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Abstract: A powerful algorithm is proposed to get the so-
lutions of the time fractional Advection-Diffusion equa-
tion(TFADE): ABCDβ

0+ ,tu(x, t) = ζuxx(x, t) − κux(x, t) +
F(x, t), 0 < β ≤ 1. The time-fractional derivative
ABCDβ

0+ ,tu(x, t) is described in the Atangana-Baleanu Ca-
puto concept. The basis of our approach is transforming
the original equation into a new equation by imposing a
transformation involving a fictitious coordinate. Then, a
geometric scheme namely the group preserving scheme
(GPS) is implemented to solve the new equation by taking
an initial guess. Moreover, in order to present the power
of the presented approach some examples are solved, suc-
cessfully.

Keywords: Fictitious time integration method; Group pre-
serving scheme; Time fractional Advection-Diffusion equa-
tion; Atangana-Baleanu Caputo derivative

PACS: 06.30.Ft; 68.43.Jk

1 Introduction
Non-integer calculus is one of the most practical concepts.
This issue has constructed since 1695. In fact, in the last
few decade many researchers have been done important
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works in this field. The significant topic commenced re-
cently to become very valuable in different areas such as
science and engineering [1–6]. The development and gain-
ing numerical and exact solutions of the partial and frac-
tional equations, involving non-integer derivatives and in-
tegral, have obtained considerable importance. So, vari-
ous approaches have been worked for such goal, see, [7–
33]. In this studywe attempt to solve the TFADE containing
the Atangana-Baleanu Caputo derivative. Some methods
are implemented to solve of such type of problems [34–43].
The TFADE arises inmodeling the problems of biology and
chemistry which contain diffusion process [44–46].

The structure of this work is based as follows. Pre-
liminaries are supplied in section 2. Section 3 is dedi-
cated to display the roles of the fictitious time integration
method(FTIM) and group preserving scheme(GPS). Also,
two examples are provided to show the capability of our
scheme in section 4. Indeed, conclusion is provided in sec-
tions 5.

In this workwe consider the following TFADEwith the
Atangana-Baleanu Caputo derivative of order β.⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ABCDβ
0+ ,tu(x, t) = ζuxx(x, t) − κux(x, t)

+F(x, t), (x, t) ∈ Ω ⊂ R2,
u(x, 0) = h1(x), x ∈ Ωx,
u(x, tf ) = h2(x), x ∈ Ωx,
u(a, t) = p1(t), t ∈ Ωt ,
u(b, t) = p2(t), t ∈ Ωt ,

(1)

where Ωt and Ωx are boundaries of Ω := {(x, t) : a ≤ x ≤
b, 0 ≤ t ≤ tf } in t and x, respectively. Also, ζ is a real
parameter and κ is the average velocity.

2 Preliminaries
The the Atangana-Baleanu fractional(ABC) derivative in
Caputo sense of order β and for f ∈ H1(0, 1) is defined
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as :

ABCDβ
t f (t) =

N(β)
1 − β

t∫︁
0

f n(c)Eβ
(︂
−β
n − β (t − c)

β
)︂
dc, (2)

n − 1 < β ≤ n,

where Eβ(z) is Mittag-Le�er function described as

Eβ(z) =
∞∑︁
k=0

zk
Γ(βk + 1) .

and N(β) is a standardization function defined as

N(β) = 1 − β + β
Γ(β) .

With regard to the definition (2) for 0 < β ≤ 1 we have:

ABCDβ
t f (t) =

N(β)
1 − β

t∫︁
0

f ′(c)Eβ
(︂
−β
1 − β (t − c)

β
)︂
dc. (3)

3 The fictitious time integration
method(FTIM)

Now, we provide FTIM to convert the original time frac-
tional Advection-Diffusion equation into a firsthand equa-
tion with one more dimension by introducing a fictitious
damping coefficient µ. The structure of this method is as
follows:

Using the definition (3) and 0 < β ≤ 1 for Eqs. (1) we
have:

N(β)
Γ(1 − β)

t∫︁
0

uc(x, c)Eβ
(︂
−β
1 − β (t − c)

β
)︂
dc (4)

− ζuxx(x, t) + κux(x, t) − F(x, t) = 0.

