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1 Introduction

The Chebyshev functional [1] for two integrable functions ¢/ and V on [v;, ;] is defined
by

TU,V) = ﬁ /VZ UV (D) dY

1 v2 1 v2
- (/l uw)dﬁ)vl_vz (/1 V(z?)dﬁ). (1.1)

The weighted Chebyshev functional (WCF in short) [1] for two integrable functions U/
and V on [v1,1,] is defined by

TU,V,h) = /V2 h(z?)dﬁfv2 h) () (0) do

V1 V1

- / " h(9)(9) do / " W@ av, (1.2)
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where the function # is positive and integrable on [v,v;]. Applications of (1.2) can be
found in the field of probability and statistical problems. Also, applications of functional
(1.2) can be found in the field of differential and integral equations. The reader may consult
[2-4].

Dragomir [5] defined the following inequality for two differentiable functions ¢/ and V:

%) %) V2 2
T < U] V] [/ oo z?%(z?)dz?—(/ ﬁh(ﬂ)dﬁ) ]

V1 V1 V1

where U’, V' € Lo (v1,v,) and the function £ is positive and integrable on [v1,v;]. The re-
searchers have studied the functionals (1.1) and (1.2) and established certain remarkable
inequalities by employing different techniques. We refer the reader to [5-21]. The ex-
istence and uniqueness of a miscible flow equation through porous media with a non-
singular fractional derivative, unified integral inequalities comprising pathway operators,
certain results comprising the weighted Chebyshev functional using pathway fractional
integrals and integral inequalities associated with Gauss hypergeometric function frac-
tional integral operator can be found in [22-25].

Elezovic et al. [26] proved the following inequality for WCEF:

1

1 2 V2 _r+ir
|T(U,V,h)|§§(/V1 / RER(E)IE - ¢17 7

§ </v1‘/2 /l::zh(é)h(g)|z§ _§|i+i

1 %) v L+L
=zl ( f 1 f hEMOIE - ¢ 177 dsd;), (13)

7

§ b
/ '@ dl?’ dg dg)
e

§ i v
/ |V’(z9)|qdl9’ dt d{)
¢

where U’ € Lp([vlr VZ])’ V/ € Lq([vlr VZ])’pr q,r> 1, % + 1% = 1) :} + % =1and % + % =1
In [9], the authors established the following fractional integral inequality for Chebyshev
functional (1.2):

2|T% ()T RUV(0) - T° U(B)T* hV(0)|

e, 1V

0 0
a-1 a-1
() fofo(e-ﬂ) O =&)Y - ¢ |u()() dv dg,

where U’ € L#([0, 00[), V' € L([0,0[), p, g > 1, 117 + é =1
The extended Chebyshev functional [27, 28] is defined by

TV, 1) = / " () do / ® hOUEV()do

V1 V1

+ /Vz () do /Vz K@UV (D) do

V1 V1

_ / o) dv / P @V av

_ / P U dd / Z )V (0) do. (1.4)
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Recently the researchers [29-38] presented certain remarkable inequalities by considering
certain type of fractional integrals.

This paper is designed as follows.

In Sect. 2, we present some well-known definitions. Section 3 is devoted to the weighted
fractional integral inequalities associated with Chebyshev’s functionals (1.1) and (1.2) con-
cerning another function G in the kernel. In Sect. 4, we give some new weighted fractional
integral inequalities associated with weighted and extended Chebyshev’s functionals (1.3)
and (1.4) with respect to another function G in the kernel. Finally, we discuss concluding

remarks in Sect. 5.

2 Preliminaries
In this section, we present the preliminaries and definitions.

Definition 2.1 ([39, 40]) The function I/ is said to be in the space L, [0, oo if

1
L,,[0,00[= {u: U112, (0,00 = (/ |Z/l(19)|p1‘}’dz9)p <oo,1<p<oo,r=> o}. (2.1)

Applying r = 0 in (2.1) gives

1
S r
L,[0,00[= {L{: 1L, (0,001 = </ |Z/{(19)|1’ dﬁ) <00,1<p«< oo}.

Definition 2.2 ([41]) Let the function U € V;[0,00[ and suppose that the function G is
positive, increasing and monotone on [0, co[ and having continuous derivative G on [0, co[
with G(0) = 0. Then the function h; defined on [0, co[ (Lebesgue real-valued measurable
function) will be in the space XZ(O, ), (1 <p<oo)if

1
s P
Il e = (/ |u(19)|”g/(ﬂ)dﬁ> <00, 1<p<oo.
When p = co, then

U] xy =ess sup [G'NUD)].

