established. Our approach is new and the current
results are totally different from the ones obtained in literature.

2. Preliminary and some lemmas. The left-sided conformable derivative of or-
der v € (0,1] is given by [17]

T 1)  ti L0 =10

e—0 3

. T f(0) = lim T f(1). (8)
t—0+
The properties of (7§ f) can be found in [1, 17].

Definition 2.1. Let o € (n,n+ 1] and f be a n -differentiable function at ¢ > 0,
then the left sided conformable derivative of order o at ¢ > 0 is given by

(T6,.) (8) = (T7") 1 () = Han[FO) (¢ 4+ 560172) — fO @)/ (567172) . (9)

Lemma 2.2. Lett >0, « € (n,n+ 1]. The function f is (n + 1)-differentiable if
and only if f is a-differentiable, moreover, (Tg, f) (t) = tnH1=a f(ntD) (¢)

Remark 1. As a basic example, given a € (n,n + 1], we have, T§, (t’“) = 0 where
k=0,1,...,n.
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Definition 2.3. Let o € (n,n + 1]. The left sided conformable integral of order «
at ¢ > 0 of a function f € C ((0,+00),R) is given by
n a—n— 1 ! n . a—n—
.00 = J (0 0) = [ =" s (0
when (™) (t) exists.
The following lemma plays a fundamental role in obtaining an equivalent integral
representation to the boundary value problem (6-7).

Lemma 2.4. Let o € (n,n+1]. Ifx € C(0,1] and T§, x € L'[0,1], then

n—1 (k) 0
I§, TG,z =z (t) + Z L()tk =x(t)+co+ert+ ... +c,t"t, forte(0,1],

k!
k=0
(11)
n

*
where ¢, = = kI(O) and n is the smallest integer greater than or equal to o (

[a] +1).

Lemma 2.5. Let to >t1 > 0 and f : [t1,t2] = R be a function with the properties
that

(i) f is continuous on [t1,ts]

(i) [ is a-differentiable on (t1,t2) for some oo € (0,1). Then there exists T €

(t1,t2) such that
o _ fta) = f(t)
TS0 =" =y

Lemma 2.6. Let « € (0,1] and f,g be a -differentiable at a point t > 0. Then

(i) (T§y) (rif +rag) =i (T f) + 72 (T§'g) , m1,m2 €R.

(ii) (T§) (r1) = 0 for all constant functions f (t) = ry.

(iii) (Tgy) (f9) = g (T6¢f) + f (T59) -

It is well known that a powerful tool for proving existence results for nonlinear
problems is the upper and lower solution method [5, 15]. Thus, we introduce the

following definitions of a couple of the lower and upper solutions for fourth-order
p-Laplacian conformable boundary value problem (6-7). Denote

E={z:2€C?([0,1)) and ¢, (T§,z) € C*([0,1])}.
Definition 2.7. A function z is called a lower solution of the conformable boundary
value problem (6-7), if z (t) € F and z (t) satisfies

{ Ty, (¢p (Tyz (1) (8) — f (2 (), ~ T8,z () <0, t € (0,1),
z(0) <0, (1) = bz (&) <0,(T54)z(0) 20, (TGy)z (1) — b2 (To4) z (&) = 0-( :
13

(12)

This condition is motivated by the fact that an lower solution for an equation of
the type Tg+ ((pp ((T8‘+) g(t))) ty=7f (t,g(t) ,—Tg, x (t)) can be obtained if one
has an lower solution for another equation of the form T€+ (op ((TgL) z () (t) =
g (t,z(t),—Tg z(t)) with g (s,z(s),-Tg,z(s)) < f(s,z(s),-Tgz(s)) for all
s.

An upper solution T is defined by reversing inequalities in the previous definition.

The existence of a lower solution over the upper solution implies the existence of
solutions lying between both functions.
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Lemma 2.8 (Krasnosel’skii). [14]Let P be a positive cone in a real Banach space E.
Let Q1, Qo be bounded open balls of E centered at the origin with 0 € Qy, 1 C Q.
Suppose that A : PN (Qg\Ql) — P is a completely continuous operator such that

|[Az|| < ||z|| Vze PNoQy and |Ax| > ||z V€ PNoQa,
or

|Az|| > ||lz||  for PNO and |Az| <||z| for PNOQa,
hold. Then A has a fized point in PN (Q2\Q1) .

For x € C'[0, 1], the corresponding norm is ||z||, = max {|z (t)| : ¢t € [0,1]}. And
for x € C%0, 1], the corresponding norm is

o]l = max {[lll, , |75} =[] } (14)
Definition 2.9. Let z (t),Z (t) € E, we say that z(t) is called a lower solution of

operator A if z(t) < Az(t),and T (t) is called an upper solution of operator A if
Z(t) > AZ(t).

Lemma 2.10. [32]For any t,7 € R and 1 < p,q < oo, 1/p+1/q = 1, we have
vq =0,
(i) If 1 < ¢ < 2, then

[P (E+7) — g (1) <277 [t (15)
(i1) If ¢ > 2, then
—2
lpg (t+7) =g (M) < (g = 1) (It] + 7)) " [t . (16)
Lemma 2.11. Ifa,b >0, » >0 and X\, u € R then
(a+b)" <X ta" 4 p e, A= 1. (17)

Our assumptions on the nonlinearity f will be the following:
A: The function f fulfill a Lipschitz condition with respect to the second and
third variables,
|t y1) = ] (t @2, y2)| < Ly |wy — @2 + L [y1 — w2, (18)
such that Ly, Lo > 0, ( f is locally Lipschitz in (0,1) x (0, 400) x (—00,0]).
For convenience, we suppose that the following hypotheses are satisfied:
H: f:((0,1) x (0,400) x R — R™) is continuous. There exist constants
Aiyptg, 1=1,2,0 <A1 S g, 0< A Spp <p—1,A01 + A2 > p— 1, such that
ot f (ta,y) < f(tow,y) <ot f(tay) if 0<o<l,
o2 f (t,x,y) < f(t,x,oy) <o f(t,z,y) if 0<o<1.
It can be easily seen that f (¢, x,y) is non-decreasing with respect to z,y, and
(19) are equivalent to

oM f(t,x,y) < f(tox,y) <ot f(ta,y) if o>1,
o2 f(t,x,y) < f(t,x,0y) <ok2f(t,z,y) if o>1.

for (¢t,x,y) € (0,1) x [0, 4+00) x [0,+00) . From (19-20), we have
f(taxlayl) S f(ta$2792) fOI‘ T S €2, te (071) (21)
We say 1 <@g if x1 (¢) < o (t) for ¢ € [0,1].

Now we present the Green’s function for boundary value problem of differential
equation.

(19)

(20)
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3. Construction of Green’s function of problem (6- 7). In this section, we
obtain Green’s function corresponding to the differential equations (6) with
1 < a,p < 2 subject to four-point boundary conditions (7) and estimate bounds
for Green’s function that will be used to prove our main theorems.

To study the nonlinear problem (6-7), we first consider the associated linear
problem and obtain its solution.

Lemma 3.1. Suppose v (t) > 0, € (1,2]. The corresponding Green’s function for
the problem

TG, z(t) +v(t) =0, fe(0.1) (22)
z(0) =0, (1) = bz (&), Y
is given by
Gat:9) = G (1) + 1500 (61,5). (23)
where

Galt, ){ ARG b (24)

t(1—s)s*2 if 0<t<s<l,

where we assume the parameters satisfy 0 < b; <1,0< & < 1.

Moreover, if v is not identically 0 on (0,1), then x is concave, decreasing,
2 (t) > 0 and () > ¥y (t) ||z]), for t € [0,1], where v () =t (%t + 1).

