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Abstract We investigate the existence of solutions for a fractional hybrid integro-differential equa-
tion with mixed hybrid integral boundary value conditions. In this way, we use a generalization of
the hybrid Dhage’s fixed point result for sum of three fractional operators. Finally, we give an
example to illustrate our main result.
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o

. Introduction and preliminaries

As you know, most of the advanced technologies in various
sciences are somehow related to computer systems and applied
softwares. This allows computer programmers to try to use
more sophisticated algorithms to design such softwares, so that
not to encounter many errors when programs are running. In
order to achieve high accuracy and low error in the implemen-
tation of all software applications, it is necessary to write com-
puter instructions and algorithms based on exact arithmetic
calculations and real mathematical modelings of economic,
physical and medical processes and phenomena.
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For this purpose, we need strong mathematical tools in the
first step. In other words, if one can make exact patterns for
natural phenomena and processes by using new mathematical
formulas and operators, then more flexible algorithms can be
written in the software programming based on such relations
and formulas. This results in accurate computer calculations
with the least error in the shortest time. In this way, many
researchers from different scientific fields are currently study-
ing various types of advanced mathematical modelings using
fractional operators and fractional differential equations with
more general boundary value conditions. Indeed, they try to
model the processes such that it covers many applied cases
and in this situation, mathematicians would like to solve a
wide range of these boundary value problems with advanced
and complicate boundary conditions. They are studying
advanced fractional modelings and its related existence results
and qualitative behaviors of solutions for distinct fractional
problems (see for example, [1,3-8,11,12,15-24,29,32,33,38,41,
43.,45]).Even some researchers have been published applied
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papers in different fields in which the main results are proved
using the numerical and analytical techniques, simultaneously
(see for example, [28,30,35,36]). In recent decades, a new class
of mathematical modelings based on fractional hybrid differ-
ential equations with hybrid or non-hybrid boundary value
conditions have achieved a great deal of interest and attention
of many researchers (see for example, [9,13,14,31,39,42]).
Dhage and Lakshmikantham [27] started working on
hybrid equations. They introduced a new category of nonlin-
ear differential equation called ordinary hybrid differential
equation and studied the existence of extremal solutions for
this boundary value problem by establishing some fundamen-
tal differential inequalities [27]. Zhao et al. [46] provided an
extension for the Dhage’s work to fractional order and consid-
ered a boundary value problem of fractional hybrid differential
equations. Ahmad et al. [2] studied the existence of solutions
for the hybrid nonlocal boundary value inclusion problem

m
k(/)—ZIﬁ"h;(z‘k(/))
i=1

(.Dg W € g(t,k(f)) = 07 (t €J= [07 1])

k(0) = p(x), k(1)

where “Dj denotes the Caputo fractional derivative of order

=AeR,

x € (1,2] and Z{is the Riemann-Liouville fractional integral
of order ¢ > 0 with ¢ € {f,,f,,...,p,} In 2018,Ullah et al.
derived an existence result for the fractional hybrid boundary
value problem

D; ("—“ﬁ;ﬁi@’;ﬁ’”) = g(Lk(1), (1€ [0,1)

k() /(K k() —f(tk(1))
( h(t k(1)) >|, 0 =0 ( Tt k(1)) )lr 1 =0,

where 1 € C([0,1] x R,R\ {0}),f and g are continuous real-
valued functions on [0,1] x R and Dj denotes the fractional
Riemann-Liouville derivative of order o€ (0,1] [44]. In
2019, Derbazi et al. proved the existence and uniqueness of
solutions for the fractional hybrid boundary value problem

ey (K(0) = (1, K(2)\ _
D°< wik@) ) = Ok, (k€. 1)
with the fractional hybrid boundary value conditions

k(t)—h(1.k( k(0)=h(t k(1 )
al( (1)1(11(2/ I>>|t 0+b ((r‘)‘ zkzr) >|r T = AL
Clz(Dﬂ<_h’k )lt 17+b2LDﬁ<_k l‘)l([h:k(j )'t T — )27

w(t,k(1))
where « € (1,2], 8 € (0,1],5 € (0, T) and @y, as, by, by and 4y, 2y
are real constants. Moreover, two fractional derivatives
appeared in the above problem are of Caputo type [25].
Recently, Samei et al. discussed the existence of solutions for
the fractional hybrid Caputo-Hadamard differential inclusion

- () —f( k(1) TPV hy (1K (1))... Pn I (t,
{(HDT+ <A(t) /(rgl\(f)i /:-1(”,0))::?»,/ (rk(t)))) CK(Lk(1), (teT=[1,¢])
k(1) = u(1), k(e)=n(1),

where o € (1,2],n,me N, ;>0 for i=1,2,...,n,7, >0 for
i=1,2,...,m, every three functions g:J x R"™" — R\ {0},
f:Jx R SR and h:Jx R — R are continuous. Also,
w,n € C(J,R)and K: J x R — P(R) is a set-valued map with
certain conditions. The operators CH’DE'_) and Z© denote the

fractional Caputo-Hadamard derivative and the fractional
Hadamard integral of order (-), respectively. [39].

