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The goal of this work is to introduce the concept of p-hybrid Wardowski contractions. We also prove related fixed-point results.

Moreover, some illustrated examples are given.

1. Introduction

Let & represent the collection of functions G: (0,00) — R
so that
(i) (G,) G is strictly increasing

(ii) (G,) for each sequence {1,,} in (0, 00),lim,_, 7, =
0 iff lim,_,.,G(,) = —00

(iii) (G,) there is k € (0,1) so that lim, _, #*G(y) =0

Definition 1 (see [1]). A mapping T: (M, ) — (M, )

is called a Wardowski contraction if there exist 7>0 and

G € @ such that for all v,w € 4,
Ad(IT,Tw)>0=1+G(Z (T, T w)<G(Z (v, w)).

1

Example 1 (see [1]). The functions G: (0,00) — R defined
by

(1) G(x) =Ilnx

2) G(x) =Inx+x

(3) G(x) = -1/4/x

(4) G(x) =In(x? + x)

belong to €.

Wardowski [1] introduced a new proper generalization of
Banach contraction. For other related papers in the literature,
see [2-10]. The main result of Wardowski is as follows.

Theorem 1 (see [1]). Let (M, &) be a complete metric space,
and let T: M —> M be an G-contraction. Then, Y has a
unique fixed point, say z, in M and for any point o € M, the
sequence {Y/o} converges to z.

Theorem 2 (see [11]). Let (M, ) be a complete metric space
and T M —> M be a given mapping such that
A (T, Tw)<od (v, w) + 0, d (v, TV) + 03 (w, T w)

- d (v, T w)+d(w,TV)
4 >
2

(2)

for all v,w € M, where 0, i = 1,2,3,4, are nonnegative real
numbers such that Y| 0, < 1. Then, T admits a unique fixed
point in M.

In the paper [12], the concept of interpolative Har-
dy-Rogers-type contractions was introduced.
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Deﬁnition 2 (see [12]). On a metric space (M, ), a self-

mapping I : M —> M is an interpolative Hardy-Rogers-
type contraction if there exist A€ [0,1) and
0,,0,,05 € (0,1) with 0, + 0, + 05 <1, such that
(T, T w) <A (v, 0))" (& (v, TV)* ( (w0, T )
d(v, Tw)+d(w,Tv) ooy
2 bl
(3)

for all v, w € MIrg (M), where - (M) =1{( € M: T{ =}

x, (& (v, w))? + &, (& (v,

forp>0, vwed

szig(v,w) =3
[ (v, )] [ (v, TV [ (w0, T
forp=0, v we Ml (M).

On the other hand, let & represent the set of functions
G: (0,00) — R such that

(i) (G,) G is strictly increasing
(ii) (G,) there exists 7>0 such that 7+ limt_)t0
inf G () >lim,__,, sup G(¢), for every £, >0

Definition 3. A mapping 7 : (M, d) — (M, ) is called a
p-hybrid Wardowski contraction, if there is G € 98 such that
d(Tv,T w))

< G(ﬂf} (v, w)), forevery p> 0.

w) >0implies 7+ G(& (T, T
(5)

In particular, if inequality (5) holds for p = 0, we say the

mapping I is a 0-hybrid Wardowski contraction.

‘Q{P‘T (vn’ vn—l) = [Kl (d (vn’ vn— 1))P + KZ (d (vn’ J

+ p
4MM@wmJV+MW@W%JV+%W@nMMVH( O ) d"“"ﬂﬁ

< [Kl (d (Vw Va- 1))1’ T K (d (vn’ 1}n+1))p T K3 (d (Vn— 1 vn))p+K4

TP + x5 (& (w,

w)]™ [d(%

vuV+xxdwnp9wno)+m(
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Theorem 3 (see [12]). Let (M, ) be a complete metric space
and T be an interpolative Hardy-Rogers-type contraction.
Then, I has a fixed point in M.

The interpolation concept was used in other new papers
related to fixed-point theory. For example, see [13-17]. In this
paper, we consider new contractive type self-mappings, named
as p-hybrid Wardowski contractions. Our fixed-point results
will be supported by concrete examples.

