ResearchGate

See discussions, stats, and author profiles for this publication at: https://www.researchgate.net/publication/350840806
On time fractional pseudo-parabolic equations with nonlocal integral conditions

Article in Evolution Equations and Control Theory - January 2020

DOI: 10.3934/eect.2020109

CITATIONS READS
9 124

4 authors, including:

Nguyen Anh Tuan Dumitru Baleanu

Thu Dau Mot University Institute of Space Sciences

21 PUBLICATIONS 51 CITATIONS 2,226 PUBLICATIONS 62,516 CITATIONS
SEE PROFILE SEE PROFILE

Nguyen Huy Tuan

Van Lang University

201 PUBLICATIONS 1,972 CITATIONS

SEE PROFILE

Some of the authors of this publication are also working on these related projects:

Project A new generalized exponential rational function method View project

Project Approximate controllability of fractional neutral stochastic evolution equations in Hilbert spaces with fractional Brownian motion View project

All content following this page was uploaded by Nguyen Anh Tuan on 29 November 2021.

The user has requested enhancement of the downloaded file.


https://www.researchgate.net/publication/350840806_On_time_fractional_pseudo-parabolic_equations_with_nonlocal_integral_conditions?enrichId=rgreq-8be8dcb60f3d177f5cc5d615c577745c-XXX&enrichSource=Y292ZXJQYWdlOzM1MDg0MDgwNjtBUzoxMDk1NDk4NTYzODc4OTEzQDE2MzgxOTg2MTkwMTM%3D&el=1_x_2&_esc=publicationCoverPdf
https://www.researchgate.net/publication/350840806_On_time_fractional_pseudo-parabolic_equations_with_nonlocal_integral_conditions?enrichId=rgreq-8be8dcb60f3d177f5cc5d615c577745c-XXX&enrichSource=Y292ZXJQYWdlOzM1MDg0MDgwNjtBUzoxMDk1NDk4NTYzODc4OTEzQDE2MzgxOTg2MTkwMTM%3D&el=1_x_3&_esc=publicationCoverPdf
https://www.researchgate.net/project/A-new-generalized-exponential-rational-function-method?enrichId=rgreq-8be8dcb60f3d177f5cc5d615c577745c-XXX&enrichSource=Y292ZXJQYWdlOzM1MDg0MDgwNjtBUzoxMDk1NDk4NTYzODc4OTEzQDE2MzgxOTg2MTkwMTM%3D&el=1_x_9&_esc=publicationCoverPdf
https://www.researchgate.net/project/Approximate-controllability-of-fractional-neutral-stochastic-evolution-equations-in-Hilbert-spaces-with-fractional-Brownian-motion?enrichId=rgreq-8be8dcb60f3d177f5cc5d615c577745c-XXX&enrichSource=Y292ZXJQYWdlOzM1MDg0MDgwNjtBUzoxMDk1NDk4NTYzODc4OTEzQDE2MzgxOTg2MTkwMTM%3D&el=1_x_9&_esc=publicationCoverPdf
https://www.researchgate.net/?enrichId=rgreq-8be8dcb60f3d177f5cc5d615c577745c-XXX&enrichSource=Y292ZXJQYWdlOzM1MDg0MDgwNjtBUzoxMDk1NDk4NTYzODc4OTEzQDE2MzgxOTg2MTkwMTM%3D&el=1_x_1&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Nguyen-Tuan-123?enrichId=rgreq-8be8dcb60f3d177f5cc5d615c577745c-XXX&enrichSource=Y292ZXJQYWdlOzM1MDg0MDgwNjtBUzoxMDk1NDk4NTYzODc4OTEzQDE2MzgxOTg2MTkwMTM%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Nguyen-Tuan-123?enrichId=rgreq-8be8dcb60f3d177f5cc5d615c577745c-XXX&enrichSource=Y292ZXJQYWdlOzM1MDg0MDgwNjtBUzoxMDk1NDk4NTYzODc4OTEzQDE2MzgxOTg2MTkwMTM%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Thu-Dau-Mot-University?enrichId=rgreq-8be8dcb60f3d177f5cc5d615c577745c-XXX&enrichSource=Y292ZXJQYWdlOzM1MDg0MDgwNjtBUzoxMDk1NDk4NTYzODc4OTEzQDE2MzgxOTg2MTkwMTM%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Nguyen-Tuan-123?enrichId=rgreq-8be8dcb60f3d177f5cc5d615c577745c-XXX&enrichSource=Y292ZXJQYWdlOzM1MDg0MDgwNjtBUzoxMDk1NDk4NTYzODc4OTEzQDE2MzgxOTg2MTkwMTM%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Dumitru-Baleanu?enrichId=rgreq-8be8dcb60f3d177f5cc5d615c577745c-XXX&enrichSource=Y292ZXJQYWdlOzM1MDg0MDgwNjtBUzoxMDk1NDk4NTYzODc4OTEzQDE2MzgxOTg2MTkwMTM%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Dumitru-Baleanu?enrichId=rgreq-8be8dcb60f3d177f5cc5d615c577745c-XXX&enrichSource=Y292ZXJQYWdlOzM1MDg0MDgwNjtBUzoxMDk1NDk4NTYzODc4OTEzQDE2MzgxOTg2MTkwMTM%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Institute-of-Space-Sciences?enrichId=rgreq-8be8dcb60f3d177f5cc5d615c577745c-XXX&enrichSource=Y292ZXJQYWdlOzM1MDg0MDgwNjtBUzoxMDk1NDk4NTYzODc4OTEzQDE2MzgxOTg2MTkwMTM%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Dumitru-Baleanu?enrichId=rgreq-8be8dcb60f3d177f5cc5d615c577745c-XXX&enrichSource=Y292ZXJQYWdlOzM1MDg0MDgwNjtBUzoxMDk1NDk4NTYzODc4OTEzQDE2MzgxOTg2MTkwMTM%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Nguyen-Tuan-17?enrichId=rgreq-8be8dcb60f3d177f5cc5d615c577745c-XXX&enrichSource=Y292ZXJQYWdlOzM1MDg0MDgwNjtBUzoxMDk1NDk4NTYzODc4OTEzQDE2MzgxOTg2MTkwMTM%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Nguyen-Tuan-17?enrichId=rgreq-8be8dcb60f3d177f5cc5d615c577745c-XXX&enrichSource=Y292ZXJQYWdlOzM1MDg0MDgwNjtBUzoxMDk1NDk4NTYzODc4OTEzQDE2MzgxOTg2MTkwMTM%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Van_Lang_University?enrichId=rgreq-8be8dcb60f3d177f5cc5d615c577745c-XXX&enrichSource=Y292ZXJQYWdlOzM1MDg0MDgwNjtBUzoxMDk1NDk4NTYzODc4OTEzQDE2MzgxOTg2MTkwMTM%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Nguyen-Tuan-17?enrichId=rgreq-8be8dcb60f3d177f5cc5d615c577745c-XXX&enrichSource=Y292ZXJQYWdlOzM1MDg0MDgwNjtBUzoxMDk1NDk4NTYzODc4OTEzQDE2MzgxOTg2MTkwMTM%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Nguyen-Tuan-123?enrichId=rgreq-8be8dcb60f3d177f5cc5d615c577745c-XXX&enrichSource=Y292ZXJQYWdlOzM1MDg0MDgwNjtBUzoxMDk1NDk4NTYzODc4OTEzQDE2MzgxOTg2MTkwMTM%3D&el=1_x_10&_esc=publicationCoverPdf

EVOLUTION EQUATIONS AND d0i:10.3934 /eect.2020109
CONTROL THEORY

ON TIME FRACTIONAL PSEUDO-PARABOLIC EQUATIONS
WITH NONLOCAL INTEGRAL CONDITIONS

NGUYEN ANH TUAN

Division of Applied Mathematics
Thu Dau Mot University, Binh Duong Province, Vietnam

DoNAL O’REGAN

School of Mathematics, Statistics and Applied Mathematics
National University of Ireland, Galway, Ireland

DUMITRU BALEANU

Department of Mathematics, Faculty of Arts and Sciences
Cankaya University, 06530 Ankara, Turkey
Institute of Space Sciences
P.O.Box, MG-23, R 76900, Magurele-Bucharest, Romania

NGUYEN H. TuaN*

Division of Applied Mathematics
Thu Dau Mot University, Binh Duong Province, Vietnam

(Communicated by Juan J. Nieto)

ABSTRACT. In this paper, we study the nonlocal problem for pseudo-parabolic
equation with time and space fractional derivatives. The time derivative is of
Caputo type and of order o, 0 < o < 1 and the space fractional derivative is
of order a, 8 > 0. In the first part, we obtain some results of the existence
and uniqueness of our problem with suitably chosen «, 8. The technique uses a
Sobolev embedding and is based on constructing a Mittag-Leffler operator. In
the second part, we give the ill-posedness of our problem and give a regularized
solution. An error estimate in LP between the regularized solution and the
sought solution is obtained.

