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The existence of solutions for a coupled system of time-fractional differential equations including continuous functions and the
Caputo-Fabrizio fractional derivative is examined. After that we investigated a coupled system of time-fractional differential
inclusions including compact- and convex-valued L'-Caratheodory multifunctions and the Caputo-Fabrizio fractional derivative.

1. Introduction

The fractional calculus is nowadays an excellent mathemat-
ical tool which opens the gates for finding hidden aspects
of the dynamics of the complex processes which appear
naturally in many branches of science and engineering [1-
6]. The methods and techniques of this type of calculus are
continuously generalized and improved especially during the
last few decades. We recall that the existence and multiplicity
of positive solutions corresponding to singular fractional
boundary value problems were discussed in [7]. Also, the
existence results for several nonlinear fractional differential
equations were reported in [8]. Besides, the existence of
positive solutions corresponding to a coupled system of
multiterm singular fractional integrodifferential boundary
value problems was shown in [9]. Inventing new derivatives
and applying them to study the dynamics of complex systems
are an important priority for researchers. As a result, very
recently, a new fractional derivative without singular kernel
hasbeen provided [10, 11]. By using the main results presented
in these two new works, we present the next definition.

Definition 1 (see [10]). The « order Caputo-Fabrizio time-
fractional differential derivative of the function u is written
as

(CFD‘:u) (x,1)

_Q-a)M () t a(t—s)] ou
T 2(1-a) LeXP[_ -« ]ﬁds’ o

(tZO),

where M(«) represents a normalization function, 0 < & < 1,
andu € H'[(0,1) x (0,1)].

Note that (CFD‘txu)(x, t) = 0 whenever u is a constant
function and the kernel has no singularity at t = s [10,
11]. Also, Losada and Nieto defined the new time-fractional
integral based on the new definition of Caputo-Fabrizio
fractional derivative [11]. By using this idea, we provide the
notion of Caputo-Fabrizio time-fractional integral.



Definition 2. The « order time-fractional integral of a func-

tion u has the form [11]
2(1-«)

2-a) M)

2 t (2)
+ —(2 M@ Jo u(x,s)ds,

(CFIf‘u) (x,t) = u(x,1)

(tZO))

where M(«) represents a normalization functionand 0 < « <
1.

Losada and Nieto showed that M(«) = 2/(2 — «) for all
0 < « < 1 [11]. By substituting M(«) in (1), we obtain the
definition of the time-fractional Caputo-Fabrizio derivative
of order « for a function u as follows:

CF 1 alt—s)]0u ,
( Dtu)(x,t)—mjo exp[— — ]gds, )

((x,t) € [0,1] x [0,1]).

They proved that solution of (CFDf‘v)(x, t) = g(x,t) is given
by

2(1 - @)

e g @?

(x,1)
(4)

+ Q—ocz)—aMm L g(x,s)ds+v(0,0),

where 0 < « < 1 and (x,t) € [0,1] x [0, 1] [11].

The next step is to consider (X, d) being a metric space.
Let us denote by &(X) and 2% the class of all subsets and
the class of all nonempty subsets of X, respectively. Hence
P(X), Ppa(X), P (X), Pep (X),and QJCP,CV(X) are the class
of all closed subsets, the class of all bounded subsets, the class
of all convex subsets, the class of all compact subsets, and the
class of all compact and convex subsets of X, respectively.
We claim that u € X is a fixed point of the multifunction
F: X — 2% whenever u € Fu [12]. A multifunction F :
[0,1] x [0,1] — PP4(R) is called measurable whenever the
function (x,t) — d(w, F(x,t)) = inf {Jw —v| : v € F(x,t)} is
measurable forallw € R [12]. The Pompeiu-Hausdorftf metric
H, : 2¥ x 2% — [0,00) is defined by

H,; (A, B) = max {sup d(a,B),supd (A, b)} , (5)

acA beB

such that d(A,b) = inf,.,d(a,b) [13]. (CB(X),H,) is a
metric space and (CB(X), H;) depicts a generalized metric
space. Here CB(X) denotes the set of closed and bounded
subsets of X and C(X) represents the set of closed subsets of X
[12,13]. We recall that F is said to be convex-valued (compact-
valued) whenever Fu is convex (compact) set for each u € X
[12]. We mention that a multifunction F : X — C(X) isa
contraction whenever there exists a constant y € (0,1) such
that H,;(Fu, Fv) < yd(u,v) for all u,v € X [12]. In 1970,
Covitz and Nadler proved that each closed-valued contractive
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multifunction on a complete metric space has a fixed point
[14].