Proof. We will show that

1
m(t):/o G (t, s)v(s)ds, (25)

for G given by (23), is a unique solution to the linear boundary value problem
(6-7).
By applying Lemma 2.4, we may reduce (6) to an equivalent integral equation

x (t) = 1% (t) + co + c1t, co,c1 € R. (26)

From 2 (0) = 0 and (26), we have ¢y = 0. Consequently the general solution of
(6) is

() = ~I§,0 () + ert = — /0 (t — ) s°2v (s)ds + crt. (27)

By (27), one has

1 &1
z(l) = —/ (1—s)s*Pv(s)ds +c1, 2 (&) = —/ (&1 — ) 5?0 (s) ds + c1&y.
0 0
And from z (1) = b1z (&1), then we have

1

a7 —bi&1

Vol (=90 () ds b | Y (6 - 9520 (5) ds
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So, the unique solution of problem (6-7) is
t ds t ! ds
¢ — | - — 1—
o) = — [ t-9v@ g e[ [ 0-9ve
31 ds
LY ACERE <>52_a}

ds 1 ! ds
= (t—s)v - t—F t(l—s)v(s
/O o L e

&1 ds
- b (S Sg_a

0
¢ ds
= t - S 2704
0

e (/ <1s)v(s)sffﬁ/tlt(ls)v(s)sffa>

&1
e V @09 - (@) o) s

s [aa-see ]

&1

F1—=t)v(s)ds Y11 —s)v(s)ds
_ A( 8)1_&() +/t ( 32)—a()

byt S (1—&)v(s)ds Le(1—s)v(s)ds
R S M

/ 1 G (028) 4 1 G (6109)| 0(5) s

1-b&
z/Gts

where G, (t, s) is defined in (23).
For ¢ € [0,1] we have G, (t,s) > 0 and G,(t,

s) > 0 for s € (0,1), hence, when v
is not identically 0 on [0, 1], it follows that x (t) > 0.

Furthermore,
bt(1—s)s*2 if 0<t<s<l,
Galt,s) = . (28)
(ct+1)s* 1 if 0<s<t<1,
where .
1
1—b1§1, +a'§1v c a( gl) ( )

When 0 < s <t <1, we have
Ga(tys)=(ct+1)s* P> (ct+1)(cs +1)s* = (ct +1)Go(s),  (30)
where 0 < (ct + 1) < 1. Now, when 0 < ¢ < s <1 then
Go(t,s) =bt(1—5)s*"2>bts(1—s)s* 2 =tGy(s), s (0,1).  (31)
From (30) and (31), we get
Gol(t,s) > 1 (t) Go (8),with ¢ (t) =t (ct + 1), (32)
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and
/G £ s)o(s)ds > v (¢ /G vs)ds > o () lelly,  (33)
where
1
|z]|, = max|z(t) : t € [0,1]] < /0 G (s)v(s)ds, (34)
with G, (1) = G4 (.,.) as in (23. O

Lemma 3.2. Suppose u(t) > 0,1 < o, < 2,0 < b1,bo0 <1 and 0 < &,& < 1.
Then the unique solution of the following conformable boundary value problem with
the p-Laplacian operator

{ To+(<Pp (T§.2) (1) +u(t) =0, te(0,1), (35)
T3, (0) = 0, T3, (1) = b T4, (&)
is given by )
¢ (T5.2) (0= [ G (t.5)u(s)ds,
where
Gilt,5) = Gs(6,5) + 150 (62.5) (36)

and by = 05" and Gs(t, s) is defined in (24) with o replaced by f.
Moreover, if u is not identically 0 on (0,1), then x is concave, decreasing,

2 (t) >0 and x (t) > v (t) ||2lly for t € [0,1], where o (t) = t (”g“b )y 4 1)
Proof. By a similar argument in the proof of Lemma 3.2, we can get Lemma 3.1. [

Lemma 3.3. Suppose x(t) > 0,1 < o, 8 < 2,0 <by,b0 <1 and0 < &,& < 1.
Then the unique solution of the following conformable boundary value problem with
the p-Laplacian operator (6-7) given by

1 1
~ [ Guttore ([ Gatsnistra ) T e )as o)
0 0
where Go(t, s) and Gg(t,s) defined by (23) and ( 36) respectively.

Remark 2. From the expression of (25) and (37), we can see that if all the condi-
tions in Lemmas 3.1, 3.2 and 3.3 are satisfied, the solution is a C [0, 1] solution of the
boundary value problem (6-7). Furthermore, if we denote —¢, (T§, z) (t) = u(t),
there holds u > vy (t) ||ul|, for t € [0, 1], where 1); (t) is defined in Lemma 3.1.

The properties of G, and G, are collected in the following lemma.

Lemma 3.4. Let 1 <a<2,0<b; <1land0<& <1. Then
(i) Let G, be as in (24). Then Go (0,5) =0=G, (1,s) for s € [0,1].

Guo(t,s) < Gu(s) or Go(t) for allt,s € ]0,1] (38)
and if § € (0, %) then
min {Ga(t,8) : 6 <t <1—-3} > Go (1 —6)Ga (5), (39)

with Gy, (1) = Ga(.,.) is defined in (24).
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(ii) Function G4 defined by (23) is continuous on [0, 1] x [0, 1] satisfying
(a) For allt,s € [0,1], G4(t,s) >0 and

$1(s)t < Galt,s) < d2(s)t, (40)
where
019 = PP g g (5) =572 401 (0. (a1)
(b) For allt,s € [0,1],
Ga (1) Gy (8) S Gul(t,s) <Gy (s) or Gu(t) (42)
and

Galt,s) < <1+ : _blbi&) Ga(s) < <11b1_(;1§1§1)> Ga (s)- (43)
(c) If 6 € (0,3) then
min {Gy(t,s) : 0 <t <1—-06}>Ga(1—-9)Gy(s). (44)

Proof. (i) From the expression of G, (¢, s), it is clear that G, (¢, s) > 0 for
t,s € (0,1), with

Lt if 0<s<t<1
ga(t73):{ ga(78) 1 et (45)

G2(t,s) if 0<t<s<l.

Next, for given s € (0,1) we consider the partial derivative of G, (¢,s) with
respect to ¢,
—sot if 0<s<t<l,
el s) = { (1-5)s>72 if 0<t<s<1,
This shows that G, (¢, s) is decreasing with respect to ¢t for s < ¢, and increasing
for t < s. So,

(46)

Ga(t,s) < Gy (s) or G, (t) for all t,s € (0,1)
and if § € (0, %) then it is easily to see that

min {Gy(t,8) : § <t <1-—4}

Ggl(1—4,s), if sel0,0],
=< min {gé(l—é,s),gi(é,s)}, if self1-94], (47)
G2(d,s), if sell-4,1],

or

tefgifia] {Qa(t, s):0¢€ (0’ %)} -

Gal(d,s), it sel6,1],
with 6 € [0,1 — ¢] is a solution of the equation G, (1 — §,0) = 0.
Consequently,
min {Gu(t,8): 0 <t <1—0} > G, (1 =9)Ga (s).
(ii) It is easy to verify properties (ii-a).
(ii-by) If Gu(t,s) = t(1 — 5)s~2 for all ¢ € [0, s], then from (28) and (29), we
have