0<t<o0

Remark 2.1 Note that:

i. if we set G(¢#) = ¥ for 1 < p < 0o, then the space XS(O, 00) will coincide with the space
Lp[o, oo,

ii. if G(#) = Inv for 1 < p < 0o, then the space X’g'(O, 00) will coincide with the space
L,,[1,00].

Definition 2.3 The Riemann-Liouville (R-L) fractional integrals (left- and right-sided)
3y, and 7}, of order « > 0, for a function U/ (¢) are, respectively, given by

1
T35, U(0)

0 -1
: :ﬁ/vl(e—m U@y, v <o, 2.2)
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and

~K k-1
JVZL{(Q F(K)/ O -0)"UW)dY, vy>0, (2.3)

where I’ is denoted by the well-known gamma function [42].

Definition 2.4 The one-sided R-L fractional integral J§ of order « > 0, for a function U/(6)
is given by

%
JsU©) = ﬁ /0 O -9y UW®)dy, v <6. (2.4)

Definition 2.5 ([43, 44]) Let the function U/ be an integrable in X%, (0, 00) and suppose the
function G is positive, increasing and monotone on [0, c0) and having continuous deriva-
tive on [0, 00) such that G(0) = 0. Then the generalized R-L left- and right-sided fractional
integrals of a function I/ concerning another function G are, respectively, defined by

(99vi*U)(0) = D) (Q(G) G))* 'G@)m@)dy, v <6, (2.5)
and

G5 100 = —— [ (69— G6) ¢

(jvzu)(e)_r(x)/g (G®)-GO) G Wh®)dY, 6 <, (2.6)

where « € C with Ri(k) > 0.

Definition 2.6 ([45]) Let the function U be an integrable in X%,(0,00) and suppose the
function G is positive, increasing and monotone on [0, c0) and having continuous deriva-
tive on [0, 00) such that G(0) = 0. Then the left-sided weighted fractional integral of a func-
tion U concerning another function G is defined by

»™(0)
(k)

%
(S.Z5U)(0) = (G0) - 6)) @G OUWD)dD, vi <0, (27)

where «, € C with R(x) > 0.

Remark 2.2 The following new weighted fractional integrals can be easily obtained:
i. setting G(0) = 0 in Definition 2.6, we get the following weighted R-L fractional integral:

(nZuU)(0) =

k-1
1_() /(9 )T oUW dY, vy <6.

ii. setting G(0) = In0 in Definition 2.6, then we get the following weighted Hadamard frac-

tional integral operator:

-1 0 d
@ (9)/ (1n9—1nﬁ)K-1w(zs)u(ﬁ)§, v, <0.

(xlzflf)u)(e) = F(K) "
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iii. setting G(0) = %, n > 0 in Definition 2.6, then we obtain the following weighted
Katugampola fractional integral:

. w(B) [7[67 -\ dv
(W ZEU)0) = P V1( ; ) O@UD) =, <.

Similarly, one can obtain other type of weighted fractional integrals.

Remark 2.3 The following new weighted fractional integrals can be easily obtained:

i. setting w(0) = 1 and G(0) = 6 in Definition 2.6, we get (2.2),

ii.setting (@) = 1 in Definition 2.6, then it will reduce to the left-sided generalized R-L
fractional integral operator (2.5),

iii. setting w(0) = 6% and G(0) = In 6 in Definition 2.6, then it will reduce to the left-sided
Hadamard integral operator [43, 44],

iv. setting G(9) = %, n >0 and w(P) = 1 in Definition 2.6, then it will reduce to the left-
sided Katugampola [40] fractional integral,

v. setting w(0) =1and G(0) = °" (wherea € (0,1],s € Rand « +s #0) in Definition 2.6,
then it reduces to the left-sided generalized fractional conformable integral given by [46],

vi. setting w(f) = 1 and G(0) = W, a > 0 in Definition 2.6, then it reduces to the
fractional conformable integral defined by Jarad et al. [47].

o+s

In this paper, we consider the following one-sided generalized weighted fractional inte-
gral.