Below we examine the existence of solutions for two cou-
pled systems of nonlinear time-fractional differential equa-
tions and inclusions within Caputo-Fabrizio time-fractional
derivative. First, we discuss the coupled system, namely,

(CFDf‘u) (x,8) = f (6 tu(x,t),v(x, 1),

(6)
(FDEV) (1) = £, (e tyu (x,1), v (x, 1))
such that
u(0,0) = 0,
@)
v(0,0) =0,

where 0 < o < 1,0 < 5 < 1, (x,t) € [0,1] x [0,1], and
the mappings f1,f, : [0,1] x [0,1] x R x R — R are
continuous functions. In addition, we discuss the existence of
solutions for the coupled system of nonlinear time-fractional
differential inclusions

(“Dfu) (x,1) € Fy (v, t,u (x,£),v (x,1))

(8)
(CFDEV) (x,t) € F, (x,t,u(x,t),v(x,1))
such that
u(0,0) =0,
)
v(0,0) =0,

where F,F, : [0,1] X [0,1] X R x R — Z(R) are some
multivalued maps.

We say that F : [0,1] X [0,1] x R x R — Misa
Caratheodory multifunction whenever (x,t) +— F(x,t,u,,
u,) is measurable for all 4; € R and (uy, u,) — F(x,t,uy,u,)
is upper semicontinuous (u.s.c) for almost all (x,t) € [0, 1] x
[0,1] and u,,u, € X [12]. A Caratheodory multifunction
F:[01] x[0,1] xR xR — 2%is said to be an L'-
Caratheodory whenever for each p > 0 there exists ¢, €
L'([0,1] x [0, 1], R*) such that

“F (x, t,uy, “2)"
= sup (10)

{Isl:s e F(xt,up )t < ¢, (x,1)
(x,t)€[0,1]x[0,1]

for all |u;] < p and for almost all (x,t) € [0,1] x [0,1] [12].
The set of selections of F; at u; is defined by

Sk w) = {wi e L' ([0,1] x [0,1],R) : w; (x, 1)
€ F(x, tou; (x,),u; (x, t)) for almost all (x,t) (11)
e[0,1]x [0,1]},
forallu;,u, € Cr([0,1]x[0,1]) fori = 1,2. The sets Sk () are

nonempty forallu; € Ci ([0, 1]x[0, 1]) whenever dim K < co
[12,15]. The graph of the multifunction F : X — Y is defined
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by the set Gr(F) = {(x, y) € X xY : y € F(x)} (see [12, 13]).
We say that the graph Gr(F) of F: X — P4(Y) is a closed
subset of X x Y whenever for all sequences {u,,},,c in X and
Watnen iIn Y with u,, — ug, v, — vy, and y, € F(u,) for all
n we have y, € F(u,) [12]. Below we introduce the following
results which will be required in our proofs.

Theorem 3 (see [12]). Suppose that X is a Banach space, T :
X — X is a completely continuous operator, and the set K =
{ue X:u=ATu, for some A € [0,1]} is bounded. Then, T
has a fixed point.

Lemma 4 (see [12, Proposition 1.2]). If F : X — P,(Y) is
upper semicontinuous, then Gr(F) is a closed subset of X xY . If
F is completely continuous with a closed graph, then it is upper
semicontinuous.

Lemma 5 (see [12]). Let X be a separable Banach space and
F:[0,1]x[0,1]x X x X — P, (X) an L'-Caratheodory
function. Then the operator © - SF Cx([0,1] x [0,1]) —
@CP,CV(CX([O, 11x[0,1])) defined by u +— (©-Sg)(u) = O(Sg,,)
is a closed graph operator, where ® is a linear continuous
mapping from L'([0,1] x [0, 1], X) into Cx ([0, 1] x [0, 1]).