1. Introduction. Fractional differential equations (FDEs) have been extensively
studied during the past two decades by many researchers because of their diverse
applications in physics, electrochemistry, viscoelasticity, etc. Time-fractional PDEs
have been used as a major tool for modeling various practical fields and there are
a number of publications devoted to the study of time-fractional PDEs and their
applications (we refer the reader to [2, 28, 18, 20]).
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In this paper, for a, 8 € (0,1), we consider the integral boundary problem for the
fractional differential equation as follows

7 (u+ k(—=A)%u)(z,t) + (A u(z,t) = F(z,t), in Q x (0,71,
u=0 in 0Q x (0,T], (P)
pu(z, T)+ p2/0 u(z, t)dt = f(x), in Q.

Here we consider a domain Q ¢ R with the smooth boundary 9§ and the constants
p1,p2 > 0 satisfying p? + p2 > 0. Our problem is studied with the time fractional
derivative of order o € (0, 1) in the sense of Caputo which is denoted by 9y .

In the main equation of problem (P), if we take k =0, and c = a =8 =1, we
have the usual parabolic equation, which has been investigated by many researchers;
see [15],[23],[19] and the references therein. If o = « = 8 = 1, and k > 0, our
main equation becomes the pseudo-parabolic equation. This type of FDEs can be
used to model many phenomena in many fields of science. In [8], Peter J. Chen
and Morton E. Gurtin presented a theory about a non-simple material for which
the conductive temperature and the thermodynamic temperature do not coincide.
The nonstationary processes in semiconductors in the presence of sources can be
analyzed by the equation (see [31])

%u — %Au — Au = uf.
The unidirectional propagation of nonlinear, dispersive, long waves is also described
by the classical pseudo-parabolic (see [4]). For more applications, we refer the reader
to [9],[24].

Problems with the usual Cauchy conditions such as the initial condition u(x,0) =
¢(x) or the condition at the terminal time ¢t = T are familiar. Usually, we can obtain
well-posedness results for problems with initial conditions. In contrast, problems
with Cauchy conditions at the terminal time are often ill-posed; we refer the reader
to some recent results [17, 25] on the terminal value problem.

Our paper considers a non-local in time condition replacing the usual Cauchy con-
ditions, that is

T
pru(e, T) + p3 / u(a, Ot = (). 1)

In [12],[30], we can find two types of condition similar to the above such as

m T T
u(z,0) = Zaju(m, T;) + A v(T)u(x, 7)dr + @(x) or A u(z,t)dt = ¢(x).
. 2

M. Beshtokov [7, 5, 6] considered boundary value problem for FPPDE. In practice,
some phenomena will be simulated more effectively if we investigate the problems
with the non-local condition. Indeed, in some models for meteorology, the time-
averaged data help us to get a more reliable long-term weather forecast (see [3]). The
problem with this type of condition can also be used when investigating radionu-
clides propagation in Stokes fluid, diffusion and flow in porous media ([13],[22],[26]).
Compared with usual local initial/final value conditions, non-local conditions are
more difficult to handle and motivated by this reason and their high application
value, we work on time-fractional pseudo-parabolic equations with non-local final
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conditions, and our paper provides new results for the linear source term case (to
the best of the authors’ knowledge, it seems that a problem like (P) has not really
been studied). Our paper will investigate problem (P) and the main results of this
work are as follows:

e The regularity results for the mild solution.

e The proof for the instability of the solution to the initial data recovery problem.

e The regularization of the initial data recovery problem.