2. Main Results

Let (M, ) be a metric space and I be a self-mapping on
this space. For p>0 and «;>0,i=1,2,3,4, such that
i, % =1, we define the following expression:

(d(w, T +d o, 9w)>"]”p
: :

Tw)f +x,

(4)
Tw)+d(w,T

g™
5 ,

Theorem 4. A p-hybrid Wardowski contraction self-map-
ping on a complete metric space admits exactly one fixed point
in M.

Proof. Taking an arbitrary point v, € .#, we consider the
sequence {7,} defined by the relation v, = I, ,, n>1.
According to this construction, it is easy to see that if there is
ny so thatv, =, ., = Jv,,v, turns into a fixed point of T.

We shall pr(iesumfoe that for all ne No»
Vi1 FVp = (V1> V) = 4 (T, TV,_1) > 0. (6)

On account of (4), for v = v, and w = v,_,, we have that

n-1°

A, T,

o+d@np9qu“P

2

Up

|
(d(vn D) + d(vwvm))}’]

(7)



Journal of Mathematics

Denoting by y,, = < (v,_;,7,), we have

pyVP
52757 (Vo V) = [(K1 + )8+ 1oxh L+ ;cd%) ] i

(8)

1+ G(d(Tv,_1,T,))

IN

G('Q{g‘ (’anl > Vn))

IN

which gives us

G(Xnﬂ) = Gd(vn’ 1}nJrl) = G(d (gvnfl’ 91}71))

p1lp
§G< [(Kl + Ks)Xﬁ + K2X£+1 + K4(%) ] ) - T
(10)

If max{x,, X1} = Xns1> then the above inequality
becomes

1/
G (1) <G( [0 + 2+ 8y 4 1)t ] "7 ) = T<G ()
(11)

which is a contradiction. Consequently, max{y,, X,.1} = X»

and then there exists y >0 such that
Jim = (12

Supposing that y >0, we have limn_,oolgzig~ (Vo> V) = X
and by (G,), we obtain

T+G(y+0)<G(y+0), (13)
which is a contradiction. Therefore,
lim «(v,_;,7,) =0. (14)

In order to prove that {v,} is a Cauchy sequence in
(M, ), we suppose that there exist € > 0 and the sequences
{n, ()}, {m, (k)} of positive integers, with n, (k)>
m, (k) >k such that

AV, 49V, 10) 2 (15)
d(vn* (k)-1> 'Vm* (k)) <§g,

for any k € N.
Thus, we have

e <AV (p V. 1) S Z (T, 90 Vi, 0-1) + LV (-1 Y, 1)

< d(')/n* (k) Vn* (k)*l) + &
(16)

and from (5), it follows that

Voo 15 V) + A (Vs Vi Vp
G([Kl (@0 302)) 5 3 )45 () 0 2022000 )) D

9)
When k — o0, using (14) and (15), it follows
Jm (0 Y, 0) = 2 (17)
By using the triangle inequality, we have
0< 'd(”m W41 Vo, (0y+1) = (Vo (o V. <k))" (18)

< d(”m (k)+1> Vn, (k)) + d(”m* (ky Vm, (k)+1)>

klflm'd(vn* (k)+1> Vi (k)+1) - d(”n* ky Vm, (k))|
< lim [ (%, @1V, 10) + 2V, Y, 1)) = 0.
(19)
So,
Jim AV, (415 Y, (y41) = Jm AV, 0y Y, () = €0,
(20)
Moreover, since
€=V, 1 Vm. (1) < (V. (00 Y, 1) + A (Vom0 Y, 10>

<a
€= d(”n* (k> Vm, (k)) < d(”n* (k) Vn, (k)+1) + ﬂ/(Vm* (k) Vn, (k)+1))
(21)

we have

lim d(vn* (ky Vm, (k)ﬂ) = nl'gnoo {L’(Vm* (kp Vn, (k)+1) =&

n—~oo
(22)
So, the inequality
AT 10 T V. 0) = (. G001 V. 001) >0 (23)

occurs for all k> N, and using (5), there exists 7> 0 such that

7+ G( (V. 110 Vi, (041) ) S G(LG (Y, 000 Vi, ) )>
(24)

where
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dg‘(”n* (k) Vm, (k)) = [Kl(d(”m (k) Vm, (k)))p + KZ(d(Vm (k) Vn, <k>+1))P + Ks(d(”m* (k) Vm, <k>+1))p

<d(vn* G Y, @+1) * AV <k>+1)>P]”P -
+K4 )