Theorem 6 (see [12]). Let E be a Banach space, C a closed
convex subset of E, U an open subset of C, and 0 € U.
Let us suppose that F : U — Pepe(C) depicts an upper
semicontinuous compact map, such that P, ., (C) denotes the
family of nonempty, compact convex subsets of C. Then either
F admits a fixed point in U or there existu € 0U and A € (0,1)
such that u € AF(u).

2. Main Results

First, we investigate the coupled system

(“Dfu) (x,0) = f, (6 tu (%), v(x,1)),

(12)
(D) () = £, (e tou (x,1), v (x, 1)
equipped with the boundary value conditions 1(0,0) =
and v(0,0) = 0, where f;,f, : [0,1] x [0,1] X X -

X are continuous mappings, «, f € (0,1), x,t € [0,1],

and “"D% and CFDf are the Caputo-Fabrizio time-fractional
derivatives. Now, consider the Banach space X = {u

u € Cg([0,1] x [0,1])} endowed with the sup-norm [Ju| x =
SUP(x efo]x(o,1) [4(x )|. Thus, the product space (X x

- llxxx) is also a Banach space via the product norm
(e, V)| xxx = llull x+Ivll . First, we prove the next key lemma.

Lemma 7. Suppose that f € L} ([0,1]x[0,1]) and 0 < a < 1.
The function u, € Cx([0,1] x [0 1]) is a solution for the time-
fractional integral equation

uuﬁ:rﬂ%mjﬁ( - £(0,0))
(13)
2
s oc)M(oc)J flxs)ds

ifand only ifu, is a unique solution of the time-fractional differ-
ential equation

(“Dfu) (x,1) = f (x,1),
1(0,0)=0

(x,t) € [0,1] x [0,1],
(14)

Proof. A solution of initial value problem (14) is denoted by
uy. As a result (CFD‘;‘uO)(x, t) = f(x,t) and u,(0,0) = 0. By
integrating both sides we get

U (x,1) = 14 (0, 0)
- 2D (k- £ 0.0)
2-) M (a) (15)
2
=l SARL

and so uy(x,t) = (2(1 - a)/(2 — )M (x))(f(x,t) — (0,0)) +
2a/(2 — a)M(x)) L: f(x, s)ds. This shows that 1, represents
the solution of time-fractional integral equation (13). If 1, and
u, are two distinct solutions for initial value problem (14),
then CFDf‘ul(x, t) — Cl:D‘t"uz(x, t) = [CFDf‘u1 - u,](x,t) =0
and (u; — 1,)(0,0) = 0. By the property of the Caputo-
Fabrizio time-fractional derivative in [11], we get u; = u,.
Hence, 1, is a unique solution of initial value problem (14).
Now, suppose that 1, is a solution of time-fractional integral
equation (13). Then, we conclude that u,(x,t) = 2(1-«)/(2—

)M (0))(f(x, 1)~ £(0,0))+Q2a/2~a)M(@)) [, f(x,5)ds. By

using (4), one can see that this function represents a solution
for initial value problem (14). Note that 1,(0,0) = 0. O

Now, we consider (1)-(2). For each (x,t) € [0,1] x [0, 1],
define the operators T}, T, : X — X by

(Tlv) (-x’t)

- %ﬁ (6t u(x, 1), v (x,1))
(22(“1)—M()f1 (0,0,1(0,0),v(0,0))
b | S s s

(Tou) (x, 1) (16)
2(1 -
- %JCZ (x,t,u(x,t),v(x,t))
2(1-
B %ﬁ (0,0,1(0,0),v(0,0))
+( 2)ﬁM(/3)J' f2 (o5, u(x,5),v (x,9) ds



4
and put
_ 4 -2«
L e-oM@)’
17)
N, =428
P (2-pM(B)

Theorem 8. Suppose that f,, f, : [0, 1] x[0,1]x X xX — X
are the continuous mappings in system (6)-(7) and there exist
positive constants L, and L, fulfilling | f,(x,t,u;,u,)| < L,
and | f,(x,t,u;,u,)| < L, for all (x,t) € [0,1] x [0,1] and
uy,uy € X. Then, system (6)-(7) possesses at least one solution.