This paper is organized as follows. Section 2 gives some preliminaries that are
needed throughout the paper. In section 3, we give the regularity result for the
mild solution, and an example which shows that our solution is unstable in the case
t = 0, and moreover, we give a regularized solution for the initial data recovery
problem.

2. Preliminary. Before we introduce the main results of our works, some prelim-
inary materials are given.

Definition 2.1. Let ||-[|5 be a norm on a Banach space B. Then, we define the
following spaces
o For 1 <¢g< oo

1
a

T
190, 7;B) = { £:(0,7) = B fllzo0. 7 = ( / IIf(t)Iqudt> < oo
0
e For g =
L=(0,T; B) = {f (0.7 = B[z~ = esssup 7)1 < oo}.
te(0,

Remark 1. The spaces L(0,T; B),L*>(0,T; B) with the corresponding norms
Ilza0,7,5) and [l (0,7, ) - respectively, are Banach spaces.

Definition 2.2. Let (B,|:||5) be a Banach space. Then we use the notation
C*([0,T]; B) to denote the Banach space of all k € N time’s derivative continu-
ous functions eqquipped with the norm

n

Ilfllcx (o, 11:8) = Z sup || f7(t)]| 5.

j=1t€l0.T

Definition 2.3. (see [16]) The fractional Laplace operator of order o € (0,1) is

defined as a Fourier multiplier with symbol —|£|*® given by
F[(=A)%] (§) = —[¢** Fu(€), (3)
and it is equivalent to
(—A)u= 7" (¢ Fu), (4)

where the notations .# and .# ! stand for the Fourier transform and the inverse
Fourier transform, respectively.

Next, let us recall the spectral problem for the fractional Laplace operator on
the bounded domain 2 as follows

(=A)%;(x) = AJP;(z), e N,VjeN,
Yi(z) =0, z € 00,VjeN,
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where the sequence of positive eigenvalues {)\;},cn satisfy
A< A << oo,

whose corresponding set of real eigenfunctions {¢;(z)} ey is orthogonal and com-
plete.

Remark 2. If the inner product on L?(2) is denoted by (-, *)12(q)» then the Fourier
series of a function u in L? (Q) can be formulated as

Z £),%5) 120 ¥ ()

Definition 2.4. For any n > 0, we define the fractional Hilbert scale space by
H'(Q) = we L) : ||w\|3_m(9) Z/\ w, ;) L2 (@) <0

We denote the dual space H"(£2) by ’H_"(Q) provided that the dual space of
L*(Q) is identified with itself. The space H~"(f2) is a Hilbert space, equipped with
the norm

1l = | Do (wiwy)2 | (5)
j=1

for w € H~" where (-, ), represents the dual product between H"(2) and H~"(Q).
For 1 < p < co,m > 0, if the Sobolev-Slobodecki space and the Lions—Magenes
space are denoted by W™P(Q), Wolo/ >2(Q), respectively. Then we have

1 1
mP(Q) if - —1
weow, e (02)u(La),
WY23(), ifm:%
Hy(Q)nW™2(Q) ifm e (1,2].

H™(Q) =

Lemma 2.5. (see[l],[10]) Let @ ¢ RN 1 < p < oo such that k > m > 0 and
(k—m)p < N. Then we have

N
k,p m,q < b
o« WE@oWTUQ),  fr 1€4< g
o HIQ) — W2, for n >0,
N 2N
P(Q) s HT = < >
o L[P(Q)— H'Q), for 2<7770, p*N—Qn’
N 2N
Q) — LP(Q < — < .
o HUQ (), for 0<n<3, Py

For more details about the definition of the fractional Sobolev spaces, we refer the
reader to [10].

Definition 2.6. For « > 0, and a arbitrary constant § € R, the Mittag-Leffler
function can be defined by (see [14])

:Zm, z€C, (6)

Jj=1
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where I is the usual Gamma function.

Lemma 2.7. (see [14])For 0 < a1 < az < 1 and o € [ay, az), there exist positive
constants me,, and My, depending only on « such that

(i) Eq1(—2) >0, forz>0.

(m‘)%gﬂw(_x T for BERz > 0.

