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Abstract: This investigation communicates with an initial value problem (IVP) of Hilfer-generalized
proportional fractional (GP¥ ) differential equations in the fuzzy framework is deliberated. By means
of the Hilfer-GPF operator, we employ the methodology of successive approximation under the
generalized Lipschitz condition. Based on the proposed derivative, the fractional Volterra-Fredholm
integrodifferential equations (¥ V¥ 1 Es) via generalized fuzzy Hilfer-GPF Hukuhara differentiability
(HD) having fuzzy initial conditions are investigated. Moreover, the existence of the solution is
proposed by employing the fixed-point formulation. The uniqueness of the solution is verified.
Furthermore, we derived the equivalent form of fuzzy V¥ ZEs which is supposed to demonstrate
the convergence of this group of equations. Two appropriate examples are presented for illustrative
purposes.
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1. Introduction

Recently, fractional calculus has attained assimilated bounteous flow and significant importance due
to its rife utility in the areas of technology and applied analysis. Fractional derivative operators have
given a new rise to mathematical models such as thermodynamics, fluid flow, mathematical biology,
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and virology, see [1-3]. Previously, several researchers have explored different concepts related to
fractional derivatives, such as Riemann-Liouville, Caputo, Riesz, Antagana-Baleanu, Caputo-Fabrizio,
etc. As a result, this investigation has been directed at various assemblies of arbitrary order differential
equations framed by numerous analysts, (see [4—10]). It has been perceived that the supreme proficient
technique for deliberating such an assortment of diverse operators that attracted incredible presentation
in research-oriented fields, for example, quantum mechanics, chaos, thermal conductivity, and image
processing, is to manage widespread configurations of fractional operators that include many other
operators, see the monograph and research papers [11-22].

In [23], the author proposed a novel idea of fractional operators, which is called GPF operator,
that recaptures the Riemann-Liouville fractional operators into a solitary structure. In [24], the authors
analyzed the existence of the FDE's as well as demonstrated the uniqueness of the GPF derivative by
utilizing Kransnoselskii’s fixed point hypothesis and also dealt with the equivalency of the mixed type
Volterra integral equation.

Fractional calculus can be applied to a wide range of engineering and applied science problems.
Physical models of true marvels frequently have some vulnerabilities which can be reflected as
originating from various sources. Additionally, fuzzy sets, fuzzy real-valued functions, and fuzzy
differential equations seem like a suitable mechanism to display the vulnerabilities marked out by
elusiveness and dubiousness in numerous scientific or computer graphics of some deterministic
certifiable marvels. Here we broaden it to several research areas where the vulnerability lies in
information, for example, ecological, clinical, practical, social, and physical sciences [25-27].

In 1965, Zadeh [28] proposed fuzziness in set theory to examine these issues. The fuzzy structure
has been used in different pure and applied mathematical analyses, such as fixed-point theory, control
theory, topology, and is also helpful for fuzzy automata and so forth. In [29], authors also broadened
the idea of a fuzzy set and presented fuzzy functions. This concept has been additionally evolved and
the bulk of the utilization of this hypothesis has been deliberated in [30-35] and the references therein.
The concept of HD has been correlated with fuzzy Riemann-Liouville differentiability by employing
the Hausdorff measure of non-compactness in [36, 37].

Numerous researchers paid attention to illustrating the actual verification of certain fuzzy integral
equations by employing the appropriate compactness type assumptions. Different methodologies and
strategies, in light of HD or generalized HD (see [38]) have been deliberated in several credentials
in the literature (see for instance [39-49]) and we presently sum up quickly a portion of these
outcomes. In [50], the authors proved the existence of solutions to fuzzy FDEs considering Hukuhara
fractional Riemann-Liouville differentiability as well as the uniqueness of the aforesaid problem.
In [51, 52], the authors investigated the generalized Hukuhara fractional Riemann-Liouville and
Caputo differentiability of fuzzy-valued functions. Bede and Stefanini [39] investigated and
discovered novel ideas for fuzzy-valued mappings that correlate with generalized differentiability.
In [43], Hoa introduced the subsequent fuzzy FDE with order ¥ € (0, 1) :

{( D)) = T Q)

(1.1)
O(oy) = D € €,

where a fuzzy function is ¥ : [0,0,] X € — € with a nontrivial fuzzy constant ®, € €. The
article addressed certain consequences on clarification of the fractional fuzzy differential equations and
showed that the aforesaid equations in both cases (differential/integral) are not comparable in general.
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A suitable assumption was provided so that this correspondence would be effective. Hoa et al. [53]
proposed the Caputo-Katugampola FDE's fuzzy set having the initial condition:

(1.2)
O(oy) = Do,

{(Cﬂi’lfcb)(;) = F(£. D).
where 0 < o7 < ¢ < o0, CZ) ? denotes the fuzzy Caputo-Katugampola fractional generalized
Hukuhara derivative and a fuzzy Ifunctlon is ¥ : [01,02] X € — €. An approach of continual
estimates depending on generalized Lipschitz conditions was employed to discuss the actual as well
as the uniqueness of the solution. Owing to the aforementioned phenomena, in this article, we
consider a novel fractional derivative ( merely identified as Hilfer GP¥ -derivative). Consequently, in
the framework of the proposed derivative, we establish the basic mathematical tools for the
investigation of GPF -FF HD which associates with a fractional order fuzzy derivative. We
investigated the actuality and uniqueness consequences of the clarification to a fuzzy fractional IVP
by employing GPF generalized HPD by considering an approach of continual estimates via
generalized Lipschitz condition. Moreover, we derived the ¥ V¥ & using a generalized fuzzy GPF
derivative is presented. Finally, we demonstrate the problems of actual and uniqueness of the
clarification of this group of equations. The Hilfer-GP¥ differential equation is presented as follows:

D0 = FE.OQ).  (elonTLO<o <T

1.3
17ﬁ®(0)—273d)(vj) P<y=90+q-"9q,v;€ (0,71, (1.3)

where D'} ") is the Hilfer GPF -derivative of order ¢ € (0, 1), I,,7"(.) is the GPF integral of order
11—y > 0 R; € R, and a continuous function ¥ : [0, 7] X R — R with v; € [0, 7] fulfilling
o<V <..<V, <7 forj=1,..,m To the furthest extent that we might actually know, nobody
has examined the existence and uniqueness of solution (1.3) regarding V¥ ZEs under generalized
fuzzy Hilfer-GPF -H D with fuzzy initial conditions. An illustrative example of fractional-order in the
complex domain is proposed and provides the exact solution in terms of the Fox-Wright function.

