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The present exploration is concerned with fundamental elements corresponding to the phase decomposition in
(Fe-Cr-Mo) and (Fe-Cr-Cu) ternary composites. For the ternary composites of iron, we examine the dynamical
behavior of the phase separation. The dynamic of this separation is depicted by a model known as the Cahn-
Hilliard equation. The nonlinear self-adjointness for the model under consideration is taken into account. The
conserved quantities are calculated with the help of the direct method. For each symmetry generator, we have

reduced the considered equation into non-linear ordinary differential equations (ODEs). Also, we have computed
the optimal system of the equation under study to find the similarity reduction. Also, the traveling wave
structures of the Cahn-Hilliard equation are obtained with the modified simple equation (MSE) technique.
Moreover, solitary wave structures is exhibited graphically in the form of 3D, 2D and contour plots.

Introduction

Many physical phenomena in nature can be modeled [1] or best
stated by the differential equations. The solutions of non-linear differ-
ential equations impact great value in many fields of engineering and
science [2]. The exploration of the traveling wave structures has of great
value role in physics, mathematics, and other non-linear physical phe-
nomena. It is not an easy job to find out the solutions to non-linear
problems. In literature, there exist many techniques for the evaluation
of the correct results for such a class of problems, few of them are given
such as, the improved F-expansion method [5], inverse scattering
technique [4], the tanh function technique [3], (G' /G)-expansion tech-
nique [7] and the Jacobi elliptic function expansion technique [6].

From few past years, the physicists and mathematicians have found
the potential of the nonlinear wave equations for speaking to the
nonlinear phenomena in a different zone of science, for example, ecol-
ogy, geography, human science, zoology, designing, medication, applied
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mathematics, applied physics, medication, and software engineering
[8-12].

The numerical and analytical simulations of Cahn-Hilliard equation
are discussed with two well-known techniques Modified auxiliary
equation technique and cubic B-spline method [13]. In [18], authors
have studied Fourier spectral approximation for the Cahn-Hilliard
model in a 2D case. P.O. Mchedlov-Petrosyan [20], found the exact
solutions of the convective viscous Cahn-Hilliard equation. A. Scheel,
Spinodal [21] discussed the decay and coarsening fronts in the Cahn-
Hilliard equation. The Instability of traveling waves of the considered
model is mentioned in literature [22]. In present work, we inquire the
nonlinear self-adjointness, conservation laws, and traveling wave
structures of the model under consideration. The considered model has
the formula of the type [14-23]:

(Uer), = Mcr (Vug, = Ker(Uar)yy = Len(Ur)ge ) o0 }

(Uy), = My (Vug - LY(UCr)gf - Ké’(UY)
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where Uy(¢,7), Ug(€,7) are attentiveness arenas of Y and Cr features,
respectively [42,43]. System (1) gives

(Uer), = Mc, {VU%V(UO')gg + Voew: (Ur)ge + 2V 4, (Uer)(Uy) + Vi, ((Ucr)5)2

+ Vi (Ur)) = KerUer)gge = Lear(Un e |
(Uy), =

+ VU]Y((UY):)Z ~Lyer(Ucr) e — KY(UY)&&&;]'

The systemic solution model allows indigenous free energy to be
written in the following formula

V= V¥(1—Uc—Uy)+ V*Uc + V¥** Uy + Oy Uy(1 — U, — Uy)
+OrecUcr(1 — Ucr — Uy) + Oy U Uy + RT[(1 — U, — Uy)
In(1 — Ug, — Uy) + U In(Uc,) + Uyln(Uy)],

3

where V*, V** V*** indicate the energies of pure Fe, pure Cr, and pure
Y components, while the parameters of interaction are Op.x, Opecr, Ocry-
The singular nature of the logarithmic term around the values of —1 and
1 prevents the solution from reaching these singular values, and this
subtle fact indicates that the proposed algorithm has a unique solution
with preserved positivity for the logarithmic arguments. [24,25] In
addition, R and T represent the constant and absolute temperature of the
gas, respectively. Eq. (3) gives