We can increase the stablity of the method by proposing a
fictitious damping coefficient µ in Eq. (4) as follows:

µN(β)
Γ(1 − β)

t∫︁
0

uc(x, c)Eβ
(︂
−β
1 − β (t − c)

β
)︂
dc (5)

− µζuxx(x, t) + µκux(x, t) − µF(x, t) = 0.

Placing the following transformation in Eq. (5)

Ξ(x, t, η) = (1 + η)λu(x, t), 0 < λ ≤ 1, (6)

Results a new form of the original equation:

µ
(1 + η)λ

[︂
N(β)

Γ(1 − β)

t∫︁
0

Ξc(x, c, η)Eβ
(︂
−β
1 − β (t − c)

β
)︂
dc (7)

− ζΞxx(x, t, η) + κΞx(x, t, η)
]︂
− µF(x, t) = 0.

Considering
∂Ξ
∂η = λ(1 + η)λ−1u(x, t), (8)

Eq. (7), can be written as:

∂Ξ
∂η = µ

(1 + η)λ

[︂
N(β)

Γ(1 − β)

t∫︁
0

Ξc(x, c, η)Eβ
(︂
−β
1 − β (t (9)

− c)β
)︂
dc − ζΞxx(x, t, η) + κΞx(x, t, η)

]︂
− µF(x, t) + λ(1 + η)λ−1u.

Eq. (9) can be transformed to a new kind of functional PDE
for Ξ, by setting u = Ξ

(1+η)λ :

∂Ξ
∂η = µ

(1 + η)λ

[︂
N(β)

Γ(1 − β)

t∫︁
0

Ξc(x, c, η)Eβ
(︂
−β
1 − β (t (10)

− c)β
)︂
dc − ζΞxx(x, t, η) + κΞx(x, t, η)

]︂
− µF(x, t) + λΞ(x, t, η)1 + η .

Using
∂
∂η

(︂
Ξ

(1 + η)λ

)︂
= Ξη
(1 + η)λ

− λΞ
(1 + η)λ+1

, (11)

andmultiplying the factor 1/(1+ η)λ in Eq. (10), we obtain
∂
∂η

(︂
Ξ

(1 + η)λ

)︂
(12)

= µ
(1 + η)λ

[︂
N(β)

Γ(1 − β)

t∫︁
0

Ξc(x, c, η)Eβ
(︂
−β
1 − β (t − c)

β
)︂
dc

− ζΞxx(x, t, η) + κΞx(x, t, η)
]︂
− µF(x, t).

Using again the transformation u = Ξ
(1+η)λ , we get:

uη =
µ

(1 + η)λ

[︂
N(β)

Γ(1 − β)

t∫︁
0

uc(x, c, η)Eβ
(︂
−β
1 − β (t (13)

− c)β
)︂
dc − ζuxx(x, t, η) + κux(x, t, η)

]︂
− µF(x, t).

Suppose uji(η) := u(xi , tj , η) as the values of u at a point
(xi , tj), Eq.(12) converts to the following form:
d
dη u

j
i(η) (14)

= µ
(1 + η)λ

[︂
N(β)

Γ(1 − β)

tj∫︁
0

uc(xi , c, η)Eβ
(︂
−β
1 − β (tj − c)

β
)︂
dc

− ζ
uji+1(η) − 2u

j
i(η) + u

j
i−1(η)

∆x2 + κ
uji+1(η) − u

j
i(η)

∆x

]︂
− µF(xi , tj).
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Figure 1: Plots of the exact solution and the numerical solution under β = 0.5 for example 1.