The following is the paper’s summary. Notations, hypotheses, auxiliary functions, and lemmas
are presented in Section 2. In Section 3, we establish the main findings of our research concerning
the existence and uniqueness of solutions to Problem 1.3 by means of the successive approximation
approach. We developed the fuzzy GPF Volterra-Fredholm integrodifferential equation in Section 4.
Section 5 consists of concluding remarks.

2. Preliminaries

Throughout this investigation, € represents the space of all fuzzy numbers on R. Assume the space
of all Lebsegue measureable functions with complex values # on a finite interval [, 0] is identified
by x.(c1,075) such that

IFl,: <00, c€R, 1<r< 00
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Then, the norm

lop)
d 1/r
e = ( [ CFErg) .
Definition 2.1. ( [53]) A fuzzy number is a fuzzy set ® : R — [0, 1] which fulfills the subsequent
assumptions:
(1) @ is normal, i.e., there exists {; € R such that ®({y) = 1;
(2) @ is fuzzy convex in R, i.e, for ¢ € [0, 1],

D6, + (1 = 6)n) = min{D(8), D(LHL)y  foranyly, & € R,

(3) @ is upper semicontinuous on R;
(4) [z]° = cl{z) € R|D(z) > 0} is compact.

C([o1, 0], €) indicates the set of all continuous functions and set of all absolutely continuous fuzzy
functions signifys by AC([o71, 02], €) on the interval [0, 0] having values in €.
Lety € (0, 1), we represent the space of continuous mappings by

C Lo, 0] = {F : (1. 02] > €2 7 (¢ = ) VF () € Cloy, 21},

Assume that a fuzzy set @ : R +— [0, 1] and all fuzzy mappings ® : [0,0,] — € defined on
L([o1, 0], €) such that the mappings & — Dy[D(0), 0] lies in Li[o1, 0]

There is a fuzzy number ® on R, we write [®]7 = {z; € R|®D(z;) > ¢} the §-level of @, having
g € (0, 1].

From assertions (1) to (4); it is observed that the §-level set of ® € €, [®]? is a nonempty compact
interval for any ¢ € (0, 1]. The g-level of a fuzzy number ® is denoted by [D(), D(g)].

For any 6 € R and @, D, € €, then the sum ®; + @, and the product 6@, are demarcated as:
(D) + D,]7 = [@]9 + [@,]7 and [6.D,]7 = §[D,]4, for all § € [0, 1], where [®,]7 + [D,]? is the usual
sum of two intervals of R and 6[®;]7 is the scalar multiplication between ¢ and the real interval.

For any @ € €, the diameter of the g-level set of @ is stated as diam[u]? = ji(q) — u(J).

Now we demonstrate the notion of Hukuhara difference of two fuzzy numbers which is mainly due
to [54].

Definition 2.2. ( [54]) Suppose @1, D, € €. If there exists @; € € such that ®; = @, + @3, then O3
is known to be the Hukuhara difference of ®; and @, and it is indicated by ®; © ®,. Observe that
(Dl S (Dz * (I)l + (—)(Dz.

Definition 2.3. ( [54]) We say that Dy[®,, @,] is the distance between two fuzzy numbers if

Do[®@1, D] = sup H([®1]%, [@,]7), VD, D, €€,
ge€[0,1]

where the Hausdroff distance between [®,]¢ and [®,]? is defined as
H([®117, [D2]7) = max {| () — D@, 1D(G) — D)}
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Fuzzy sets in € is also refereed as triangular fuzzy numbers that are identified by an ordered triple
® = (01,0,,03) € R? with o] < 0, < 073 such that [@]7 = [D(§), D(§)] are the endpoints of §-level
sets for all ¢ € [0, 1], where ®(§) = 0| + (05 — 01)G and D(§) = 03 — (073 — 02)4.

Generally, the parametric form of a fuzzy number @ is a pair [®]? = [D(§), D(§)] of functions
D(g), D(§), g € [0, 1], which hold the following assumptions:

(1) u(g) is a monotonically increasing left-continuous function;
(2) A(g) is a monotonically decreasing left-continuous function;
) u(@) < @(@), g € [0, 1].

Now we mention the generalized Hukuhara difference of two fuzzy numbers which is proposed

by [38].

Definition 2.4. ( [38]) The generalized Hukuhara difference of two fuzzy numbers @, ®, € € (gH-
difference in short) is stated as follows

O, SN O, = O3 L= O =0, +D; or D, =D; + (—1)(1)3

A function ® : [0,0,] — € is said to be d-increasing (d-decreasing) on [0y, 0] if for every
g € [0,1]. The function / — diam[®({)]? is nondecreasing (nonincreasing) on [0, 0], If @ is
d-increasing or d-decreasing on [0y, 03], then we say that @ is d-monotone on [0y, 07, ].

Definition 2.5. ( [39])The generalized Hukuhara derivative of a fuzzy-valued function ¥ : (o, 0) —
€ at {j is defined as

F (Lo +h) S F (&)
h b
if (77);l 1(&o) € €, we say that F is generalized Hukuhara differentiable (gH-differentiable) at .
Moreover, we say that ¥ is [(i) — gH]-differentiable at ¢ if

F (Lo +h) S 7_7(50)]’? [1. F (Lo +h) ©g F (L)1
’ hl—l}(l) ]

g,H(go) = }11_1)1(1)

[Flol = [[hm

h—0 h h
= [(F)' (@ 40)» (F) (@ &), (2.1)
and that 7 is [(ii) — gH]-differentiable at {j if
[Far @017 = [(F) (&, 00). (F) (4. L)) (2.2)

Definition 2.6. ( [49]) We state that a point {, € (01, 07%), is a switching point for the differentiability
of ¥, if in any neighborhood U of ¢ there exist points {; < ¢y < > such that

Type L. at £; (2.1) holds while (2.2) does not hold and at £, (2.2) holds and (2.1) does not hold, or
Type 1L at £; (2.2) holds while (2.1) does not hold and at £, (2.1) holds and (2.2) does not hold.