Definition 2.7 Let the function U/ be an integrable in the space X7, (0, 00) and suppose the
function G is positive, increasing and monotone on [0, 00) and having continuous deriva-
tive on [0, 00) such that G(0) = 0. Then the one-sided generalized weighted fractional in-
tegral of the function /; concerning another function G in the kernel is defined by

w

57520)0) = = [ (60) - 99 w(9)G U)o 2.9)
(76 - 5 [ (00)-g0) - .

3 Weighted fractional integral inequalities associated with Chebyshev’s
functional

In this section, we present weighted fractional integral inequalities for a class of differen-

tiable functions connected with Chebyshev’s functional (1.1).

Theorem 1 Let the two function U and V be differentiable on [0,00) such that U',V' €
Lo ([0, 00[) and assume that the function G is increasing, positive and monotone on [0, 00[
and having continuous derivative on [0, 00[ such that G(0) = 0. Then, for all 6 > 0, k > 0,
the following weighted fractional integral inequality holds:

|9T50(0) STsUVO) - ST5UB) ITEVO)|
< || V| [OTs (o) ST56% - ($250)°), (3.1)
where 9TE w(0) is defined by

w1 (0)

ITEw(9) = )

0
/ (9(6) - G9) ()G (9) .
0
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Proof Let us define
H(2,6) = (U®) -UCQ) (V@) - V) 9,¢ €(0,0), (3.2)

Multiplying (3.2) by = T (9) (G) = G(®))1G'(¥)w(?) and then integrating with respect to
¥ over (0,6) and applymg (2.7), we have

0™ (9)

G () w(®)H®©,¢)dd

= ITSUVO) - U©) ITEV(O) - V(¢) STSU©) + UE)V(E) 9T5 (). (3.3)

Again, multiplying (3.3) by %= T (g(e) G(£))*'G'(¢)w(¢) and then integrating with re-
spect to ¢ over (0,0), we have

—2
(9) f / (G0) - 6(0)) G 9)0 ()G (OO H (D, ) do de

=2(9Z5w(0) STEUVO) - STEU©0) STEV(9)). (3.4)
Also, on the other hand, we have
¢ re
H(®,¢) = / / U x)V' (y)dxdy. (3.5)
v Jo
Since the functions U'(x), V'(y) € Loo([0, 00[), we have

¢
| < / U'(x)dx
9

Thus, we can write

|H®,¢)

¢
[ vos| <l vl o-cr (6

- 0 0
T [ [ 66)-60) 60 - 60 G 00G oo, 0] dv d

_ oo IV llo00™(0)
B (k)

/ / 1(G0) - 6(0)) G 9)0()G (©)w(2) (3.7)

x (9% -29¢ +¢%)dv dg.

From (3.7), we estimate the following inequality:

) 0 K
r2(5<> / (96) - ) (G(0) - G(0)) ' T @)(®)F ()| H (D, 0)| di di
<20ut'|| |V [T w(6) ST56% - (ST56)"). 35)

Hence, from (3.4) and (3.8), we get the desired proof. O

Page 6 of 19
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Corollary 1 Let the two function U and V be differentiable on [0,00) such that U',V’ €
Loo([0, 00) and assume that the function G is increasing, positive and monotone on [0, oo[
and having continuous derivative on [0, 00[ such that G(0) = 0. Then, for all 6 > 0, k > 0,
the following fractional integral inequality holds:

’ (G0)~
Ik +1)

9 K
< 1V ot - (T30

ITEUV(O) - STEUB) I T V(e)‘

| T +1)

where 9T¢ (1) is defined by

GT1K 1 o k=1
L0 55 /0 (G6)— G) G/ (9) v,
GO))"

Terp GO=0)

Theorem 2 Let the two function U and V be differentiable on [0,00) such that U',V’
Loo([0, 0ol) and suppose that the function G is increasing, positive and monotone on [0, 0o[
and having continuous derivative on [0, oo such that G(0) = 0. Then, for all 6 >0, «, i > 0,
the following weighted fractional integral inequality holds:
| 9TH w(0) STsUV(0) + TT5w(0) ST UV(6)
- ITsU®) STYVO) - STEU®) TT5V0))|
=[] VLT 150 - 2(JT50) (3T50) + T w(©) S156°). (3.9)

Proof Multiplying (3.3) by ”;:fj)(g(e) - G(@))* G (2)w(¢) and then integrating with re-

spect to ¢ over (0,0) and using (2.7), we have
_2(9) / / K—l -1
0)
Ot (G6)-6())

x G0 ()G ($)w(Q)H(D,§) di dg
= ITHw(0) STEUV(0) + ITEw(B) ST UV(6)
- STSU®) STV (0) - JTHUO) JTEV(6). (3.10)