2

Moreover, since the function G is increasing, we have There exists a subsequence {vn_} such that v, = I ( for
1

7+lim i“fG( (15 + K4)1/Pd(”m ()+1> Vim, (k)+1)) all 7€ N then,
k—c0 (4, 7¢) = lim &(v,.,,7() = lim (T,,7¢) =0.

i—00

<7+ lim infG(a’(?/‘vn ky T, (k)))

k—00 * e (28)
(26)
< liminf G(2-(v,,_ (4> V. 1) ) On the contrary, if there is a natural number N such that
koo ’ ’ TIv,+ T foralln> N, applying (5), for v = v, and w = {, we
< lim sup G(.Q[g(')/n* (k) 'Vm* (k))) have

T+ G( (5 + K4)1/pd(v,,+1,97()) <7+ G(& (V1> TY0))

And letting & — co, = 1+ G (T3, T) <G (A (,0))

T+ G(et) <G (et). (27)

(29)

That is a contradiction, so € = 0 and then, e =0. Con-  here

sequently, the sequence {v,} is Cauchy and by completeness
of M, it converges to some point (e .
p , ’ b (0w TO+ 26 T)\ Y
A (v, C) = | k1 (& (5 0))" + 83 (& (v T,))" + 165 (Z (L, T )P + x, 5
(30)
Ip
A, TO)+d(T)\' T\
= G< |:K1 (& (1, Q) + 10y (& (Vs Vyu1) ) + 15 (& ({ TP + +;c4( ( ) 5 ( )) .
We suppose that {# J(. Inasmuch as
lim & (v,,T¢) = & ({,TQ),
a lim o (v,,()
n—ao00
- i [ (OO 1 Ga)) 5 (LG TOF o
(20T 2T\
! 2
= (ks + 8,) P (L, T0).
7+ liminf G( (15 + 1) Pt) <T+ hmmf G(t)
Letting n — oo in inequality (29), we find that =2 (GT0 t—d 0T
< liminf G( (15 + 1) Pt) < limsup G( (K3 + K4)1/‘Dt),
t—=d (T t—d ((T0)

(32)
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which contradicts G,. Therefore, 7{ = (.

T+G(2(E() =1+ G(L(TET)<G(AE(8,0)

=G<[K1 (d(f,())"+x2(¢(£,9‘£))f’+K3(¢(C,9‘())P+K4(

=G<[K1 (a/’(f,())p+Kz(a’(€,€))p+K3(0f((,())p+'<4<

= G( (r, + K4)1/pd(f, ()),
<G(Z(&0),

which is a contradiction. O

Example 2. Let M = [0,1] be endowed with the standard
metric ¢ (v, w) = |v — w|. Let the mapping : M — M be

defined by T = <lx/8 forx € [0,1)

/4 forx—1 - lakep=2,7=In4/3,

We claim now that T' admits only one fixed point. If there
exists another point & € /, £+, such that £ = T, then
(6,0 = (T T() >0 and we have

AETO+d 95))”]1’1’)
. :

M)P] ”"> (33)
- ,

x; = 1/9, x, = k, = 6/81, x; = 60/81, and G(t) = Int. Then,
we have the following:

For x, y €[0,1),

4 4]x — _
In 3+InG( (x, »)in = ey

24 3

For x € [0,1) and y =1,

4 4|lx -2
n i InG (1) = n |<ln<
3 24

Thus, all assumptions of Theorem 4 hold, and 7 has a
unique fixed point. On the other hand, for x = 7/8 and y = 1,
we have

7 7 1 9 1 7
ATo71)=2(2y) =g A51) GO
8 64 4 64 8 8
Thus, it is not a Wardowski contraction, since for every
function G € % and 7>0

T+G(¢<9g,91))>c<¢<g,1>). (37)

7 3

2 172
I 9y| > =In (Kla’(x,y)z)ll2 <Ing% (x,y). (34)
4 1 2\ 172
) = n<8—?d<l,z> ) < lndé(x, 1). (35)

Theorem 5. A 0-hybrid Wardowski contraction self-map-
ping on a complete metric space admits a fixed point in M
provided that for each sequence {n,} in (0,00), lim,__, 7, =
0 iff lim, . G(#,) = —oo.