Definition 2.7. ( [23]) For 8 € (0, 1] and let the left-sided GPF -integral operator of order © of F is

defined as follows

1
BT

¢
Iﬁf?—‘(g) = BTE) f T ENE =W F Wy, > o, (2.3)

where 8 € (0, 1], ¢ € C, Re(®) > 0 and I'(.) is the Gamma function.
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Definition 2.8. ( [23]) For 8 € (0, 1] and let the left-sided GPF -derivative operator of order ¢ of ¥ is
defined as follows

¢
Db B, e
DZ’?T@) = BT =) fe 7N = vy F (v)a, (2.4)

where 8 € (0,1],9 € C, Re(#) > 0, n = [#] + 1 and " represents the nth-derivative with respect to
proportionality index g.

Definition 2.9. ( [23]) For 8 € (0, 1] and let the left-sided GPF -derivative in the sense of Caputo of
order 1} of F is defined as follows

DT ) =

4
m f T EN =y (DEF) ), (2.5)

where 8 € (0,1],% € C, Re(®#) > 0and n = [¢] + 1.
Let ® € L([o, 03], €), then the GPF integral of order ¢ of the fuzzy function @ is stated as:

1
BT()

¢
W0 = (10£0)0) = s [T 0w, £> o 2.6)

Since [@()]4 = [D(g, 0), P(g, )] and 0 < < 1, we can write the fuzzy GPF -integral of the fuzzy
mapping ® depend on lower and upper mappingss, that is,

[(E0)Q) = [(120)G, 0. (LE0)@G. 0l ¢ =0, @.7)
where
| 4
0G0 = g f TN =) g, v, (2.8)
and
] {
(157®)@.0) = FT@) f T EN L =) B(G, vdv. (2.9)

Definition 2.10. For n € N, order ¢ and type q hold n — 1 < ¥ < n with 0 < q < 1. The left-sided
fuzzy Hilfer-proportional gH-fractional derivative, with respect to ¢ having g € (0, 1] of a function
e Cf_y[oq, 03], 1s stated as

(DL90)@) = (18P DAL )@,

where DPD(v) = (1 —B)D(v) + D’ (v) and if the gH-derivative O, ﬂ)’ﬁ(g“ ) exists for € [0y, 0], where

)0 = (TP 0)0) =

I
m f TN =W DMy, ¢z 0.
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Definition 2.11. Let @’ € L([o, 0], €) and the fractional generalized Hukuhara GP¥ -derivative of
fuzzy-valued function @ is stated as:

(DO = I, = = f BN D v, v E (@10, (2.10)

Bl- ﬂr(l

Furthermore, we say that ® is “7[(i) — gH]-differentiable at ¢, if

s s
(DT = [[m f e‘%“‘”@—v)ﬁ@gfxv)dv]q, [m f e@"“”)@—v)”é;,,(v)dvﬂ
= (12, 0. (1D O] (2.11)
and that ® is “P7[(i) — gH]-differentiable at ¢ if
(DN = (DG 0. (D@ ). (2.12)

Definition 2.12. We say that a point {; € (0, 03), is a switching point for the differentiability of 7, if
in any neighborhood U of ¢, there exist points {; < {y < {; such that

Type L. at ; (2.11) holds while (2.12) does not hold and at £, (2.12) holds and (2.11) does not hold, or
Type 1L at £; (2.12) holds while (2.11) does not hold and at ; (2.11) holds and (2.12) does not hold.

Proposition 1. ( [23]) Let 9, 0 € C such that Re() > 0 and Re(o) > 0. Then for any 8 € (0, 1], we have

(10267 6= )0 = e T =
(D026 (5= )0) = apegse T =
(10267 2= 57)0) = o™ ™ 2= 0P
(D026 2= 57)0) = gapegse ™ s =y

Lemma 2.13. ( [24])For B € (0,1],9 > 0,0 <y < 1.If® € C,[01,0,] and IgrjﬂCD € C;,[O'l,O'z], then
1

eﬂ,%l((f—a'l)(g _ 0_1)19—1
ﬁﬁ—lr‘(ﬁ)

(2D )0 = 2) - (2,7
1 1 1
Lemma 2.14. ( [24]) Let ® € Li(0y, ). If D™ ® exists on Li(oy, 072), then
1
D?Mﬁ _Z'ﬁ"BCI) — _Z-Q(lfﬁ),ﬁ Dﬂ(lfﬁ)ﬁq)
oy o} o or :
Lemma 2.15. Suppose there is a d-monotone fuzzy mapping ® € AC([o1, 02], €), where [D(L )]é =

[D(g, 0), (I)(q,{)]forO <g<l,01 < <0y, thenfor0 <9 <1andp € (0,1], we have
€)) [(Z)I C"B(D)({)] [D ﬁqﬁ(l)(q, 0), Z)ﬁqﬁq)(q ) for ¢ € [0y, 02], if @ is d-increasing;

(iM) [(Z)zfﬁ(D)({)] [D ifﬁ(D(q, {,’),Z)ifﬁg(q, ) for ¢ € o1, 02], if @ is d-decreasing.
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Proof. It is to be noted that if @ is d-increasing, then [@'(0)]? = [d%@(é, 0), %(T)(Z], 0)]. Taking into
account Definition 2.10, we have ’

(@ o)) =1 DI )G, 0, T DI T )G 0)
If @ is d-decreasing, then [@’({)] [d((D((], 0, d(q)(q, {)], we have
[(Di}:}ﬁq))(g)]q — [Iz%l —ﬁ)aﬂDB(IS{Q)(l—ﬂ)ﬁ&))(q’ g), IZ_(; —ﬁ)aﬁDB(IS{Q)(l_ﬁ)ﬁQ)(Q’ {)]
= (D279, ). D 0. 0],
This completes the proof. d

Lemma 2.16. ForS € (0,1], % € (0,1). If © € AC([01, 02], €) is a d-monotone fuzzy function. We take

4
a(@) = (1)@ = f T =y oy,

1
B'L(®)
o1
and )
4P = (I ffl]f i (D)(é ) = FETE)) 191"(11 —ry f TN - V) @, (v)dy,
is d-increasing on (0, 03], then )

Z R;®(Z;)

(L 2DP0)0) = v e We T gy,

and
(DT ) = D).