Proof. Let the operators T,,T, : X — X defined by
(16). We define the operator T : X x X — X x X by
T(u, v)(x,t) = ((Tyv)(x, 1), (Tou)(x, t)) for all (x,t) € [0,1] x
[0,1]. Note that T is continuous because the mappings f;
and f, are continuous. We prove that the operator T maps
bounded sets into the bounded subsets of X x X. Let O be a
bounded subset of Xx X, (1, v) € Q,and (x, t) € [0,1]x][0, 1].
Then, we have

|(T1 v) (x, t)|

2(1 -
“le- oc)M()
2(1 -
C2- oc)M()

fi(xtu(xt),v(x,t))

£,(0,0,1(0,0),v(0,0))

2a
+(2—oc>M<oc>
2(1 -
*e- a)M()
201 -
- oc)M()

rfl (%, s,u(x,5),v(x,5))ds

|f1 (x, t,u(x,t),v(x, t))|

20 (18)

|1 (0,0,0,0)] + oM@

: L | £, Ges,u(x,8), v (x,5))| ds

2(1-a)

<1 { 2(1 - @)
e M)

(2-a) M ()

2a 4(1-a)
* (2—oc>M<oc>t} SLl{(z—ooM(oc)

2« 4 -2«
* (2—oc>M<oc>} <L {(2—a>M(oc)} =L,

and so [|(Tyv)(x,t)|lx < L;Nj;. Also, we have

|(T2u (x’t)l
2(1-
‘(2 ﬁ)M )fz(x t,u(x,t),v(x,t))
2(1-p)

- —1,(0,0,u(0,0),v (0,0
(Z—ﬁ)M(ﬁ)fZ( u( ) V( ))
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N
G- )Mw
2(1-

e pum

. 20-p)
G-PMP)

: L |y (x,s,u(x,s),v (x,9))| ds
st{ 2(1-P) 2(1-p)
(2-

AMP) - pME)
LB B (KT
"E-pMEP) G-A)M (P

J fo (%, 8,u(x,8),v(x,s))ds

(x, t,u(x,t),v(x, t))|

2B

1200000+ 505 )

.\ 2B } <L, { 4-28 }
(2-B)M(p) 2-p)M(B)
=L,N,

(19)
and so [[(TL,u)(x,t)llx < L,N,. Thus, [[T(u, v)(x, )| xxx <
LN, + L,N,. This shows that the operator T'maps bounded
sets into the bounded sets of X x X. Now, we show that the

operator T'is equicontinuous. Let (x, t;), (x, t,) € [0, 1]x[0, 1]
with ¢, < t,. Then, we have

[(Tyv) (x,t,) = (T1v) (x. 1))
2(1-«)

o wr@ CXMACTRRIACED)
(22(“1)—M()f1(00u(0 0),v(0,0))
Q;—“Mmj £ (55 u(x,9),v(x,5) ds
(22(ocl)—M()f1(x thu(xt),v(xt))

+(22(061)—M()f1(00u(0 0),v(0,0))
Q;—“MWJ fiGosulxs),vixs)ds| — (20)
%m(x thul xtz),V(XJz))

- filetpu(xt),v(x tl))|

2- 06) M (@)

. Jtz |f1 (X’s,u(xrs):v(x>5))|d5
by

2(1

< Gt U et (a) v (1)
oL,
— fi(xtpu(xty),v(x6))] + m(z
—-t).
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This implies that |(T;v)(x,t,) — (T;v)(x,¢;)] — 0 whenever
(x,t,) — (x,t;). By utilizing the Arzela-Ascoli theorem, T}
is completely continuous. Similarly, we have

|(Tou) (x,t,) = (Tou) (x,1,))]

2(1-p)
sz (.t u(x.1,), v (x:15))

2(1-p)
- sz (0,0,u(0,0),v(0,0))

t
* % L fr (%, s,u(x,s),v(x,5))ds

_ 2(1—_/3))]‘2 (.t u(xty),v(xt))

2-p)M(p
2(1-p)
+ sz (0,0, (0,0),v(0,0))
2B

G by B e

<M X, ty,u(x v(x
G-pMQp |f2 (et u(x.15) v (x,15))
28

- f(xtpu(x ), v(x6))] + RO

2-p)M(B)
: J:Z | f2 (65,1 (x,8) v (x,9))| ds

2(1-p)

G g e len) o)
- X, 1, u(X v(x +L
R N TR

—t).