1 1
Voo +20per — RT(—— 4 ——— ) =0,
vz, + 2Orec (UCrJrl*UCr*UY)

1 1
VU2y +20@py — RT (* +

S, 4
Uy lfUC,ny) o @

RT

S —
1 —Ue — Uy

Vuauy — Ocy + Orecr + Oy —

The application of the Cahn-Hilliard equations for binary alloys of
(Fe-Cr) and (Fe-Y) can find mobility and gradient energy. These equa-
tions are linearized as

(Ui)f +Di(Ui)g~§+MiKi(Ui)5555 = 07 5)
where U; = { gCr D; = M;(V) 2 and M; shows the uphill diffusion. Also,
Y, t

we can mention the Cahn-Hilliard equation as

¥, = V.M(P)V[f(¥) — 2AY], (&7) €@ xRF
n.VY = n.M(P)V[f(P) — *AP], (£7) €00 x R". (6)

In the view of the above system, we can mark the Convective-
Diffusive Cahn-Hilliard Equation

¥, = V.[M(P)V((¥))y KV, %
here ¥(&,7) is the concentration, M(¥) shows the mobility and f(¥)

indicates the double-well potential (polynomial approximation). More-
over, above equation gives

¥, +D*¥ = D’A(¥) +ID(¥), [>0 (8)

here A(W(&,7)) is an intrinsic chemical potential with a particular value
as A(W(&, 7)) = W3(£,7) —W(&,7) and W(&,7) shows the concentration of

My Vi (Uar)se + Vg (Ur)gs + 2V 02 (Uar)(Un); + Vi 1, (Ucr),)’
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one of two phases in a system and (ID¥(¢,7)) is the phase transition
affected by the steady fluid flow [40,41].
The pattern of the present article is arranged in this order: Section (),

(2

is the introduction of the model. Section (), describes the nonlinear self-
adjointness of the considered model, conserved vectors by the direct
method, optimal system, and similarity reduction of the convective-
diffusive Cahn-Hilliard model. In Section (), we use the MSE method
to find the traveling wave structures of the model under study and
present their graphical interpretation of obtained solutions. In Section
(), we write results and discussion for obtained solutions. Section () is
left for the conclusion.

Nonlinear self-adjointness and conserved vectors
A general review

Suppose the general form of the m-th order PDE of the form

G:G(§7l¥vq‘lv‘l}27~~~7l¥m)7 (9)

where dependent variable ¥ = W(¢) and independent variable & = &(&;,
&gy ..yEp). Also W1 and ¥, show the first and m-th order derivative of ¥
respectively. Now the formal Lagrangian .~ = vG is assumed such that
for Eq. (9) adjoint equation has the following form

s
T = , 1
G W(Vc), (10)

where
5§ 0 , 9
5=+ Z:; (=) Di-.. D, an

is termed as the Euler-Lagrange operator with D; as total derivative
operators and given by

0 0 0
D,‘:a—éi-i-‘l’iﬁ-&-‘f‘ija—%-&-‘... 12)

Definition 1. Eq. (8) is termed as strictly self-adjoint when the equa-
tion attained from its adjoint equation by putting v = ¥ is same as to Eq.
(9), if

Gﬁly:‘[‘ :ﬂ(§7T~)G7 (13)

for some y € 7

Definition 2. Eq. (8) is known as quasi-self-adjoint when the equation
attained from its adjoint equation after putting v = ®(¥) # 0 issame as
that of Eq. (9), such that

G|, o) = H(E Y, ...)G, 14)

where y € 7.

Definition 3. Eq. (8) is called weak self-adjoint if the equation
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attained from its adjoint equation after putting v = ®(£,¥) # 0 is same
as Eq. (9) for a particular function @ such that @y # 0and @, # O for

some &, such that

Gﬁlv:d)(;‘l") = ﬂ(§~ \P7 )Ga (15)

where y € 7.