{Qé(l—(;,s), if sel0,6],

GL(t,s)=bt(1—s)s""2 s€c(0,1). (49)
Continuity of G} clearly follows from the definition of G. We start by dif-
ferentiation G (t,s) with respect to s € [t, 1] for every fixed ¢ € (0,1), we can

get
0sGL(t,8) = (14 a&)ts* 3 (1 —a) s+ (a —2)).
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This together with the fact that G (¢,1) = 0 imply that GL(¢,s) < 0.
By fixing an arbitrary s € (0,1). Differentiating G2 (¢, s) with respect to ¢, we
get

0:GL(t,s) = (1 +a&)ts* 2 ((1 —a)s+ (a—2)) >0, GL(0,s) = 0.
Hence, G (t,s) has a maximum at point ¢ = s. Observe that
Gal(t,s) < Go(tt) or Gy(t,s) < Gals,s) (50)
and
Gl(t,s) =bt(1—s)s*2>bts (1 —5)s* 2 =1tG(s,s), Vt<s, s€[0,1]. (51)
To prove (ii-cz2) if G, (t,s) = (1 —t)s*~ ! for all s € [0,], then we have
G2(t,s) = (ct+1)s*H 0<(ct+1)<1, s<t. (52)
In an entirely similar manner to (ii-cq), we get
0sG2(t,8) = (a — 1) (ct +1)5*7% >0, GZ(t,0) = 0.
The other cases can be dealt similarly. Now, from
0Gx(t,s) = (a—1)(ct +1)s*72 <0, GZ(1,5) >0
we deduce that
G%(t,s) < GA(t,t) or GA(t,s) < G2(s,s) (53)
and observe that
G2(t,s) = (ct+1)s* P> (ct+ 1) (es +1) s = (ct +1) Gy (5), (54)
where 0 < (¢t + 1) < 1. So, from (ii-by) and (ii-bz), we conclude that
1 (t) Ga (5) < Golt,s) < Gq (s) where ¢y (t) =t (ct +1)VE, s €]0,1].  (55)
To prove (c), if § € (0, %) then from (i), it is easily to see that
{ GL(1-46,s), if se]0,6],

min _{Go(t,s):d€ (0,3)} = G2 (5, 5) if selh1]

teld,1-4]
where 6 € [§,1 — §]. Consequently,
min {Gq(t,s): § <t <1—8whend € (0,3)} >Go(1—-06)Gal(s). (56)
O

Lemma 3.5. Suppose that (H) holds. Let x (t) be a C? ([0, 1]) positive solution of
(6-7). Then there are constants a1 and as, 0 < a1 < 1 < ag such that

a1Gq (t) <z (t) < a2Go (t) or art <z (t) <ast for te]0,1]. (57)

Proof. Assume that z(t) is a C? (]0,1]) positive solution of (6-7) By Lemma 3.1,
x(t) given by

o(t) = / Gt s) (— TG, (s)) ds, (58)
0
or
! o bit ! o
o(t) = /0 G () (T () ds + T /0 Go (61,5) (~ T3 2 (s)) ds. (59)
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From (59) and (7), we have

b0 = [ 6009 (T () as =0, (60)
o) = G (Ls) (~Tg,(5)) ds
+ 5 _bzlngl /01 Go (€1,5) (=T, x (s)) ds = bz (&1) - (61)
Thus, it follows from (60) and (61) that
: _bll)lgl /01 G (€1,5) (-T2, 2 (s)) ds = b1z (£1), Gu (0,5) = Ga (1,s).  (62)

Noticing (T§, 2 (s)) <0, t € [0,1] and (62), we have

(1) = /O Go (£, 5) (— TG, (s)) ds + thiz (1) > thiz (€1).

On the other hand, from (42) and (58), we have

(1) = /O G (t,5) (~T§, () ds < Ga (1) /O (g, (s)) ds.

Now we choose

1
a; <min{l,b;x (&)} and ag > max {1,/ (-T§,z(s))ds > 1} . (63)
0
From Lemmas 3.1 and 3.2, it is easy to obtain the following lemma. O

Lemma 3.6. Suppose that x € C?[0,1] is a function with T§, x (t) >0, 1 < a <
2,2(0) >0, Tg,x(0) > 0, x(1) < byw (&) and TH 2z (1) < bTH, x(&2). Then
x(t) >0 and T, x (t) <0 for any t € [0,1].

4. A necessary and sufficient condition for the existence of C?[0,1] pos-
itive solution for (6-7). In this section, by using the upper and lower solutions
technique, Arzela-Ascoli theorem and Krasnosel’skii fixed-point theorem, we estab-
lish the existence of positive solution to conformable boundary value problem (6-7).

Theorem 4.1. Suppose that (H) holds, f (s,Ga (s),s*™) does not vanish identi-
cally on (0,1). Then a necessary and sufficient condition for problem (6-7 ) to have
C?[0,1] positive solutions is that the following integral condition holds

0< /0 Gs (s) f (5,Ga (5),8°7%)ds < +oo, (64)

where Go(.) = Gol.,.) and Ga(.) = Ga(.,.) defined by (23) and (24 ) respectively.

Proof. The proof is divided into two parts, necessity and sufficiency.
O

Necessary. First we prove fol Ga (s) f (8,Ga (s),5*7*)ds < co. Assume that x
is a C2[0, 1] positive solution of (6-7). By Lemma 3.5, there exist constants a; and
as, 0 < a1 < 1 < ag such that (57) holds. Choose o > 0 such that

0<o<1, M=sup,q|To z(s) and oM <1. (65)
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Then, from (H) and (65) , we have

[(s.2(9),-TG2(s) > f(s,a1Ga(s), 5" T5, 2 (s))
f(5,a1Gq (), =0 'os® TF 2 (s))
al'o —A2 ( 0T02+x (s))“2 f (s,Ga (s) ,52*0‘)
ai'o™ (e M) f (s,Ga (s),8*7%),

(AVARAY

which implies for s € (0, 1)
f (s, z(s),-TH x (s)) >wif (3, Gu(9), 327“) , (66)

where wy = a“lo“?_A"‘M“2 > 0. We also have

F(5(9),~Tg,2(9) < f(5,02Ga(s), > T2, (5))
< ay' f(s,Ga(s),—0 los? Ty 2 (s))
< abtorrre (—T02+x (s)))‘2 f(s,Ga (s),sz_a)
< dgtot T (M) f (5,Ga (s),5°°),

which implies for s € (0, 1)
f(s2(s), =TG5 (5)) <waf (s,Ga(s),5*7), (67)
where wy = ah'o?2 72 M*2 > (. According to (6), we have
wi f (s, Gq (s), 32_0‘) <f (s,x (s), TG, x (s)) = T& (gop (T8‘+x)) (s). (68)
By applying Lemmas 2.4 and 2.6, we have

wlIg+ (f (s, Ga (), Sz_a)) t) < (‘Pp (Tfﬁx)) (t) + t% (Wp (Tg+37 (5))) (t)

+ (ep (T612)) (] ,—g -

t=01

Moreover
op (T (1) / Gp(t,7)f(r,2 (1), =T, 2 (1))dr for t € (0,1), (69)
which implies that
d Ly .
dt ( (T0+x( ))) = - 0 aGﬁ(t,T)f(T,ZE, _TO-‘,-x)dT
Lo
- [ 5t ~Tg,a)ar (70)
By (6), we have
bo
<l4 ———-
8tG5(t, S) S + 1 — boé_z,
which implies that
d e} 0 2 (e
Frid (p (TG4 (1)) < 1+1b 5)10525 / Gs(r (1), =Tgpa (1))dr.