More recently, Baleanu et al. [10] formulated a hybrid
model of thermostat insulated at # = 0 with the controller at
t=1as

‘ A z —
Dpo(/’l(l,z(l‘))) +(D(t, ([)) 0([ € [07 ]Lp c (1’2])

with the fractional hybrid boundary value problems
(1) _
D(h(t‘:t(t))) ‘t:O - 07

A“Dﬁ"( T )I,1 (,{ )I,W 0,

where 5 €0,1],2>0 1is a parameter, —1€(0,1],
D= d “Djis the Caputo derivative of fractlonal order
y € {p p — 1}, the function ®:[0,1] x R — R is continuous
and the map / belongs to C([0,1] x R,R\ {0}). According
to this fractional model, the thermostat adds or discharges
heat depending on the temperature detected by the sensor at
t = 5. This applied model of thermostat can be the basic idea
for the next researches in the mechanical engineering.

By mixing idea of the above works, we derived an existence
result for the fractional hybrid integro-differential equation

epo (K0 = @(6.k(0), ' k(1) L5 k(7). - .- Tk (1))
°( b(t,k(0), Zo'k (1), Ty k(0), - .., Tg" k(1)) )
= Y(t,k(z)), (t€]0,1]) (1.1)

with mixed integral hybrid boundary value conditions
By [ k()= (sk(5).Z)) k(s) T2 K(s),.... T K(s))
A fo Dy’ ( (5 k() T k() T (). I"’”k ®) ds
)
) ‘r 1
) —o(1k(0), ) (1), 7 /‘(x ..... k(e
43 (/k(/ )y k(1) Ty k1), s I””’k(1) |t 0=

A I( & ..... K
/L4f0 [Dﬁz( ( (sk /(s)I k(s), I /(s))ds

5,k(s), I“' K(s), g2 k(s)... I“”’k(v))

k(t) =@ (1(0) Ty () T (1), 0 K1)

72Dy &
T4 (zA(t)I“‘k T2 k(1) ZL k(1)

(12)

+A LD!XZ <
k( (1), L ke ‘I k(1),..., I“A
H%(u) o(1k().T) (,) <,) l)))hzo o,
(0T,

where wE(l,Z},ﬂl ,[326(071],061 70626(0,1]7/1] 7/AL2J~37;“4’;LS7;~6€|R+-
Also, “Dy denotes the fractional Caputo derivative of order
ve{w,p,B,,01,0}, Ly denotes the fractional Riemann-Liou-
ville integral of order ne{y,u,} with y,,...,y,>0 and
Uiseeeslty, >0 and the maps ¢:[0,1]x R =R, ¢:0,1]x R™ —
R\{0} and Y:[0,1]xR—Rare continuous.In this model, the
boundary value conditions show the linear combinations of
values of the unknown function and its derivative and integral
at two end of the interval [0,1]. If one of the coefficients /;’s be
zero, then the mentioned fractional hybrid boundary value
problem (1.1) and (1.2) reduces to a simple hybrid problem.
It is notable that the fractional hybrid integro-differential
equation presented in this paper is the novel in the sense that
the boundary value conditions are as mixed Caputo integro-
derivative hybrid conditions and also all dependent functions
¢ and ¢ are considered in the form of multi-term. This compli-
cate modeling of the hybrid type is general and leads to cover
many fractional dynamical systems as special cases. For

(- (tk(t)I‘k 0T K(1) I"k(/)>‘
=1
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instance, it is clear that if we put (¢, k(¢), L k(1), T2 k(t )

STPK() =0 and G(1k() T4 k(). TEK(D) o TEK (D)=
then the fractional hybrid boundary value problem (1.1) dlld
(1.2) reduces to the fractional differential equation
“Dyk(1)=Y(t,k(f))with fractional integral boundary value
conditions

1
A / “Dltie(s)ds + L Dik(1) + A3k (0) =0
0

1
A / ‘Dl k(s)ds + 25 D2k(1) + A6k(0) = 0.
0

Hence, this is an abstract and unique idea and is the original
subject which can be useful in the future. In this way, we use
a generalization of the hybrid Dhage fixed point theorem for
sum of three fractional operators in our existence theorem.
First of all, we recall some notions and results on the fractional
calculus which are needed in the sequel.