Discretization of the above equation needs to calculate the
approximation of the following integral:

tj∫︁
0

uc(xi , c, η)Eβ
(︂
−β
1 − β (tj − c)

β
)︂
dc

≈ N(β)
Γ(1 − β)

j∑︁
k=1

uj+1i − uji
∆t

×
k∆t∫︁

(k−1)∆t

Eβ
(︂
−β
1 − β (tk − c)

β
)︂
dc.

where

k∆t∫︁
(k−1)∆t

Eβ
(︂
−β
1 − β (tk − c)

β
)︂
dc

≈ (tj − tk+1)Eβ
(︂
−β
1 − β (tj − tk+1)

β
)︂

− (tj − tk)Eβ
(︂
−β
1 − β (tj − tk)

β
)︂

where ∆t = T
n , xi = a + i∆x and tj = j∆t.

Considering u = (u11, u21, ..., unm)T , Eq. (13) can be written
as:

u′ = Z(u, η), u ∈ Rm×n , η ∈ R, M = m × n, (15)

where u is M-dimensional vector and Z ∈ RM is a vector
function ofu and η. Now,we are ready to use the grouppre-

serving scheme(GPS) introduced in [47] to solve Eq. (14):

us+1 = us+ (16)[︂
cosh

(︂
∆η‖Zs‖
‖us‖

)︂
− 1

]︂
Zs .us + sinh

(︂
∆η‖Zs‖
‖us‖

)︂
‖us‖‖Zs‖

‖Zs‖2
Zs .

by taking the initial value of uji(0) fromfictitious time η = 0
to a chosen fictitious time ηf . Also, stopping criterion for
this numerical integration is:⎯⎸⎸⎷m,n∑︁

i,j=1
[uji(s + 1) − u

j
i(s)]2 ≤ ε, (17)

where ε is a selected convergence criterion.

4 Numerical examples
Now, we some two examples to demonstrate the power of
FTIM for solving the TFADE.

Example 1: Take the following problem [47] by order β =
0.5, ζ = 1 and κ = 1

ABCDβ
0+ ,tu(x, t) = ζuxx(x, t) − κux(x, t) + F(x, t),

where

F(x, t) = 2
(︂
N(β)
1 − β

)︂
x(x−1)t2Eβ,3

[︂
−β
1 − β t

β
]︂
−2t2+(2x−1)t2,

We apply ourmethod to solve this example for parame-
ters µ = 111 and λ = 0.1. Also, we use the number of grids
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Figure 2: Plots of the absolute errors and contour plot under β = 0.5 for example 1.
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Figure 3: Plots of the exact-solutions by β = 0.4 for example 2.

m = 25 and n = 25 in each coordinates of space and time,
respectively The initial guess and step size for η are con-
sidered as uji(0) = 10−5 and ∆η = 10−6. Indeed, supposed
domainfor this problem is Ω = [0, 1] × [0, 1]. Figure 1 is as-
signed to depict the exact solution u(x, t) = x(x − 1)t2 and
the approximate solutions derived by the cuurent scheme.
One can see the capability of thepresentedmethod for solv-
ing this problem in Figure 2. This figure depicts that the er-
ror gained by our algorithm is about 2.5×10−16. This error

ismuchnicer than the error of the describedmethod in [43]
which is about 1 × 10−7.

Example 2: Suppose the belowequation [43] by ζ = 1and
κ = 1

ABCDβ
0+ ,tu(x, t) = ζuxx(x, t) − κux(x, t) + F(x, t),
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Figure 4: Plots of the absolute errors and contour plot under β = 0.4 for example 2.

where

F(x, t) = 120
(︂
N(β)
1 − β

)︂
t5sin(πx)Eβ,6

[︂
−β
1 − β t

β
]︂

+ πt5(πsin(πx) + cos(πx)),

With the time fractional order β = 0.4. By selecting the
important parameters µ = 18 and λ = 1we are able toman-
age the stableness and convergency rate of the scheme,
respectively. To implement the GPS we choose the initial
guess uji(0) = 0.0001. The approximate solutions and the
exact solution u(x, t) = t5sin(πx) for m = n = 35 and
∆η = 10−3 are shown in Figure 3. Figure 4 is dedicated
to reveal the gained low error by our method under the
mentionad parameters. This figure illustrates that the er-
ror gained by the presented scheme is about 1×10−15. This
error is much reliable than the error of the utilized scheme
in [43] which is about 1 × 10−6.