Thus, from (6) and (69), we have ¢, (T§, 2 (s)) < 0 and
Tg+ (¢p (Tg z)) (s) = 0 for t € (0,1), combining this with ¢, (T§ .z (s)) (t) €
C11[0,1], we obtain

% (‘Pp (T8+93 (5))) (t)}t:O-F <0 and % (‘pp (T8+x (5))) (t)|t:1— >0,
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with
(ep (TG, 2)) (1)],_ps =0 <= TG,z (0) = 0,0, (0) = 0.
We deduce that
10 (f (5,Ga(s), ) (1) = /0 (t— 5)sP2F (5,Ga (5), 52 %) ds  (71)

1
w1

bt (o (T8.2(9)) 0

AN

[op (TG4 ) (t) (72)

ol
1

o (T820) O],

Letting ¢ — 1 in (71) we have

/0 ) sP2f (S, Gq (8), sz_a) ds

IN

1S (e (T52())) ()
< ©0.

Second, we prove that fo (1—35)s"72f (5,Ga(s),s* *)ds > 0.
The function f (s, Gq (s),57*) # 0 for all s € (0,1) yield

/0 Ga (s) f (s5,Ga (s), 82_a) ds > 0.

Therefore, we immediately get (64).
Sufficiency. Suppose that (64) holds, we will divide our proof into tow steps.

t—0+:|

Step 1: Auxiliary problem of ( 6-7)
vz (t) € C?[0,1] N C*[0,1] we define an auxiliary function

F(x)(t)EF(t,x() T0+$())

ftz@®),-Tgz() if z()<z(),
- (t7xt Tg,z (1) if 2(t)€z(t),z(1)], (73)
[T (), -TeT(t) if x(t)>T(t).

The function F (t,z (t), —T§, x (t)) is called a modification of

f (t7x (t), TG x (t)) associated with the coupled of lower and upper solu-
tions z (¢) and Z (¢) . By the hypotheses (H) we have F': — [0, +-00) is con-
tinuous.(i.e., F : (0,1) x (0,+00) x (—00,0) — R* is continuous). Consider
the auxiliary problem of (6-7)

T§+ (p (Tgy)) (t) = F (t,a (t), —Tgx), t € (0,1), (74)
z(0) =0, (1) =bixz (&), Thx (0) =0, T,z (1) = bTH x(&2).
For convenience, we define linear operators as follows [23],
Agz (t / Gg (t,s)x (s)ds and Ajz(t) / Ga(t,s) . (75)

Obviously, by the proof of Lemma 3.3, the problem (74) is equivalent to the
integral equation

z(t) = (Arpg (A2F)) z (t), t € (0,1). (76)
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By the definition (73) of F', we can get that A1, (A2 f) and F is bounded. By
the continuity of G (¢, s), we can show that A;¢, (A2) is a compact operator.
So, (A1, (A2F)) is a relatively compact set. So Ajp, (Ag) is a compact
operator. Moreover, z is a solution of (74) if and only if (A1p, (A2F)) z = .
Using the Schauder’s fixed point theorem, we assert that A;¢, (A2F) has at
least one fixed point x € C?[0,1], by = (t) = (A1 (A2F)) z (t), we can get
z € C*[0,1].
1.1: Consider the problem
{ T3 (#0 (T8:9)) (1) = £t Ga (1), 27°), £ €[0,1], o
y(0) =0, y(1) =bry (&), T,y (0) = 0, TG,y (1) = 02Ty (&) -

Let

:/Olaa(t,s)% (/01 (s, 7) (7, G (T),T“)dr) ds, t € [0,1].

From the Lemma 3.5, (64) implies that
W<az<l<ag:0<y(t) <ooand agGq (t) <y (t) < asGy(t). (78)
We will prove that the functions
z(t) =k (), T(t) = kay (1), t €[0,1], (79)

are lower and upper solutions of (6-7), respectively, here

1 1 1

k1 < min {1, o (ah' g2 A2 ppz) T T } : (80)
11 H2 Aa—p2 7 rA2 1—Af+x2

ke > max 1,a—3,a—4,(a40 M ) . (81)

This, by virtue of the assumption of the Lemma 3.4, (78) and (79), shows that

k1asGq (t) < z (t) < k1aaGq (t) (82)
and
z (t) 1 G (t) 1
k <k 1 < < .
103 < Gq ( ) 104 = % koay — .’f(t) = koas

By Lemma 2.6, shows that
k105 TG, G () < — Tz () < —hias TG, Co (1) (83)

and

— k2a4T§+Ga (t) < - T0+$ (t) k2a3T0+G (t) . (84)
Choose 0 < ky < 1 small enough, and from (65), (82), (83) and (H) yield that
)

f (ta z(t),-Tg,z (t))

10 (G0) Gt -2 ) (s5)
f(t, k1azGy (t), —o tokiyt> ™)
K2 alt ot M2 f(t, G (), 1277)

k1 f(t,Go (1) ,127), t €(0,1).

(AVARAVARLV]
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Similarly, choose k3 > 1 large enough, we have

j(t) =/ 2—a
£t g (G 0= (O7) (36)

f(t, ]{71(14(;,1 (t) 5 —U_la'klyt2_a)
Rl e M [ (1, Ga (1), 277)
kaf(t, Gy (1), 127%), t € (0,1).

Consequently, by Lemma 2.6, for ¢ € (0,1)

IN

f (t’ z (t) ’ —T8+.f (t))

ININ TN

Tng (901) (T8+£)) (t) = k1T€+ (Spp (T8+y)) (t) = klf(t, Go (t) »t2ia)
< [tz -Thz) (87)
and
T0, (p (TE.2)) (1) = k2T, (0 (TG4y)) (1) = ko f(t, Ga (1), £27°)
> f(t,7,~T§.7). (88)
From (87) and (88), we obtain that for such choice of k1 and ko, z (¢) and Z (¢)
are, respectively, lower and upper solutions of (6-7) satisfying 0 < z (t) < Z (t) for
te(0,1).
1.2 Let X be the Banach space C? [0, 1] and the cone P in X be
z:z€X,p,(Tq,z) € X,—¢, (T§,z) is concave on ¢ € (0,1),
| z@) >0, —Tg, x(t) >0 for t €[0,1], x satisfies (7)
If x € P, then, it follows from Lemmas 3.1, 3.3 and (H) that
1
z(t) = / G (t,s) (=T§ 2 (s)) ds (89)
0
1 1
< / G (s) (s>~ ||2"||y) ds < ||x"||0/ Ga (s) (s*7%) ds.
0 0
Thus, it is clear that
]l = [l="[lo Vo € P. (90)
From Lemma 3.3 we have
1
x(t) = / Ga (t,s) (-Tg iz (s)) ds (91)

0
1
1
< Go (t) (s*7[|2"]|y) ds < B—QGQ () [|="||, for t € [0,1].
o _

Moreover, Remark 2 implies that
—¢p (TGy2) (8) = ¥ () 77y ([|2”]|) for t € [0,1]. (92)
From (64), there exists an interval [§,1 — d] C (0, 1) such that
1-6
0< / Gs (s) f (5,Ga (s),5* %) ds < o0, where § € (0,3). (93)
s

Note that from (23) and (24) we have
Gy (t,8) > Gy (t,8) > 8 for t,s € [§,1 —4]. (94)
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Noting the continuity of Gg and F, we can choose [01, 2] C (0, 1) such that

1 d2
/ Gp(s,7)F (1,2, -T§,x) dr > Gp(s,7)F(1,2, =T, x)dr > 0.
0 o1

Then, from (92) and (94), we obtain

1 1-6
= / Go (t,s) (—T(‘)’+x (s))ds >0 ||x”||0/ ©q (52_0‘) ds > mq [|2"],,
0 5

(95)
for t € [§,1 — §], where

1-6
my = (5/5 @q (s*7*)ds € (0,1). (96)

For any fixed « € P, choose a positive number § = < 1 Then, (94) yields

TT=+1 H+1

<0|a"|l, = 0 ||=]| <1 for t € (0,1). (97)
Thus, (65) and (H), imply

fltn (0. ~T,a () = St s
< @2 €N (4 Gy (t),127) for t € (0,1).

