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Abstract: In this paper, by using admissible mapping, Wong type contraction mappings are extended
and investigated in the framework of quasi-metric spaces to guarantee the existence of fixed points.
We consider examples to illustrate the main results. We also demonstrate that the main results of the
paper cover several existing results in the literature.

Keywords: Wong type contraction; quasi-metric spaces; fixed point

1. Introduction and Preliminaries

In 1974, Wong [1] announced an interesting extension of renowned Banach’s contraction principle via
auxiliary functions «; : (0,00) — [0, 00). In this short note we aim to transform the result of Wong [1] in a
weaker abstract space, namely quasi-metric space.

Below, we recall the fundamental notions that were used by Wong [1] to express his main result.

Definition 1. Suppose that there exist functions f; : (0,00) — [0,00), i = 1,2,3,4,5, such that

(i) each f; is upper semi-continuous from the right;
(i) Y2, fi(u) < u, forany u > 0.

Then, { fi}?:l is said to be a set of Wong (auxiliary) functions.
We shall state a Wong type contraction in which Wong auxiliary functions play a key role.

Definition 2. Let A be a self-mapping on a metric space (M, d) and {f;}2_, be a set of Wong (auxiliary) functions.
We say that A is a Wong type contraction if the following inequality holds:

d(Ap, Aq) < md(p,q) + axd(p, Ap) + asd(q, Aq) + asd(p, Aq) + asd(Ap, q) 1)
forany p,q € M with p # q where a; = fi(d(p,q))/d(p,q).
The following is the outstanding result in [1].
Theorem 1. [1] If a self-mapping A, on a complete metric space (M, d), is a Wong type contraction, then A has

exactly one fixed point.
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For the sake of self-containment of this note, we shall recollect some basic concepts of quasi-metric
space. For more details, we refer the reader to [2—4].

Definition 3. Let M be a set and w : M x M — [0, 00) a function such that:

(1) w(p,q)=0&p=gq;
(w2) w(p,s) <w(p,q)+w(q,s), forall p,q,s € M.

The function w is called a quasi-metric and the pair (M, w) is a quasi-metric space.

If w(p,q) = w(q, p), then (M, w) becomes a metric space and so, any metric space is a quasi-metric
space, but the converse is not generally true.

Definition 4. Let (M, w) be a quasi-metric space and {p, } be a sequence in M. We say that the sequence {p, }
converges to p € M (p, — p) if and only if

lim w(py, p) = lim w(p, pu) = 0. @)

n—o0

Remark 1. In a quasi-metric space (M, w), the limit for a convergent sequence is unique. If the sequence {p, }
converges to p € M, we have for all g € M

lim w(pn,q) = w(p,q) and lim w(q, pn) = w(q, p)-

n—oo

Definition 5. Let (M, w) be a quasi-metric space and {p,, } be a sequence in M. We say that the sequence {p, } is:

(Rc) left-Cauchy if and only if for every € > O there exists a positive integer N = N(¢) such that w(pn, pm) < €
foralln > m > N.

(Lc) right-Cauchy if and only if for every € > O there exists a positive integer N = N (€) such that w(pn, pm) < €
forallm > n > N.

(C) Cauchy if and only if for every € > 0 there exists a positive integer N = N (¢) such that w(pn, pm) < € for all
m,n > N.

Remark 2. In a quasi-metric space a sequence {py, } is Cauchy if and only if it is left-Cauchy and right-Cauchy.

Definition 6. The quasi-metric space (M, w) is said to be:

(cr) left-complete if and only if each left-Cauchy sequence in M is convergent.
(cr) right-complete if and only if each right-Cauchy sequence in M is convergent.
(¢) complete if and only if each Cauchy sequence in M is convergent.

