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1 Introduction

Over the last decades there has been an extensive use of fractional dynamic equations in
modeling and describing complex and chaotic systems [1-6]. This fact has motivated re-
searchers to discover new fractional operators. After Riemann—Liouville fractional deriva-
tives, Caputo fractional derivatives were defined to transform constant functions to zero
and hence have similar properties as ordinary derivatives. On the other hand, some re-
searchers have spent their efforts to define more general classes of fractional operators by
inserting more general or new kernels. Since the appearance of the concept of conformable
derivatives, which allow the derivation up to arbitrary order and resemble ordinary deriva-
tives, in [7] and their modifications in [8, 9], several researchers realized that conformable
type derivatives can be used to produce nonlocal more generalized fractional derivatives
[10, 11]. Indeed, in [10], the authors used the conformable derivatives presented in [8] to
present a class of generalized nonlocal fractional derivatives, called conformable fractional
derivatives, slightly different from the so-called Katugampola [12, 13]. In fact, the deriva-
tives in [10] and the Katugampola are characterized as fractional derivatives of a function
with respect to another function g(¢), with g(¢) = % and g(t) = %,
Also, the authors in [11] used particular versions of the proportional derivatives presented

respectively [14].

in [9], called modified conformable derivatives, to present the fractional counterpart pro-

© The Author(s) 2020. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’'s Creative Commons licence and your intended use is not permitted by

L]
@ Sprlnger statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a

copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13662-020-03043-8
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-020-03043-8&domain=pdf
http://orcid.org/0000-0002-8889-3768
mailto:tabdeljawad@psu.edu.sa

Laadjal et al. Advances in Difference Equations (2020) 2020:641 Page 2 of 16

portional derivatives and integrals. Later, the authors in [15, 16] generalized proportional
derivatives and used them to generate more generalized classes of nonlocal fractional in-
tegrals and derivatives, and in [17] the authors discussed a new type of fractional operators
combining proportional and classical derivatives/integrals. Besides, there have been many
attempts to generate fractional operators with more complicated kernels with the hope to
describe complex systems more accurately. Some authors thought of replacing the singular
kernels with power law by nonsingular kernels with either exponential law [18] or Mittag-
Leffler law [19] via ML kernel and via generalized ML kernel. For the interest of readers,
we attract their attention to the recent work where the author studied the relationships
between the model of Prabhakar depending on fractional integrals with generalized ML
kernels and Atangana—Baleanu model in [19] and its extension in [20].

Fixed point techniques are always used to prove existence and uniqueness of ordinary
and fractional dynamic equations [21-27]. It turns out that the structure of the kernel
of fractional operator affects the applied analysis technique in proving the existence and
uniqueness of solution or its stability criteria due to the natural appearance of the expo-
nential function in the kernel of proportional fractional point technique in proving the
existence and uniqueness of solutions for fractional differential equations in the setting of
GPF derivatives. Indeed, we investigate the following Cauchy problem:

DI’ u(t) =f(t,u(t), a<t<ba>0, @
uBa)=b,, k=01,...,n-1,
where p € (0,1], n = —[-a], —00 <a < b < +00, by € R, and °D;” denotes the Caputo pro-
portional fractional derivative of order «, f : [4,b] x R — R is a given continuous non-
linear function.
Further, we will also obtain a result for the following fractional differential equation in-

volving proportional fractional order with initial conditions:

RDY u(t) =f(t,u®), a<t<ba>0, )
RpEKe @)y =by, k=1,...,m,
where 1 = —[-a], ®D;” denotes the generalized proportional integral of Riemann—
Liouville type of order «.
The paper is organized as follows: Sect. 2 presents some definitions and results needed in
the rest of the article. Sect. 3 discusses new lemmas needed for the proofs of the existence

and uniqueness of the Cauchy problems proposed in Sect. 4.