1+

3. Main results. Using the Laplace transform method, we can find the formula
of the solution to the first equation of (P) as follows

At

ZEol (1 —1—;{)\0‘) (w(0),95) () ¥5(2)

—5)o1 Nt —s)°
T Z (/0 tl—i—fz/\?‘Ea’o (M) (F(S)a'l/}j)L%Q) d8> wj(.’b) (7)

To find the formula of the mild solution to problem (P), we need to find the
representation of the initial data u(x,0). Using our non-local final condition, we

have
- —NJT7 . —Nte "
P1Llis1 1+I€>\? +P2/0 o,1 1+I€)\?

(fa Q/Jj)Lz(Q) = (u(o)’wj)LQ(Q)
T T — s)o-1 _)\B,(T _ S)G
* pl /0 ( 1+ Z))\Q‘ EU’U ( 1J+ I{)\? > (F(S)7 wj)sz(Q) ds (8)

+ // M (F(s), ;) dsdt
P2 1—|—/—£)\0‘ Eo L+ KAS $TIL2(Q) ’

Therefore, the formula of the mild solution to the problem (P) can be given by
—\8¢e
N Eo (M) () oo
B Z — Mo : T — Ao ¥5(@)
J=1 plEO',l <1+.Z€kf-') + P2 fo Ea,l <1+é)\q> dt

P s)o—1 —M(T—s)7
oo P11 <1+n)\°‘> fo 1+N)A;.r Eo o (ﬂma) (F(S)vz/’j)w(n) ds

B NoTe AP ¥ (z)

_ Y T
J=1 p1Es1 <1+Jm>\31> + p2 fo Eo.1 <1+n>\“> dt

)7 —A] (t—s)7
o P2Eo <1+ma> fo fo t1+n)\°‘ 0.0 (W)( (s); wﬂ)m dsdt
a Z )\B /\Bto— 1/}]($>
j=1 p1E1 1_’_5)\& + p2 fo 0,1 1+n>\“ dt

(t—s)°=1 —N(t - s)°
* Z (/0 1+ Ij/\? EU’U ( 14+ K)\? > (F(S)ﬂ/ij)Lz(Q) d8> ¢j(x)

= Qlcmt)+—Qz@mt)+-93@mt)+-Q4cmt) (9)

Next we introduce the structure for this section.
Part 1: Regularity of the mild solution.
Part 2: The ill-posedness of the initial data recovery problem.
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Part 3: Regularization and L? error estimate for the initial data recovery problem.

3.1. Regularity result.

Lemma 3.1. Let 0 < o, 8 < 1. Then we can find a constant Cy > 0 such that
(1) If0< B < %7 we have

_N\Be T _ Ao -t 1
p1Eo1 (W) +p2/0 Eq <1+2A?> dt] <& (10)
(ii) If% < B <1, we have
Sk T Mo ik |
p1Es 1 (M) —|—,02/0 Eq <1+;A?> dt] < JCO : (11)
Proof. First, we use the Cauchy inequality to get
il < s (12)

L+rAG ~ 2y
Using Lemma 2.7, it follows that

g ( —Aft” > - My < My (13)
o,1 = = @ -
’ 14 kA Ato T \B—%5

KA 1+—1+-’W L+ 2\/E)‘j ’

From the above estimate, we find that
oIfO<5§%,Wehave

-\T° T —\Jt7 mg(p1 + p21)
E 1| ——— ]+ / Eoq| —L— |at>—o 2"/ 14
P1Llo1 (1—&—5)\]0-‘) P2 ; 1 (14_%)\? =4I )\/1375 (14)

2VE

oIf%<B<1,Wehave

—\oe T —Nte T
plEa,l J - 4 p2/ Ea,l J _ dt 2 ma(Pl + P2 ) ) (15)
1+ KAS 0 L+ KA A?ig 1 To )

2
)\tf—% + 2k

From the above estimates, our lemma is proved. O

Theorem 3.2. We assume that the constants o,a, 3,60,n,p, k, m satisfy

20 — 1
20

1/2 <0 <1, af2 < <1, p<l/a, 0<b<

0<n<?2 k< 1<m< 2N
== =" STS N ok—2p

Then the mild solution u of the Problem (P) will belong to LP(0,T; W*™()) and
the following holds

”uHLP(O,T;W’Cvm(Q)) S ||f||’H7H’%(Q) + ”F”Loo(o’T)Hn*/”Jr%(Q))