Definition 7. In a quasi-metric space (M, w) a map A : M — M is continuous if, for each sequence {py } in M
converging to p € M, the sequence { Apy } converges to Ap, that is,

lim w(Apn, Ap) = nh_r}r;o w(Ap,Apn) =0 3)

n—oo

Inspired by the interesting notion of xa-admissible mappings [5,6], we shall introduce «,-admissible.
Leta : M x M — [0,00) and r > 1. We say that a map A : M — M is a,-admissible if for any p,q € M

a(p,q) > rimplies a(Ap, Aq) > r. (4)
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2. Main Results

In this section, first we recall the notion of A-symmetric [7], see also [8].
Definition 8. Let A be a positive real number, that is, A > 0. A quasi-metric space (X, q) is called A-symmetric if

qg(y,x) < Ag(x,y) forallx,y e X.

If X is not reduced to a single point, we can find x,y € X such that g(x,y) > 0. Therefore,
0<q(x,y) <Aq(y,x) <A?q(x,y). Hence, A > 1.

Remark 3. Note that for A = 1, every metric space forms a symmetric space. In other words, a quasi-metric space
is a metric space if, and only if, it is 1-symmetric.

Example 1. Let X = R and let define

2(x—y), ifx>y,

(x, )—{
ey y—x, ifx <y.

Then (X, q) is a complete 2-symmetric quasi-metric space, but it is not a metric space.

Proposition 1. Let (M, w) be a quasi-metric space and A : M — M be an a,-admissible function. Let py be fixed
in M and the sequence {p, } be defined as p, = Ap,_1. If a(po, p1) > rand «(p1, po) > r then a(pn, pns1) > 1,
and a(ppa1, Pn) > 1

Proof. Since A is a,-admissible, a(pg, p1) > r implies a(p1, p2) = a(Apo, Ap1) > r. Repeating this
procedure, we find that for all natural numbers 7, indeed,

&(pn, Pry1) 2 7.
Similarly, we derive that a(p,+1,pn) >r. O
In connection with this notion, we consider the following definitions:

(R) Let {pn} be a sequence in M such that p, — pasn — oo, p € M. If there exists a subsequence
{Pk(n)} of {pn} such that a(py, pn+1) > r implies a(py(,), p) > r forany n > 1, then we say that the
space M is a,-regular.

(U) Forr > 1,if a(p,q) > r for all p,q € Fix(A), then we say that « satisfies the (U)-condition, where
Fix(A) denotes the set of fixed points of A.

Theorem 2. Let (M, w) be a complete A-symmetric quasi-metric space, a function A : M — Mand r > 1.
Suppose that there exist the functions B;, y; : (0,00) — [0,00), Bi(u) = @, i=1,2,3,4 such that:

(i) the map A is a,-admissible and there exists pg € M such that a(po, Apg) > rand a(Apo, po) > 1;
(ii) M is ar-reqular;

(iii) each y; is upper semi-continuous from the right;

(iv) Y2, Bi(u) <rforanyu > 0;
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(v) foranyp,q € Muwithp # q

a(p,q)w(Ap,Aq) < Bi(w(p,q))w(p,q) + B2(w(p,9))w(p, Ap) + Bs(w(p,q))w(q, Aq)
+pa(ep,q)) AV > AP, ®)

Then A has a fixed point.
Proof. Starting with an arbitrary point pg from M we construct the sequence {p, } as follows:
p1 = Apoand p, 1 = A"pg foralln € N.

It is worth noting that it is interesting to assume that any adjacent terms in the sequence {p, } are different.
Indeed, on the contrary, if there is 1y such that p,, = p,,+1 then from the definition of sequence {p, }
we get py, = puy+1 = Apny. Consequently, py, is a fixed point of A and there is nothing to prove it.
Accordingly, from now on, we consider w(py, pn4+1) > 0, for any n € N.