2 Preliminaries
Definition 2.1 ([5]) Let & > 0. The left fractional integral of Riemann-Liouville type of
the function W is defined by (I2W)(¢) = ¥(¢) and

(IZ‘W)(t) = ﬁ /at(t - 1) " (r)dr fora >0, (4)

where ¢ € [a, b].
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Definition 2.2 ([5]) Let« > 0. The left fractional derivative of Caputo type of the function
U € C"[g,b] is defined by °DOW (¢) = W(¢) and

DEW(t) = Jr W (1)

= F(nl— o) /ﬂt(t — 1) (r)dr fora >0, ®

wheren—-1<a<n,neN.

Definition 2.3 ([11]) Let p € (0,1] and « > 0. The left generalized proportional integral
of Riemann-Liouville type of the function W € L[4, b] is defined by (Jo* W)(£) = W(¢) and

1
T (o)

t -
(2 w) () = / (-7 “W()dr fora >0, ©)

where ¢t € [a, b].

Definition 2.4 ([11]) Let p € (0,1] and & > 0. The left generalized proportional derivative
of Caputo type of the function ¥ € C™[a, b] is defined by cp%* () = U(¢) and

“DEPW(E) = ]2 (D) (1)

1 ¢ -
= ST—a) f (t- r)”""’lepTl(t_T)(D”'p\lf)(t)dr fora >0, (7)
pa n—-«o)Jg

where n— 1 <a <n, neN,and (DV?W)(t) = (D°W)(t) = (1 - p)W(t) + p¥'(¢), and

(1), forn =0,
(D" 9)O =\ (prew)(e) = (DD’ - DPW)(8) forn> 1. ®
——

n times

Definition 2.5 ([11]) Let p € (0,1] and & > 0. The left generalized proportional derivative
of Riemann-Liouville type of the function W is defined by RpOP W(t) = W(¢) and

RDEPW(t) = D] W (1)

DmP t 1
= T / (t - 1) Les “Du(r)dr fora >0, )
pn—a n-aw)/,

wheren—-1<a<n,neN.

Remark 2.6 Note that, for p = 1, Definitions 2.3 and 2.4 reduce to the usual definitions of

Riemann-Liouville fractional integral and Caputo fractional derivative, respectively.

Lemma 2.7 Let n € N and W € C"[a, b]. Then,

n-1

(D" w)(t) = "W (t) + > Chpk (1= p) W W) for p e (0,1], (10)
k=0

where Cy = (Z) = k!(:ik)!'
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Proof The proof follows by writing D” = (1 — p) + pD and applying the binomial theo-
rem. ad

Remark 2.8 Let p € (0,1] and o > 0 with n— 1 <@ < n,n € N. By using Lemma 2.7, we can
write the definition of the left generalized proportional derivative of Caputo type of the
function W € C™|[q, b] as follows:

n-1
DLOW(E) = p" T W (1) + Y Chp*(A - p)r g w e, (11)
k=0

Proposition 2.9 ([11]) Let p € (0,1], >0, and a >0 withn—-1<a <nand ¥ € L'[a, b],

we have the following properties:

o,0 _ \B-1 pT?lx _ F(:B) _ \at+p-1 %t.
(Jerx—a)lem ")) —p"’F(a+/_‘3)(t a) er (12)
eyt iy - LT (s e
(Da (x—a)’"er )(t)_F(ﬁ—a)(t a) er’; (13)
(eI w) @) = U2 Ta ") () = (7" w) 0); (14)
(DT () = W (o) (15)
(RDEP TP W) (£) = W(D); (16)
n-1
(e D) (@) = W) - Y ailt—a)keT ), W e Clab), (17)
k=0
where ci = (Dk:k\l]:!) (@),
U RDEP W) () = (0 - Y qelt - @) *e'7 ), (18)
k=1
where =M.
9k P4 (a—k+1)

Definition 2.10 ([28, 29]) Let & € C (M(x) > 0), we have the following definitions:
The upper incomplete gamma function is defined by

(o, t) = / y* e dy; (19)
t

The lower incomplete gamma function is defined by

¢
y(a,t) = / y“’le"y dy; (20)
0

The upper regularized incomplete gamma function is defined by

(21)
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The lower regularized incomplete gamma function is defined by