Go (),0710 (=" (1)) t*7)

Therefore, from (42), we have
1
[ Gattes) 0T, <

— = bo( —a
e e / G (5) (5. G (). < 0. (98)

Now we prove that problem (74) has a positive solution z* € X with 0 < z (t) <
x* < Z (t). We consider the operator A : X — X defined as follows

t):/ol Ga (t,5) 04 (/OlGB(s,T)F(T,x(T),—T8‘+a:(7'))d7'> ds.  (99)

It is well known that a fixed point of the operator A is a solution of the problem
(74). The following fixed point result of cone compression type due to Krasnosel’skii
is fundamental for the solvability of problem (74).

From (99), Lemmas 3.1, 3.1 and 3.3 it is easy to see that x € P is a C?[0,1]
nonnegative solution of the problem (74) if and only if = is a fixed point of A.
Moreover

—T§, (Az) (¢ (/ Gp(t,7)F(r,xz (1), -Tg 2 (T ))dT> for t € [0,1]. (100)

In the following, we divide the proof of the existence of fixed point of A : X — X
into three steps.

(S1) The operator A : P — P is completely continuous.

(Sll) A:P—P

If z € P, it is clear that Az € X, for ¢t € [0,1],

Ty, (¢ (Tg+ (Ax))) (t) > 0,for t € (0,1) and (T§, (Az)) (t) <0,
(Az) (t) = 0, (Az) (0) =0, (Az) (1) = by (Az) (&), (101)
TG, (Az) (0) = 0, Ty (Az) (1) = bo TG, (Az) (&2) -
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(S12) A is pre-compact in P.
Let © be a bounded set on x. Then there is p > 0 such that ||z]| < p for all

xz € Q. We show that (AQ) is a pre-compact set in P. Denote 6, = m For all
r €
|(Az) ()] = a (t:s)pq (/01 Ga(s, ) F(r,2 (1), —T8‘+w)df) ds|  (102)
< || G (/01 Gy(r)F(r.x(7), (~T, ) (T>)d7> ds
< ([ Gawas) (o0 ([ aatnsr2 ). (-15.2) (rpar) )
< (@)
< (/01 G (5) ds) 0 (/01 Go(r)f(r, G (7) ,#—a)dT)
< L, </01Ga(s)ds> < 00,
where
L, = (ggz—m—uzMAQkQ)fil (1+1bg(blongz))ﬁ
X Qg (/01 Gs(T)f(1,Go (1) ,T2a)d7> (103)
and
TS, (Az) ()| = |vq < /O 1 Ga(t, 7)F(r,2 (1), —Tg, @ (T))dT) (104)
<@g ( / 1 Gp(m)f(r,z (), (- T5 ) (T))d7>
< (BT MM ) T ( / Gp(7)f(7,Ga (1), T2-a)d7>
< L, <oco.
Then (Az) is uniformly bounded in X.
For all @ € Q, t,5 € [0,1],
(A) (t2) — (Ax) (1)] = / G (t2.5) = G (t1,9)| 24
X </01 Gg(s, 7)F(t,x, T8‘+x)d7> ds
< G (£2,5) ~ G (t1,9) 4 (105)
x (/ (s, 7)f(r, 2, (~TG, 2 )dr)ds
< (/ Ga (125 G (11.9)] s
< Ly|ty —th] < oo.
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For arbitrary € > 0. Let 6; = £+, then
I3

‘(AQ?) (tg) — (AJZ) (tl)l <e 1if |t2 — t1| < 07. (106)

At the same time, from

1
|<pp (T&_ (Ax)) (t)| = /0 Gp(s,7)F (1,2 (1), =Tg x)dr

(107)

IN

1
/0 Gga(s,7)f (7’,9_3 (1), (—T8‘+a_c) (T)) dr

1
< (02T MAky) < / Gp(T)f(1,Go (1) ,T2a)d7'>
0
< 09,
it follows that for € > 0, there is 6o > 0 such that Va € Q,t € [0, 1]
1 1
Gp(s, 7)F (1,2, -Tg, z)dr < / Gga(s,7)f (T,.f (1), (—TSZ@) (7')) dr
0

1—62
€

< 3 (108)

On the other hand, (64) imply that for x € Q,¢ € [0,1 — d2]

Gor @ an) @) = [ 15 (o (T3, (4) () ar (109)
= /O 7-5727'2%?% (cpp (T8‘+ (Az:)) (7’)) dr
= /0 7'6_2TgJr (gop (Tg+ (A;v)) (T)) dr

_ /O T72F(r, (Az) (1), —TS, (Az))dr

IN

/0 92 f(r, (A7) (7) , T8, (AZ))dr

1—62
(9;‘27“17“2]\4’\2]@) </ Tﬂ72f(7', Gu (1), T2a)d7'>
0

= ma.

IN

where ks is defined in (81).
Let § = min{§1,52, W} Then for = € Q,t1,t2 € [0,1],0 < 5 — t, < 0.

Moreover, by mean value theorem, Lemma 2.5 ensures that, for any t3,¢; in [0, 1]
with 1 < to, there exists a point ¢ in (¢1,¢2) such that

Pp (Tg+ (Aac)) (t2) — ¥y (T8+ (Ax)) (t1)
1

- L (t,zﬁ—l _tf—l) [Toﬁ;l% (T3, (Aq;))} (t).
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This, together with (109), yields

W = oy (T (Av)) (t2) — ¢y (T (A2)) (11)]
= g (=) [T (s, (an)] )
= | (7 ) [P e (15, (o) )]
< |g (@ - [ [ st am (o).~ (am) (e
< Mk ’tgfl _tffl‘ < % <e th€[0,1— 6.

In the same way, we can show that

W = g, (TG, (A2)) (t2) — ¢p (TG, (A2)) (1)) (110)

1

< / (G (b2, 7) — G (b1, 7)| Frox (7) , ~T&, 2)dr
1—62
< (/ / >|G5 (t2,7) — G (0, 7)| Fry 2, — T, 2)dr
1—62

1—62

< / [to — t1| F(7, x, T0+a:)d7+/ |G5(t2,7')\F(T,$,—T8+z)dT
0 1—62

1
+ [ 1Gs ()l Fir, ~ T a)ar
1-62

€ € €
< -+ -4+-=¢t 1—d9,1].
=~ 3 + 3 + 3 g, U1 S [ 2 ]

Then ¢, (T, (Az)) (t) is equi-continuous on [0, 1]. Since ¢ is uniformly contin-
uous on arbitrary closed interval of R. (T§, (Az)) (t) is also equi-continuous on
[0,1].

(S13) A is continuous in P: Let x, — x as n — oo in P. Then there exists
p > 0 such that sup,,cy ||zn|| < p. Then by (73), there holds

(Az,,) ( / Gq (t,5) g (/01 Ga(s,T)F(T,2p (T),—T8+.’L'n)d7') ds  (111)

< [ e ([ GanFE 0 (). ~Tymarar ) as

< [ Gare ([ 01107001 ~T, 0 ()0 ) s
< (gpmreareh) (/ G )

x (/0152 Go(1)f(7,Go (7) 7 a)d7>

<

Eﬁ(/olGa(s)ds> < 00
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where £ is given by (103) with p replaced by p . By Lebesgue’s dominated con-
vergence theorem,

(Az) ( /G (t, 5) q(/Olcﬁ(s,T)F(T,xn(T),—Tg+xn)d7)ds (112)

— /01 Ga (t,5)¢q (/01 Gs(s,7)F (1,2 (1), —T8‘+x)dr>

= (Az)(t) asn — oo,t €[0,1].

which means (Az,) — (Az) as n — oo.