By the condition (5), replacing p by p, and q by p,+1 and taking into account Proposition 1 we get

0 <rw(pus1,Pny2) = 10(Apu, Apui1) < a(pn, Puy1)w(Apn, Apni1)

< B1(w(pn, Pnt1))w (P, Pus1) + B2(w(pu, Pus1))w(Pn, Apn)

w(pn, A + w(Apy,
B3P pa)J0 (Pt A ) + Balco(p, po)) P A1) * AP Prs)

< B1(w(pn, Pns1))w (P, Put1) + Ba(w(pn, Put1))w(Pn, Pns1)

W Pn, Pn +w s
(P )0 P, pusa) + B, pyi)) EL2 D) © APt Pust)

Since B;(u) = # fori = 1,2,3,4, and by using the triangle inequality, the previous inequality yields that

10 (Pt Put2)W(Pr Prs1) < 71(W(Pr, Pry1)) W (Pn, Pus1) + v2(0 (P, Prs1) )w (P, Pry1)
+y3(w(Pu, Pug1))W(Put1, Prs2)

w(pn, +w ,
+’Y4(W(Pn,Pn+1)) (Pn Pn+l) 5 (Pn+1 pn+2>'

For simplicity, let a, = w(pn, pn+1)- Accordingly, the inequality above turns into

an +a
re it < 71 (an)an -+ 72(an)an + 3 (@)t + s (an) =5
By elementary computation, we derive from the inequality above that
an) + v2(an) + va(an)/2
Apiq < 'Yl( 71) 72( n) ’Y4( ”) _')’(an)/ (6)

ran —v3(an) — yalan)/2 7"

where foru > 0,

() = y1(u) +72(u) + ya(u)/2
reu—y3(u) = 7a(u)/2
Since from (iv), y(u) < u for all u > 0 we obtain 4,11 < a, and so, the sequence {a,} is decreasing.
Thus, there exists a point a € [0,00) such that lgn a, = a. On the other hand, since each function 7;
n—oo

is upper semi-continuous from the right, the mapping v is also upper semi-continuous from the right,
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o) 1211 v(an) = a. We will prove that a = 0. Indeed, if we suppose that a > 0, then, from the expression (6),
n o]

we have
=1 <l <
a= lim a, < llgljoljp v(an) < v(a) <a,
which is a contradiction. We conclude that the sequence {a, } converges to 0.
Let us consider now;, in relation (5), p = p,+1 and g = p,,. We find

0 <rw(pns2, Pri1) = rw(Appi1, Apn) < a(pusr, pu)w(Apps1, Apn)

< Br(wW(Pny1, Pn))w(Pust, pn) + Ba(w(Pus1, APns1))w(Pus1, APny1)

B3P, ) (P, Ap) + Ba(e (i, ) P2 AP S At )

< Br(w(Pny1, Pn))w(Pust, pn) + Ba(w(Pust, Pn)) W (Prst, Put2)

w n 7 Fn +w 7
B3P, )0 (P psn) + Bal(prsa, p)) L1 Pre) 3 Pz )

or,

10 (Put2, Pus1)W(Pust, Pn) < 11(W0(Prst, Pn))w(Pus1, Pr) + Y2 (@ (Put1, Pur2) )0 (Pus1, Pn)
+')’3(“J Pn+1, Pn))w((Pn/ pn+1)

(
w ’ +w ,
+94(w(Prst1, Pu)) Pn+2, Pntl) : (Pns1 pn+2).

On the other hand, denoting by b, = w(p,+1, pn) and keeping in my that it is A-symmetric, there
exists A > 0 such that

1
Kan < by < Aay.

Letting n — oo, by using the “Squeeze Theorem” and taking into account that the sequence {a, } converges
to 0 we get nl% by = r}gxgow(pn+1,pn) = 0.
As a next step, we shall show that the sequence {p, } is Cauchy, that is left-Cauchy and right-Cauchy
sequence in the quasi-metric space (M, w).
Suppose it would not be so, which means that there exists ¢ > 0 and two sequences k(n) and I(n)
such that for any n € N
k(”) > l(ﬂ) >n, w(pk(n)r pl(n)) > ¢, and w(pk(n)fll pl(n)) <é&