L
Pla,f) = 1- Qa,t) = L&Y, (22)
[(a)

The functions P and Q are also called “Incomplete gamma function ratios”

Lemma 2.11 ([28]) Let o > 0. For all t > 0, we have the following properties:
Mo+ 1,8) =al (o, t) + t%e, (23)
)’(Ol; t) = F(O{) - F(O{, t)! (24')
ve+1Lt)=ay(a,t) -t (25)

5]
/ yreldy=ylat)-y@t), tH=t>0. (26)
1

Lemma 2.12 Let «,n € R*. It is clear that P(o, n(t — a)) is a nondecreasing function with
respect to t € [a, b]. Moreover,

P(oz, n(t - a)) €[0,1] orallt> a, (27)
trer%g)lj]P(a, U(t - 61)) = P(O[, Tl(f - ﬂ)) lt=p = P(Ol, 77(17 - 61)), (28)
trr[lirg]P(a, n(t - a)) = P(a, n(t— a)) l4=q = 0. (29)

3 Incomplete gamma functions vs fractional proportional integrals
In this section, we present new essential lemmas, which allow us to proceed in proving our
main results about the existence and uniqueness of solutions for GPF differential equa-

tions.

Lemma 3.1 Let p € (0,1], @ >0, and f(¢t) = 1 for all t € [a, b]. Then

Ple, 2L (t-a))
—ie 0,1),
ARVORS SN forp €1 (30)
(Igl)(t) = l"(:xa+1)’ fOI",O =1,
where the function P is defined by (22). Moreover,
Pa, =2(t - a)) (t-a)
lim —2 = (1) () = ——— 31
fim i - GOt (3D
and
P(a, =L (t - a)) b-a)®
max | lim £ = (b-a) . (32)
tefa,b] \ p—1 (1-p) Mo +1)

Proof For p € (0,1), from Definition 2.3, we have

1 ¢ o=l ,
U1)0 =~ [ =T a, (33)

Page 5of 16
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Lety= 1’Tp(t— 7), then dy = —1’Tp dt,ordrt = —ﬁ dy. Hence, we have
-1 0
@P1)(f) =
0= 25

a-1
L) Ly
o 1-p 1-p

1-p
1 N

- - a1y g

<1—p>wr<a)/o yoerw

_ywﬁgu—m)
(1-p)*T'(a)
Ple, 22(t - a))

(1-p)

Concerning the limit formula (31), we have

lim
p—1

P(a,kTp(t—ﬂ)) . 1 t a—1 p—t 7)
(Far ) m g [ e

_L ! _ a-1
_F(a)/a(t ) drt

(t—a)
Mo +1)

Finally, formula (32) is immediate, and hence the proof is completed. 0

Lemma 3.2 Let X = C([a, b],R) be the Banach space of all continuous functions from [a, b]
to R endowed with the norm ||u|| = sup,c(, ) |u(t)|, and let p € (0,1], o« > 0, and f € X. Then

J
Pl 2 )l

—F——, forpe(0,1),
Gzep) 0] < e Jore€loh en
T(a+l) ’ Jorp=1,
forallt € [a,b].
Proof The proof follows just by following the same steps as in Lemma 3.1. O

Lemma 3.3 Let p €(0,1), t1,t, € [a,b] (t1 < ), and o > 0. Then

[ R L ) B L) | e
f (1-p) P p

where the function P is defined by (22).

Proof Sety = 1_T”(b —1). Thendy=-="~ dr ordr =-£ dy, from which it follows that
Ho-n) o, N\l 0
/(b t)“l_bfdr— ( y) e? dy
o p-n) \1=p I-p
o L2 (h-1y)
p ’ Y eV dy.