Using (3.6), we get

20 [ [ G NG - G
m)r(m/o fo (GO)-6)(6)-6(©)

x g/(ﬂ)w(ﬁ)g/(;)w(me, )| dv de

Y ||V’||oow o .
< 1l / f (G6)- 69) " (G(6) - 6(©))

X g/(ﬂ)a)(ﬁ)g/(f)a)({)(ﬂz -20¢ +¢)dod. (3.11)

From (3.10) and (3.11), we get the desired proof. O
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Corollary 2 Let the two functions U and V be differentiable on [0,00) such that U',V’ €
Lo ([0, 00[) and assume that the function G is increasing, positive and monotone on [0, 00|
and having continuous derivative on [0, oo such that G(0) = 0. Then, for all 0 >0, «, 1 > 0,
the following fractional integral inequality holds:

(s g7« (GO))" grn

T +1) OW(G)+F( 1)

TyUv(®)

— ITEUB) ITEV(O) - TTEUB) 9 TEV()

, , GO g " (G(0))"
<1 VS oz -2 T30 Te) + OO ]|

Remark 3.1 If we put ¥k = u in Theorem 2, then we obtain Theorem 1.

Theorem 3 Let the two function U and V be differentiable on [0, 00) with V'(t) # 0 and
assume that the function G is increasing, positive and monotone on [0, 00[ and having con-
tinuous derivative on [0, 0o[ such that G(0) = 0 and let there exist M > 0 such that % vt 9) <M.
Then, for all 6 > 0, k, u > 0, the following weighted fractional integral inequality holds:

|95 w(0) STEUV(0) + 9T 0(0) STYUV(0)
~ STSUO) STHVO) - JTEUWB) STV (0))
< M[9TEw(0) ST VH0) - 29T5V(0) STEV(0) + YT 0(0) STV (0)]. (3.12)

Proof Suppose that the functions U and V satisfy the hypothesis of Theorem 3. Then, for
every 9, ¢ € [0,0]; u #v, 0 > 0, there exists a constant ¢ between ¥ and ¢ such that

UD)-UE) _U'©
@) -VE) V©

Thus, for every ¥, ¢ € [0,0], we have
U®) -U@)| = M[V©)-V(©)|.
It follows that
[H, )| = MVE) - V()"
Therefore, we get

,2(6
L) () Jo
x G' (NG (w(@)|H@,¢)|dd dt

,2(9
= T () Jo
x (V2(9) - 2V(@)V(¢) + V*(¢)) dv dg. (3.13)

/ (G0) - G) " (60) - G(&))"
/ (G6) - 6(3)) ™ (G0) - 60" ¢ (#)0(®)G (©w(2)

Hence from (3.13), we get the desired inequality. O

Page 8 of 19
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Setting @ = 1 in Theorem 4, then we led to the following new result in terms of general-

ized fractional integral concerning another function G in the kernel.

Corollary 3 Let the two function U and V be differentiable on [0,00) with V'(t) # 0 and
assume that the function G is increasing, positive and monotone on [0, 00| and having con-
tinuous derivative on [0, 0o[ such that G(0) = 0 and let there exist M > 0 such that %:EZ; <M.
Then, for all 6 > 0, k, u > 0, the following fractional integral inequality holds:

(G0))°
Ik +1)

’ (4O

QIK
M+ D) oUV(0) +

IIIUV )

— ITEUO) S TEV(O) - YTLUWB) S TEV(0)

GO) ¢
Ik +1)

ITEVHO) - 29TEVO) ITEV(6) +

<M[ GO
— LT(e+1)

Igvz(e)}.

Corollary 4 Let the two function U and V be differentiable on [0, 00) with V'(t) # 0 and
assume that the function G is positive, monotone and increasing on [0, 0o[ and having con-

tinuous derivative on [0, 00[ such that G(0) = 0 and suppose there exists M > 0 such that

%:EZ; < M. Then, for all 0 > 0, k > 0, the following weighted fractional integral inequality
holds:
|9T5w(0) STSUV(O) - STeU©0) STEV(0))|
<M[9T50(6) ITEV6) - (T5V(6))*]- (3.14)
Proof By considering k = 4 in Theorem 3, we get the desired corollary. O

Remark 3.2 If we consider w(f) = 1 and G(0) = 6 in Theorems 1-3, then we get the results
proved earlier by Dahmani [48].