Proof. Following the same reasoning from the proof of the
previous theorem, we can assume that for all n € N,

Vst F V= (V15 7p) > 0. (38)

On account of (4), for v = v, and w = v,_;, we have that
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TABLE 1: Definition of metric d.

d(v, w)

x y z t
x 0 3 3 2
y 3 0 3 1
z 3 3 0 2
t 2 1 2 0

A (1) = [l (o 1y )] [ o T, w(vn-l,%n_o]’%[

d(vn’ 9vn—1) + d(vn—l’gvn)]K4

2
[ I L O3 [ )| 2O 2] (3
<[ (v, Vn—l)]Kl (2 (v, Vn+1)]K2 [2 (Vn—l’vn)]K3 [d(vnl’ V,) ; d(vn>vn+1):| 4.
hm Xn = hm d(vn—l’vn) = X (42)

Using the same notation, x, = < (v,_,,7,), and taking
into account (G,), by (5), we have

T+ G ) SG( () ) - o)

We can remark that the case max{x,,, X,,;;} = Xy.1> i DOt
possible since the above inequality becomes

G (1) SG O™ ™) = 1< G (Yn)> (41)

a contradiction. Therefore, y,, > x,,,; for all n € N, and then,
there exists y >0 such that

o (0 ) = [ ) [ 7)1 (40 70|

We claim that y = 0. Indeed, if we suppose that x>0,
taking the limit as n — oo in (40), we have

T+ G(y+0)<G(x +0), (43)
which contradicts (G,.) We conclude that
X =limd (v,,7,) =0. (44)

Let n € N and j>1 now; we have

. . & 45
[ ) L) ) [ )] 4

=0.

And taking into account (44),

lim o/ (v,,7,,;) = 0. (46)

n—-00

Therefore, lim G(d?q (Vs vn+j)) = —00 and since
n—~ao

T+ im G(@(Vpr1s Vi) < lim G5 (v,,7,,))s

n—~oo n—a~oo

(47)

we obtain that lim G(d(vn,vn+j))=—oo and so

lim, o, (%, 7,,;) = 0. Thus, {»,} is a Cauchy sequence on
a complete metric space (#, /) and there exists { such that

2

lim,_, v, = (. Of course, it easy to see that, for v = v, and
w = (, we have

lim o (v,,() = 0. (48)

n—~oo

If we suppose that there is a subsequence {vnﬁ} such that
T, =T, then we have

0= lim #(97%,,9¢) = lim &(v,,,9¢)

n—00 s n—o00 (49)

=d((,T0),
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which means that ( is a fixed point of 7. Therefore, we can
assume that & (7v,, 7() >0 for every n € N, and by (5), we
obtain

14+ G(d(Tvp TO)<G(AS (1,,0)). (50)

Letting n — co and taking into account the previous
considerations, we have lim,, .G # (9,7 () = —co0 and
then «({,7() =lim,_ & (I, T{) = 0. Consequently,
( is a fixed point of T . O

Example 3. Let M = {x, y,z,t} be a set endowed with the
metric «: M x M — [0, 00) (Table 1).

And the mapping I: M — M is defined as

(xyzt
T'(xxtt)'

First, we remark that Theorem 1 is not satisfied, since for
y=yand w=t,

d(Ty,Tt)=d(x,t) =2>1=d(y,t). (51)
Hence, for any 7>0 and G € 9, we can write
T+ G(L(Ty,Tt)>G(L(y,1)). (52)

Choosing 7 = In4/3, x; = k, = 7/16, k3 = k, = 1/16, and
G(t) =Int, for v = y and w = z, we have

4 4 8
In S +Ind (Ty,T2) = ln(ga’(x, t)) =In = 0,980829253 < 1,04792915 = In(37/103711621/1621116),

< ln<d(y,Z)S/IG{Z{(y,x)Sllﬁd(Z,t)5/16(

a’(y,t)+a’(z,x))l/l6>
e ,

(53)

g o 1/16
= ln<¢<y, " (y, Tyl (z, %)5“6(“ (.72)+ (29 y)) >

:ln&ig(y,z).

3. Consequences

(C1) Considering G(t) =Int in Theorem 5 and
0; = e "k;, we obtain Theorem 2.

(C2) Considering G (t) = Int in Theorem 5and A = e77,
we obtain Theorem 3.

(C3) Considering G(t) =Int in Theorem 4, A =77,
and p = 1, we obtain Theorem 3.
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