Then, due to the triangle inequality, we get

e < W(Pi(ny Pitn)) < @(P(n)r Pr(n)=1) + W (Pr(n)=1 Pitn)) < @(Pr(n)r Pr(ny—1) + &

or, if we denote by ¢, = w(Pg(n), Pi(n))
e<cy, <b,+e. )

Since b, — 0, taking n — oo in (7) we obtain

e<limec, <e¢
n—oo

80, limy, ;00 ¢4 = liMy—s00 W (Pg(n), Pi(n)) = € Again, from the triangle inequality,



Mathematics 2020, 8, 649 6 of 10

@ (Pkmy+1 Piy+1) < @(Pr(n) 17 Pr(n)) + W Prin)r Pin)) + @ (Pinys Primy+1) ®)
< biny + @(Pr(n)r Pi(n)) + A1)

and also
W (Pk(ny Pin)) < W(Pr(n)r Pr(n)+1) + W (Pr(ny+1 Piiny+1) + @ (Priwys1 Picny)

)
< k() + O (Pr(n)+1- Pi(m)+1) T bign)-

Combining (8) and (9)

W (Pr(n)r Priny) = Ak(n) = bin) < @(Piiny 10 Piny+1) < () + @ (Pr(nys Pi(n)) + A1(n)-

Letting n — co we get nlgrolo @ (Pk(n)+1 Pi(n)+1) = & On the other hand, by (v),

rw(ApPny, APitn)) < &(Pi(n) Pi(n))w ( Pk(n)r AP1 ) B1(w(pk ()W (Pr(n)s Pi(n))
+B2(w(Pr(n) Pi(ny) ) w Pk ( 3+(3( (Pk(n)) Pim) )W (Pnys APi(n))
+
+ﬁ4(w(Apkn (n))) 260 Ar ).

Taking into account the definition of function 8, and using again the triangle inequality,

2cy, + an) + bk(n)
2

rent16n < y1(en)en + v2(cn)agn) + v3(cn)aymy + valen)

By letting n — oo, since the functions 7y; are upper semi-continuous and using (iv)

roe < [yi(e) +yale)le <r-é

which is a contradiction. Thus {p,} is a left-Cauchy sequence. Analogously, it can be shown that {p, } is
right-Cauchy and we can conclude that {p, } is a Cauchy sequence in the complete quasi-metric space
(M, w). This implies that the sequence {p, } converges to some point p*, that is

lim w(py, p*) = lim w(p®, pu) = 0.

n—o0

We shall prove now that p*, is a fixed point of A. Since the sequence {a, } is strictly decreasing and a,, > 0
for any natural number 1, we can find a subsequence py(,) such that w( Pk(n), ") > 0. Also from (ii),
the space (M, p*) is a-regular, that is a(py(,), p*) > r for any r > 1. Then, we have

rw(Prni1), Ap™) = 1 W(Apgn), Ap™) < 1 a(pi(n), P* )W (APk(n), AP”)

< Br(@(Pr(n)), )@ (prnys P7) + Ba (@ (Priny, 7)) (i) APr(n))

)

(Pie(n) AP* )+ (APi(n)s
+B3(0(Piin)s 1) Py APy + Ba(@ (P, p*)) L P P

< Br(@(Piny, P70 (Prny ) + B2 (piny P*)) w0 (Piin) Pr(ny+1) (10)

. « " « (Pi(n) AP )+ (Pi(n)+1.P7)
+B3(w(Pii) ), P (p*, Ap*) + Ba( (i, p*)) PR 2P ity e1 P

< Br(@(Piny, P70 (Prny P7) + B2l (piny P*)) 0 (Piiny Pr(ny+1)