+ ||F||L2(07T7’H77_[3€+%(Q)) ) (16)

where we use the notation a < b if we can find a positive constant K such that
a < Kb.
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Proof. By the triangle inequality, the following holds
||u('7t)||?-m(ﬂ) < ||Q1('7t)||7-t"l(52) + ”QQ('ﬂt)”Hn(Q)
1195+ O llpn ey + 1124 )l - (17)

Hence, we need to estimate the four terms on the right-hand side of the above
to obtain the regularity results for our mild solution.

e Estimate of the first term. Parseval’s identity gives us

—\e 2
) EO’,l 1+é>\;¥ (f7 1bj)L2 Q
1940 By = A2 — ; (18)
Nl T _A3¢to
=1 p1Eo,1 <1+2A{¥) +p2 [y Eoa <1+ém> dt
Thanks to Lemma 3.1 and Lemma 2.7, we obtain
—\e 2
Ea,l <1+/Z>\"> (fv wj)Lz Q)
X3 ’
—\8Te T Mo
P1Eo1 (1+;/\;> +02 [y Eoa (1+m\a) dt
0 N\HRETe (1 4 gae)? 2
—20 4 2
=t Z . C2 )\2J,8 (fvz/}j)m(ﬂ)
=1 0 g
Sty (A?”‘a - m?"*“) (f )2 @
j=1
St (15 gy + 1 38 ) (19)
~ H'T2(Q) H'T2(Q)) "
The Sobolev embedding H"*% (2) < H"~ % (Q2) enables us to get
191G gy < E77 1 s - (20)
e Estimate of the second term.
2
192, 1) 3 ()
-\t T (T—s)° ! A (T—s)° 2
> P1Eor 150w | Jo “Traxe Fowo TAFRAT (F(s), ¢J’)L2(Q) ds
n J J
= Z )‘j )\ffT Aﬁto
= plEO',l (14’,,{)\&) +p2f0 0’1 (1+I{)\a)dt
(21)

Using Lemma 2.7 we have

2
N\ [T (7 = syt AT — )7
E — 7 RS A g " \(F ,
P1Lis1 (1_"_#»\?)\/0 1_’_&)\? 0,0 ].—I—FL)\]QC ( (S)ij)Lz(Q)dS

2
M4 T (T—S)U_l
<pl ’ / F(8),%5) 12 (o 45 99
= Nogo Qlo 1+/£/\§‘+)\J@(T—s)‘7( ()45 () (22)
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< (1+H>\Ja)2 T o—of—1 ’
S e 2pr2an /0 (T =) (F'(s),%5) 2y ds | -
J

Now, the Holder inequality will be applied to get the following estimate

T 2
(/0 (T - 8)070971 (G(S)ij)Lz(Q) dS)
T oc—oc0—1 4 o—oc0—1 2
< ( | =g ds) ( R IR ds> (23)

Tafo'G T
N (/O (T — )7~ (G(5),45) 2 ds> _

Combining these and noting that )\5"_2/39_@ < )\?n—269+a’vj € N, we deduce that

e’} T
192, )3y S £727 D AT ( / (Ts)””l(F(s),wj)izm)dS)

J=1 0
T 2
_ 20 / (T = )7 | F(3)|2-s0+ 5 ) s (24)
0
SNE o moan 29+ () -

e Estimate of the third term.
In the same way as in the previous step, we obtain

2
poFys )\Btcf / / —/\f(t - 5)0' (F(S) . ) 2 e
" 1+M 1+m\a Eoo 1+ KAS »FILA (@)
1 * H/\a o’ gh—1 ?
S tgg )\2l3+2[59 / / (F(8),%5) 2(q) dsdlt (25)

(1 —|—n)\§*) T 9
S 20 \2P 1260 (/o (F'(s);¥5) 1200 ds | -
J

Note that, we get the estimate above by using the Holder inequality as follows

</0T /Ot(t —8)7 770 (F(5),45) 12y dsdt> 2
< U)T (/Ot(t - 3)2”2002655)5 <At (P o d$>;dtr o)