Similarly, T¢, (Az,) — T§, (Az) as n — oo. Therefore, by Arzeld Ascoli
Theorem, A : P — P is completely continuous.

S2) U ={ze€x:|z|]| <r}, then

|[Az| < ||z|| for x € PN OQy, (113)
where 1 > 0 satisfies
N 20\ PR
ri<mind 1, 7 x (kI (ﬁ) : (114)
where
= 1+b (1 €2)
P = ([ ) (i)™
p—1
p—(A1+Ar2+1)
< oo ( [ G115 Ga) 72700 ) .
0

If x € PN 9Oy, then from (H), (74), (80) and (114), we have

2
Flta (), ~Tgye (1) < Flt,2(0), 0 S (1) (115)
k 2—a d2
= kof(ty(t),t a2? (t)
1 —a

< haft st Ca )1l P I3 ll)

< () I G 0.2

> 3_a 0 y Ua s

< () I G 0.2

— 37@ ) e )

A1
< ks (3;) 2 f(t G (1), £27%), for t € (0,1),
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where ks is defined in (81). From Lemmas 3.4,3.5, (114) and (115), we obtain

1

(Az) (t)

1
Ga (t, 9) @q ( Gg(T)F(r,z, —T8“+3:)d7') ds (116)
0 0

(/01 Ga (s) ds> ©q (Al Gs(r)F (T, —T8“+x)d7>
<3 2 a>A1 T?1“2k2> . (/01 G (s) ds>
g

IN

IN

=

X
~//~

and

3

+
b
8
~
=

—
Il

IN

hS)

2
Y
o\

o
Q
=

—

vh#-

\‘

S~—

=

—

a

R

\
&
+

8
S~—
o
\‘
N~

IA
=
X
VR
A/~
w
| |~
Q
~——
kg
<
=y
+
>
nN
ol
(V]
~___—
b
i

X

Pq ( /0 1 Gs(1)f(1,Ga (7) ,rz—a)d7>

IN

1
r1 = ||z||, where M, = (%&2&2)) 1

for t € [0,1] and thus .(Az) satisfies (113).
(S3) U Qy ={z €x:|z| <ra}, then

|Az|| > ||z|| for 2 € PN 0Q,, (117)
where r9 > 0 satisfies
1 1 1
ro > max\< 1, , =, . , (118)
emy d (62071

my is as defined in (96), € € (0,1) is a fixed number small enough such that
0(c(1=90)4+1)<Ga(t) <(1—=0)(cd+1),c<0
and
1 (t) =t(ct+1) > eG, (t) fort € [6,1—9]. (119)
Setting
NPT

1-96
d=dp x (/5 Ga(T)f(7,Gq (T) ,72_0‘d7> . (120)

1

Ay = KT (1= 20)771 (820) FTFRF5T (emy )™ (6 (c (1 — 8) + 1)) 77
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Now if z € PN 0Qy,, from (90), 92) and (118), we have

—(Tg2) (1) > (b ()7 [, (121)
> (5(c(l=8)+1)7 [,
> (6(c(1—0)+1)7T |z >1fort€[5,1—4].

Similarly, from (95) and (118), we have
ex (t) > emq ||2” ||, = emq ||z]| > 1 for t € [6,1 —4]. (122)
Moreover, for t € [§,1 — 0] by Lemma 3.1 and (119),
2 (0) 2 6 (1) 2l = Ga () 2l - (123)

Hence, for t € [4,1 — 0], from (H), (121), (122) and (123) imply

Flto,~Tgo) > f(tz,~T§,2) = [(t, by~ T ) (124)
> Rty (0), £ ()
> ki f(teGa (0) lylly s (6 (c (1= ) + 1) 77 £27 [y
> (el (60 =)+ D)7 )™ £, G (1), 272)
> ()™ (3(e(1= ) + )7 [yl 16, Ga (1,67°)
= (em)™ (6 (e(1=8) + 1) (1, G (1), 270,

where my € [0, 1] and k; is defined in (80).
Since Gy (t,8) > Gy (t,8) > 5671 = 6% > §°G,, (s) for t,s € [5,1 — 4], it then
follows from (99), (118) and (124), that

(Az) (1) = /O G (t5) oy ( /O 1GB(S,T)F(T,Q:(T),—ngx)dr) ds
o

1— 1-6
50‘/6 ©q (/5 Gg(s,7)F(1,2 (1), T8‘+x)d7'> ds
5% ()7 (/16 ds> (125)
4
1-6
X <<pq (/5 Gp (7) f(T,w(T)y—Télx(T))dT))

1-6
> My x (1=20)r,""" g (/ Gs(T)f(1,Ga (), TZ_O‘dT)
§

> ry= |z

v

v

A2

where My, = k6% (6%) 77 (emy) 7 (5 (¢ (1 — 6) + 1)) 797 . Hence,

1Azllg > [|[] - (126)
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From (100), (118), (120) and (124), we have

TS, (A2) () = ( / (s, F(r, (7 ),—T8“+x)d7') (127)
1-6
(5%)7 <<Pq ( : Gﬁ(T)F(T,fU(T),T&x)dT))

Tz (r), =Tgz (r ))dT>>

Y

\Y

=

Q
k]

M
/N
S

[i=)
/N
o\

2
L,
)
=
2
g

A1+Ao 1-96
2 Mm X ) o ‘Pq </ gB(T)f(Ta Ga (T) 7T2ad7->)
)
> = ||z
Hence,
T, (Ax)|| > . (128)

In view of (126) and (128), we see that (117) holds.

Therefore, by steps one to three, and Lemma 4.1, we see that A has at least
one fixed point © € P N Q\Q. It can be verified that for € P, there holds
x(t) > Gq (1) ||2]|y- Thus, x (t) is a solution of problem (74).

Step 2 : Finally, we will prove that the conformable boundary value problem

(6-7) has at least one positive solution. Suppose that 2*(t) is a solution of (

6-7), we only need to prove that z (t) < x* (t) < T (t), t € [0,1]. The method

is similar for the two inequalities. We only prove z* (t) < T (t) for ¢t € [0,1].
In fact, since z* is fixed point of A and (101), we get

¥ (0) =0 2* (1) = byz* (§1) THpa™ (0) =0 T a* (1) = b TG 2™ (&2),
z(0) =0z (1) =bz (&) TGz (0) =0 TH T (1) =0T T (&)

Otherwise, suppose by contradiction that «* (¢) > Z (t). According to the defini-
tion of F, one verifies that for ¢ € (0,1)

To, (p (Toia®)) (1) = F (1,27 (1), ~TGpa” (1) = f (12 (1), ~T§,z (1)) . (130)
On the other hand, since T is an upper solution to (6), we obviously have

T0+ (¢p (TG, T)) (8) = f (£, T (t), TG,z (), t €(0,1). (131)

(129)

Setting
2 (t) = ¢p (TGLT (1)) — @p (Toya™ (1)), t € (0,1). (132)
From (130) and (131) we can get
T0+Z( ) 0+ (¢p (T0+x)> (t) — T€+ (‘Pp (T8+x*)) (t)
[z (), Tz () — f(6Lz (), Tz (t) =0, t€(0,1),

Y

with
z(0)=0 and z(1) =, (b2)2(C1).
Thus, by Lemma 3.6, we have z (t) <0, ¢t € [0, 1], which implies that
¥p (Tg+f) ) <¢p (T0+5C ) (t),telo,1].
Since ¢, is monotone increasing, we obtain

TG,z (t) < Tgyz™ (1) = Toy (T (1) —2" (1) <0, t €[0,1].
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Combining Lemma 3.6 and (129), we have Z (t) > «* (t) This contradiction
proves the validity of Z (t) < * (t), ¢t € [0,1].