* * * " (Pi(n) ™) +w(w,Ap* ) +w(Pr(ny41.P7)
+B3(w(Pruy, PH)w (P, Ap*) + Ba(w(pyny, p)) PR T A
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By denoting wy = w(pg(n), p*), We can rewrite as

w(p*, Ap*)+2wn+by(,
r-@(Piguy 10 AP™) < Br(@n)n + B(wn)ayn) + Balcon)o (p, Ap*) + Balawy) A2 (qq)
or
Ap* < 73((011)""74(;)”) * Ap* 1 M
rw(prmy+1, Ap*) < S5 —2—w(p" Ap*) + o | 1(wn)wn + Yalwn) (wn + —57) + 12 (Wn) ()
<r-w(p*, Ap*) + O(n),
where

1 by
O(n) = — |71 (@n)ewn + Ta(@n)(@n + —5) + 72(wn)ag) | -
n
Taking n — oo in the previous inequality, since lim, ;.. O(n) = 0 we obtain that
r-w(p*, Ap*) <r-w(p*, Ap™),

a contradiction. We conclude that Ap* = p*, that is p* is a fixed point of function A. [

Example 2. Let M = [0,2| U {3} and w : M x M — [0, o) be defined by

0 forp=gq
w(p,q) =1 3 forpe[0,2,g=3
1 otherwise .

Define the function A : M — M by

1
Ap — 3 forp € [0,1) U {3}
p+Inp forp € [1,2]

and o : M x M — [0, 0) by

4 forp,q €0,1)
a(p,q) =14 3 forpe[0,1), q=3
0 otherwise .

u?
u+1’

We take also r = 3 and B;,v; : (0,00) — [0,00), i = 1,2,3,4 defined by B;(u) = %El“), where y1(u) =
va(u) = ju, v2(u) = 13(u) = 0,

Obviously, ¥ Bi(u) = 75 + 5 < 3 for any u > 0. On the other hand, since A(p) < 1 for any p € [0,1) and
A(3) = 1/2is easy to see that A is a-admissible and the space M is a-regular. Moreover (vi) holds for A = 3.
We are only interested in the following cases:

(i) For p,q € [0,1) we have w(p,q) =1, w(p, Aq) =1, w(q, Ap) =1, B1(w(p,q)) = %, Ba(w(p,0)) = % Thus,

x(p,0)w(Ap, Aq) =0 < 3+ 5 = Fr(w(p, ) (pq) + Pa(w(p, ) le(p, Ag) + (Ap,q)]/2.
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(ii) For p € [0,1) and q = 3, we have w(p,3) = 3, w(p, A(3)) = w(p,1/4) = 1, w(Ap,3) = 3, B1(w(p,3)) = 3,
Ba(w(p,3)) = 3. Thus,

x(p3)w(Ap, AB)) =0 < 5 + 5 = fi(w(p,3)w(p,3) + palw(p,3) [w(p, A3)) + w(Ap,3)]/2

Hence, in all cases, the conditions of the Theorem 2 are satisfied and the function A has two fixed points p = 1 and
p=1/2

To ensure the uniqueness of the fixed point, we need to add an additional hypothesis. Thus, we obtain
the following theorem:

Theorem 3. Additionally to the hypothesis of Theorem 2, if we suppose that the mapping « satisfies the (L) condition,
then the function A has exactly one fixed point.

Proof. Suppose that A has two distinct fixed points v, . Due the supplementary condition, we know that
a(v, ) > r, so replacing in (5) we get

ro(v,p) =1 w(Av, Ap) < a(v, p)w(Av, Ap) < Bi(w(v, 1))w(v, 1) + Ba(w(v, 1) )w(v, Av)
+Ba(w(v, 1)) (i, Ap) + Ba(w <,m>w
= [11(@ @, 1), 1) + yalelv, ) e (””] T
= (W, 1) + 1alwv, 1) < re(v, ).

That contradiction shows us that v = y, that is, A has exactly one fixed point. [

Example 3. Let M = [0,1] and w : M x M — [0, 00) be defined by

_ p—q forp > ¢
w(p’q)_{ (7-7) forp <.

NI—

Then (M, w) is a complete quasi-metric space and it is easy to see that the assumption (vi) is satisfied for any A > 2.