C(1-p) L0 (pty)
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Using property (26) in Lemma 2.11, we get

/t2( byl g = £ [V(a:l_pw—m))—V(a,l‘—p(b—m))}
o (1-p) P P
_ @ [P(a, l_p(b—t1)> —P(oz,l_—p(b—tz))].
(1-p) P P

The proof is completed. O

Lemma 3.4 Letpe€(0,1],a>0,anda <t <ty <ty <b.IfeitherO<a <1ora>1, then

t 1
lim (&2 - r)""lepT(t2 (- t)"‘_lepT(“_r)| drt =0. (36)

ly—11 a

Proof To calculate the above limit, the sign to the term inside the absolute value must be
studied.

For p = 1, we look at the three cases « = 1, « < 1, and « > 1 as follows:

t o-1
/ ‘(tZ _ .L.)oz 1 (t2 T) (tl _ T)a—leT(flff)‘pzl dr
a

t
= / 1 |(t2 1) (g - r)"‘_1|dt

0, fora =1,
= é((tz 1) —(r—a) + (1 —a)), fora<l,
L-(a—0)" + (- a)* - (1 —a)*), fora>1,

hence the integral has the value zero as t; — ;.
Next, for p € (0,1) and O <« < 1.

Becausea —1 <0, 2 (t2 —1)<0,and p L(#; — 7) <0, so we conclude that
(tz _ T)a 1 (t2 7) (t —‘E)a 1 (tl 7) <0.
Then we get

t
o=l
/ |(t2_1,)a 1 (t2 T)_(tl_,[)(x—le > (t1 r)|d_’:
a
a P p-
:/ —(tz—r)“’leT (2= dr+/ (ty —7)*! %5 g
a

From Lemma 3.3, we obtain

51 o-1
/ |(t2 _ 1.)oz 1 (tz T) (tl _ T)a—leT(t1*T)| dr
a

_ @ [_P<a, 1"’@-@) +P(o¢, l‘p(tz—tl))
(1-p) p
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+P(a,1_p(t1—a)>—0}
o

—0 asty— t.

Now, for p € (0,1) and « > 1. |

L=l oy, . . . .
Note that (£ —7)*le 7 ¢ % is a continuous function on [a, D] x [a, b], then it is uniformly

continuous. So, for any € > 0, there exists a constant § = §(¢) > 0 such that
=1, ot
’(tz - rz)ot—le 5 (t2-12) _ (t; - .L_l)rx—le 5 (0 rl)| ce

for all £1,t,, 71, T2 € [a,b] and |ty — £1] < 8, |13 — T1] < 6.
Then

a1 o-1 p-1 fa
/ |(t - )% e 270 _ (g - r)"‘_leT(trr)| dr < 6/ dt
a a

= (tl - d)é

< (b-a)e.
Hence, we conclude that
1 1,2 ) 1) :
/ |(t2 —T)* e r TV (1) e r ! |d‘L’ — 0 uniformly as £, — #.
a

p-1
I

Lemma 3.5 Let p € (0,1], B >0, and hg(t) =e (H’)(t —a)?, t € a,b]. Then

_ pB_ ) ifa+ 2L ela,b),
max hg(t) = hg = (9:(3);) Jat i, clab] (37)
telab] er U g)B, ifa+ % ¢ [a,blorp=1.

Proof 1t is clear that /1g(¢) is a continuous and nonnegative function for all ¢ € [4, b], and

hg(a) =0and hg(b) = ep%l(b—a)(b —a)P. Now, differentiating the function /g4, we get
1- -
hg(t) = (ﬂ(t —a)f - _p(t _ a)ﬁ)e/’pl(t—a).
o

So, the equation /(¢) = 0 has a unique solution at the point

tf=a+ p , p#1,
1-p

where hg(t*) = ((l’j‘z)e)ﬁ, we obtain the given result in the above lemma. The proof is com-

pleted. g

4 Some Cauchy problems in the frame of fractional proportional derivatives
This section is devoted to applying the above proven essential lemmas to study the initial
value problem (2), and then we deduce the results of problem (3). The proof of the next
result follows by Theorem 5.3 in [11] or (17) in Proposition 2.9 and Lemma 2.7.

