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Abstract

In this research work, we investigate the existence of solutions for a class of nonlinear bound-
ary value problems for fractional-order differential inclusion with respect to another function.
Endpoint theorem for ¢-weak contractive maps is the main tool in determining our results. An
example is presented in aim to illustrate the results.

Keywords: g-Riemann—Liouville Fractional Derivative; g-Caputo Fractional Derivative; Inclu-

sion; Endpoint Theory.

1. INTRODUCTION

Over years, the investigation over fractional oper-
ators has been giving researchers numerous dis-
coveries in many distinct technological fields T
Particularly, some remarkable applications in
mechanics and physics have been done ™ However,
many authors have shown that some forms of such
fractional differentiations and integrations may not
be able to identify real-world problems suitably. For
this purpose, a new fractional differential operator
with unlike kernels has been recently developed in
Ref. [7, the so-called Caputo fractional derivative
of a function f with respect to another function
1, or -Caputo fractional derivative, in Ref. [§] the
same fractional derivative was established on a set
of absolute continuous functions. Since then sev-
eral studies showed interest in the v-differentiation
operators, we mention for example @14

The investigation of linear and nonlinear bound-
ary value problems for differential equations and
inclusions forms a substantial area of research
mainly due to the appearance of such problems in
a diversity of disciplines of applied sciences and
engineering. In particular, problems with integral
boundary conditions with a composition of differ-
ent integral forms are an interesting and valuable
class of problems as integral boundary conditions
arise in the study of biomedical issues’® and radia-
tion conditions problems 18

Differential inclusions emerge in the mathemati-
cal modeling of certain problems in stochastic cal-
culus and optimal controls™ Many authors con-
tributed to developing theoretical aspects related
to fractional differential inclusions like the study of
existence, uniqueness, asymptotic behavior, etc. We
mention for example ™22 More details on the the-
ory and applications in this field, are found in the
monograph by Ahmad et al’?¥ and the survey by
Agarwal et al??

In this paper, we intend to investigate the follow-
ing fractional differential inclusion with respect to
another function ¢

“Dy+ ,w(y) € Ty, w(y)),

(1.1)
yeJ:=10,1],

1<n<2,

subject to integral boundary value conditions with
respect to another function g

wl) + yu(l) = %M) /O "(9(a) — 9())" g ()
X (§7w(§))d£ - bIg+;gw(Qaw(Q))a
(1.3)

where “Dj is the Caputo fractional-order derivative
with respect to another function g established by
Jarad et al. B Y 1 J xR — P(R) is a multivalued
map, P(R) is the family of all nonempty subsets
of R, I} 4 18 the -Riemann—Liouville fractional
integral of order 0 < z < 1, z € (6,u), on [0,],
0 <p,q<T, rand w continuous functions defined
on [0,{] x R, and 6, = g,(ly)%, while a and b are
suitable chosen constants.

This paper proposes a new investigation in
obtaining the existence criteria of solutions for the
above inclusion problem by using endpoint theorem
for p-weak contractive multivalued mappings due to
Moradi 23

The entire paper is designed as follows. In Sec. 2]
Some preliminaries follow this section to allow the
reader to grab an overview of the state-of-the-art.
In Sec. Bl we establish the main result. We provide
an example to illustrate the theory in Sec. [l
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2. PRELIMINARIES AND
AUXILIARY RESULTS

The space of all continuous functions w from |0, (]
into R denoted by E = C([0,{],R) endowed the

Supremuin norm

lw|| = sup [w(y)].
ye[O,l]

LY([0,1],R) be the Banach space of measurable
functions w : [0,!] — R with the norm

l
ol = /0 o (€))de.

AC([0,1],R) stands for the set of absolutely con-
tinuous functions from J into R. We define
ACZ([0,1],R) by

AC?@LmR):{w:mJ]HE&Mglew

1 d
8):99 = gy @}’

which is endowed with the norm given by

€ AC([o,1],

n—1

lwlicy = > lI65wy)lioo,

k=0

where g € C"([0,1],R), with ¢’(y) > 0 on [0,1], and

O = 6404...04.
N—_———

k times

For a normed space (E, |.|), let
Pep(E) ={Q € P(E) : Q
Pra(E) ={Q € P(E) : Q

Peppa(E) ={Q € P(E) : Q

For more details on multivalued maps, see Ref. 20l
Now, basic definitions of fractional calculus with
respect to another function are recalled.