Define A : M — M by

2
Ap = a2 forp €10,1)
0 forp =1.
and « : M x M — [0,00) by
3 forpe[0,1), q=1
a(p,q) =1 2 forpe0,1),g=0
0 otherwise .

We take also v = 2 and B;,7y; : (0,00) — [0,00), i = 1,2,3,4 defined by B;(u) = 7"5[”), where y1(u) = ul—frl,
va(u) = Fu, 12 (u) = va(u) = 0.

Obviously, Y- Bi(u) = u%rl + 2 < 2forany u > 0. On the other hand, since Ap < 1 for any p € [0,1) and
A(0) = A(1) = 0 is easy to see that A is a-admissible and the space M is a-reqular. We will consider the
following cases:
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(i) For p € (0,1) and q = 0, we have w(p,0) = p, w(0, A0) =0, B1(w(p,0)) = 13, Bs(w(p,0)) = 5. Thus,

2 2
(p 0 (Ap, A(©) = 2- PP = Poml < By (w(p,0))e(p,0) + B(co(p,0)) (0, A0

(i) For p € (0,1) and q = 1, we have w(p,1) = 3(1—p), w(1, A(1)) = 1, B1(w(p, 1)) = 525, Bs(w(p, 1)) = 3.
Thus,

pPPrp _l-p 2
a(p ew(ap, AM) =3- PP < 2P 4 2 pu(wip 1))w(p, 1) + Bawlp,0))e(1, A1),
For p =q = 1and p = q = 0 the relation (5) is obviously satisfied, and the other cases are not interesting due to
the choice of function w. Therefore, the function A has exactly one fixed point, namely p = 0.

Letting a(p,q) = 1 and r = 1 in Theorem 3 we obtain the following:

Corollary 1. Let (M, w) be a complete A-symmetric quasi-metric space and a function A : M — M. Suppose
that there exist the functions B;,7y; : (0,00) — [0,00), B;(u) = @, i=1,2,3,4 such that:

(i) each <y; is upper semi-continuous from the right;
(i) Yi o Bi(u) < 1foranyu > 0;
(iii) forany p,q € M

w(Ap, Aq) < B (w(p,q))w(m); ﬁz(w(;zq))W(P,AP) + B3 (w(p,q9))w(q, Aq) 12
+pal(p, ) ULAD AR,

Then A has exactly one fixed point.
Letting B2 = B3 = B4 = 0 we derive the following theorem:
Theorem 4. Let (M, w) be a complete quasi-metric space, a function A : M — M and r > 1. Suppose that there

exist the functions Bq,7y1 : (0,00) — [0,00), B1(u) = 717(") such that:

(i) the map A is a,-admissible and there exists py € M such that a(pgy, Apo) > r and a(Apo, po) > 1;
(ii) M is a,-reqular;

(iii) each vy is upper semi-continuous from the right;

(iv) B1(u) < 1foranyu > 0;

(v) foranyp,q e M

a(p,q)w(Ap, Aq) < B1(w(p,q))w(p,q). (13)

Then A has a fixed point.

Theorem 5. Additionally to the hypothesis of Theorem 4, if we suppose that the mapping « satisfies the (L)
condition, then the function A has exactly one fixed point.

We skip the proof since it is verbatim of the proof Theorem 3.

3. Conclusions

As we derive Theorem 4, by letting some B; = 0, for distinct combinations of i € {1,2,3,4} in
Theorem 2, we get some more corollaries of Theorem 2, and also consequences of Theorem 3. Thus,
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we deduce that the main results of the paper cover several existing results in the literature, e.g., [1,5,9].
In particular, by letting a(p,q) = 1 and r = 1 in Theorem 5, we obtain the analogue of the renowned
result of Boyd-Wong [9] in context of quasi-metric spaces. Notice also that by letting 81 () = kt, k € [0,1),
we get a variant of Banach contraction principle in the setting of quasi-metric spaces.
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