Definition 4. Eq. (8) is called nonlinearly self-adjoint when the
equation attained from its adjoint equation by the substitution v = ®(¢,
¥), with a particular function such that ®(&,¥) # 0, Eq. (9) fulfill the
condition,

GﬁL:m(g_\p) =uY,...)G, (16)
where y € &. It is good to mention that Ibragimov [26-28] gave the
concept of above three Defs. (1), (2), (4) and Gandarias [31] introduced
the idea of Def. (3).

Theorem 1. Suppose Lie point, Lie-Backlund or nonlocal symmetry of
Eq. (9) of the form
;0 0
Z=¢'—+n— 17
¢ oF Hhag 17

with a formal Lagrangian .. Then the conserved vectors for systems (8)
and (10) can be written as

;i o 07 07 07 07 0
cf = ¢’J+W[——D,»< )-I-DjDk( >}+D,(W){——Dk<aT
i ijk

0¥,

0z
¥ ijk ’

0P 0 0%

+D;D (W)

here W is termed as the Lie characteristic function and can be acquired

from
W=n—¢'¥, 19

while D;(C¢) = 0.

C = -oY,,

Results in Physics 25 (2021) 104151
G = —6VWYs — 6v‘P§ — Ve + v + 120 P, + lZv‘Pg + 120¥We: + v
—3vg: — 6V PP, — 6V} — 6V, P, — 6V, PP, — VPP,
(22)

Now, by applying Definitions 1 —4 and after performing some com-
putations, we put the theorem as follows:

Theorem 2. Eq. (8) is not strictly self-adjoint, quasi-self-adjoint or weak

self-adjoint. Nevertheless, Eq. (8) is nonlinearly self-adjoint for v = ®, while
®(7, &) is the solution of the following equation:

23
—®, + 1D — 20z = 0. (23)

Conserved vectors and connected Lie symmetries

In the present subsection, we calculate the conserved quantities with
the help of symmetries for an arbitrary value of the function A(¥). The
symmetries of Eq. (8) are [32-35]

0 9

2, = % (24

If we take A(¥) = ¥° —V, then there are infinite many conservation
laws presented below:

)

(18)

(I) The conservation laws for Z; are
C =7 — Y,
C° =P[O+ 129F;) + D; — 3P°D; — 6PV D + D]
W [0 = 3WPD — Dy | + Ve D,

where © satisfies Eq. (23).
(II) The conserved quantities corresponding to symmetry Z, are

C =L W[ - D+ 129F;) — ®; + 3V D; + PP D — D] — P [3P°D — D + D

—Wee @,

Nonlinear self-adjointness classification

In current subsection, we will describe the classification of nonlinear
self-adjointness [30] of Eq. (8). Now, suppose the formal Lagrangian .~
with value of A(¥) = W3(&,7) —¥(¢,7) of the form:

L =v[W, + W + W — W, — 397 — 69V}, (20)
Eq. (10) yields:

5
G* = 5 V(e + Wer + Weer — W, — 397V, — 6WW]) |, (21)

which gives as follows

where © satisfies Eq. (23).

Conserved vectors by multiplier technique

Anco and Bluman [29] built up a precise technique for developing
non-trivial conserved vectors. For this, there is a need of searching the
multipliers A of definite order for a discussed differential equation
which is additionally used to find their related fluxes utilizing suitable
strategies. For determining multiplier equations A = A(z,£,¥), we apply
the Euler-Lagrange operator as

7

e (25)

[A(¥, + D'¥ — D*A(¥) — ID(¥))] = 0.
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After, solving Eq. (25) we get a system of determining equations and
has cases given below:

It+¢
l I

(i)A = (ii)A = 1.

Now, corresponding to the multiplier A' we have the following
conservation laws:

1
o=+,

Cf :,l

while multiplier A? yields the following conserved quantity

o=V,
C =W, + W — 3P, — 1Y,

for the choice of the arbitrary function A(¥) = ¥° —¥.