Page 8 of 16
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Lemma 4.1 For ¥ € C([a, b],R), the solution of the following linear problem

Dyfu(t) =W(t), a<t<ba>0,

(38)
uP(a)=by, k=0,1,....,n-1,
is given by the integral equation
n-1 1 ; L
u(t) =Y (¢ - aye T / (t—1)* 7 COw(r) dr, (39)
Pl "o @ Ja

where @y = Z ( ),01(1 )by for p € (0,1) and i = by for p = 1.

Let X = C([a, b],R) be a Banach space of all continuous functions from [a, b] to R en-
dowed with the norm [[u|| = sup,, ; |u(£)|.
Associated with problem (2), we define a fixed point operator 7 : X — X by

Tu(t) = Z %(t - ﬂ)kepT_l(t_“) + p"‘[{(a) /ﬂ (¢- r)“’lepT(t Z)f(r, M(T)) dr. (40)

Consider the following hypothesis:
(H1) f:la,b] x R — Risa continuous function and there exists k > 0 such that |f(¢, A) —
f(¢,B)| <LIA-B| forall t € [a,b], A,B € R, and |f(£,0)| < Q(¢), with Q being a
continuous and nonnegative function where Q = sup,(, ;; (2).

Theorem 4.2 Let p € (0,1), and assume that (H;) holds. If either 0 <o <1 or « > 1, then
problem (2) has a unique solution on [a, D) if

LP(c, 1‘7"(19 -a))

1) <1, (41)

where P is defined by means of (22).

Proof Let us choose R > 0 satisfying

-1 h
S e 4 L P, 22 (b - )

R> s
1- WP(O[, T(b—ﬂ))

(42)

where 7 is defined in Lemma 3.5 with k € {0,1,...,1n — 1}, and consider Mg = {u € X :
|lu|| < R}. We first show that TMp C Mp.
For u € My and t € [a, b], we have

n-1
|§0k| t—a) ’a—t T
|Tu(t)|§zpkkl(t_ a)e’ a)/( 7 (=0)

k=0

X [f(r, u(t)) - f(z,0) +f(r,0)| dr

-1

-1 LR+Q (!
‘/’k| a)ke%(t—a) + 1

a— p—(t 7)
t— » d
pT(a) a( e

T.

Page9of 16
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Using Lemma 3.5 and Lemma 3.2, we obtain

n-1 7 =

loxlhe LR+ Q2 1-p

|Tu@®)| <Y ——=+=———Pla,——(b-a)
— o'kl pT () P

=R

which implies that || Tu|| < R for any u € M. We get TMp C M.
Next we prove that the operator T is a contraction mapping. For u,v € X, forall ¢ € [a, b],

we have
|Tu(t) - TV(t)| < al—l‘(a) /t(t - t)a—le/%l(tft)lf(r,u(l.)) —f(T,V(‘E))|dT
~ Lllu—vll a-1, 254 ¢0)
< / (t-)
LP(c, I‘Tp(b - a))

lloe = v

(1-p)

Taking the supremum over all ¢ € [a, b] yields

LP(a, Z£ (b - a))
1T = Tv|| < ———L———Ilu-v|.
(1-p)
By condition (41) the operator T is a contraction. Hence, by the Banach fixed point theo-
rem, problem (2) has a unique solution on [, b]. The proof is completed. d

Now, based on Leray—Schauder alternative fixed point theorem [30], we present the fol-
lowing result about the existence of solutions for the investigated problem (2).

Consider the following hypothesis:

(H2) f:la,b] x R — R is a continuous functions, and there exist real positive constants

co, ¢1 such that

[ft,u)| < o + c1lul
for all (¢,u) € [a,b] x R
Theorem 4.3 Let p € (0,1), and assume that (H,) holds. If

1P, ZL(b - a))

T <1, (43)

then the initial value problem (2) has at least one solution on [a, b].

Proof We first show that the operator T is completely continuous.

The continuity of f implies the continuity of the operator T. Let Y be any nonempty
bounded subset of X. Then there exists & > 0 such that, for any u € Y, ||u|| < &. Notice
that from condition (H;), for all # € Y, we have

If (£ u(®)] < g0+ 51£. (44)

Page 10 of 16
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Next we prove that T(T) is uniformly bounded. Let # € Y. Then, for any ¢ € [a, b], we have

|Tu(t)|

Al
okk!