Let @ > 0. The fractional Riemann-Liouville integral of a

function & : [a,b] — R is defined by Zok(1)= (;“r;f‘j k(s)ds
provided that the right-hand side integral exists [37,40].
Now, let n—1<w<n and n=[w]+1. The fractional Caputo

derivative of a function k€C"([a,h],R) is defined by
“DUk(r)= L=k (5)ds provided that the right-hand side

0 T(n—w)

integral exists [37,40]. It has been proved that the general solu-
tion for the homogeneous fractional differential equation
“DYk(r)=0 is in the form k(¢t)=mj+mjt+m;r—+...4m’_ "
and we have

I (“Dyk(1 )+ Zm ¢
=k(t) +my+mit+myt + .. +m
where mjj, ..., m’_, are some real constants and n = (o] + 1

[34]. We need next result.

Theorem 1.1 [26]. Let X be a Banach algebra and E be a closed
convex bounded nonempty subset of X. Suppose that three
operators O, @, : X — X and O3 : E — X satisfy the following
conditions:

(i) @, and @, are Lipschitzian with Lipschitz constants I} and
15, respectively,
(1) @ is compact and continuous,

(i) LA+, <1, where A=||®y(E)|» =
sup{||®sk[ : k € E}.
Then either (a) the operator equation (®k)(®sk)+

(Drk) =k has a solution in E or (b) for each number r > 0,
there is an element v* € X with ||v*|| 4 = rsuch that we have
oo (@1 v*)(@3v*) + oo (D2v*) = v* for some constant oy € (0, 1).

The paper is organized as follows. In Section 2, we first pre-
sent the structure of the solution function for the hybrid frac-
tional integro-differential Eq. (1.1) and (1.2) and then prove
our main existence results using the generalized Dhage’s fixed
point theorem. In Section 3, we provide an illustrative example
about the corresponding existence results.

2. Main results

In this moment, we are ready to state the main existence result.
Consider X = {k(1) : k(1) € Cr([0,1])} with the supremum
norm k| , = sup,o.yj|#k(#)|tand the multiplication action on
X by (k-K) (1) = k(1)K (¢) for all k,k' € X. Then an ordered
triple (X, || - || 5, ) is @ Banach algebra.

Lemma 2.1. Let z € X. Then a function ko is a solution for the
hybrid fractional integro-differential equation

cyow k(t) - @(Zvk(l)vl'glk(t)>132k(t)7 c 7Ig”k(l)) _
Dy ( 0K (0) TP R(), TR, . TP k(1) ) ==

with mixed integral hybrid boundary value conditions

b (8)— rp(v k(s). Ii;l I((s),Ia2 k(s),....IZ;”k(s))
A 10 Dy ( ¢ (s5.(5), T4 K(s) Zy k(s),... T4 k(s) ) ds
+4,°Dy! (

(1),1321«(1) ..... zu(z)>|
=1
(et
¢ i =0

s [ K) = (s.(s), T (s), T2 k(s),.. T k(s))
Mfo D, ( (y/c(y)_’[“lk()l"“/\(v) ..... Ty k(s)) ds

eqma [ KO=0(1k(0), T k(0 T k(0),... T2 k(1))
+45°Dy < D(Lk(0), Ty (), Ty k(1) T4 k(1)) it

k() —o(t,k(0), TV k .z"% ..... T k(t
e (0-o(t <z>1 o ([)A (1) ) o =0,
{1k (0 I k() Ty (1)

if and only if ko is a solution for the fractional integral equation
k(t) = @(t,k(1), I3 k(t), Zgk(1), ..., Zg'k(1))
e, k(1) TWK(1), TR (1), . .. Tk (1))
1 ! w—1 )~7A1A3 - /‘Ll/‘niéAzA5l
X |=—— t—s)" z(s)ds + —= -
{F(w) /0 (t=5""2(s) 23A AT (0 — o)
! i As[A3AxAst — AjAy]

(n— rp(lk(x)I

lk(z),‘.r"?k(x) I"k(l)))|l =0,
(2.2)

X 1 — ) 2(s)ds +
/0 ( ) (s) AAsT (0 — o) ]
1 ) ’
),1 [A|A3 — ;»3A6A2A5t}
% 1— w—op—1 d+
/0 (=) =) ds + = AT — B)
! JallsAaAst — AyAS]
yohi1 SIS 1A
X drds +
/0 /o A s+ ) A0~ By)
1
« / / Jo 1 2(2) deds
o Jo