Optimal system

Since, Lie algebra L = {Z;,Z,} satisfies the followings:
[Zl ’ Zz] =0,

(26)

where [,] is termed as Lie bracket and defined as follows:

Results in Physics 25 (2021) 104151

[Z:,Z)] = Zi(Z;) - Z,(Z,), (27)

where Z; and Z; are the symmetry generators.
For Z, and Z, which satisfy (26), the optimal system [32] of one-
dimension is given by

(Z41),(Z>), (Zy + cZ)

; [300P°W; + PoP + 3978, — I0W, — [0y + [¥; — V° — &, — ¥, + ¥ + Pz,

Reduction of equation

In this subsection, the similarity reductions are done with each
element of optimal system for Eq. (8).
(1) For £1 = (Z;). In this case, we can get

e=¢  ¥=go) (28)
here g satisfies ODE of the following form
"= (8 —g) +lg. (29)

Now, integrating two times Eq. (29), and ignoring constants of
integration

0.5-

-5 5 10

-10 -5

[o]

5 10

Fig. 1. (a) Graphical representation of Eq. (56) with suitable values of the parameters.
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-10 =5

5 10

Fig. 2. (a) Solution Eq. (57) for c =1,k = 2 and [ = 1.3 (b) 2D graph with £ = 2 (c) Contour plot.

_%(l)gz +¢' —g+g=0. G0

(2) For £, = (Z,). In this case, we get
e=1,  ¥=glo), (3D
which gives a constant solution.

(3) For £35 = (Z; + cZ). For this case, we can easily obtain
e=¢—ct,¥=g(o), (32)
here c is the wave velocity. We have

(33)

—cg+g = (-8 +1s.

Integrating Eq. (33) twice and ignoring constants of integration

1 (34)
—le+Dg +¢ g +g=0.

Traveling wave structures

Traveling wave structures of Eq. (34), we used the modified simple
equation (MSE) method.

Description of MSE Method

Assume a non-linear equation of the type

F(P, W, Wy, Wor, W, ...) = 0, &€ R &220, (35)

where & is function of W(¢&, 7) with its partial derivatives. The important
steps of this method [36-38] are summarized below:

Step:1: The traveling wave transformation [39],
P(&,7) =Y(e), e =k(££cT) (36)
where ¢ and k are the speed of traveling wave and wave number

respectively.
The above Eq. (36) transforms Eq. (35) into the following ODE:

R, W, ¥",...) =0, (37)
where N is a function of ¥(¢) with its derivatives. Also, for simplicity
Y =dr

Q

Step 2: Suppose the solution of Eq. (35) can be presented as:
M '
#(0)
¥(o) =Bo+ ) B ) (38)
; (¢(0))

where M is a positive integer, By # 0, and B;(i=1,2,3,...,M) are
arbitrary constants to be found later, and ¢(¢) is a function to be found
after this, such that ¢'(¢) # O.

Step 3: The value of M in Eq. (38) can be found by balancing the
highest order derivatives and the non-linear terms occurring in Eq. (35)
or Eq. (37).

Step 4: Incorporate Eq. (38) into (37), and find all the derivatives ¥,
¥”, ... of the function ¥(¢) and then account the function ¢(o). After
putting this, a polynomial of ¢, (j = 0,1,2, ...) with the derivatives of
¢(¢) will be obtained. By comparing the coefficients of ¢~ to zero,
wherej = 0,1,2,.... Then as a result, we have a system of algebraic and
ODESs. By solving the algebraic equations, we get the values of B),s, and
value of ¢(¢) can be obtained by solving the ODEs. Hence, the complete
solution of Eq. (35) is obtained by putting the values of By and ¢(¢) into
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-10 -5

[s]

5 10

Fig. 3. (a) Solitary wave solution of Cahn-Hilliard equation obtained from Eq. (58) for ¢ = 1,k = 2 and I = 1.3 (b) 2D graph with ¢ = 2 (c) Contour plot.

Eq. (38).

Applications

The traveling wave transformation,

¥ = g(o), 0 = k(& —c1) (39)

converts Eq. (8) into this ODE

. / 40
—ckg +k'g" =k (g —g)" +Ikg . “0

Two times integrating Eq. (40) and ignoring constants of integration,
we have

k (41)
_E(C +DP+k + kK (g—g%) =0.