5 Conclusion
In this study the fractional Advection-Diffusion equation
is transformed into a new type of functional partial dif-
ferential equations in a new space with one additional
dimension by introducing a fictitious coordinate which
has an important role in the presented method. After that,
a semi-discretization is implemented on the new equa-
tion. Then the group preserving scheme as a numerical
approach was applied to integrate a system of the first or-
der of ordinary differential equations(ODEs) by selecting

an initial guess. Some numerical examples were solved,
which show that the current scheme is applicable andpow-
erful for solving the TFADE involving Atangana-Baleanu-
Caputo Derivative.

References
[1] Wei L., He Y., Zhang X., Wang S., Analysis of an implicit fully dis-

crete local discontinuous Galerkin method for the time-fractional
Schrodinger equation, Finite Elem. Anal. Des. 59, 2012, 28-34.

[2] Mohebbi M., Abbaszadeh M., Dehghan M., The use of a mesh-
less technique based on collocation and radial basis functions
for solving the time fractional nonlinear Schrodinger equation
arising in quantummechanics, Eng. Anal. Bound. Elem. 37, 2013,
475-485.

[3] Bhrawy A.H., Doha E.H., Ezz-Eldien S.S., Van Gorder R.A., A new
Jacobi spectral collocation method for solving 1 + 1 fractional
Schrdinger equations and fractional coupled Schrodinger sys-
tems, Eur. Phys. J. Plus 129, 2014, 260.

[4] Hashemi M.S, Inc M., Parto-Haghighi M., and Bayram M., On
numerical solution of the time-fractional diffusion-wave equation
with the fctitious time integrationmethod, Eur. Phys. J. Plus, 2019,
134: 488.

[5] Aminatei A. and Karimi Vanani S., numerical solution of frac-
tional fokker-planck equation using the operational collocation
method, Appl. Comput. Math., V.12, N.1, 2013, pp.33-43.

[6] Firoozjaee M.A., Youse S.A., Jafari H., A Numerical Approach to
Fokker-Planck Equation with Space-and Time-Fractional and Non
Fractional Derivatives, match Commun. Math. Comput. Chem. 74,
2015, 449-464. ISSN 0340-6253.

[7] Kumara D., Seadawy A.R., and Joardare A.K., Modied Kudryashov
method via new exact solutions for some conformable fractional



On Numerical Solution Of The Time Fractional Advection-Diffusion Equation | 821

differential equations arising in mathematical biology", Chinese
Journal of Physics, 56: 75-85, 2018.

[8] Kumara D., Seadawy A. R., and Joardare A. K., Modified
Kudryashov method via new exact solutions for some con-
formable fractional differential equations arising in mathemati-
cal biology", Chinese Journal of Physics, 56: 75-85, 2018.

[9] Sohail A., Maqbool K. and Ellahi R., Stability analysis for
fractional-order partial di erential equations by means of space
spectral time Adams-Bashforth Moulton method, Numerical so-
lution for Partial Differential Equations, 34: 19- 29, 2018.

[10] Singh J., Kumar D., Hammouch Z., Atangana A., A fractional
epidemiologi- cal model for computer viruses pertaining to a
new fractional derivative, Applied Mathematics and Computa-
tion, 316: 504-515,2018.

[11] TasbozanO. and EsenA., Quadratic B-Spline, GalerkinMethod for
Numerical Solutions of Fractional Telegraph Equations, Bulletin
of Mathematical Sciences and Applications, 18: 23-39, 2017.