(2.3)
where
Ay = [T (2 — a2) — 734sT(2 — 00)](3 = B1)(3 — o)
+ [;L]/L6(3 - ﬁz) — A3A4(3 - /31)]1"(2 — O(])F(Z — 062)7
A =(3-B)B-B)I(2—a)l(2—0),
A3 = ;L6A2()»]r(2 — OC]) + )u2(3 — ﬁl)) — A1(3 — BI)F(Z — O(l),
Ay =M[AT(2 =)+ 72203 =5,

A5 = A] (3 — ﬁl)r(Z — OC]). (24)
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Proof. First, assume that k, is a solution for differential Eq.
(2.1). Then, there exist constants m;, m; € R such that

ko(1) — @(t, ko(1), I3 ko (1), ZPko(2), - . ., Tirko(1))
D8, ko(2), L' ko(2), ko (1), ..., Ty ko(1))

1 ! w— * *
:m/o (1 —5)"""2(s) ds + m; + mit

and so
ko(2) = (1, ko (1), Zo' ko (1), T ko(2), - - -, Ly'ko(1))
+ d)(l7 ko(f),l.glko(l)7l'gzk0(l‘), e 715"7/(0([))

X {ﬁ A[(z—s)‘°*‘z(s)ds+mg +m’[t}.

Fori=1,2, we get

ot ko(1), Tl ko (1), ...
Illlko( )

(2.5)

,I}'i”ko(l)))

(1, ko o Iyko (1))

1—o;

(s)ds—i—m’{r

( (ua

/ w — %) r2-a)’
(L

=

ot ko (1), T ko (1 ),...,Iﬁ;”ko(t)))
- Zy"ko(1))
A5

2-5)

Imko( )
w [f,
z(s)ds +mj ==——~ T

1 k()( ) (S ko( ) I}.]ko( ),
/‘D( ¢@m>ﬂ%0

I L5 n

By using the hybrld boundary value conditions, we obtain

Iykols))
T ) )“

z(t)drds + m;

;VZA_’; /l w—op—1 }VSA4
= — 1—. ! s)ds — ————
o 23AsT (0 — o) Jy (1=s) Zls)ds AsT (o — o)
1 D) A 1
% 1— w—op—1 d + 2123 /
/0 (=3 2(s)ds AT (0 — B1) Jo
K ;M A 1
w—p;—1 VYAV
X s drds — 7/
/o ( v (1) dr AsT(w = B,) Jo
x / (s — 1) 7" 2(1) drds
0
and
VEVITAYS ! w—uy—1 /3454,
* 1 _ ‘1
i AT (0 — o) /0 ( ) Z(s)ds + AT (® — o)
1 . 1
oy — /L]/L6A2
% 1— w—op—1 ds — /
/0 ( 9 2(9)ds AT (o~ B1) Jo

;L};L4A2

s 1
« /0 (S _ T)(Ufﬂlflz(’r) drds +m /0
x /S (s — 1) 2(1) dds.
0

By substituting the values m; and mj} in (2.5), we get

kO(I) = Qo(lvko(t)vlél ko(t),I;’?ko(l), cee vIg“kO(t))
+ ¢([7 kO(Z)7IGIk0([)7II()[2k0(t)7 LR 7If)lmk0(l))
1 ! w—1 ;LZAIA?, - )»1)»3/{5A2A5[
X | = t—s z(s)ds +
{F(‘U) /0 ( ) ) A3A1AsT (o0 — o)
1 y ot
00y — As[23 B0 Ast — A Ay
X I—s 1o (s)ds +
/() ( ) ( ) A1A5r(w — O(z) ]
;L| [A]Ag - 13),6A2A5l]

x /l (1 —5)"7 " 2(s)ds +

JuK
></0 /O‘V(s

This follows that the function k& is a solution for the fractional
integral Eq. (2.3). Conversely, one can easily check that k; is a
solution for the problem (2.1) and (2.2) whenever kj is a solu-
tion function for the fractional integral Eq. (2.3). O

MAIASF((» — ﬂl)

/14[/13A2A5l‘ — A1A4]
A]Asr(w — ﬁ2)

Y P2 (1) deds +

1) (1) drds

Now, we provide our main result about the existence of
solutions of the problem (1.1) and (1.2).