Definition 2.1 (Ref. [27). The Riemann-
Liouville fractional integral of order r > 0 of an
integrable function f with respect to g is defined by

Iy fy) = % /0 "(0) — 9©) g O F(E)de,

(2.1)

is compact },

is bounded},

Definition 2.2 (Ref. B). Let f € AC}([0,l],R).
The fractional derivative in Riemann—Liouville

is closed and bounded}.

sense of order r > 0 with respect to ¢ is defined as

n—1 5k 1
Dhoo ) = B 05000 + Y- ot
k=0

M(n—r
. SF)(0

x g f(£)dE + Z I‘((/-gg—fi?)“(—i-)l)
k=0

x (g(y) — g(0))* T, (2.2)

provided the integral exists. I' is the Gamma func-
tion, and n = [r] + 1.

Definition 2.3. (Refs. 8 and [7) For a given f €
ACZ([0,1],R). We define the Caputo fractional
derivative of order r > 0 with respect to g by

CD6+;gf( ) Ig+2(5nf)( )

1 Y n—r—1 1/
= m/o (9(y) —9(8)) q'(6)

X (0 f)(§)dE,  n =

When r =n € N, we have

Lemma 2.4 (Ref. 8)). For a given function f €
ACH([0,1],R), r € R, we have

n—1 514: 0
1546 Dogigf(y) = f(y) — Z 5 1)0)

k!
k=0

< (g(y) — g(0))*,  (2.3)

in particular, for 0 < r <1, we have
IS+;QCD6+;gf(y) = f(y) — £(0).

The next lemma is needed to investigate the exis-
tence of solutions to the problem (LI)—(L3).

Lemma 2.5 (Ref.d)). Let 9, p1 and py be real con-
tinuous functions on [0,1], and 1 < n < 2. We say
that w € AC;([(L [],R) is a solution of the fractional
integral equation

/ Gy(y,£)0(&)d¢, (2.4)
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where
L(y) = alg ((ll)) (0 9y )) 1)Ig+;gp1(p)
b( (y) —g(0)+1) ,
s 9072 a2 l0)
g € C*([0,1],R) with ¢ > 0, and Gy(y,&) is the

Green function with respect to g defined by

Gy(y,€) =d'(€)

(9(y) — g(§)"! g(y) — g(0) +1

'(n) ~ (9(1) = 9(0) +2)T(n)

xy x(@0)—g@)  0<E<y,
~ g(y) —g(0) +1 - -
(g(1) — g(0) + 2)T'(n) (g(l) —g(&))
9w -9 +1
(9(1) — 9(0) +2)T(n — 1)
< (gl) —g(e)"2,  y<&<l

(2.5)

if and only if w is a solution of the following frac-
tional BVP:

Dy w(y) = I(y),
w(0) = 6yw(0) = aIg—ngl (p), (2.7)
w(l) + dqw(l) = bIg, . p2(q), (2.8)

yeJ:=1[01], (2.6)

Proof. Applying the fractional operator Iy,
on both sides of Eq. (26) and making use of
Lemma 2.4 we obtain

w(y) = k1 + ka2(g(y) — 9(0)) + I, ,0(y),  (2.9)

where ki,kp are real constants. Taking the d4-
derivative (2.9), we get

(64w)(y) = ko + 1] 0(y). (2.10)
From (Z7) and (Z3), we get
ki — k2 = algy o1 (p), (2.11)

and
k1 + ka(g(D) — 9(0) + 1) + I, ,9(0) + 171000

= bIé:_;gpg(q). (2.12)

Equations (Z9) and ZI12) give
e mlgﬁgm(@
- mlg+;gp1 (p)
- mf& (1)
1

N m% SO0, (213)

and

_alg) —g0) +1)
S RS AL

b o 1
T ol — g 72 0o T T 1 2

x [I{)g S0+ I ;qﬂ(l)} (2.14)

From (29), 213), (ZI4) and using the fact that
fé = f0y+f?j, we obtain

l
+ [ Gwoned )

where

L(y) = (g ((ll)) ())j;)fmgm()
B D ). (210

and

Gy(y,€)
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Therefore, we have (2.4)). Inversely, it is clear that

if y verifies Eq. (2.4]), then ([2.6)-(2.8) hold. O

Remark 2.6. Green’s function Gy(y,§), is con-
tinuous, and thus is bounded. We let G, =

sup{ Ji |Gy (y, )],y € [0,1]}.