[12] Bulut F., Oruc O., And Esen A., Numerical Solutions of Fractional
System of Partial Differential Equations By Haar Wavelets Com-
puter Modeling in Engineering Sciences, 108 :263-284, 2015.

[13] Nagy A.M., Numerical solution of time fractional nonlinear Klein-
Gordon equation using Sinc-Chebyshev collocation method, Ap-
plied Mathematics and Computation, 310:139-148,2017.

[14] Partohaghighi M., Inc M., Bayram M., Baleanu D., Solving the
time fractional Schrodinger equation with the group preserving
scheme, DCDS-S, 2019, 1-16.

[15] Goa W., Partohaghighi M., Baskonus H.M., Ghavi S., Regarding
the group pre-serving scheme and method of line to the numer-
ical simulations of KleinGordon model, Results in Physics, 1-7,
15, 2019,102555.

[16] Iqbal S., Exact Solution of Non-linear Fractional Order Klein-
Gordon Partial Differential Equations using Optimal Homotopy
Asymptotic Method, Nonlinear Science Letters A, 8(4), 65-373,
2017.

[17] Sarwar S., Rashidi M., Approximate solution of two-term
fractional-order diffusion, wave-diffusion, and telegraph models
arising in mathematical physics using optimal homotopy asymp-
totic method, Waves in Random and Complex Media, 26(3), 365-
382, 2016.

[18] Sarwar S., Zahid M.A., Iqbal S., Mathematical study of Fractional
Order Biological Model using Optimal Homotopy Asymptotic
Method. International Journal of Biomathematics, 9(6), 1650081,
2016.

[19] Sarwar S., Alkhalaf S., Iqbal S., and Zahid M.A., A Note on Opti-
mal Homotopy Asymptotic Method for the Solutions of Fractional
Order Heat-and Wave-like Partial Differential Equations. Comput-
ers amp; Mathematics with Applications 70(3), 942-953, 2015.

[20] Zhuang P., Liu F., Implicit difference approximation for the time
fractional diffusion equation. J. Appl. Math. Comput. 22, No 3,
2006, 87-99.

[21] Song H., Yi M.X., Huang J., Pan Y.L., Bernstein polynomials
method for a class of generalized variable order fractional differ-
ential equations, IAENG International Journal of Applied Mathe-
matics, vol. 46, no.4, pp.437-444, 2016.

[22] Dehghan M., Youse S.A., Lot A., The use of hes variational itera-
tion method for solving the telegraph and fractional telegraph
equations, Int. J. Numer. Meth. Biomed. Engng. 27, 2011, 219-231.

[23] Shivanian E., Spectralmeshless radial point interpolation (smrpi)
method to two- dimensional fractional telegraph equation, Math.
Appl. Sci. 39,7, 2015, 1-16.

[24] Gao G.H and Sun H.W, Three-point combined compact difference
schemes for time-fractional advection-diffusion equations with
smooth solutions, J. Comput. Phys. 298, 2015, 520-538.

[25] Yingzhen L., Jiang W., Approximate solution of the fractional
advection-dispersion equation, Comp. Phys. Commun. 181, 2010,
557-561.

[26] Pandey RK., Singh O.P., K. Baranwa V., Tripathi M., An analytic
solution for the space-time fractional advection-dispersion equa-
tion using optimal homotopy asymptotic method, Comp. Phys.
Commun. 183 (2012) 2098-2106.

[27] Tian W., Deng W., Wu Y., Polynomial spectral collocation method
for space fractional advection-diffusion equation, Numer Meth-
ods Partial Differ Equ, 2014, 30(2), 514-35.

[28] Geback T., Heintz A., A lattice boltzmann method for the
advection-diffusion equation with neumann boundary condi-
tions, Commun Comput Phys, 2014,15(2,487-505.

[29] Meerschaert M.M., Tadjeran C., Finite difference approximations
for fractional advection-dispersion ow equations, J Comput Appl
Math, 2004; 172(1), 65-77.