Now, by balancing the terms g’ and g, gives M +2 = 3M which
yields M = 1. Hence, the solution Eq. (38) takes the form,

’

g0 =B, +8,(%),

42
& (42)

where By and B; are constants and B; # 0, and ¢(¢) is a function to be
found later. It is not difficult to calculate that,

nlt- ]
"= Bl% 331%?/ +2B, (%)3 (44)

Incorporating the values of g’ and g into Eq. (41) and comparing the
coefficients of ¢°, ¢!, 2,2 to zero, gives:

K (By — B}) —g(c+l)B(2) =0, (45)

K*Bi¢” + (K*B) — 3k*B2B, — kcByB, — kIBoBy )¢ =0, (46)

—3k'B,¢p ¢ — (3kZBOB§ + %Bf + %Bf) $r=0, “7

(2k*B, —K*B})¢> = 0. (48)
By solving Egs. (45) and (48), we get:

BO:O,i%_C_lJr c22201+16k2+12731:i\/§k’ B 40 (49)

Case-I: When B, = 0, putting this value into Egs. (46) and (47) gives
an inappropriate solution. Therefore, this case is overruled.

Case-Il: When By = £} —¢-LVe2dil64E  the Egs. (46) and (47)
give,

m

% +a=0, o
2_3k2B2_
where o — 3(=3€B —k(e+)Bo)
3k2Bo+5(c+D) | By
Integrating, Eq. (50) with respect to ¢, gives
" = biexp(—ag). o
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Egs. (51) and (47), give
/ 3kt

é = —b exp( — ag). (52)
(3k230 +c+ 1)) B
Therefore, by integrating, we get:
3kt
¢ =br+b ), (53)

3(k2 — 3k2B2 — k(c + )Bo) exp(—ae
where b, and b, are arbitrary constants. Putting the values of ¢ and ¢
into Eq. (42) gives the solution,

—b,3k*exp(—ag)
(k2 — 3K2Bj — k(c + )Bo)b, + 3k*b exp(—ag)’

g(0) :Bo+31ﬁ3 54

3(k2—3k2B§—k(c+l)Bo)

where = . Substituting the values of By, B; and a and
(3k230+§(c+1)) B

simplifying, we get

1 —c— 1+ +2cl+16k* + I
Y(E, 1) Ziz X

3k*b, {cosh(a (& — ct)) + sinh(a (£ — 1))}

+v/2kf

Results in Physics 25 (2021) 104151

d = ﬂ’ _ 3 V2(5¢VcT+ 2+ 16K+ 2 +51V/c?+ 2+ 16K+ 2 +5¢% +10cl+16k>+512)
- - 4

where 12 (504514 3V 1201 1621 1)

and
o = —B(c? + B)-LBcd—6k? —L3(c + )Vc® + 2cl + 16k> + P
Putting by = 5zb2 and by = —5fb, into Eq. (55). For ¢ < 0, we have
the following solitary wave solutions in respective order.

1—c— 1+ V@2l + 16k +

Y,(67) =+ 1 - tanh((a (€ — c1))), (56)
—C — 2 2 2
W6 1) = % c—1++/¢ 22c1+ 16k% + [ coth(( (& — 1)), &7

Now, by using the hyperbolic functions identities, Egs. (56) and (57)
give the following periodic traveling wave structures for ¢ > 0

1 —c—1+ c2+201+16k2+12t

(@b, + 3K*by )cosh(a (& — ct)) + (@b, — 3k*by )sinh(a (£ — c1))’

Ws6(8,7) = +ig . an((a (£ — 1)), (58)
—C — 2 2 2 ,
W7,s(§,r):ii% et ve :20’“6" E (@ E—er)). (59
(55)
'
T
1)
—“10 -‘5 ‘ é ‘ 10 T

|

10
1.0
0.8}
0.6
0.4}
0.2}
-10 -5

o 5 10

Fig. 4. (a) Solitary wave solution Eq. (58) for c =1,k =2 and [ = 1.3 (b) 2D graph with ¢ = 2 (c) Contour plot.
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The solutions ¥(¢,7) acquired in Egs. (56) and (57) are presented in
the Figs. 1-4.