Now, we present the generalization of Theorems 1 and 2.

Theorem 4 Let the two function U and V be differentiable and having same sense of vari-
ations on [0,00) and the function h be a positive on [0,00). Assume that the function G
is positive, monotone and increasing on [0, 00| and having continuous derivative on [0, 00|
with G(0) = 0. IfU', V' € Loo([0, 00[), then the following weighted fractional inequality holds
forall 6 >0,k >0;

0 < 9TERO) STE RUV(6) - STE U (T) STV (6)

< [0 V| [SZ 00 ST50ho) - (ST50nO)) 615)
Proof Define

H(®,¢) = (U®) -UE@)) (V) -V(©));9,¢ €(0,6),0 >0
=U@)V() -U@)V() -U)V(@D) +U)V(Q). (3.16)
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Since the functions I/ and V satisfy the hypothesis of Theorem 4, we have

H(%,¢)>0.

Multiplying both sides of (3.16) by wr’(lf”(g(e) —G®))1G' (9)w(?)A(®) and then integrat-

ing with respect to ¥ over (0,6) and using (2.7), we have

0™ 1(9)
(k)

= STEhUV(0) - V() STsU6) - V() § ST hV ()

0
fo (G6) - G) ' G @)H@H®, ¢) dv

+ UV ITERB) > 0. (3.17)

Again, multiplying (3.17) w;j;? (G(0) — G(£))*"'G'(¢)w(2)A(Z) and then integrating with

respect to ¢ over (0,6) and using (2.7), we get

0]
2

9 0 0 . e
ZEK)) | [ @or-gw) e -ge)
% G'9)0(0)G (©)aRD)REH(D, £ 9 de

= ITENO) STE UV () — STERUB) STERV(6) > 0. (3.18)

From (3.6), it follows that

0]
2

(9) o 0 k-1 k-1
= /O /0 (G(0) - 62 (6(6) - 9(0))

x G'()w(9)G () ()R®)IE)|H(D, ¢)| dD dg

||u/||oo||v/”oow72(6) o rf k-1 k-1
< e /0 /0 (G(6) - G))(6(6) - 6(0))
x G' (NG () (O)R@)E) (9% - 20¢ + ) do de. (3.19)

Consequently, it follows

w20) [ (° k-1 -1
e /O /0 (G(6) - 6 (6(6) - 9(0))

x G'(9)w(®)G ()o@ |[H®, )| dv dg
<2fr'| IV ST n0) ST50%h) - (STs0m(0))*]. (3.20)

According to (3.18) and (3.20), we get the desired proof. d

Applying Theorem 4 for w = 1, we obtain the following new result in terms of generalized
fractional integral with respect to another function G in the kernel.

Corollary 5 Let the two function U and V be differentiable and having same sense of vari-
ations on [0,00) and the function h be a positive on [0, 00). Assume that the function G is
increasing, positive and monotone on [0, 00[ and having continuous derivative on [0, 00[
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such that G(0) = 0. IfU', V' € L([0, 00[), then the following fractional inequality holds for
allf >0,k >0:

0 < IYTZENO) ITERUV(O) — ITERU(T) TERV(H)
< o] V'] [ 9Tsh©) O T56%h(x) - (9T50h(6))"].

Remark 3.3 By considering i(0) = 1 in Theorem 4, we get Theorem 1. Similarly, taking
w(0) =1 and G(0) = 9, we obtain the result of Dahmani [49].

Theorem 5 Let the two function U and V be differentiable and having same sense of vari-
ations on [0,00) and the function h be a positive on [0,00). Suppose that the function G is
increasing, positive and monotone on [0,00[ and having continuous derivative on [0, 00[
such that G(0) = 0. IfU', V' € Loo([0, o0l), then the following weighted fractional inequality
holds for all 6 > 0, k, u > 0:

0 < ITE1O) STH HAV(O) + STHh(O) STs UV (0)
— STEHU©) SIS hV(6) - THhU(9) ST hV(6)
< [« IV [2Zs e 56 ne)
~2(9T50M(0) STy 0R(0)) + ST 1(0) ST56%h(0)]. (3.21)