Proof. 1If z;({) is bd-increasing on [o0,03] or z;({) is d-decreasing on [0, 0] and zﬁl_ﬁ)’ﬂ () 1s
d-increasing on (o, 0 ].
Utilizing the Definitions 2.6, 2.10 and Lemma 2.13 with the initial condition (Z._"*®)(cy) = 0,
1
we have

(Ii}ﬁﬂi}qﬁq))(f) ( 19,3]'01(1 79),31)81'(1 Q)(1- ﬂ)ﬁ(b)(é/)

(Iyﬁz)’ff‘ Vﬁcp)(g)

— (IYﬁZ)Yﬁ(D)({)
1.7

BT FEG =y (2.13)

=0()o
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Now considering Proposition 1, Lemma 2.13 and Lemma 2.14, we obtain

@ reyy = (1 D))

(I (o )e' (¢ - o)

_ j _ (1-H)-1
=006 — ¢~

= O().
On contrast, since ® € AC([o71, 03], €), there exists a constant K such that K = sup Do[D(?), O].
Then e
¢
Dol 000,01 <K ﬁﬂrl(ﬁ) f 7N =)' dv
O-l,(
o I
= ﬁ(g - o),
where we have used the fact |eﬁ%§| < 1 and Ig’fd)({) =0and ¢ =o,.
This completes the proof. O

Lemma 2.17. Let there be a continuous mapping ® : [0, 0] — R* on [0y, 2] and hold Di’f’ﬁ D) <
F (&, D)), & = 01, where F € C(loy,01] X RY,RY). Assume that m({) = m({, 01, &) is the maximal
solution of the IVP

DM =TW.o, T80 =620, (2.14)
on [0y, 03]. Then, if ®(oy) < &, we have O() < m((),{ € [0y, 03].
Proof. The proof is simple and can be derived as parallel to Theorem 2.2 in [53]. O

Lemma 2.18. Assume the IVP described as:
D00 =FE Q) (L7700 =0 =0, €[00l (2.15)

Let a > 0 be a given constant and B(Dy, @) = {® € R : |® — ®y| < a}. Assume that the real-valued
functions F : [0y, 03] X [0, @] — R* satisfies the following assumptions:
(i) F € C([o1,02] X [0, ],R*), F(£,0) =0, 0 < F (L, D) < Mg forall (£, D) € [01,0,] X [0, al;
(i) ¥ (L, D) is nondecreasing in © for every { € [o1,03]. Then the problem (2.15) has at least one
solution defined on [0y, 072] and ©({) € B(Dy, @).

Proof. The proof is simple and can be derived as parallel to Theorem 2.3 in [53]. O
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3. Main results and discussion

In this investigation, we find the existence and uniqueness of solution to problem 1.3 by utilizing

the successive approximation technique by considering the generalized Lipschitz condition of the right-
hand side.

Lemma 3.1. Fory = 9+ q(1 = &), & € (0,1),q € [0,1] with 8 € (0, 1], and let there is a fuzzy
function F : (01, 07] X € — € such that { — F (L, D) belongs to Cﬁ([m, 03], €) for any ® € €. Then
a d-monotone fuzzy function ® € C([oy, 03], €) is a solution of IVP (1.3) if and only if © satisfies the
integral equation

5 RO

d =
(§) S4n BT0)

e%]@—m)(g — o)

1
BT

Ie
& f TN I (v, dW)dy, L€ lor,onls j= 1,2, m. (3.1)

and the fuzzy function { — 1 ;77-' (¢, D) is d-increasing on (071, 0.
1

Proof. Let ® € C([o1,02:], €) be a >-monotone solution of (1.3), and considering z,({) := ®({) Syu
7 ;y’ﬂ ®)(01),{ € (01, 03]. Since @ is b-monotone on [0y, 03], it follows that £ — z;() is d-increasing
on [o1, 0] (see [43]).

From (1.3) and Lemma 2.16, we have

5 RO

(IEDD)0) = D o F;ﬁr—meﬁ?““’“@ —o), Vel ol (3.2)

Since ¥ (£, @) € C,([o1, 0], €) for any @ € €, and from (1.3), observes that

1
BT(@)

{
D)) = TEF (. DQ) = f TN =T 0W)dv, VL € [0, 0] (3.3)

Additionally, since z;(£) is d-increasing on (cj, 0]. Also, we observe that £ — F (£, D) is also
d-increasing on (o7, 07, ].
Reluctantly, merging (3.2) and (3.3), we get the immediate consequence.
Further, suppose ® € C([o,0%],€) be a d-monotone fuzzy function fulfills (3.1) and such that
. — FU8(, D) is d-increasing on (o, 03]. By the continuity of the fuzzy mapping ¥, the fuzzy
mapping £ — F#(£, ®) is continuous on (o1, 0] with F* (o), ®(0))) = §lim+ FB(, D) = 0. Then
0
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S ROC)
O({) = j_ﬁyr—(y)eT({_m)(( o)+ (IZ}ET@’ D)D),

12900 = ) ROE) + T F G DO,
=1
and
1,770(0) = D RO
j=1

Moreover, since { — F7#(Z, @) is d-increasing on (o, 0]. Applying, the operator Dg’f’ﬁ on (3.1),
1

yields
Drp g:] moe ELg-on -1
100 o ¢ ey )
= @Z’lfﬁ(w%(ﬂ) j ¢TENE =y F(, (I)(V))dv)
= F (£, (). .
This completes the proof. O

In our next result, we use the following assumption. For a given constant 2 > 0 , and let B(Dy, /1) =
[D € € : Dy[D, Dy] < 7).
Theorem 3.2. Let F € C([01, 02] X B(Dy, h), €) and suppose that the subsequent assumptions hold:
(i) there exists a positive constant Mg such that Do[F (L, z1), 0] < Mg, for all ({,z1) € [o,03] X
B(Dy, 1),
(i) for every ( € [0y, 03] and every 71, w € B(Dy, h),