Theorem 2.2. Suppose that functions
G [0,1] x 2™ = X\ {0} and ¢:[0,1] x X" = Xand
Y:[0,1] x X — X are continuous. Assume that

(C1) there exists a bounded mapping 0 : [0,1] — Rt such that
Sor all ki,k, € X,

[p(t, k1 (8), ka(t), ... ki (2)) —

m+1

9(t)Zlk,-(t) -

(C2) there exists a bounded mapping o : [0,1] — R such that
for all ki, K, € X,

lo(t, ki (1), ka(2), ... kni1 (1)) —

n+l

6(1)2\/@-(0 -

(C3) there exist a continuous function ¥ : [0,1] — R and a
continuous non-decreasing map & : [0,00) — (0,00) such
that |Y(t,k)| < Y (0)E(||k|| ») for all t € [0,1] and k € X,
(C4) there exists a real number p > 0 such that

o1,k (1), k5(0), ... K,y (2))]

o (1, K (2),k5(1), ... Ky (1))]

o MY E(Ikl ) + 0"

> —
V=0 (U o+ g W GO M — 0 [ et + g
(2.6)

m+1times
* *
¢ :Sque[o,l]‘d’ I,0,0,...,O |7(p =

|7 l//* = SUP:e[0,1]|‘//(t)\z 0" =

where

n+1times

——
Supt€[0,1]|(p 1707 07 s 50

Sup,ep|0(0)], 0* = sup,g ) lo(t)| and

;
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ﬁ: 1 22'A1HA3| +)v1),3)v6|A2||A5|
5143 Aa|As| + |A1]]A4]] n Za 1A As] + 2346/ A |As]]
|A|AsIT (0 — 00 + 1) Z3|A[|As|T (0 = By +2)

443 Aa|As| + |A1]]A4]]
|AL[|As|T (0 — B, +2)

(2.7)

Then the hybrid problem (1.1) and (1.2) has at least one
solution whenever

1 1
+...+

o {1 4 }w*ankuxﬁ

o |1+ + }<1.

Proof. For every positive number p € R, consider the ball
V,(0) := {k(r) € X : |[k||x < p} in the Banach algebra X,

where psatisfies (2.6). It is clear that the ball V,(0)is a closed
convex bounded subset of the Banach algebra X. By using

Lemma 2.1, we define three fractional operators
CD],(DZ X — Xand (1)3 : V,)(O) — X by

(@) (1) = (2, k(1), T3 k(1), Ty k(1) . .., T3 k(1))

(D) (1) = (1, k(1), Tg'k (1), Lk (1), ..., Ty k(1))
and

(Ds)(1) = ﬁ /0" (1 — )" 1Y (s, k(s)) ds

JoA A3 — A1 23462 A5t

/ (1 —s) 'Y (s, k(s)) ds

;L3A1A5F((L) — OC]) 0
As [/13A2A51 —-A A4] ! o-m-ly
1 -5 s, k(s))ds
SRl o 097 Y k)

Y P (1, k(1)) deds

+/L1[A A3 13) A2A5[] / /
JaA AsT(

n /L4[/L3A2A5t —A A4] / /
A AS LU ﬁZ

for all 7 € [0, 1]. It is clear that a function ky € X is a solution
for the hybrid problem (1.1) and (1.2) whenever it satisfies the
operator equation (®kg)(Dsko) + (Pako) = ko. We will show
that the operators @, ®, and @5 satisfy all conditions of The-
orem 1.1 and so by considering assumptions of Theorem 1.1,
we will deduce that such a solution function exists. First, we
show that the operator @, is Lipschitzian. Let k|, k, € X.
The assumption (C1) implies that

[(@ik1) (1) = (@ika) ()] = | (1, ki (2), Zp'her (1), - .-
— (1, ks (0), T ko (1), ... Tk (1))] < 0(2)

)Y (¢, k(1)) deds,

Zyk (1)

tﬂl l“z ﬂ‘m
! + +... k 1) — k t
{ +F(,ul+l) F('u2+l) +1—‘(‘um+1):|| 1() 2( )|
for all 7 € [0, 1]. Hence, we get
@ik — Dk, < O
{1 + 1 N 1 A 1 ]Hk ol
T +1) Tou+1) 7T, + 0] 0

for all ky,k, € X. This shows that the operator @, is Lips-
chitzian with a Lipschitz constant

0 |:1 + Ty +1) +l"(;h+l) +. + T(u, +1)

the assumption (C2), one can prove that the operator @, is Lip-
schitzian on X. We have

> 0. Similarly, by using

[(D2k1) (1) = (Daka) (1) = |op(t, ki (1), LGk (2), .., Zg'Ki (1)) — @
(t, ka2 (2), L ka(2), ..., T ka(1))] < 0(2)
{1 L ++[—} et (1) — s (1)
L +1) Tn+1) L@, +1)
Hence, we get
[@2k) — Dok < 0