=
Il

0

IA
=

okk!

>~
=}

1 —
x|k

IA

(t- a)k t_“) “F(a) / t)a_le%l(t_r)[f(r,u(r)ﬂdr

¢
p-1 + p-1
(3 (t—a)kep/’ (t-a) , SO 16 (t—t)a_lepp 1) g7

p°T() J,

okk!

T
o

N 5‘0+§1§P<a, 1- p(b_ )>

(1-p)

Consequently, ||«|| < +oo for any u € Y. Therefore, T(Y) is uniformly bounded.

Now we show that 7 is equicontinuous on Y. Let u € Y. For any t3,£, € [a, b], where

t, > t;, we have

| Tu(ty) — Tu(t))|

1

- Zﬂ((tg—a)ke/%(tz’“) (b1 - a)e’7 07

s

"‘F( )

,_.

Z

/(tl—r)"’ e7 |f(z,u(r))| dr

o1y
z,z)ke r (tz a) (tl —a)ke 7 (11 ﬂ))

p-

— T (t2-7) e 1 (tl )
O‘F(oz)/ (t2 —(t1—1) )[f(r,u(r))’dr

m/tz (ta =) RPalCh N (. u())| de |

From Lemma 3.3, we have

|Tu(t2) - Tu(t1)|

-1
‘p_
pkk!

:

o P
So+ 61
p°T (@)

So+ 61
(1-p)

tz

—a)ke 5 L(tr-a) —(t a)ke - =L (- ﬂ)|

51
|(t2—‘f)a 1 (tz 7) (t —‘L')D[ 1 t1 T |dT

|:0—P(Ot, l_—p(tz — t1)>].
1Y
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Because /1 (t) = (t — a)ke 5 -a) ,k=0,...,n—1, are continuous functions, then |/;(t,) —
hi(t)] — Oas ty — 7.
Then, by using Lemma 3.4, we obtain

lim |Tu(t;) - Tu(t1)| = 0.
th—1t1

Thus, the operator T is equicontinuous. Hence, by Arzela—Ascoli theorem, we deduce
that the operator T is completely continuous.

Finally, we will verify that the set M(T) = {u € X : u = mTu for some 0 < m < 1} is
bounded.

For all u € M(T), and for any ¢ € [a, b], we have

’u(t)| = m|Tu(t)‘

:
._.

[k k L a) / 1, L2 (t-1)
< (t—-a)e & (t-1)* If (v, u(r))| dx
k 01
= Pk F( )
o lol +allull [
< il (t—a)ke 5 ma) | SO+ S (t-1)* 7 7 g
okk! p°T(@) Ja
k=0
n-1 7
x| Ak So < 1-p > cillull ( 1-p )
= + p o, (b_ ) p o, (b—(l) )
E: pkk!  (1-p)e (1-p) o

k=0

which yields

ZZ:& kallillk + §0 P(Ol, 1- p(b—a))

1- P(a, = L(b - a))

llull <
(1- p)a

which proves that M is bounded. Thus, by Leray—Schauder alternative theorem, the op-
erator T has at least one fixed point. Hence, the initial value problem (2) has at least one
solution on [a, b]. The proof is completed. d

P2 (b-a)
(1-p)*
So, then we can conclude the usual results for the existence and

Remark 4.4 From Lemma (3.1), in the case p = 1, we can replace the formula

(b—a)®
C(a+1)

by the formula <
uniqueness of the solution of the Cauchy problem with usual Caputo fractional derivative.

Because P(a,x) € [0,1] for all ,x € R*, we obtain the following results.

Corollary 4.5 Let p € (0,1), and assume that (Hy) holds. Then problem (2) has a unique
solution on [a, b] if

L
(1-p)

<1. (45)

Corollary 4.6 Let p € (0,1), and assume that (H,) holds. If

S1
(1-p)

<1, (46)

then the initial value problem (2) has at least one solution on [a, b].
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Now, concerning the study of the initial value problem of Riemann—Liouville type (3),

we present the following results.