Do[F (£, 20), F (¢, )] < 8¢, Dolzi, w), (3.4)

where §(Z,.) € C([o1, 021X [0, B], RY) satisfies the assumption in Lemma 2.18 given that problem (2.15)
has only the solution ¢({) = 0 on [0, 03]. Then the subsequent successive approximations given by
() = Dy and forn = 1,2, ...,

m

21 R;®(Z)) 1
V) S e T = )
¢
-z | €T T

converges consistently to a fixed point of problem (1.3) on certain interval [o1,T ] for some T €
(o1, 03] given that the mapping { — Ii’f?-({, ®"({)) is d-increasing on [01, T ].
1
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Proof. Take oy < {* such that {* < [‘w + 0'1]5, where M = max {M,, Mg} and put 7 :=
min{{*, 0}. Let S be a set of continuous fuzzy functions ® such that w(o ;) = @y and w({) € B(Dy, 1)
for all { € [0, T']. Further, we suppose the sequence of continuous fuzzy function {®"}* | given by
() =Dy, V€0, T and forn=1,2,..,

z R
") Sy WeT@_”l)(éf —o)
i ﬂﬂrl(ﬁ) f TN =TI F (5,07 (). (5-)

Firstly, we show that ®"({) € C([o1,7 ], B(Dy, 1)). For n > 1 and for any ¢,,{, € [0,7 ] with
{1 < &, we have

ZRCD” (0 ZRCD" &)

Z)O(CD (£1) Sgn Wé’ T TN =), D(L) O Weﬁﬁl@_m)@— o)

BﬁT(ﬁ) f e ﬁ (§| v)(g )19—1 _ e[%l@z—v)(gz _ v)l?—l]zjo[?-(v, ch_l(V)),()]dV

+ﬁﬂr(ﬂ) fe/_zl(Q—V)(é/z _ V)ﬂ_lijo[f(v, qyz—l (V)), O]dV
4

. B1 . . . .
Using the fact that |e 7 ¢| < 1, then, on the right-hand side from the last inequality, the subsequent
integral becomes m@z — £1)?. Therefore, with the similar assumption as we did above, the first

integral reduces to m[(g“ L= 0)? = (& — ) + (& - 1)?]. Thus, we conclude

Do[@" (L), P"(L)] < m[(& o)’ = (L -0’ + 2% - 0)’]
My ;
< ’m(é - 4"

In the limiting case as {; — (>, then the last expression of the above inequality tends to 0, which
shows ®@" is a continuous function on [0, 7 ] for all n > 1.
Moreover, it follows that ®" € B(dy,A) for all n > 0, € [o,7] if and only if
RO
D"(0) Ogn jimr(y) s (¢ — o) € B(0,7) for all £ € [0, T ] and for all n > 0.
Also, if we assume that ®"~'(¢) € S forall £ € [0}, 7], n > 2, then
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> RO"(Z)

Do|©"({) Ogn =

oA Sl

1

lBl?l"
Myl =)’ <
BT+

It follows that ®"({) € S, V € [0, T ]

Henceforth, by mathematical induction, we have ®*({) € S, VYV € [0,7 ]and Vn > 1.

Further, we show that the sequence ®"({) converges uniformly to a continuous function
® e C([o1, 7], B(Dy, h)). By assertion (ii) and mathematical induction, we have for { € [0, 7]

<

b
= f L =) DT (0 (1), D)y

i_n:] RJ(I)”(é’J) i i] qu)"—l ((J) N
130 (D"H(g) Out W67(5—01)(§ _ 0.1)7—1’ (Dn(f) Ot ]_ﬁT(y)gT({—m)({ _ 0.1)7—1
< ¢"(0), n=0,1,2,.., (3.6)
where ¢"({) is defined as follows:
¢
1 _1
9" () = BT f ¢TENE =) o(v, " ), (3.7)

where we have used the fact that |e[%-(| < 1and ¢°) = /;(ﬂ(l%(:‘l): . Thus, we have, for £ € [0,7 ] and
forn=0,1,2,...,

Do[ Dy 10" (). D0 ()]

< Dol F (£ D), F (£, 2" ()]
< 8(Z, Do[@"(0), "' ()]

< 8(Z, 6" (@)

Letn <mand { € [0, 7], then one obtains
DIDG[@"(0), D"()] < Do[DLID"(Q), DD (1)]
| < @O[Diff@"@), @:Zi‘@"“@)] + Do[ DO (£), DI ()]
+Dy [2‘53’;@'"“(4),1 D" ()] | |
< 20(Z, 9" () + (&, Dol " (), ©"()]).

From (ii), we observe that the solution ¢(¢) = 0 is a unique solution of problem (2.15) and g(., ¢"') :
[o1, 7] = [0, M,] uniformly converges to 0, for every € > 0, there exists a natural number n, such that

D Dol @0, ()] < 8¢ Dol @), @) + €&, forng <n<m.
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Using the fact that Dy[®"(o;), ®"(01)] = 0 < € and by using Lemma 2.17, we have for £ € [0}, T ]
Do[@"(), D"(D] < 6(), no<n<m, (3.8)
where 6.({) 1s the maximal solution to the following IV P :
(D60 = a&. 64 +e, (I8 =€

Taking into account Lemma 2.17, we deduce that [¢.(., w)] converges uniformly to the maximal
solution ¢(¢) = 0 of (2.15) on [0,7T ] as € — 0.
Therefore, in view of (3.8), we can obtain n( € N is large enough such that, for ny < n, m,

X RO ROV
Sup Do| ") Sy Wﬁ@‘””@ — o)L D" O Wﬁ“‘””({ — o)
<e (3.9)

Since (€, D) is a complete metric space and (3.9) holds, thus {®"({)} converges uniformly to ® €
C( [O-] s 0-2]7 23(q)()’ h)) Hence

5 R % R

() O 2 TN~y = lim (@"(5) Ounr -

1 El-onp -1
BT() prey) ¢ ¢ o)

1
BT

¢
5 f FTEN G — P IE(r, @ ()dy. (3.10)

Because of Lemma 3.1, the function ®(¢) is the solution to (1.3) on [o7y, T ].