Again, by utilizing the Arzela-Ascoli theorem we ob-
serve that T, is completely continuous. Therefore, we get
1T, v)(x,t,) — T, v)(x,t,)|lxxx — O whenever (x,t,)
tends to (x, t;). Thus, T is completely continuous. In the next
step we prove that

Q={(uv) e XxX:(u,v)=AT (u,v) for some A
22
€ [0,1]} =

is bounded. Let (1, v) be an arbitrary element of Q. Choose
A e [0,1] fulfilling (u,v) = AT(u,v). Hence, v(x,t) =
AT v)(x,t) and u(x, t) = MTou)(x, t) for all (x,t) € [0,1] x
[0, 1]. Since

1
3 lv(x,1)| = [(Tyv) (x,8)| < LN, (23)
we get [v(x,t)| < AL,N, and so ||v(x,t)|x < AL;Nj;. Simi-

larly, we prove that [[u(x, t)llx < AL,N,. Thus, (¢, V)llxxx <
AL;N; + L,N,] and so Q is a bounded set. Now, by using

Theorem 3, we get that T has a fixed point which is a solution
for the coupled system of the time-fractional differential
equations. O

Next we study the existence of solution for the coupled
system of time-fractional differential inclusions

(“Dfu) (x,1) € Fy (v, t,u (x,£),v (x,1))
(24)
(FDEv) (x,1) € By (x, t,u (x, 1), v (x,1))

with the initial value conditions 1(0,0) = 0 and v(0,0) = 0,
where F|,F, : [0,1] X [0,1] Xx R x R — Z(R) are some
multivalued maps.

Definition 9. One says that (u;,u,) € C([0,1] x [0,1], X) x
C([0,1] x [0,1],X) is a solution for the system of the
time-fractional differential inclusions whenever it satisfies
the initial value conditions and there exists (w;,w,) €
LY([0,1] x [0,1]) x L'([0,1] % [0,1]) such that w;(x,t) €
F(x,t,u(x, t), v(x,t)) for almost all (x, ) € [0,1] x [0, 1] and
i=1,2and also

u; (x,t)
. 2(1-«a)
C2-a)M(a)

- (25)
B %wi (0,0,u(0,0),v(0,0))

w; (%, t,u(x,t),v(x, 1))

2« ¢
G, s v s

forall (x,t) € [0,1] x[0,1]and i = 1, 2.

Theorem 10. Let F,, F, : [0,1] x [0, 1] xR xR — QJCP,CV(IR)

be L'-Caratheodory multifunctions. Suppose that there exist a
nondecreasing bounded continuous map y : [0,00) — (0, c0)
and a continuous function p : [0,1] x [0,1] — (0, 00) such
that |F(x, t,u;(x, t), ul{(x, NN < ple, Oy(llu;ll) for all (x,t) €
[0,1] x [0,1], u;,u; € X fori = 1,2. Then, coupled system
of time-fractional differential inclusions (8)-(9) has at least one
solution.

Proof. Define the operator N : XxX — 2X*by N(u,,u,) =

( Ny (uy,up)
Ny (uy,uy)

), where

N, (u,u,) = {hl € X x X : there exists v,
€ Sp, 4, such that hy (x,1) = v, (x,1) V(x,1)
€ [0,1]x [0, 1]},

N, (u,u,) = {h2 € X x X : there exists v,

€ Sp,u, such that b, (x,1) = v, (x,t) V(x,1)

€ [0,1]x [0, 1]},



mmﬂ:a%a%amuﬁ_a%aﬁa
v, (0,0) + Q_Of)—“MW Lt v, (x,5)ds,
v, (0,0) + % Lt v, (x,5) ds.