3. EXISTENCE RESULTS
In this work, we define the class ¥ by Ref.
U= {p: Ry — RJ, such that ¢ '(0) = {0},
o(y) <y for all y € [0,+00), and ¢(yy)
— 0, whenever y,, — 0}.

Let (E,d) be a metric space induced from the
normed space (F,|.|). Consider Hy : P(E) x
P(E) — RT U {oo} which defined as

Hy(Q,D) := max {sup p(q, D), sup p(d, Q)},
qeQ deD

where p(Q,d) = infeegp(q,d) and p(¢,D) =

infgep p(g, d). Then (Peypq, Ha) is a metric space.

Definition 3.1 (Ref. 25)). Let (E,d) be a com-
plete metric space. A multivalued operator I' : £ —
Peba(E) is said to be a ¢p-weak contraction if there
exists a function ¢ € ¥, such that

for each (,9 € E.

An element ¢ € FE is said to be a fixed point of
I, if ¥ € 'Y and an endpoint or stationary point if
'Y = {¥}. The set of all fixed points of I denotes
by Fix(T"), and End(I") stands for the set of all end-
points of I'. We say that I' has the approximation
endpoint property if

inf sup d(¢,9) = 0. 3.1

jof sup (€, ) (3.1)
Lemma 3.2 (Ref. 25). Let ' : E — Pgpa be a
multivalued p-weak contractive. If I has the approz-

1mate endpoint property, then I' has an unique end-
point. Moreover, End(I") = Fix(T").

Definition 3.3. A function w € AC3([0,1],R) is
called a solution of the inclusion problem (IT]) if
there exists a function o € L([0,1],R) with o(y) €
Y (y,w(y)), such w satisfies conditions ([L2)—(L3])
and

“Diswly) =oly), aeyel0,l],1<n<2,

(3.2)

where g € C?([0,1], R) with ¢’ > 0 on [0,].

For each w € E), we define the set of selections
of I' by

Svw = {o € L'([0,1],R), o(y) € T(y,w(y)),
a.e y € (0,1},
and the operator K : E — P(E) associated with

the problem (I))-(L3) by
K {8 1) = L)

l
+/O Gy(y,€)e(§)ds, 0 € Sm} (33)

where Gy(y,€) is the Green function given by (2.3),
and

Lu(y) =

a(g(l) —g(y) +1)
(9() —9(0) +2)1'(0)

n b(g(y) —g(0) +1)
(9(l) = g(0) +2)I'(1z)

XA%mw—g@W‘l%a(& (6))de,
(3.4)

Throughout the paper, we set the following nota-
tions:

~alg() +1)(g(p))°
O =L -0 rorery Y
0, — b(g(l) +1)(g(a))" (3.6)

(9(1) = 9(0) + 2)T(n + 1)

Theorem 3.4. Let o € V. Assume that the follow-
ing hypotheses hold:

(H1) T : [0,]] x R — Pgppa(R) be a measurable
multifunction map.
(H2) For w,w € R, we have

Ha(Y(y,w(y)), Y(y,w(y)))

1 _
le(lw( y) — w(y)|
—o(|w(y) —w(y)|)).

(H3) There exists 0 < v < 1, such that
|y, w) = Ky, w)| < v|w —w|.
(H4) There exists 0 < e <1, such that

|lw(y, w) —w(y, w)| < elw —wl.

2040002-5
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If Y wverifies the approzimation [B1]), then the inclu-
sion problem (L)) -(L3)) has a solution on [0,1], pro-
vided that

—-1< (@1’}/ + @25) <0, (37)
where ©1 and Oy are given by BI) and B0),

respectively.

Proof. We shall show that K : E — P(FE) given
in (33)) has an endpoint. The proof will be given in
two steps as follows:

Step 1. K is a closed subset of P(E).

Let wy, € E such that w, — w, and (fn)p>1 €
K (wy) be a sequence such that f,, — f. Then there
exists a g, € Sy, such that, for each y € [0,], we
get

l
Fuly) = Lo, (4) + /O Go(4,€)0n (€.

We have to show that there exists ¢ € Sy, such
that for each y € [0,]]

l
F(y) = Luly) + /0 Gy, €)0(E) .