T T20720071 % 2 T 9
< /0 {20_209_1] dt /0 (F(5)>¢j)Lz(Q) ds | .
We thus have

[e%s) T
1Qs( )3y S 27D AJ1-200%e ( /0 (F(),%7) 720 ds)

j=1
=t ||F|7,

O,TH" T () (27)
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e Estimate of the fourth term. This term can be treated more simply than
the above two terms. Indeed, thanks to Lemma 2.7 and the Holder inequality, we
have

o0 E(t— ) At — )7 ’
. 2 _ 2n (t S) J X
194+ Dll5n(0) = D_A; (/0 Y E""’( 1+ rA >(F(s)’%)“<9>d8>

Jj=1

o] t 2
< Z}\?ﬂ*% (/0 (t — 5)7—o01 (F(),%5) 120y ds) (28)

j=1
2
5 |FHL°°(O,T,H77*59(Q))'
Combining these estimates with (17), we have
”u("t)H?-[n(Q) S e ||f||HU+%(Q) +17° ||FHLoo(0,T,H"*59+%(Q))
FEONEN 20 1 m-20+5 ) T I Lo rmn-so 0y - (29)
We apply the following Sobolev embeddings
HTPOEE(Q) — 1T (Q),
H(Q) = WT2(Q),

W2(Q) — WE™(Q),

to obtain the important estimate

T
lll Lo o, 7wk m () = </0 H“(S)Hgvkvm(ﬂ) dS)

1
P

S
P

T
5 [||f||7_['1+%(9) + ||F||Loo(07T’anfl39+%(Q)) + HF”LQ(QT’anB@Jr%(Q))} (/(; tapdt>

1
T P
+ ||F||LOQ(O7T7Hn—ﬁ9+%(Q)) </0 dt) : (30)

=

Let us note that the integral < / ! t—p dt) is convergent for p < %. Hence, we
can assert that ’
1wl Lo o7,k () < Hf||Hn+%(Q) + ||F||LOO(O’T”H”*BQ+%(Q))
+ ”F”Lz(ojﬂnfﬁ‘”%(g)) : (31)
This show that u belongs to LP(0,T; W*™(Q)) and the proof is complete. O

3.2. The ill-posedness of the initial data recovery problem. From now on,
we will only consider our problem in the homogeneous case i.e. when F' = 0.
Furthermore, we also assume that 8 > a throughout the rest of the paper.

Lemma 3.3. Leto € (0,1) and 0 < a < 5 < 1. Then, we get the following estimate

. ~NT° TE Mt < 1 -
P1lic1 m +P2/0 0,1 m N)\f?—ﬁ-)\fﬁ. (32)
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Proof. Lemma 2.7 gives us

- —N\JT7 T —\te u
p1lis1 W +P2/0 o1 1+/¢)\?

T
<My [P [ (33)
AT 0 1 At
1+ 1+r@/\“ + 1+f€)\a
« T a
§1+H}\j / 1+I€>\jd< 1+ 1
N Jo M XAl

T

In the latter inequality, we note that the integral / t~7dt is convergent for o €
0

(0,1). O

Theorem 3.4. Ift =0, the solution of the problem (P) is unstable in the sense of
the L*(Q2) norm.

Proof. We begin the proof by setting u(x,0) = ug(z) and defining a mapping 7
from L?(Q2) to L?(2) as follows

ﬂuo(x):/ﬂcp(x,z)uo(z)dz, (34)

> Ao T i
g p1Es1 (M) +P2/0 E; 1 <1+;)\]a> dt] Vi (x)hi(2). (35)

It’s a simple matter to check that ¢(z,z) = ¢(z,z), and 7 is a self-adjoint
operator. Let us consider the following finite rank operator

Tnug ()

M —)\?T" T —Aﬁt”
:]2 plEo',l 1+K)\? +P2/0 E W dt (UO,wJ)LQ(Q) wj(.’I})

(36)

where

From Lemma 3.3, it is clear that

|7 u0(z) — Faruo(@)[I2q)

e e} _ Bro T B to 2
= D |mEa (1??) +’)2/ Eo, (14—/\>\> dt} (u0: %)y (37)
j=M+1 " 0
1 1\ & 1 1\’
2 2
S </\ﬁ + W) Z (u07¢j)L2(Q) < ()\’8 + W) Hu0”L2(Q) :
M M j=M+1 M M

It follows immediately that |7 — Tl o(r2(0).r2(q)y — 0 as M — oo. We also
can prove that 7 is compact. Moreover, we have