Proof Multiplying both sides of (3.18) by - m (g(e) GG (0)w(2)A(¢) and then
integrating with respect to ¢ over (0,6) and usmg (2.7), we get

w2(0) k-1 B -1
m)r(m/ / G6)- 9 (66) - 9(¢)
x G (0)o()G'(§)o()R()MEH (P, §) do dg
= ITERO) ITE UV (0) + ITV hO) STE UV (0)
— ITERUO) ST RV(0) - TN U (0) STERV(6) > 0. (3.22)
From Egs. (3.5) and (3.6), we have
_w(6)

()T () Jo
x G'(9)w(®)G ()o@ |[H®, )| do dg

u’ - VY - -2 0 o o _
<« BV e ®) [ [ @or-oy~ o -gwy

x G (9)o()G'(§)w()h@)A(E) (9> - 20¢ +¢*) do d¢
= U V' ST n0) T8 6° 1) - 2( ST50R(0) ST 0h(6))

/ (G0) - 6) 1 (66) - (&))"

+ 9TV h(B) IT56%h())- (3.23)

Hence from (3.22) and (3.23), we get the desired proof. O
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Applying Theorem 5 for w = 1, we obtain the following new result in terms of generalized

fractional integral with respect to another function G in the kernel.

Corollary 6 Let the two function U and V be differentiable and having same sense of vari-
ations on [0,00) and the function h be a positive on [0,00). Assume that the function G is
increasing, positive and monotone on [0,00[ and having continuous derivative on [0, 00[
with G(0) = 0. IfU', V' € Ly([0,00]), then the following fractional inequality holds for all
0>0,k,u>0:

0 < YZERO) YT RUV(9) + TV WO) SIS UV (O)
— ITERUO) S TY hV(0) — IIH U (0) Y TEhV(0)
< || IV [T o) TT8 07 h(0) — 2(9T5 0 1(0) 9Ty O h(6))
+ ITY1(O) YT50*h(0)].

Remark 3.4 Taking « = ¢ in Theorem 5, we get Theorem 4. Similarly, taking #(0) = 1 in
Theorem 5, we get Theorem 2.

4 Weighted fractional integral inequalities associated with the weighted and
the extended Chebyshev functionals

The following results presented in this section related to extended, weighted Chebyshev

functionals.

Theorem 6 Let the two function U and V be differentiable on [0,00) and the function
h be positive and integrable on [0,00). Assume that the function G is increasing, positive
and monotone on [0, 00[ and having continuous derivative on [0, co[ such that G(0) = 0. If
U’ € L#([0,00]), V' € Li([0,00]), p,q, 7 > 1 with }17 +1§ =1, é + % =1and % + % =1, then the
following weighted fractional integral inequality holds for all > 0, «, B > 0;

21 9TERO) STERUV(O) — STERUWB) ITERV(9))

U o (0 0 pro
s(% /0 /0 (G©)-6) " (90) - 6() "

7

x G (9)w(0)G ()RR — ¢ 17T do dc)

Vigo 6) -
(s [ [ @ -goy 6o -6

1
7

X G'(9)()G () RORE)D — £ |7 do dc) '

u/ / -2
! npnrz(iq)w (e)( / / 9O -90)

x G (9)w(®)G ()RR - ¢ 17T do d§>. (4.1)
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Proof Let us define

H®,¢) = (U®)-U@) (V@) -U@©));9,¢ €(0,6)
=U@)V®) -U@)V(C) -URIV@) + UE)V(Q). (4.2)

Multiplying (4.2) by ‘”F_ (1’((9) (GO)-G(®)) LG (?)w(¥)R(F) and then integrating with respect
to ¥ over (0,0) and using (2.7), we get

_ 0
“}ZS) /0 (G0) = G) G @)o(9)A(P)H(,¢) dD
= JTshAV(O) - V(&) STShUO) —UE) STshVO) + UGV STsh6).  (43)

w;(l K<§’> (G(6) - G(2))"1G'(¢)w(¢)h(¢) and then integrating with
respect to ¢ over (0,6) and using (2.7), we get
w—Z(Q) o o k-1
g || @er-cw)
x (G(6) - G(0)) G (9)w(®)A(®)G ()w(E)AE)H (D, £) dd dg
=2(9T5hO) ST UV(0) — STshU) IT5hV(6)). (4.4)

Again, multiplying (4.3) by

Also, on the other hand, we have
s '
H®,¢) = / / U w)V'(v) dudp. (4.5)
¢ ¢

By employing the Holder inequality, we have

1|0 ;
U®) V()| <19 -1 / W) du|” (4.6)
¢
and
1| r? i
V) - V@)| <19 - ¢ / Volia| (47)
¢
Then H can be calculated as
1,1 ¥ A i
.0 219 -7 | [ ‘/ v a]". @3)
¢ ¢