[30] Jajarmi A., Ghanbari B., and Baleanu D., A new and eflcient
numericalmethod for the fractionalmodeling andoptimal control
of diabetes and tuberculosis co-existence, Chaos 29, 093111,
2019.

[31] Baleanu D., Jajarmi A., SajjadiS. S., and D. Mozyrska, A new frac-
tional model and optimal control of a tumor-immune surveillance
with non-singular derivative operator, Chaos 29, 083127, 2019.

[32] Baleanu D., Jajarmi A., Hajipour M., On the nonlinear dynamical
systemswithin the generalized fractional derivativeswithMittag-
Leer kernel,Nonlinear dynamics, Volume: 94, Issue: 1, 397-414,
2018.

[33] Atangana A., Baleanu D., New fractional derivatives with non-
local and non-singular kernel,Theory and Application to Heat
Transfer Model, thermal science, Vol: 20, Issue: 2, 763-769, 2016.

[34] Atangana A., Gomez-Aguilar J., Numerical approximation
of riemann-liouville definition of fractional derivative: from
riemann-liouville to atangana-baleanu, Numerical Methods Par-
tial Differ Equ, 2018, 34(5), 1502-23.

[35] Li C., Zeng F., Numerical methods for fractional calculus, Chap-
man and Hall/CRC; 2015.

[36] Owolabi K.M., Atangana A., Numerical approximation of nonlin-
ear fractional parabolic di erential equationswith caputo-fabrizio
derivative in riemann- liouville sense. Chaos Solitons Fractals,
2017, 99, 171-9.

[37] Tian W., Deng W., Wu Y., Polynomial spectral collocation method
for space fractional advection-diffusion equation, Numer Meth-
ods Partial Differ Equ 2014, 30(2), 514-35.

[38] Geback T., Heintz A., A lattice boltzmann method for the
advection-diffusion equation with neumann boundary condi-
tions, Commun Comput Phys, 2014, 15(2), 487-505.

[39] Meerschaert M.M., Tadjeran C., Finite difference approximations
for fractional advection-dispersion ow equations, J Comput Appl
Math, 2004, 172(1), 65-77.

[40] Xu Y., He Z., The short memory principle for solving abel differen-
tial equation of fractional order, Comput Math Appl, 2011, 62(12),
4796-805.

[41] Yang Q., Liu F., Turner I., Numerical methods for fractional partial
differential equations with riesz space fractional derivatives,
Appl Math Model, 2010, 34(1), 200-18.

[42] Kumar K., Pandey R.K., Sharma S., Comparative study of three
numerical schemes for fractional integro-differential equations,



822 | M. Partohaghighi et al.

J Comput Appl Math, 2017, 315, 287-302.
[43] Kumar K., Pandey R.K., Sarma S., Approximations of fractional

integrals and caputo derivatives with application in solving abels
integral equations, J King Saud Univ Sci, 31, 4, 2019, 692-700.

[44] Bakunin O.G., Turbulence and diffusion: scaling versus equa-
tions, Springer Science Business Media; 2008.

[45] Bocksell T., Loth E., Stochastic modeling of particle diffusion in a
turbulent boundary layer, Int J Multiphase Flow, 2006, 32, 10-11,
1234-53.

[46] Beinum W., Meeussen J.C., Edwards A.C., Van Riemsdijk W.H.,
Transport of ions in physically heterogeneous systems; convec-
tion and diffusion in a columnlled with alginate gel beads, pre-
dicted by a two-region model, Water Res, 2000, 34(7), 2043-
2050.

[47] Liu C.-S., Solving an Inverse Sturm-Liouville Problem by a Lie-
Group Method, Boundary Value Problems, 2008, Jan, 749-865.


	1 Introduction
	2 Preliminaries
	3 The fictitious time integration method(FTIM)
	4 Numerical examples
	5 Conclusion