In order to find the unique solution, assume that ¥ : [0,7] — € is another solution of
problem (1.3) on [o,7]. We denote k(0) = Do[®(),¥()]. Then k(o;) = 0 and for every
(€ [o1,T], we have

D) < DolF (& V), F & VO] < 9K (3.11)

Further, using the comaprison Lemma 2.17, we get x({) < m({), where m is a maximal solution
of the IVP Di’f’ﬁ m(l) < o, m()), (I (lr_fm)(oq) = 0. By asseration (ii), we have m({) = 0 and hence
1 1
o) =Y(), Y elo,T]
This completes the proof. O

Corollary 1. For B8 € (0, 1] and let C([oy, 03], €). Assume that there exist positive constants L, Mg
such that, for every z;, w € €,

Do[F (&, 21), F (&, w)] < LDo[z1, w], Do[F (£, 21),0] < M.
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Then the subsequent successive approximations given by ®°(0) = ®y and forn = 1,2, ..

D({) Ogn @y =

¢
ﬁﬂr(ﬁ) feﬁ;(g_‘/)(g - V)ﬂ_lyj(va (Dn_l(V))dV,

converges consistently to a fixed point of problem (1.3) on [0, T ] for certain T € (01, 0,] given that
the mapping { — T i’f?({ , @"()) is d-increasing on [0y, T].
1

Example 3.3. Forg e (0,1], y =%+ q(1 —9), ¥ € (0,1), g € [0,1] and 6 € R. Assume that the linear
fuzzy GPF -F DE under Hilfer-GPF -derivative and moreover, the subsequent assumptions hold:

(DED)Q) = 5D() + (). £ € (1,00,

_ m 3.12
(1,27 0) (o) = @ = LR, y=9+al - D). G-12)
]:

Applying Lemma 3.1, we have

Z R;®(Z;)

@(5) egH We /;l(g_gl)(é/ _ 0_1)7_1

¢
feﬁ;]({—v)(g _ V)ﬂ—ln(y)dy’ l € oy, 07]

(e o 1
fe 7N —y)? I(D(V)dv-'_ﬁﬁr(ﬂ)

=B ®)
= S(I10)Q) + (T n)©).

where € C((01,0,],€) and furthermore, assuming the diameter on the right part of the
aforementioned equation is increasing. Observing ¥ ({,®) := 6@ + n fulfill the suppositions of
Corollary 1.

In order to find the analytical view of (3.12), we utilized the technique of successive approximation.
Putting ®°(%) = @, and

Z R;®(Z;)

(Dn({) eqH We ;](5_01)(4 . 0_1)7,_1

= (I LN+ T @, n=12...
Letting n = 1, 6 > 0, assuming there is a d-increasing mapping @, then we have
SROC)
() Sgn —M oy e ey
G -a)”

= ZR O ﬁﬁm 5+ L.
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In contrast, if we consider 6 < 0 and ® is d-decreasing, then we have

Z R;®(Z;)
A
BT(y)

_ S ) (5 9,8
—6;&@(4 B—ﬂr(ﬁ + (IO,

(—1>( e f?'“““)@ o) e <1>1<§>)

For n = 2, we have

Z R;®(Z;)

(DZ(Z:) SN We ;1((—0'1)(4 _ 0_1)y_1

S 04 Ul)l9 6 —o)?
ZR ®@» [,8’91“(19 +1) ﬁwr(zﬁ

S|+ @+ @,

if 6 > 0 and there is d-increasing mapping @, we have

T = ) gy c1>2<4>)

X 6 —o)’ (L —o)?
T4 qu)(ff)[mr(ﬁ 1) BRI+ 1)

|+ @i + @@,

and there is 0 < 0, and d-increasing mapping ®@. So, continuing inductively and in the limiting case,
when n — oo, we attain the solution

Z R;®(Z;)

) Sy We ;I((Tl)(é’ — o)

¢
C 8 —o)? o 0N (-0 -1
= ) R®E) f - n(v)dv
FZI ! Z BIT(19 + 1) ; BIT(19)

_ 51({ 0.1)119 61(4« _ 0.1)119+(19—1)
=K, 1) Z BT + f Z B+ @ = Orag + o)

=1

N S )y o 8 o)
—ZRJ‘CD(Q); s * f €0 3 g £ gy

J=1

forevery 6 > 0 and @ is b—increasing, or ¢ < 0 and @ is d-decreasing, accordingly. Therefore, by means

of Mittag-Lefller function &y o(P) = ¥, q > 0, the solution of problem (3.12) is expressed by

Z F(119+q) ’
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ZIR ©())

BTG ¢ TEIg oy

D({) Sgn

:Z J)E (6 - o)) f (& = )" E99(8L = ) Yy,

IBﬂl

for every of 6 > 0 and @ is d-increasing. Alternately, if 6 < 0 and ® is d-decreasing, then we get the
solution of problem (3.12)

SR JO())

(I)(g) egH Weﬁﬁl((—(ﬂ)(g _ 0'1)7_1

= Y ROENE(6C - o)) & (-1~ f (¢ =)' E0(6¢ = o) In(v)a.
j=1

lgﬁ 1
4. Fuzzy generalized proportional ¥ V¥ 7 DE

Consider IVP

{uwﬁfcb)@) = F (¢ OO, HiDQ), H®Q), £ €[4, T]

4.1)
D({p) = @ € €,

where 8 € (0, 1] and ¢ € (0, 1) is a real number and the operation gHZ)3+ denote the GPF derivative of

order &, ¥ : [y, 71X € X € x € — € is continuous in £ which fulfills certain supposition that will be
determined later, and

4 T
H D) = f Hi(£, $)D(s)ds, H, D) = f H(L, )D(s)ds, 4.2)
with Hy, H, 2 [Lo, T 1 X [Lo, T —>Rsuch that
-
H; = sup fl?{l(g“ s)|ds, H; = sup flﬂz(g, s)|ds.
L€l0,7] {€l0,7] %

Now, we investigate the existence and uniqueness of the solution of problem (4.1). To establish the
main consequences, we require the following necessary results.