Tuo(x) = f(x), (38)

and then, we can conclude that our problem is ill-posed. Let us give an exam-
ple to illustrate the ill-posedness of the problem. Taking the input data fi(z) =
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1
)\— /\,6’ a¢J( x), we can see at once that
1 1 k
el 20y = I + = —=—0. (39)
k k

However, the initial data wug j corresponding to the final data f, is given by

fka ¢j)L2(Q)
o) = T A 1
i= 1 P1Eo1 1+K>\” +p2 [y Eoa 1+m\a dt

1

_)\ﬂta
1+m\a ) + P2 fo o1 (W) dt

)\ﬁ + )\B «a ¢k(‘r)a (40)

and it follows that

HUO,k”m )\ﬁ )\/3 a o) —\Pte
p1Eq 1 1+N>\O‘) + p2 fo 0,1 (W) dt o)

/\2[3—(1

> | Tk (41)
R\BCENEE
A A%
The above estimate helps us to get the limit below

) — 2 o0, (42)

From (39) and (42), we deduce that the solution to problem (P) is unstable in
L(9). O

3.3. Regularization and LP error estimate.

Theorem 3.5. Let f. be noisy data satisfying || f- — f||LP(Q) <e, forp>1, and
ug € HY(Q) for v > 0. Then, we can find a regularized solution ug . such that

(0-1)(v=»)
o = woll, gy, ) S COME + T ol ©<O<1), (43
where
-N —2)N N
—— <7 < min O,u , and 0 <~y <minq —,v (44)
2 % 2

6—1

Proof. First, for § € (0,1), we set M. = e~#7. Then, we choose the following
regularized solution

<
— (fsv wj)[; Q

o e(x Z : @), (49)
- —)\j T T —,\j to
j=1 plEJ,l (1_;'_5)\?) +p2 fO Eg"l (w> dt

and define the supporting series as follows
;<M
* ~— (f7 wj)L2 Q
whe(a) = > o (46)

X7 T —Mto ¥5(@)-
Jj=1 plEO',l (1+K>\a> + p2 fO Eg’,l (H;A?) dt
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For the purpose of obtaining an error estimate between ug . and ug, we need two
important estimates below.

N
e For any v < min {2, 1/}, thanks to Lemma 3.1, we have

A<M, 2, 2
[uo.e — UOEHHW(Q Z A (e = 13) 120

2
- AT T Nito
Jj=1 |:p1Eg’1 <1+n)\“> + p2 fO Ea,l <1+ﬁ/\a> dt:|

Xj<M.

Z )\?"/-&-2,@—277—(1)\?77 (f-—f. wj)iﬁ(ﬂ) (47)

=1
S Mo = fl)
By applying the Sobolev embedding L”(Q) — H"(Q), we get
[uo.e = el () S COMMIP | fo = fll ooy S ClomMI e (48)

e From the formula of ug, we deduce that

2 2
5. = ol = 3 A )
0, 0 HY(Q) *)\. - _\Bo . o 2
3= Me plEO',l 1_;’_2)\9 +P2 fo E(T,l 1+é)\g dt
= > A (w0 )Ty = Y, AT (w0, ) e (49)

Aj>M, Aj>Me

— 2
S MEQ'Y 2v ||u0||’H"(Q) .

Now, by combining these estimates with the triangle ineqality and using the
2N
Sobolev embedding H7(2) — L~-27(£2), we can assert that

”uO € UOHLN v (Q) ™ S, n)Mngﬁe + M HUOH”H”(Q)
©-1G=1)
=Clpn)e’ +e 9 l[woll34 (g - (50)
It is easily seen that when € — 0, we have
luo.e = voll ey ) =0 (51)
M, — o0,
and this finishes our proof. O

4. Conclusion. This paper investigates time fractional pseudo-parabolic equations
with nonlocal integral conditions. The results of this work are divided into two main
parts:
Part I: The Regularity result of the mild solution for Problem (P) is given.
Part IT: We show that the initial data recovery problem is ill-posed. We also give
the regularized solution and estimate error in LP between the regularized solution
and the sought solution.

This paper only considers the linear case, and in the future we hope to expand
Problem (P) to the case of nonlinear source terms.
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