Results and discussion

Fig. (1): In this figure, we discuss the 3D, 2D and contour plots for
the ¥; 5 with constant parameter as (a): 3D graph forc =1,k =2andl =
1.3 (b): 2D with £ = 2 (¢): contour plot with taking 7 and ¢ as variables.
We have found the solitary wave solution which is of kink type solution.

Fig. (2): In this figure working on the same lines as in Fig. (1), we
also see the physical appearance of the solution by different types of the
graphs and found that the solitary wave solution is of the singular soliton
type.

Fig. (3): In Fig. (3), we report the various type of the graphs by
taking the same values of parameters as Fig. (1). This representation of
the obtained solution shows the periodic wave solution.

Fig. (4): In this graph, we draw the obtained solution by fixing the
values of parameters as in Fig. (1). This figure indicates the solitary wave
of periodic wave type.

Conclusion

In the current study, the Lie analysis technique and multiplier
method is utilized for the formation of some exact solution and
conserved vectors. The optimal system of Lie algebras has been calcu-
lated and applied to find the conserved quantities of the equation under
study. The symmetry reductions for each element of the optimal system
is presented. Also, the exact traveling wave structures of the Cahn-
Hilliard equation are easily obtained with the implementation of the
MSE method. To understand the physical interpretation solitary wave
structures are exhibited graphically. We claim that the MSE method is a
simple, concise, and efficient method to find traveling wave structures of
nonlinear equations as compared to other existing methods. It is simple
in the sense that it does not require software like Maple or Mathematica
for symbolic computations as compared to other existing methods i-e the
Exp-function technique and the tanh-function etc. does. The main
drawback of this used method is that it cannot solve the nonlinear
equations with a balanced number M>2. To search out the reason for its
failure is the future direction of study.

CRediT authorship contribution statement

Muhammad Bilal Riaz: Conceptualization, Investigation, Method-
ology. Dumitru Baleanu: Data curation. Adil Jhangeer: Software,
Visualization, Supervision, Formal analysis. Naseem Abbas: Validation,
Writing - review & editing.

Declaration of Competing Interest

The authors declare that they have no known competing financial
interests or personal relationships that could have appeared to influence
the work reported in this paper.

Acknowledgement
aaa

References

[1] Zill DG. A first course in differential equations with modeling applications.
Cengage Learning 2012;49.

[2] Chau KT. Applications of differential equations in engineering and mechanics. CRC
Press 2018;51.

[3] Malfliet W. The tanh method: a tool for solving certain classes of nonlinear
evolution and wave equations. J. Comput. Appl. Math. 2004;164:529-41.

[4] Ablowitz MJ, Clarkson PA. Solitons, nonlinear evolution equations and inverse
scattering transform. Cambridge: Cambridge University Press; 1991.

[5]

[6]

[71

[8]

[91

[10]
[11]

[12]

[13]

[14]

[15]

[16]

[17]
[18]
[19]
[20]
[21]
[22]
[23]

[24]

[25]

[26]
[27]
[28]
[29]
[30]
[31]
[32]
[33]

[34]

[35]

[36]
[37]

[38]

[39]

[40]

Results in Physics 25 (2021) 104151

Wang D, Zhang HQ. Further improved F-expansion method and new exact
solutions of Konopelchenko-Dubrovsky equation. Chaos Solitons Fractals 2005;25
(3):601-10.

Liu S, Fu Z, Liu SD, Zhao Q. Jacobi elliptic function expansion method and periodic
wave solutions of nonlinear wave equations. Phys Lett A 2001;289(1-2):69-74.
Wang M, Li X, Zhang J. The (G /G)-expansion method and travelling wave
solutions of nonlinear evolution equations in mathematical physics. Phys Lett A
2008;372(4):417-23.

Qureshi S, Yusuf A. Modeling chickenpox disease with fractional derivatives: from
caputo to atangana-baleanu. Chaos Solitons Fractals 2019;122:111-8.