Therefore, from (4.4) and (4.8), we can write

21978 00) STERUVO) — STERUB) STERV(H)]

_a)—Z(@) o 0 k-1
- /0 /0 (G6) - G(0))

x (G(0) - G(2)) 7 G () h()G () (O R(E) [HD,§)| do dt
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/ / (G0) - G) ™ (G6) - G(©)) " G (9)w(®)H(D)G (¢ )w(¢)A(E)

’ '/ |V'(v)|qdv !
e

Applying the Holder inequality for a double integral to (4.9), we obtain

- FZ(K)

1,1
x| =gl

/ |M’(u)|p du
¢

dode. (4.9)

21 9TE1(O) SIS UV (B) — TS U(9) TS hV(8))|

<o 0 (/ 9 / ' (G0)-60)) (66) - G0)) G D)D) ()
- 2k) \Jo Jo

1
do dg)

1,1 Y 7
x 9 —¢| 7" / U )
¢

[ 0
X ( /0 /0 (G(6) - G()) T (G(6) - G(0)) G (9)w@)h(®)G () w(£)A(C)

< |9 —|F dl‘/‘d;)r/. (4.10)

5 r
+i/ f ’V/(V)}qdl/ 1
¢

Now, using the following properties

D2
I/ ‘U/(u)|pdu
¢

then (4.10) can be written as

D
<[]’ and ‘ /{ V)| dv

<[V (4.11)

21P3%h(7) P hfg(t) — P3hf (r) P 3% hg(T)|

u’ r —re
—<” ﬂr(K)( / / “1G6) - G(0) G @) w(®)h(®)

1,1 VIO 0) o e o
X G (w0 - |7 dﬁdC) (%/0 /0 (GO)-G()) '

¥

dﬁdg) . (412)

-
|v~

x (G(0) - 9(0)) 7 ' (9w h)G (o OR(E) 9 - £ |70

From (4.12), we get

2 $9°h(x) P3fg(v) - PIhf (x) P g (o))

IU/IIp V' llg072(6) -1
< / / (G6) - 69 (66) - 6())
x G ()0 ()RR - 177 dv de,
which completes the desired proof. O

By considering w(0) = 1 in Theorem 6, we get the following new result in terms of gen-

eralized fractional integral concerning another function G in the kernel.
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Corollary 7 Let the two functions U and V be differentiable on [0,00) and the function
h be positive and integrable on [0,00). Assume that the function G is increasing, positive
and monotone on [0, 00[ and having continuous derivative on [0, co[ such that G(0) = 0. If
U' € L7([0,00[), V' € L1([0, <), p, g, v > 1 with 1% +1§ =1, é + % =1and % + % =1, then the
following fractional integral inequality holds for all 6 > 0, k > 0;

21 9TERO) STERUV () — STERUB) ITERV(O))

el o e
<rrK) / (GO)-G(®)" (6(0)-G(2) GG ()MD)(¢)

7

X |0 — ;|p’* ’dz?d;“)

”V/”r k-1 k-1
(mx) f (90) - G) " (90) - G(©) ' G'NG (©h()

1
7

1,1 E
x |0 —c|¥ d dﬂd;)

_ A1Vl

/c 1 k=1 ,
I'2(k) (/ / (GO) - G(0)) T GG )MD)AEQ)

1,1
x |0 -¢|¥ q dz?dg“).

Remark 4.1 Setting w(0) = 1 and G(0) = 0 in Theorem 6, we get the inequality proved by
Dahmani et al. [50]. Similarly, if we consider ¥ = w(f) = 1 and G(#) = 0 in Theorem 6, we
get the inequality (1.3) on [0,6].

Theorem 7 Let the two functions U and V be differentiable on [0,00) and let the two
functions h and I be positive and integrable on [0,00). Suppose that the function G is

increasing, positive and monotone on [0,00[ and having continuous derivative on [O, oo

such that G(0) = 0. IfU’ € LP([0,00[), V' € L([0, <), p,q,7 > 1 wzth ;ty =L =1
and % + % = 1, then the following weighted fractional integral mequahty holds for all >0,
o,B>0:

29TER ) STERUV(0) — TERUB) STERV(O) - STERUB) ITERV(6)

+ ITEH(0) STEHUV ()

U (0 6 6 B k=1 4,
: (%/o fo (66)-G) " (G0) - G(©) G @)a(?)