Similarly, suppose by contradiction that x (t) > a* (¢). By the same way, we also
have z* (t) > z (t) on t € [0,1] so

c(t) <o (1) <T(), telol], (133)

that is, a* (¢) is a positive solution of the conformable boundary value problem
(6-7). Furthermore, z (t), Z (t) € P implies that there exist two positive constants
0 < a; <1 < as such that

0<a1Ga(t) Sz(t) <a(t)<T(t) <asGa(t), tel01].

Thus, we have finished the proof of Theorem 4.1. From the Theorem 4.1, we can
easily derive the following corollary.

Corollary 1. Suppose that condition (H) are satisfied, then the conformable bound-
ary value problem (6-7) with the Lidstone boundary conditions

z(0) =0, (1) =0,TF, 2 (0) =0, Tg,z (1) =0,
has at least one positive solution x.

we present the following theorem without proof because the proof are similar to
Theorem 4.1.

Theorem 4.2. If f (¢, 2z, T§, z(t)) € C([0,1] x (0, +00) x (—00,0),[0,+00)) is
creasing in x and f(t,G (t), 12~ ‘1) # 0 for any Go(t) > 0, then the boundary
value problem (6-7) has at least one positive solution x, and there exist two positive
constants 0 < a1 < 1 < ag such that a1Gy(t) < z(t) < a2Gy(t).

4.1. Example. We conclude this section with an example as an application of our
discussion. Typical functions that satisfy the above sub-linear hypothesis are those
taking the form

n m
t:l?y :ZZQl’k x#k ILI
Ik

here Q11 (t) € C(0,1), Qi x(t) >0o0n (0,1), ux € R, p < L.

To obtain the approximate solutions of (6-7), the assumption of f (¢, z,y) <
No(t)N1(z)N2(y) is usually needed. Now, we give one example to illustrate the
above results. Consider the following p-Laplacian conformable boundary value prob-
lem (6-7) where

f(tay) =t (1—t)" ah2yhs 0<t <1, (134)
where p > 1, po, 11 € R and p, pu3 >0, p2 +pg >p — 1.

Clearly, f is nonincreasing relative to z. This shows that (H) holds. Theorem 4.1

implies that the boundary value problem (134) has at least one positive solution.

Conclusion. A necessary and sufficient condition for problem (134) to have at
least one C? [0, 1] positive solution is

B=1+po+@2=a)ps+(a—1)pz>-1and p > -2,

or
B=1)+po+2—a)us+ (a—1)ps > —1 and p1 + p2 > —2.



SINGULAR p -LAPLACIAN BOUNDARY VALUE PROBLEMS 25

5. Dependence of solution on the parameters. For f Lipschitz in the sec-
ond and third variables, the solution’s dependence on the order of the differential
operator, the boundary values, and the nonlinear term f are also discussed.

In the following, suppose that (A) holds and for any = € X and ¢ € (0,1), we let

(f) () = f (t,2 (t), TG,z (1), (foe) (1) o= f (t,2e (1), ~ TGy (1)) . (135)

5.1. The dependence on parameters of the left-hand side of (6). We show
that the solutions of two equations with neighbouring orders will (under suitable
conditions on their right hand sides f) lie close to one another.

Theorem 5.1. Suppose that the conditions of Theorem /.1 hold. Let x (),
xe (t) be the solutions, respectively, of the problems (6-7) and

Ty, (pp (To2)) (t) = f (t, 2 (t), ~T§,x (1)), t € (0,1),¢ >0, (136)

with the boundary conditions (7), where 1 < a — e < a < 2. Then,
|z — x|l = O (€), for e sufficiently small.

Proof. By the above theorems, we can obtain the following results. Let

= /01 Gae(t, s)pq (/01 Gg(r,s) (fz.) (1) d7> ds. (137)

be the solution of (6-7), where

bit

Gae t,s =ka—c t,s) + ————
(t,5) (t,s) s

Eo—c (&1,58). (138)

On one hand, from (37) and (137) yields

’/ Ga(t,s)® Ga(r,s) (f) dT) ds (139)

108
— / Gae(t,s)P (/ Gat,s) (fre) d7'> ds
a0

Gﬁ('rs) fx)( ) )dS

0
1
- / Ga(t,s)Pq (/ Ga(r,s) (fre) dT) ds
0 0

1 1
+ / Ga(t,s)‘Pq / GB(Tys) (fze) (1) dT) ds
0 0

1 1
- / Gae(t,s)(pq </ Gﬂ(‘rvs) (fl'e) dT) ds|.
0 0

|z () —ze (1) < /01 Gats) | Pa (/01 Gp(r,s) (f2) dT) (140)

1
S </ Gar,s) (fre) dT) ‘ ds
0
1 1
A |Ga(t,s) - Gae(t,s)| Pq (/O GB(Tvs) (f.’L'e) (’7’) dT) ds.

|z (t) — 2 (1)]

alt,s)

+
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On the other hand, in a similar manner, we can get

1 d 1
tlia </ &Ga(t,s)goq </ G,B(T,s) (fxe) d7_>
0 0
1 d 1
/ aGa(t,s)wq (/ GB(T,S) (fxe) dT)) ds
0 0
a 1 d 1
t &Ga(t,s)goq G,B(T,s) (fxe) dr
0 0
1 d 1
- / aGa(t,s)wtl (/ GB(T,S) (fxe) dT)) ds
0 0
a 1 d 1
t &Ga(t,s)wq G,H('r,s) (fl'e) dr
0 0
1 d 1
- / aGae(t,s)wq (/ G,B(T,s) (f$€) dT>) ds
0 0

| TG, = (t) — TG,z ()]

+

Thus,

T8, () — Tg e (1) (141)

[ i fon ([ o far)()d7>
- (/ Gow (2 0)) ] a
so(/ Gav (1) (0 ) ds.

/ d
+
0
1
le—zd < o, ( / Gmt,s)ds) (142)

dt
Moreover, from (140), (141), we have
1
[/0 g (fz) () — @q ((fze) (1)) ds]
d d

1
+ / Goc ,8) Goce ,8 + (Ga ,8) 7Ga€ ,8 > ‘ @ fxe d5:|
| (Gatrs) = Gactt) + | g Gatt) = grGactes) || 0a (f7e)

From (36), we have
1
/ Ga(t, s)ds
0

Using an analogous argument it holds that

IN

-G a(t,s) — Gae(t s)

dt

X

d
Ga(t,s) =+ aGa(t,s)

IN

t 1
/ (1—-1%) sﬁ_lds—i—/ t(1—s)s?2ds
0 t

1—t t
S 7 tEen S Ea

/ (Gate ds < 225 (1+ 735 ) and

[l
0

dt

1
Gt ds < — (14 g ) - (143)
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Similarly, it holds that

1
/0 ’Ga(t,s) — Gac(t 3)| ds < GeTya=e) (1 + 1= blgl)

and
/ Gpads < 517 [1+ 25 and/ Gaermds < 7 [1+ 185 ] . (149)
i) In case 1 < ¢ < 2 we apply (15). From (140),we have

loq (F2) () = pq ((fze) (1))
< 2279(fz) (t) = (fae) ()" (145)
<2790 o — |7

where

|(f2) (8) = (fze) ()] < Lz — |-
From (140), we get

2—qrq—1 q-1 —1
lo -zl < Zok (14 251) (G 1+ =25)) le— 2" (146)