Qureshi S, Yusuf A. Mathematical modeling for the impacts of deforestation on
wildlife species using Caputo differential operator. Chaos Solitons Fractals 2019;
126:32-40.

Qureshi S, Yusuf A. Fractional derivatives applied to MSEIR problems: comparative
study with real world data. Eur Phys J Plus 2019;134(4):171.

Feng LL, Zhang TT. Breather wave, rogue wave and solitary wave solutions of a
coupled nonlinear Schrédinger equation. Appl Math Lett 2018;78:133-40.

Yan XW, Tian SF, Dong MJ, Zhou L, Zhang TT. Characteristics of solitary wave,
homoclinic breather wave and rogue wave solutions in a (2+ 1)-dimensional
generalized breaking soliton equation. Comput Math Appl 2018;76(1):179-86.
Lu D, Osman MS, Khater MMA, Attia RAM, Baleanu D. Analytical and numerical
simulations for the kinetics of phase separation in iron (Fe-Cr-X (X=Mo, Cu)) based
on ternary alloys. Physica A 2020;537:122634.

Choi JH, Kim H. New exact solutions of the reaction-diffusion equation with
variable coefficients via the mathematical computation. Int J Biomath 2018;11
(04):1850051.

Fabrizio M, Franchi F, Lazzari B, Nibbi R. A non-isothermal compressible Cahn-
Hilliard fluid model for air pollution phenomena. Physica D 2018;378:46-53.
Kunti G, Mondal PK, Bhattacharya A, Chakraborty S. Electrothermally modulated
contact line dynamics of a binary fluid in a patterned fluidic environment. Phys
Fluids 2018;30(9):092005.

Wei L, Mu Y. Stability and convergence of a local discontinuous Galerkin finite
element method for the general Lax equation. Open Math 2018;16(1):1091-103.
Zhao X, Liu F. Fourier spectral approximation for the convective Cahn-Hilliard
equation in 2D cas. arXiv preprint arXiv:1712.04084; 2017.

Gentile M, Straughan B. Hyperbolic diffusion with Christov-Morro theory. Math
Comput Simul 2016;127:94-100.

Mchedlov-Petrosyan PO. The convective viscous Cahn-Hilliard equation: exact
solutions. Eur J Appl Math 2016;27(1):42-65.

Scheel A. Spinodal decomposition and coarsening fronts in the Cahn-Hilliard
equation. J Dyn Differ Equ 2017;29(2):431-64.

Hongjun G, Changchun L. Instability of traveling waves of the convective-diffusive
Cahn-Hilliard equation. Chaos Solitons Fractals 2004;20(2):253-8.

Yue P, Zhou C, Feng JJ. Sharp-interface limit of the Cahn-Hilliard model for
moving contact lines. J Fluid Mech 2010;645:279-94.

Chena W, Wang C, Wang X, Wise SM. Positivity-preserving, energy stable
numerical schemes for the Cahn-Hilliard equation with logarithmic potential.

J Comput Phys: X 2019;3:100031.

Dong L, Wang C, Zhang H, Zhang Z. A positivity-preserving second-order BDF
scheme for the Cahn-Hilliard equation with variable interfacial parameters. arXiv:
2004.03371v1 [math.NA] 3 Apr 2020.

Ibragimov NH. A new conservation theorem. J Math Anal Appl 2007;333(1):
311-28.

Ibragimov NH. Quasi-self-adjoint differential equations. Preprint Archives of ALGA
2007;4:55-60.

Ibragimov NH. Nonlinear self-adjointness and conservation laws. J Phys A 2011;
44:432002.

Anco SC, Bluman G. Direct construction method for conservation laws of partial
differential equations Part II: General treatment. Eur J Appl Math 2002;41:567-85.
Tracina R, Freire IL, Torrisi M. Nonlinearself-adjointness of a class of third order
nonlinear dispersive equations. Commun Nonlinear Sci Numer Simul 2016;32:
225-33.

Gandarias ML. Weak self-adjoint differential equations. J Phys A 2011;44:262001.
Olver PJ. Applications of Lie groups to differential equations. New York: Springer-
Verlag; 1986.