{H— L +;}||k—k|\
T +1) T(,+1) 7 T,+n]" "

for all ki,k, € X. This shows that the operator ®, is Lips-
chitzian with a Lipschitz constant
[1 +op +1) + == r(,7+1) +. +m} > 0. Now, we establish

the complete continuity of the operator ®; on the closed ball

V,(0). We first prove that the operator ®; is continuous on

<

,(0). For this aim, let {k,}be a convergent sequence in
W so that k, — k, where k € V,(0) is an arbitrary element.
Since the function Yis continuous on [0, 1] x X, we conclude
that lim,_ Y(z,k,(¢)) = Y(z,k(¢)). By using the Lebesgue’s
dominated convergence theorem, we obtain

lim (Osk, ) (1) = w5 fo (1= “"limY(sk (s))ds
n—o0
s 123 5 m op—1q:
+ 72A,L/Z‘.A5‘riu“§f“% §)" 7 im Y (s, ke (5)) ds
AR L (1297 m Y (s () ds
+ Al [ (g — gy 'lle(rk (1))drds
+ Afagatficd] fy fs—o) " hmY( (1)) drds
= Fay Jo (1=9)"" 'Y(vk( ))ds
+ 7’2A,L§?A§‘r’2,’ﬁi“ﬁ) )" (s, (5)) ds
As[A3AgAst—A A o) -1 . .
+ SA:A5I‘(L 712)4]f0 . Y(‘s k(S))dé
+ Akl ;JLSA;“ Jo Jo )" I (2, k(7)) deds
AR o Jo =0 Y (e k() deds
= (D:k)(1)

for all ¢ € [0, 1]. Hence, we see that @3k, — O3k as n — oo and

so @; is continuous on V,(0). Here, we prove that the operator

@, is uniformly bounded on V,(0). Let k € V,(0). By using the
assumption (C3), we have

(@3k) (1) = 15 Jy (1= )" X (5, k(s))|ds
+ SRR ) (1=9)” T X (s () ds
+ BBl 11— ) '|Y<s k(s))|ds
+ Al sl 1117 (s— 1) P Y (2, k(2)) | deds
+ Al (s —1)” "f‘mr,k(r))\drds
<

. Ar]|A: 1376 |A2]|A P
eIkl + —”‘;;‘L‘,ﬁZ]};;ﬁLli“,;"w(I)Q(Hka)
ZEIZEYS! HAS‘H"AIHAA‘

|[A]]As T (w—on+1)

Y(O)E(Ik] )
/1[\AII\AwI+/3/e\AzHA>\']lp() (k)

J3A[As T (01 +2)

/4[/%\A2HA5\1+\AIHA4\ Y(1)é
[A1]|As|T(w—py+2)

+ o+ o+
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for all 7€ [0,1]. Hence [[®skl|, < ¥ E(||k|l )M, where Mis
given in (2.7). This shows that ®; (Vp(0)> is an uniformly

bounded subset of X. In the following, we show that the oper-
ator @; is equi-continuous. Let #;,# € [0,1] with 1, < 1, and
k € V,(0). Then, we obtain

|(@3k)(12) — (@3k) (11)] < ﬁ /0 ) (=) = (0 = 9)""]

1Y (s, k(s))|ds + / (12 — ) X (s, k(s))| ds

b
[(w) J,

/11/13/16|A2||A5|(I2 —h
)\,3|A1HA5|F(CU — OC])

)/ (1 — )" X5, k(s))]| ds

//
//

It is seen that the right-hand side of the inequality converges to

zero independently of ke V,(0) as Thus,
[(@3k)(t2) — (®3k)(21)] — 0 as t; — 1, and so the operator @
is equi-continuous. Now, the Arzela-Ascoli theorem implies

) ! w—oy—1
/0 (I —3%) Y (s, k(s))|ds

253 A |As| (1 — 1,
|A[[As|T (o — o)

/11/LM6|A2||A5 fh— 1)

)P (¢, k(x)) | deds

A4A3|A2 |A5 th — f]
|A]|As|T (0 — By)

PN Y (1, k(7)) | deds.