1
7

X G () (OB E)D — |77 d d;)

(IIV’II’ o™ ()
X

k=1,
e / / (960) -~ G) 1 (9(0) - 9(0)) ' T P)o(9)

x G'(§)o()h@)N ()] ~ é“l” i dp dé“)
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- 11,1V | q072(6)
- I"2(k)

0 o
( /0 /0 (G0 -G) (90 - G©)) G P (9)

X G (©)( OB - |77 do d;). (4.13)

Proof Multiplying (4.3) by ‘”r_;g) (GO) - G(2))1G'(0)w(¢)NW (¢) and then integrating with
respect to ¢ over (0,0) and using (2.7), we get
-2 2] 0 6 e -1 )
o ) | [ o~y @0 -6w) g @)
(k) Jo Jo
x G' ()N (H(®,¢) dY di
= TSN 0) SZ V() - S5 hA(6) 5 H'V(6)
— ITERUO) STERV(O) + SIS (0) STERUV(H). (4.14)

Using (4.8) in (4.14), we obtain

|9Ts W (0) ITs UV(0) - STshUB) STsHV(0) — ST RU®B) ST hV(6)
+ ITEW(0) ST UV (9))|
‘2(9)

/ f (G6) - G(9))" ™ (G(0) - G(0))* G (@) ()
<G (z>w<;)h(c)|Hw,¢>| a9 d¢

-2 0 K—
- FZ(EC))// Go) - “1G0) - 6(0)) T G () w®RB)G () (2)
5l [P @
Vw)|'d
‘/{ | v | v

Applying similar arguments to those used in the proof of Theorem 6, we obtain the desired

1,1
x |0 —¢|? 7 dv dc. (4.15)

2
/ U w)|” du
¢

proof. O

Applying Theorem 7 for w = 1, then we are led to the following new result in terms of a
generalized fractional integral concerning another function G in the kernel.

Corollary 8 Let the two functions U and V be differentiable on [0, 00) and let the two func-
tions hand I/ be positive and integrable on [0, 00). Suppose that the function G is increasing,
positive and monotone on [0, oo[ and having continuous derivative on [0, oo[ with G(0) = 0.
IfU' € LP([0,00[), V' € L1([0,00(), p,q, 7 > 1 with 1% + 1% =1, % + % =1and % + % =1, then
the following fractional integral inequality holds for all t >0, o, 8 > 0:

29TEH(O) TERUV () — STERUB) YTEWV(0) - YTERUB) TTERV(H)
+ 9TEH (0) YZERUV(9))|

”Z/{/”r k-1 ’ /
(w) / (G0) - G®) T (G(0) - G(2) T GG (WK (¢)

l

x [ — ;|p’*q’ dz?dg“)
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VvV r Y] _ K—
y (H lg / / (G6) - G() 7 (GO) - G(2)) ' GG ()W ()
0 JoO

T (i)
xm—;ﬁ*?dﬁdg)_/
1,10 N (7 [ . =1 o1 ax .
SW( /0 /0 (G6) - G®)) T (GO) - G(£)) T G ()G ()N (L)

1,1
x |0 =l d dﬂd;).

Remark 4.2 Setting w(f) = 1 and G(f) = 6 in Theorem 7, then we obtain the result of
Dahmani [50]. Similarly, if we take k = w = 1 and G(0) = 6 in Theorem 7, then we get the
inequality (1.4) on [0,0].

5 Concluding remarks

We presented some new weighted fractional integral inequalities for a class of differen-
tiable functions connected with Chebyshev’s, weighted Chebshev’s and extended Cheby-
shev’s functionals by utilizing weighted fractional integral operator recently introduced by
Jarad et al. [45]. These inequalities are more general than the existing classical inequalities
given in the literature. The special cases of our result can be found in [5, 15, 16, 48—50].
Also, one can easily obtain new fractional integral inequalities associated with Cheby-
shev’s, weighted Chebshev’s and extended Chebyshev’s functionals for another type of
weighted and classical fractional integrals such as Katugampola, generalized Riemann—
Liouville, classical Riemann-Liouville, generalized conformable and conformable frac-
tional integrals with certain conditions on w and G given in Remarks 2.2 and 2.3.
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