Since T has compact values, the sequence (0p)n>1
has a sub-sequence, denoted by g, which con-
verges strongly to some o € L!([0,],R). Indeed,
for every w € Y (y,u(y)), we have

|0nm (Y) — 0o()| < lon,, (y) — =] + | — o(y)],
it follows that

l0n,, (y) — o(y)| < Ha(Y(y, wy), T(y,w))

< —(||lwn, —wl|| — Wy, — W|)),
< g n =l = — 1)
we have ||w, —w|| — 0, and hence ¢ € Sy . Con-
sequently, for each y € [0, 1]

| frm (y) = f(y)]

a(g(l) + 1) :
= ) = 9(0) 1 2T0) /0
% (9(p) — 9(6)° 1 (©)]|K(E, wn ()

e blg(l) +1)
(& w®Nde+ Ty = g0+ 2t

x /0 " 1(0@) — (&))" )l |lEs wn, €))

l
(& w(©))lde + /0 Gy 6)
% onn (€) — 0(€))de

a(g(l) + 1)(g(p))?
< 0 = o0 2T T 1)’YHwnm —w|
L Mo +D(gla)" l[wn, — wl
(9(1) = g(0) +2)T (e +1) """

< (@17 + 0s¢)[wp,, — w]| + [[wn,, —w]|
— ¢(llwn,, —wl)-

Since ||wy,, — w| — 0 then ¢(||wy,, —w|]) — 0,
K, and w are continuous, so | fp,, — f|| — 0 when-
ever m — 0. Therefore f € K(w) and K is closed
multifunction.

Step 2. K is a p-weak contractive multifunction,
i.e. for w,w € E, we show

Hy(K(w), K(w)) < |lw — o] = ¢([lw — o)),

Let w,w € E and f; € K(w). Then, there exists
01(y) € St such that, for each y € [0,]

l
1) = Lu(y) + /0 Gy, e (€)de.

From (H2), it follows that

Hy(Y(y,w), Y(y,w)) < —=—(Jw(y) — w(y)|

—o(lw(y) —w(y)l)).

Thus, there exists z € T(y,w(y)) provided that

01 (y) — 2 < = (Juw(y) — B()| - ¢

X (Jw(y) —w(y)), v el0,1].

Define U : [0,1] — P(R) given by

Q

1

Uly) = {Z ER:oi(y) — 2] < lég(\w(y) —w(y)|

—o(Jw(y) — w(y)!))} :

Since U(y) N Y(y,w) is measurable, then we can
find a measurable selection g2(y) for U(y)N7Y (y, w).
Thus 02(y) € T(y,w(y)), and for each y € [0,{], we

2040002-6
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have
01(y) — 02(y)| < é( (y) — w(y)|
— o(lw(y) — @))).

We define fa(y) for each y € [0,1], as follows:

l
Joly) = Lo(y) + / Gy, )02 (€) .
0
Then for y € [0, ]
|fi(y) — fa(y)|

a(g(l) + 1)
(9) — 9(0) + 2)T(9)
x Op (o) — 9(©)’ )
< k€, w(€)) — w(€, (E))|de
bg(l) + 1)

(9(1) = 9(0) +2)T' (1)

< [ ltata) @y @)
<l wl€) — (€ wl€)lde
+ [ 16w ©)llen©) — ex©)de
0
a(g() + 1)(g(p))’
60— 90) + 206+ D
)+1)

b(g(l) + 1) (g(g)*
(9(1) = g(0) +2)I'(p + 1)

X elw — | + 1G,

IN

y|w — wl

~ 1
< (O17 + Oa8)|w(y) — w(y)| + ngﬁ

g

X (lw(y) = @(y)| = (lwy) —w(y)])).
< lw(y) —w@)ll = e(lwly) —o@)])-

Therefore,

If1 = fol < [Jw — w0

It follows that Hy(K (w), K (w)) < [Jw—w||—¢(]Jw—
w||), for all w,w € E. By hypothesis, since the oper-
ator YT has an approximate endpoint property then
by Lemma K has an endpoint w* € FE, i.e.
Kw* = {w*}, which is also a fixed point, which
is a solution to the inclusion problem (LI)—(L3).
The proof is now complete. |

= ¢([lw —wl]).