(26)

By Lemma 7, it is clear that each fixed point of the operator
N is a solution for system of time-fractional differential
inclusions (8). First, we prove that the multifunction N is
convex-valued. Let (u;,u,) € X x X, (hl,hz),(h',h;) €
N(uy,u,). Choose v;, v € SE,(u,u,) Such that

2(1 - @)
C-a)M@)"
B 2(1-«)

2-a)M(a)

h; (x,t) = (x,1)

v; (0,0)

2« t
+ —(2 “ M @) L v; (x, ) ds,

! _ 2(1-a)
O T S VTP
2(l-«)

TeoM@" @Y

(27)
(x,1)

20 t[
el RACELE

for almost all (x,¢) € [0,1] x [0,1] andi=1,2.Let0 <A <1
be given. Then, we have

[AR; + (1= )R] (x, 1)

__2(-a o
S GwM@ M0 A=Wy

B 2(1 - )
2-a)M ()

+2—a
2-a)M ()

[)Wi (0,0) + (1= A)v; (0, 0)] (28)

) Jt [)Lv,- (x,8) + (1= A) v (x, s)] ds
0

fori = 1,2. Since the operator F; has convex values, Sg ) is a
convex set and [Ah; + (1 — M)h]] € Ny(uy, u,) fori = 1,2. This
implies that the operator N has convex values. Now, we prove
that N maps bounded sets of X into bounded sets. Let # > 0,
B, = {(uy,u,) € X x X : (1, u,)|l < 7} be a bounded subset
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of X x X, (hy,h,) € N(u;,u,), and (u;,u,) € B,. Then, there
exists (v;, ;) € Sp (4,) X Sp,(u,) Such that

2(1 - )
(2 - o) M ()
B 2(1 - )

(2-a) M (@)

hy (x,t) = v (x, 1)

V1 (0’ 0) (29)

2« f
eeryvied RICRE

and 1, (x,£) = (2(1 = f)/@ = pYM(B))v;(x, 1) = (2(1 = B)/(2 =
BIM(B))v,(0,0) + (2/(2 = BIM(B)) [ v,(x, s)ds for almost

all (x,£) € [0,1] % [0, 11. T [ pllog = SUP (s rcioneton) 12CE B
then we obtain

2(1-a)

|(hy) (x,1)] = C-a0M@

vy (x, 1)

2(1 - )

oM@ OY

2«
+—
(2-a) M ()
< 2(1-a)
2-a)M(a)
2(1 - )
(2-a)M ()

t
J v (x,8)ds
0

|v1 (x, t)|

20
v (0,0)] + oM@

t
[ by 9lds < p0rw () @

{ 2(1-«)
(2-a) M («)

et ot < I
C-)M(a) Q-a)M(a) ] 7

4(1 - ) 200
'1//(”“1"){(2_06)1\/[(“) * (2—oc)M(06)}

4-2
< Dol v () { =22 =l

"/’(””1")Np

where the constant N, is defined by (17). This implies
that |l < lplleow(lu, DN,. Similarly, we get [|h,|| <
I plloo Wy ) N,, where the constant N, is defined by (17).
Thus, (1, i)l < 1Pl (I, )N, + Ny). Now, we
prove that N maps bounded sets into equicontinuous subsets



Journal of Function Spaces

of X x X. Let (u;,u,) € B, and (x,t,), (x,t,) € [0,1] x [0, 1]
with ¢, < t,. Then, we have

00) G12) = O0) (1) = | 52 ()
‘6%5%5““”+a:§m5
+% (0,0)

g [T aas (a1
< s ()~ ()
@;—“Mmj v, (x.5)| ds
< o I et = (o)
204(!}1||;0)‘/1/w(|l;‘1)||) (t,-1,).

By using a similar method, we obtain
() (12) = (1) (5.2
e e e YA R S0 [

2B |plo v () (,
Te-pup T

Hence, |h;(x,t,) — hj(x,t;)] — 0as (x,t,) — (x,t;). By
using the Arzela-Ascoli theorem we get that N is completely
continuous. Here, we prove that N is upper semicontinuous.
By using Lemma 4, N is upper semicontinuous whenever it
hasa closed graph. Since N is completely continuous, we must
show that N has a closed graph.