Lemma 4.7 For V¥ € C([a, b],R), the solution of the following linear problem

RD%Pu(t) =W (t), a<t<ba>0,

(47)
fDeHu@) =by, k=1,...,n,

is given by

- bk ak ’J—_l(t—a)
t) = _— (-
u(t) ;pa—kr(a—k+1)( e

| S PP = Yo
+par(a)/a(t )% e Y(t)dT. (48)

Proof Applying the operator J..” on equation (47), with using (18), we get

u(t)= 3 qult —ay ke T 4w (), (49)
k=1

where ¢ € R, k€ {1,2,...,n}.
Now, applying the operator XDZ ™ on (49), we get

n
. op-1
Rpehru(e) = 37 qRDa e (¢ - a)* e 7 ) + RDEHP ey (p)
i=1

n
1- . op-1
= E q,-eTP“RDZ’k'p ((t - a)“"eth) +]§’plll(t)
i=1

n

~ Z P k(e —i+1)
= PR s

. op-1
rErre AT AL D

i=1
" akP(—j+1 . p-1
=> LD (a. l )(t—a)k"’e%(t“”
Ck—-i+1)

i=1
ik

-1
+qep® (o -k + l)epT(t’“) + ]Zl‘v/’\y(t),
So, for t = a, we obtain
Rperu(a) = qep® *T(e - k +1). (50)

For any k € {1,2,...,n}, using the initial condition (RD‘;‘_k’pu)(a) = by, we get gqx =
bk
Pk (a—k+1)"
Substituting the values gx (k € {1,2,...,n}) in (49), we obtain the integral equation (47).

The proof is completed. d
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Associated with problem (3), we define a fixed point operator T : X — X by

~ - by (t - d)a_k 271 (s g)
Tu(t) = E —— e r
() py p“*kl"((x—k+1)e

1 ! _ a-1 'OT?l(f*T)
+—,0"‘F(oz)_/;(t )% e f(T,u(‘L'))d‘L’. (51)

Remark 4.8 1t is noticeable that the two operators T and T are similar in form. So, in the
same way as the above study of the proportional fractional problem of Caputo type (3),
the reader can easily check that the above results we came up with (Theorem 4.2, Theo-
rem 4.3, Corollary 4.5, and Corollary 4.6) can be also applied with the same conditions on

the Riemann-Liouville proportional fractional problem (3).

Example 4.9 Consider the following initial values problem with GPF of Caputo type:

DI*Pu(t) = (t-1)% + Tsinu(t), 0<t<1I, (52)
I/l(O) =A1, u’(O) =A2, Al,Az e R.

Here, o = %, o= %, a=0,b=1andf(t,u) = (t — 1)® + sinu. For all (,u) € [0,1] x R, we

’3,J(t,u)| = —|cos u]

N =

=<

=L,

N =

Using Matlab program with the given values, we obtain

LP(a, 1’7"(19 —a))

TR T 0.604708 < 1.
-p

Then inequality (41) is satisfied. Hence, by Theorem 4.2, we conclude that the GPF prob-

lem (52) has a unique solution on the interval [0, 1].

Example 4.10 Consider the following initial values problem with GPF of Riemann-—
Liouville type:

RDS/Z'mu(t) =1-t+ gln(l +u()]), 0<t<1,
M(O) =A1, M/(O) =A2, Al,Az eR.

(53)

Here,a:%,p:%,a:O,b:landf(t,u):l—t+%1n(1+|u|).

For all (¢,u) € [0,1] x R, we have

7 3
lf(t,l/l)| < Z + Z'Lt"

choose ¢; = 3/4.
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Using Matlab program with the given values, we obtain

glp(a’ 17_p(b - d))
- -0.907062<1.
(1-p)

Then inequality (43) is satisfied. Hence, by Remark 4.8 and Theorem 4.3, we conclude that
the GPF problem (53) has at least one solution on [0, 1].
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