H — 0.

that the operator @; is completely continuous on V,(0). On
the other hand, by using the assumption (C3), we have

A=1103(V,0) L= sup {I @00 : £V, 01} <y 1K)

22| A ||As| + A1 A3 26| Az || As|
;»3‘A1 ||A5|l"(w7 o+ 1)

As[43|Aa || As| + [A1]|Ad]]
|A|As|IT (w0 —op+ 1)

) {r<wl+ )

A [|AL|As] + 2326]Az||As]]
Za|Ad[|As|T (0 — By +2)

24[23]As||As| + A1 [|As]]
A [|As| T (0 — B, +2)

} VeIl ) M

Since A < Y E(||k|| 5 )M, thus we get

9*{1+F( l+1>+ +r<um1+1>}A
1
- 6*{ * T(y, + 1)}
<9*[1+ o ...+m}wc<uknx>ﬁ
+a*{l+ ...+m}<l.
Now, put Z*—O*{lJr T T - +ﬁ] and

= [l—l— /+1)+ +m} Then, ;A +1; < 1. Hence,

all assumptions of Theorem 1.1 are satisfied. Thus, one of
the conditions (a) or (b) in Theorem 1.1 holds. We first inves-
tigate the condition (b). To do this, let a5 € (0, 1). Assume that
there exists a function k € X with |k|, = p such that the
operator equation k = o(®k)(D3k) + ot(P2k) holds. Then,
one can write

(1) ] < o[ (@) (1) [[(@3h) (1) | + 200 | (@) (1)
= 00| p(1,k(2), Tg' k(1), Lk (1), ..., Ty k(1))

1 a w—1 ;Lz‘A1|‘A}|+;»,1),3}v6|A2HA5|Z‘
X | = t—s Y(s,k(s))|ds+ :

L ey (e 232l Bal[As| 4 A Ag]]
XA(I—A) Pkl 20
M (1A ||As] + 25 26|As ]| As | ]

23] Ar]|As|T (0 = By)
Zal 23] Aal|As|t + A ]| Ag]]
|A1[|As|T (e — )

></ (1—5)” ¥ (s, k(s))|ds +

f [

/ / /‘f‘mf,k(r))\dfds) +aplo(t,k(1), T k(1)
*xIy'k(1), . (I (1, k(0), Z5' k(2), 57 k (1), ..,
XTIy k(1)) = 0)|+16(2,0,0,...,0)])

o oA || As] + 2 2 2 | s | As 2
— ek
X(r(cu+1)‘/’( Je(likll) + JaA A T (@ — oy + 1)
(&K ) +

BB IR ) )
X
M| A As|+ A3 26| Ao As 1]

|A][AS|T (0 — 0 +1)

/l}‘AIHA5|F(w_/)’1+2) l//(Z)é(”k”x)

24[251 00| As|t+ | A [|Ag]]

A AT (@ — B, +2) Wf)f(llkllx))
+(|p(1,k (1), Ty k(1) ZE (1), ..., Ty k(1))
—(1,0,0,...,0)| +¢(1,0,0,...,0)|)

1

. 1 1 *
("t M)
A% 2 * 1 1 1
My €(\|k”x)+(a [1Jrr(yl+1)+1"(y2+1)+m+r(“/n+1)}
k]l + ")

This yields

Y (1,k(x))|drds +

SIk(n)] <
$(1,0,0, ...,

1 ! !
p= |k x ( { T(p +1) T(uy+1) T, +1) a

My E(p) + +r(y1+1)}p+‘”*>

1 1
o |1+ + +
( Ly +1) T(pn+1)
and so

oMY E(p)+o

pP< —
* 1 1 * £ * 1 1
1-0 [l+1'(u|+1)+"'+1'(um+1)]l// )M —0 [1+F(m+l)+'"+1'(;‘,,+|)}

which contradicts to the inequality (2.6). Hence, the condition
(b) in Theorem 1.1 is impossible. Thus, the condition (a) in
Theorem 1.1 holds and so the operator equation
(®1k)(D3k) + (Dk) = khas a solution. This means that the
hybrid problem (1.1) and (1.2) has a solution. [

3. Example

In this section, we provide an example to illustrate our main
result.

Example 3.1. Consider the fractional
differential equation

hybrid integro-
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k(1) = sgartrr (k (1) +arctan (Z3° k(1)) +sin (Z5 k(1)) ) +0.009

17577 k(1)]

l+\I“037k(/)\+ n(Z4Vk(1)) +Ig'6lk(t)) +0.012

631 (k(t)
= (0.07+1)*cos(k())

(':D(]).Sl

(3.1)

with mixed integral hybrid boundary value conditions

0. 6] ‘DU 3g | K- 7(” ) (/\(s)+irc(dn(I"91A \))+sm(I””A(\)))+0009 ds
1757 tsin(Z0¥k(s)) +Z00k(s) | +0.012

0
[ ”‘)*Mzmu 3

() ey (o) +arctan (T3 k(r) ) +sin (292K (1)) ) +0.009

+0.71D)*#

=1
2037 k()