Let {(u},u})} be a sequence in X x X with (u},u)) —
(u),ud) and (W}, ) € N(uﬁ' Mywith (), 1)) — (K2, h9). We
show that (h0 ho) € N(u1 uz) For each (K, h};) € N(uf,u}),
we can choose (V],13) € Sp, @) X SE ) such that

2(1 - )
2-a)M(a)

. 2(1-a)
(2-a)M ()

W (x,t) = vy (x,1)

v/ (0,0) (33)

20 -
+ m JO 14 (X, S) ds

and Hy(x,t) = (2(1 - B)/(2 - B)M(ﬁ))vg‘(ic, ) - @1 -
B)/(2 = BIM(B))V;(0,0) + (2B/(2 = IM(B)) [ v (x, s)ds for

all (x,t) € [0, 1]x[0, 1]. It is sufficient to show that there exists
0.0
(V> v3) € Sg (u0) X S, ue) such that

2(1—06) 0
Mm@ !
2(1 - a)
oM@ @

R (x,t) =
(34)

2« t()
a0

and hy(x,t) = (2(1 - /(2 - ,B)M(ﬂ))vg(ic,t) - @ -
B)/(2 = BYM(B))¥5(0,0) + (2B/(2 = BYM(B)) [ v3(x, s)ds for

all (x,t) € [0,1] x [0, 1]. Now, consider the linear operators
0,,0,: L'([0,1] x [0,1], X) — C([0,1] x [0, 1], X) defined

by

2(1-a)
0, (v) (x,t) = W v(x,t)

2(1 - )

— mv (O, 0) (35)

2«

mj v(x S)dS

and ©,(v)(x, 1) = (2(1-)/@-HM(B)v(x,1)-(2(1-B)/ (2~
BIM(B)v(0,0) + (23/(2 = BYM(P)) [ v(x, s)ds. Note that

| (. 6) = 1 (1)

2(1-«w) ; .
Hm [V (e, ) =9} (x,1)]
2(1-a) ; .
G i@ M CO-1 0]
200

J [V1 (x,8) — V1 (x, s)] ds

(2 o) M (e)

—0,

|5 (. 8) = 15 (1) ()

2028 rren -
[ e o dimo
2(1_ﬁ) n 0
G [v5(0,0) = 5 (0,0)]
2/3 t" —(x,9)| ds

— 0.



By using Lemma 5, we get that ©; - S is a closed graph
operator for i = 1,2. Also, we get h'(x,t) € ®i(SE-(u,-”)) for
all n. Since 1! — u, we get

2(1 - )
(2-a) M («)

B 2(1 - )
2-a) M (@)

2« t 0

= . s)d
+ oM@ Jo vy (x,5)ds

and h(x, 1) = (2(1—5)/(2—[3)M(ﬁ))vg(:€, - @21-p)/2-

BIM(B)v5(0,0) + (2B/(2 = BIM(P)) [ v3(x, s)ds for some

v? € Sgup) (i = 1,2). Thus, N has a closed graph.

Now, we prove that there is an open set U € X with
(u;,uy) ¢ N(up,u,) forall A e (0,1) and (u;,u,) € 0oU.
Let A € (0,1) and (u,u,) € AN(uy,u,). Then, there exists
v, € L*([0,1] x [0, 1], R) with V; € Sp ) (i = 1,2) such that

2(1 -«)
2-a)M(a)
2(1 - )
C2-M(w)

2 t
+ —(2 "M@ L vy (x,8)ds

and u,(x,t) = (201 - /2 — BM(P))v,(x,t) — (2(1 -

B2~ PM(B)v,(0,0) + (2B/(2 = BIM(P)) [, v,(x, $)ds for
all (x,t) € [0,1] x [0,1]. By using the above computed
values, we obtain [lul| < [Ipllow(llu;l) Z?zl N; fori = 1,2.
This follows that lu;l/Ipleoy () Yiuy N; < 1 fori =
1,2. Choose M; > 0 with [lu;]] # M; in such a way that
M;/NIpllsowlegl) Z:‘zl N; > 1fori=12.PutU = {(u,u,) €
X x X : |(u,uy)| < min{M;, M,}}. We note that the
operator N : U — 2(X) is upper semicontinuous and
completely continuous. Also, we showed that there is no
(uy,uy) € 0U such that (u,u,) € AN(u;,u,) for some
A € (0,1). Hence, with the help of Theorem 6, we get that
N has a fixed point (1;,1,) € U which is a solution for time-
fractional differential inclusion (8)-(9). O

W (x,t) = V) (x,t)

v} (0,0) (37)

Uy (x’ t) = V1 (x’ t)

v (0,0) (38)
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