+22*q(Hf|| 1 (1+ b ))ql e (1+ )
(ﬂ—l) 1—b0§2 (04—1)(04—6—1) 1— blfl

Consequently, we obtain

[ =zl < (147)

2274(‘(“&(1-"_1 ioﬁz))q_l(l-i_l 21151) €
(-2 (1 i) (i (1)) ] (@ = Do —e— 1)

where
Iflll = sup {max|f (t,x6,7T8‘+ze)| ite (0,1)}
0<e<a—1

22-apa-l by 1 b a1
0< [1 NG (1 + 1—b151) ((/3—1) (1 + 1—1%52)) ] =1

ii) In case ¢ > 2, we apply (16) and the inequality (17) to obtain

pq (F2) () = @q (fz) ()]

and

< (a= D [I(f2) = Fz)l+ 12" () = (fz))]

< (a=1) [I(F2) (1) = (o) (O] + 1(Fz) D1 (1(f2) (1) = (Fz0) )]
< (g= DLl =zl + 117 (L 2 =z

< (q= ) (NTILI2 o — a7 ) (L - el

[ (f2) (1) = g (f2) ()] < (a=1) (NT9LI72 4 w30 | 1)°7)
x (L2 —adl).
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Thus, by (140), we have

Jo =zl < Oy (NTILI2 4 B ) 7) (148)

q—1
€ b
‘*(a—lxa—e—1)(1‘+ L_&gl> (Hf” = 1)(1‘Jr e %§2>) ;

Oy = =) (1+ ) L (14 D "
R CEY) T=0iEs (B—1) 1 — bos )

Thus, in accordance with (147) and (148) we obtain || — z.|| = O (e) . O

where

Theorem 5.2. Suppose that the conditions of Theorem 4.1 hold.
Let z (t) ,x () be the solutions, respectively, of the problems (6-7) and

T/ (pp (Tqx)) (t) = £ (t,2 (1), —T 2 (1)), t € (0,1), € >0, (149)
with the boundary conditions (7), where 1 < 8 —e < 8 < 2. Then,
|z — x|l = O ().
Proof. Let
1 1
— [ Gatrea ([ G (72 ) s (150)
0 0
be the solution of (6-7), where
bot i
Gpe(t,s) = kp_c(t,s) + ————kp_e(&2,8), bo =05 . (151)
1 —bo&2
Then (150) and (151) yields.
Observing that
/Gﬁts)d [1+1b§ and/GBEz, ds Sf[l—’—l%&}' (152)
Similarly of Theorem 5.1, we also have ||z — z.|| = O (e). O

5.2. The dependence on parameters of initial conditions. Let us introduce
small changes in the initial conditions of (6-7) and consider (6) with boundary
conditions

2(0)=0, (1) =biz (&), (153)
T2 (0) =0, To ‘o (1) = boI5 “w (&), 1 <a—e<a.
Theorem 5.3. Assume the conditions of Theorem 4.1 hold.

Let x (t), zc (t) be respective solutions, of the problems (6-7) and the boundary con-
ditions (6-153). Then ||z — z|| = O ().

Proof. Let
1 1
— [ Gotore ([ Gaetroorrramar)as sy
0 0
solutions of the problem (6-153), where
Gge (t, s) = gﬁ(t s) + 1 bz(;gg gﬁ(f% s),bo = Pp (b263) . (155)

It is easy to see that |z — z|| = O (e). O
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5.3. The dependence on parameters of the right-hand side of (6).

Theorem 5.4. Suppose that the conditions of Theorem 4.1 hold.
Let z (t) ,x (t) be the solutions, respectively, of the problems (6-7) and

Toy (¢ (T5y2)) (1) = £ (tx (1), ~T§ya (1)) +¢, t€(0,1),  (156)
with boundary conditions (7), where 1 < a < 2. Then || — z.|| = O ().

Proof. In accordance with Lemma 3.1, we have

1 1
P = / Guaiton) 20 < / Gr [(F2e) (7) + dT) ds. (157)
0 0
i) In case 1 < ¢ < 2 we apply (15). From (140), we have

[q ((F2) (£)) = g ((f0) () + )]
< 2270 (|(f2) () = (f) () + )" (158)
<22 (WL o1 e )

Therefore, by taking

Ry = (g=1) [(a)™ + Qapa)™ 072 4 03 4072 () ()]
Rz = (a=1) [Oam)®™ + ap2) ™ 2 402+ 287 () (0]
we get

[0q ((f2) (1)) = @q (fze) () + €)] < Ror ||« — el + Roa-
ii) When ¢ > 2:

g ((f2) (8) — g ((fze) (t) + €
< (= D (1(2) () — () (1) — el + |(F0) (1) + €)™
< ((f2) = (Fre) )

<(g=1) (X01(f2) = (fae) = "+ 1 |(f) + €7

< ([(f2) — (f2) - e (159)
< (= 1) (W11(F2) — (Fa0) — 72+ 70 (f) + )

x ([(fz) = (fze) —€l)
< Ry ||z — || + Ria.

Therefore, by taking

R = (¢-1) [(Alul)q_g (T4 6) + Map2) " e + M e+ X177 | (f20)]|
Riz = (q=1) |Oap)®* e+ 03702 407 (fa) (1) ]
we get

loq (f2) (1)) = @q (fze) (1) + )] < Ruy ||z — el + Rua-
It is easy to see that |z — z|| = O (e). O
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6. Conclusion. Differential equations with the p-Laplacian operator arise in
modeling different physical and natural phenomena, which can be encountered in,
for example, non-Newtonian mechanics, nonlinear elasticity, glaciology, popula-
tion biology, combustion theory, and nonlinear flow laws and system of Monge—
Kantorovich partial differential equations. Thus, the consideration of p-Laplacian
equation in frame of derivatives becomes compulsory. As a result of this interest,
several results have been revealed and different versions of p-Laplacian equation
have been under study.

In this article, we have studied a class of fourth point singular boundary value
problem of p-Laplacian operator in the setting of a local fraction derivative, namely
a newly defined conformable derivative. By using the upper and lower solutions
method and fixed point theorems on cones, necessary and sufficient conditions for
the existence of positive solutions were obtained.

We present an example to demonstrate the consistency to the theoretical findings.
We have also investigated the continuous dependence of solutions all on its right side
function, initial value condition. Using these results, the properties of the solution
process can be discussed through numerical simulation. We hope to consider this
problem in a future work.

We claim that the results of this paper is new and generalize some earlier results.
For example, by taking p = a = 8 = 2 and by = 0, in the results of this paper which
can be considered a special case of a simple Jerk Chaotic circuit equation see [20].

At the end of this article, we also remark that the extension of the previous results
to the nonlinearities depending on the time delayed differential system or impulsive
differential equation taking into account that sometimes the corresponding research
when the fractional derivative with non-singular kernels are considered is interest-
ing, in the future work, we will focus our concentration on the Caputo-Fabrizio
derivative, Atangana-Baleanu, fractional derivatives of a function with respect to
another function and try to mix idea of this work with ¢-fractional derivatives.
Also, the reader can find some new methods for approximate solutions of fractional
integro-differential equations involving the Caputo-Fabrizio derivative or extended
fractional Caputo-Fabrizio derivative. The approximation solutions are interesting
and need more concentration.
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