- 0.49 61
sl k4 m}sm(I k(1)) +Z) k(/)) +0.012

A(mm(/\(/Hrcmn(z“mk 1))+sin(Z92 k(1)) ) +0.009

+0.63 l,_o=0,
1Z037k(0)| =0
(] +sin(Z0H k(1) +Z05 k(1) | +0.012

;
& | K0+ Z037k(1)

(32)

sy (K(s) +arctan (02 k(s) ) +sin (202 k(s) ) ) +0.009

ds

017]‘ ,DOW K(s) 7sz|1+
12037 k(s)

—0__
k(\)+!+\10 3Tk(s)

+sin(Z¥k(s)) + 0! I((S)) +0.012

+0.46"D8’22 k(1) =gt (k() +arctan (Z5' k(1) ) +sin (0K (1) ) ) +0.009

L 1z 7A( 0.49 0.61 =
&l k(0 m+sm(z k(1)) +Z5% k(1) | +0.012

(1) =ity (ko) +arctan (Z9Vk(r)) +sin (Z2 k(1)) ) +0.009

—+0.89

‘/:OZOv

\10 um

+sm(:r°“A())+zg“k(f) +0.012

where t€[0,1],w=1.51,0,;=0.45,0,=0.22,,=0.38,5,=0.39,1, =
0.6,4,=0.71,43=0.63,14=0.17,45=0.46 and A¢=0.89. Also, for
n=2 and m=3, let y,=091,y,=0.23,4,=0.37,11,=0.49 and
u;=0.61. Consider the continuous function Y:[0,1]xR—R
defined by Y(1,k(1))=(0.07+1)cos(k(r)). Now, put y(1)=
(0.07+1)*and &(|[k||)=1. Thus, /" =sup,c (#)~1.1449. Con-
sider two continuous maps ¢:[0,1]xR**' =R and ¢:[0,1]x
R*'—R\{0} defined by

2
7621(1 + 1)
x (k(1) + arctan(Zy” k(1)) + sin(Zy7k(1))) + 0.009,

(P(Zv k(t)716]k([)7 Iﬁzk(f)) =

b (1, k(2), ' k(1), Ty k(1), Tg' k(1))

_ \18'37k(1)| . 0.49 0.61
,a (k(l) +W+SIH(IO k(l)) +IO k(l)
+0.012.

Note that, ¢* = sup,cp y|¢(2,0,0,0)| = 0.009 and ¢" =sup o
|¢(2,0,0,0,0)| =0.012. Also, the function ¢is Lipschitzian, so
for each k,k' € R, we have

lo(t, k(1) Zg'k (1), T k(1)) — (¢, K (1), Zy'K (1), LK (1))

1 12

[0'91 10,23

2 !
~7621(1+1) {1 TTaon * r(1.23)} k() = K (o)

such  that [1 + 50D >.+1) + (z+1)] 71 [1 +—r(1191) + l"(11.23)]
~ (0.082248. On the other hand, the function ¢is Lipschitzian,
so for each k, k' € R, we have

bt K (2), (1), Tk(0), T k(1)) = b8, K (1),
X TYK (0, TR (0, ZPK ()] < 0)

t+ e £
X[l+r(ﬂl+1)+r(ﬂ2+l)+ (s + 1 )]'k() K (1)
4 037 1049 (061 /
651 { - I'(1.37) * I'(1.49) + F(1.61)} k(1) — K (1)

P i 1 1 1 1 1 1
such that 0 [1 f IXITEs)) f N } F(MHJ = ﬁ[l+m+m+

- (,J ~0.006687. Finally, we Ay~3.157109,A,~
5.6292,A3~4.66862,A,~13.47337,As~7.35182 and
M~5.48514. Choose 0p>0.096326. Note that,

|V eI L) M+,

obtain

a |:1 + l¢|+1) +-

o [l g+ o+ ] = 0124241 < 1
Now by using Theorem 2.2, it is deduced that the fractional
hybrid integro-differential problem (3.1) and (3.2) has a

solution.

4. Conclusion

It is known that most naturalphenomena is modeled by differ-
ent types of fractional differential equations. This diversity in
investigating complicate fractional differential equations
increases our ability for exact modelings of different phenom-
ena. This is useful in making modern softwares which help us
to allow for more cost-free testing and less material consump-
tion. In this work, we investigate a fractional hybrid integro-
differential equation with mixed integral hybrid boundary
value conditions. In this way, we use a generalization of the
Dhage fixed point result for three operators. We provided an
example to illustrate our main result.
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