Theorem 4.1. Let F : [0y, 03] — € be a fuzzy-valued function on [0y, 03]. Then
(i) F is [(i) — gH]-differentiable at c € [0y, 0> iff ¥ is FF[(i) — gH]-differentiable at c.
(ii) F is [(ii) — gH]-differentiable at ¢ € [0y, 0] iff F is SFF[(ii) — gH]-differentiable at c.
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Proof. In view of Definition 2.18 and Definition 2.11, the proof is straightforward. O

Lemma 4.2. ( [44]) Let there be a fuzzy valued mapping ¥ : [£{,T1 — € such that ¥, € €N
Xo(01,07), then

(DTN = F Q) 8 F (o). (4.3)
Lemma 4.3. The IVP (4.1) is analogous to subsequent equation
D) = Dy + ﬁﬂlf(q) f T I =) IF (v, D), H D), Hod())d, (4.4)
)
if ®() be °PF[(i) — gH]-differentiable,
D) = Dy o ﬁﬁ}iq) j T I =) IF (v, D), H D), Hod())d, (4.5)
%o

if ®() be °FF[(ii) — gH]-differentiable, and

¢ —1
©y + ks [ €7 =) IF (1, 0), H D), HdW)dv, L € o1, 03],
D) = “ Ny (4.6)
D) © zis [ €7 UL =) F (v, ©0), Hi®O), Ha®(WM)dv,  { € [03,072],
%

B’

if there exists a point o3 € (071,0) such that ®() is °PF[(i) — gH]-differentiable on [0, 03] and
GPF((ii) — gH]-differentiable on [03, 0] and F (03, ®(03, D(073), H  P(03)) € R.

Proof. By means of the integral operator (2.6) on both sides of (4.1), yields

LA DE00) = TN (T (00, Hi®(Q), HaD(E)). (4.7)
Utilizing Lemma 4.2 and Definition 2.6, we gat
I
O &1 00 = [ 5= om0, Hooe)a (48)
%o

In view of Defnition 2.17 and Theorem 4.1, if ®(/) be “*F[(i) — gH]-differentiable,

e
D) = Dy + ﬁﬂrl(q) f T ENE =) IF (v, D), H D), Had())dy (4.9)
)
and if ®() be PF[(ii) — gH]-differentiable
e
D) = Dy ﬁﬂ_rl(q) f T I =) F (v, D), H ), Hod(v))d. (4.10)
&0
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In addition, when we have a switchpoint o3 € (0, 0) of type (I) the ¢*F[gH]-differentiability
changes from type (/) to type (/) at { = o3. Then by (4.9) and (4.10) and Definition 2.12, The proof
is easy to comprehend. |

Also, we proceed with the following assumptions:
(AD. F : [L0,T]1xEXxExE — € is continuous and there exist positive real functions £, £, L3
such that

Do(F (&, D), HiD(Q), HoD()), F (& W), H (), HP(L))
< LiOD(D, ) + Ly(ODo(Hi D, H\Y) + L3(O)Do(HL @, HrP).

(A;). There exist a number € such that 6 < e < 1, € [{, T ]

8 = I°P(1 + H; +H;)

and

I"p = sup (1P £, 1P L,, T°P L3).
%o €107 14} 14} &0

Theorem 4.4. Let F : [{), T 1 X EX EX € — € be a bounded continuous functions and holds (A,).
Then the IVP (4.1) has a unique solution which is °*F[(i) — gH]-differentiable on [y, T ], given that
0 < 1, where ¢ is given in (A,).

Proof. Assuming ®(() is PF[(i) — gH]-differentiability and ®, € € be fixed. Propose a mapping
& C([£o,T],€) = C([o, T],€) by

¢
ﬁﬁll(q) fe%]({—v)(g - FE (v, ), HIOW), Ho®(v))dv,  forall¢ € [&, T 4.1
%o

Next we prove that § is contraction. For ®,¥ € C([{y, 7], €) by considering of (A ) and by distance
properties (2.3), one has

(FP)(Q) = Do +

Do(FOE), FE()

1
BT'(a)

<

{
f |7 | =" | Do(F (€. DQ) HDQ), HaDE), F (L W), H W), Ha W) )dv
£

1
B'T(a)

<

{
f |e‘%‘<é“-V>||(g =)' Y[ L1Do(@, ) + L2Do(H @, H ) + L3 Do(Hr®, Ho¥)]dv
[

{ g
f'e%l({_v)”(é’ -yt |£1@0(CD, W)dv + ﬂ”I{(q) f|e%}((—v)“(§ -y’ |L2250(7’(1(D, Hi¥)dv

4 [

1
B'T(a)

<

+

¢
ﬁﬂrl(q) f |7 (£ = )" | L3 Do(Ho®, HyW)av. (4.12)
%o

Now, we find that
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4
ﬁl’ll(q) f |el%(§_V) (& = V)" L2Do(H, @, H, P)dv

)

{
1 B-lr_,
Sﬁﬂr(q)f (o7
%o

< 1P LyH; Do(@, D). (4.13)
'S
! f o7
B’T'(a)
)

¢
1 f | T
B’T(a)

140

i |L2230(q), ¥) f |H, (v, x)|dx)dv
[4)

Analogously,

(& =)' LDo(H®, HW)dv < T, LyH; Dy(®,'P),

(& =" L1Dy(@, W)dv = I,;° L,Do(D,'P). (4.14)
Then we have
Do(FD,F¥) < I,0LiDo(®,) + 1,7 LyH; Do(®, V) + 1,7 L3H;. Do(®, W)
< I7PP(1 + H; + H)Do(@, W)
< Dy(D, D). (4.15)

Consequently, & is a contraction mapping on C([{y, 7 ], €) having a fixed point FD() = D).
Henceforth, the IVP (4.1) has unique solution. O

Theorem 4.5. For 8 € (0,1] and let F : [{p, T ] X € X € X € — € be a bounded continuous functions
and satisfies (A). Let the sequence ®©, : [{y, T ] — € is given by

¢
-1
D,.1(0) =0y m f({ -V F G, @,(v), H ®,(v), Ho®,(v))dv,
14}

Do(l) =Dy, | (4.16)

is described for any n € N. Then the sequence {®,} converges to fixed point of problem (4.1) which is
GPE((ii) — gH]-differentiable on [{y, T 1, given that 6 < 1, where § is defined in (A,).