Bluman GW, Cheviakov AF, Anco SC. Applications of symmetry methods to partial
differential equations. New York: Springer-Verlag; 2010.

Jhangeer A, Hussain A, Junaid-U-Rehman M, Khan I, Baleanud D, Nisar KS. Lie
analysis, conservation laws and travelling wave structures of nonlinear
Bogoyavlenskii- Kadomtsev-Petviashvili equation. Results Phys 2020;103492.
Hussain A, Jhangeer A, Tahir S, Chu Y-M, Khan I, Nisar KS. Dynamical Be- havior
of Fractional Chen-Lee-Liu equation in optical fibers with beta derivatives; 2020:
103208.

Jawad AJM, Petkovic MD, Biswas A. Modified simple equation method for
nonlinear evolution equations. Appl Math Comput 2010;217:869-77.

Zayed EME. A note on the modified simple equation method applied to Sharma-
Tasso-Olver equation. Appl Math Comput 2011;218:3962-4.

Zayed EME, Ibrahim SAH. Exact solutions of nonlinear evolution equations in
mathematical physics using the modified simple equation method. Chin Phys Lett
2012;29(6):060201.

Shehata AR. The traveling wave solutions of the perturbed nonlinear Schrodinger
equation and the cubic-quintic Ginzburg Landau equation using the modified
(G'/G)-expansion method. Appl Math Comput 2010;217:1-10.

Chen W, Liu Y, Wang C, Wisel SM. Convergence analysis of a fully discrete finite
difference scheme for the Cahn-Hillard-Hele-shaw equation. Math Comput 2016;85
(301):2231-57.


http://refhub.elsevier.com/S2211-3797(21)00303-X/h0005
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0005
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0010
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0010
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0015
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0015
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0020
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0020
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0025
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0025
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0025
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0030
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0030
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0035
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0035
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0035
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0040
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0040
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0045
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0045
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0045
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0050
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0050
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0055
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0055
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0060
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0060
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0060
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0065
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0065
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0065
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0070
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0070
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0070
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0075
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0075
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0080
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0080
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0080
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0085
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0085
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0095
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0095
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0100
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0100
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0105
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0105
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0110
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0110
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0115
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0115
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0120
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0120
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0120
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0130
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0130
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0135
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0135
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0140
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0140
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0145
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0145
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0150
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0150
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0150
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0155
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0160
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0160
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0165
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0165
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0170
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0170
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0170
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0180
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0180
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0185
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0185
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0190
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0190
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0190
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0195
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0195
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0195
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0200
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0200
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0200

M.B. Riaz et al.

[41] Diegel AE, Wang C, Wang X, Wise SM. Convergence analysis and error estimates
for a second order accurate finite element method for the Cahn-Hilliard-Navier-
Stokes system. Numer Math 2017;137:495-534.

Results in Physics 25 (2021) 104151

[42] Zhou S, Wang Y, Yue X, Wang C. A second order numerical scheme for the
annealing of metal-intermetallic laminate composite: Aternary reaction system.
J Comput Phys 2018;374:1044-60.

[43] Chen W, Wang C, Wang S, Wang X, Wise SM. Energy stable numerical schemes for
ternary Cahn-Hilliard system. J Scientific Comput 2020;84:27.


http://refhub.elsevier.com/S2211-3797(21)00303-X/h0205
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0205
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0205
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0210
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0210
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0210
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0215
http://refhub.elsevier.com/S2211-3797(21)00303-X/h0215

	Nonlinear self-adjointness, conserved vectors, and traveling wave structures for the kinetics of phase separation dependent ...
	Introduction
	Nonlinear self-adjointness and conserved vectors
	A general review
	Nonlinear self-adjointness classification
	Conserved vectors and connected Lie symmetries
	Conserved vectors by multiplier technique
	Optimal system
	Reduction of equation

	Traveling wave structures
	Description of MSE Method
	Applications

	Results and discussion
	Conclusion
	CRediT authorship contribution statement
	Declaration of Competing Interest
	Acknowledgement
	References