Special cases. This work covers two new existence
results follow as special cases. By taking g(y) = v,
0 = p =1, in (LI)-(T3), we obtain the results
for the classical Caputo fractional inclusions with
classical nonlocal integral boundary conditions of
the form:

w(0) — w'(0) = a /0 (e w(€))de,

w(t) + /(1) = b /O e w(©))de,

by setting ¢ — [7, p — [7, and a = b =
1, the resulting inclusion problem considered in
Ref. 1, where the existence criteria for the solu-
tion were discussed for convex and nonconvex mul-
tivalued maps by applying the standard fixed-
point theorems for multivalued maps. While the
results for fractional inclusions equipped with gen-
eralized Caputo fractional derivativé® and nonlo-
cal Katugampola fractional integrals®? as boundary
conditions of the form

w(0) — 6,w(0) = apIngm(p, w(p)),
w(l) + dpw(l) = b Ih, w(g, w(q)),

follow by setting g(y) = y”/p. While the corre-
sponding boundary value problem to (LI)—(L3)
with a = b = 1 for fractional differential equations
has been studied recently in Ref. [4

4. EXAMPLE

As an application of the main results, we consider
the following fractional differential inclusion:

“Dyrwy) € Yy, wly), yeOe], (41

wherel<n<2p—%,q ,
—2, and | = e. Here, T : [0,¢] x R — P(R) is a
multivalued map given by
|wl }
Y (y,w =0, —/——| . 4.4
o) = o gpiers]
Set

kly, w) = sin(y) tan™ (Jw]), (y,w) € [0,¢] xR,

e Y|w|

s D6y W ebedxR

w(y,w) =

2040002-7
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Taking ¢g(y) = 2y, which is differentiable and
increasing function on [0, e] with ¢'(y) = 2 on [0, €].
From the expression (Z3)), the function Gy, with
respect to g is given by

Gg(yaf)
2y — & 22y + 1)
L) (+DT(n)
2122y + 1)

—m(l—f)nd’ 0<&<y,

21=1(2y + 1) _
BRSO
21=1(2y + 1)

NEDNCE 1)(5_5)77—2’ peese

=&t

From [A.3] we get

Y e
— / Gy(y, &)de + / Gy(y,&)dg
0 Yy

- 27y 21-1(2y 4+ 1) .
T T+l (e+D)T(n+1) (e =)
21 ten(2y +1) 2771 (2y + 1)
(e+1DI(n+1) (e+1I(n)
20 ten=1(2y +1) 27712y + 1)
(e+1)T'(n) (e+1I'(n+1)
21=1(2y + 1) _
EESYN RS
which leads to

~ Mentl 4 on—1en

(e —y)!

(e —y)"

(2€)" 4 (2¢)(1=1)

< +
! T(n+1) I'(n)
Now, choosing ¢(u) = 4. Clearly, the function
peVv
Hd(’r(yv U))7 T(yv ’lf)))
1 w — W
“2|(14+w)(1+w)
1 _
< Zjw -l
2
-1
- mentl 4 on—len . (2¢)" + (2¢)(—1)
I'(n+1) I'(n)

X (lw =@ = ¢(lw = ).

Hence, the condition (H2) holds for w,w € R. We
have, on the other hand,

|k (y, w) — K(y, w)| < |sin(y)(w — o)

< sin(e)|w — w|

S "}/”LU - U_]‘7
and
e Y w w
’w(va)_w(va)‘ (6+€y) w+1_w+1|
eV |w — w|

(6+eY) (w+1)(1+w)
S 6+ e

<elw — w|.

jw — |

Therefore, conditions (H3) and (H4) hold.
(1 + 2e)sin(e)
V2VT(2 +2e)T(5/4)
2e(1 + 2e)
7(2+2¢)(6 +e°)I'(8/7)
~ —0,3593 < 0,

thus condition (B.17) hold.
We define an operator K
P(C([0,€e],R))

K(u) ={x € C([0,¢e],R) : x(y) = u(y),
for all y € [0,€],0 € St}

O17 + Oge = —

C([O, 6],R) —

where

l
mw:m@+AGmmm&m

Note that 0 is a unique endpoint of K, i.e. K(0) =
{0}, which implies that sup,cg () llull = 0, hence
infuep supyeg () lu — x|l = 0. Accordingly, the
multifunction K verifies the approximate endpoint
property. Since all the hypotheses of theorem (3.4)
are fulfilled, then the inclusion problem (ZI)—(43)
with T given by (44]) has at least one solution on
[0, ¢€].
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