Proof. We now prove that the sequence {®,}, given in (4.16), is a Cauchy sequence in C([{y, 7 ], €). To
do just that, we’ll require

Do(@y,Dy) = @o(q)o S)

¢
1 -1
ﬁﬂr(ﬂ) feﬁl?({—i’)(é’ - y)ﬂ—l?'(v, (D()(V), 7‘{1(1)0(1/), ﬂZQO(V))dV, CDO)
)

4
1 -1 - A~
< T f|eﬁ/j(§—v) & - y)ﬂ—1|1)0(T(v, DOy(v), HiD(v), HrDo(v)), O)dv
)
ST IM, 4.17)
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where M = sup,.(, 7 Do(F(, D, H D, H, D), f)).
Since ¥ is Lipschitz continuous, In view of Definition (2.3), we show that

zj()((I)n-#l P (I)n)

{
<1 f |7 & =) | Do(F (1, B 01, H1 (1), Ho @ (1)), F (v, @y (1), Hi Dy (1), Ho®,1 (1) )y

- BT
%o

¢
= B"Fl(ﬂ) f e 7| = )" L1 Do, D1 )y
%

! {
B
" BT) f [e7
o

! {
)
WO f [e7
&0

< PP+ H; + H)Do(@y, Dyy) < 5Do(@p, @y1) < 6" Dp(@1, Dp) < 6" T, M.

(& =)' L2 Do(H Dy, H Dy )dy

(g - V)ﬂil |-£3 ~D_0(W2®n’ (]_{2(1)11—1 )dV

(4.18)

Since ¢ < 1 promises that the sequence {®,} is a Cauchy sequence in C([{y, 7], €). Consequently,
there exist ® € C([{y, 7], €) such that {®,} converges to @. Thus, we need to illustrate that @ is a

solution of the problem (4.1).

¢
z‘)o(q>(§)+ _rtq) f TN~y IF(, <D(v),7—(1CI)(v),7-(2<D(v))dv,d)o)
%0

ﬁﬁ

l

_ -1 -1

= @o(dxo * BT f e EN =) IF (1, D), H D), Ho®()dv, D,
&0

I'e
+ ﬁﬁ}i > f T =) T (0, 040, H D, (), Hoy (1))

)

(& = V)" L.Do(O(), ®,)dv

¢

_ 1 BLirey

< Z)Q((D(g), (Dn+1) + M fle B ¢-v)
)

¢
1 B-1
= (-v)
TBT®) f e
I

1 I
Bl
BT f e
[4)

< Do(®Q), Dpit) + T P(1 + H; + H)Dy(D(Q), D). (4.19)

(& = V)" L2.Do(H D), H D, )dy

(& = )" | L3.Do(H D), Ha®,)dv

In the limiting case, when n — oco. Thus we have

AIMS Mathematics Volume 6, Issue 10, 10920-10946.



10941

¢
() + ﬁﬁ JeT(g‘V)(g — W F (v, D), Hi D), Hy®(v))dv = D, (4.20)

By Lemma 4.3, we prove that @ is a solution of the problem (4.1). In order to prove the unigness
of ®©(¢), let ¥(¢{) be another solution of problem (4.1) on [{y, 77]. Utilizing Lemma 4.3, gets

¢
Dy(®,¥) < ﬁ%@ f |€ﬁ‘%l(’(_v) - |Z_)o(7"(v, O(v), H\ @), Hy o), F (v, P (v), H\ P (v), ?{Q‘P(v)))dv.
%

Analogously, by employing the distance properties 9, and Lipschitiz continuity of ¥, consequently,
we deduce that (1 — 6)Dy(®,P) < 0, since 6 < 1, we have ®() = ¥(¢) for all £ € [y, T ]. Hence, the
proof is completed. O

Example 4.6. Suppose the Cauchy problem by means of differential operator (2.4)
DHO(z) = F(z, D(2)), (4.21)
where ¥ (z, @(z)) is analytic in ® and ®(z) is analytic in the unit disk. Therefore, ¥ can be written as
F (z, D) = ¢®(2).

Consider Z = 7. Then the solution can be formulated as follows:
®Z) =) 9,7, (4.22)
=0
where ®@; are constants. Putting (4.22) in (4.21), yields
9 N J N Jj —
a—z ZO Tﬁ,ﬁ’jq)j.z - QOZO (D]Z = 0
J= J=

Since

BT(% +1)
9B = m,
then the simple computations gives the expression
—,B”F(%? +1) D, —pd;,;, =0
rZ+1-9) @ 7T

Consequently, we get

B

FW;W+UH§+1)

TSR +1 -0 +1-9)

®; = ([%)
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Therefore, we have the subsequent solution

0 T(EZ 41 - +1-9)
®2) =) () —L— - z,
B’ T2+ DO +1)

J=0

or equivalently

0Z) - i(ﬁ)jr(ﬂ DS + 1= 9% + 1 —ﬂ)g
= r(EP2 4 (L + 1) i

J=0

where ¢ is assumed to be arbitrary constant, we take
Q= ﬁﬁ
Therefore, for appropriate #, we have

) . (=D i .
TG+ DI + 1 -2 +1-9) 7

_\'(¥£ mn
®Z) = ; () MY L D2 + 1) i
A, (1= 5.8).(1-9.5)
- L9, <
(1-55).(1.5)
(0, (1-9-52).(1-9.8)
o 7],
(1-55)(15):

where |z] < 1.
5. Conclusions

The present investigation deal with an IVP for GPF fuzzy FDE's and we employ a new scheme of
successive approximations under generalized Lipschitz condition to obtain the existence and
uniqueness consequences of the solution to the specified problem. Furthermore, another method to
discover exact solutions of GPF fuzzy FDESs by utilizing the solutions of integer order differential
equations is considered. Additionally, the existence consequences for ¥ VF I DEs under GPF -HD
with fuzzy initial conditions are proposed. Also, the uniqueness of the so-called integrodifferential
equations is verified. Meanwhile, we derived the equivalent integral forms of the original fuzzy
FVF IDEs whichis utilized to examine the convergence of these arrangements of conditions. Two
examples enlightened the efficacy and preciseness of the fractional-order HP and the other one
presents the exact solution by means of the Fox-Wright function. For forthcoming mechanisms, we
will relate the numerical strategies for the estimated solution of nonlinear fuzzy FDE's.
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