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In this article, optimal control for variable order fractional multi-delay mathematical
model for the co-infection of HIV/AIDS and malaria is presented. This model consists of twelve
differential equations, where the variable order derivative are in the sense of Caputo. Three control
variables are presented in this model to minimize the number of the co-infected individuals showing
no symptoms of AIDS, the infected individuals with malaria, and the individuals asymptomatically
infected with HIV/AIDS. Necessary conditions for the control problem are derived. The Griinwald-
Letnikov nonstandard finite difference scheme is constructed to simulating the proposed optimal
control system. The stability of the proposed scheme is proved. In order to validate the theoretical
results numerical simulations and comparative studies are given.
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1. Introduction

Malaria and AIDS caused by the human immunodeficiency
virus(HIV), are two main universal health problems of our
time. Recently, increased research efforts are made to get an
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efficient vaccine to halt the progression and transmission of
malaria, for more details see [2—4].

Mickens [40,41] proposed the nonstandard finite difference
method (NSFDM), which can be easy to contract [40], for
improving the discretizations of some terms in the differential
equations, such that depending on the denominator function
and the specific discretization this method be more accurate
and more stable than standard method [34,37]. This technique
applied in the fields of physics, chemistry, engineering
[39,42,43,30]. Especially, the most attractive applications are
in mathematical biology and ecology [31,35]. In addition, the
NSFDM are well performed in solving fractional-order
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system, such as the fractional order neuron system [32] and the
fractional Hodgkin-Huxley model [33].

Nowadays, mathematical models can be considered as a
successfully powerful tool to test hypotheses, confirm experi-
ments, and simulate the dynamics of complex systems.

In the mean time, fractional calculus can be considered as a
hot topic of research work in many scientific fields especially in
mathematics and engineering, it is a generalization of the inte-
ger order differentiation and integration to non-integer order.
Applications of fractional calculus have taken off in the last
few decades, after centuries of small advancements. This is
due to the fact that fractional-order models provide more
accurate description of memory and hereditary properties of
the system, compared with models of integer-order [52-55].
To understand the physical meaning of the fractional models,
we refer to some articles explaining fractional calculus geomet-
rically, see for examples [56-58] and the references cited
therein.

Naturally, time-delay or memory is an unavoidable factor
in dynamics of most of real life phenomena. Examples of frac-
tional order derivatives with time delay can be found in a vari-
ety of scientific areas: engineering, biology, epidemiology,
amongst others [5-10,49].

Pontryagin’s maximum principle of optimal control prob-
lems with time-delay is based on differential equations with
delay. This topic is discussed in the sixties of the last century
for more details see [60-62]. Recently Sweilam and et al. in
[47] extended this principle to the fractional order. Some inter-
esting real-life models of fractional optimal control problems
(FOCP) have been presented in [11,17-21,48,50,51]. Moreover,
a useful and interesting contributions in the development of
the Lagrange multipliers and the fractal variational principles
in fractal space are given in [58,59].

Moreover, the variable-order fractional (VOF) derivatives
is a powerful tool for describing the effects of the long variable
memory of systems which changes with time and the constant-
order fractional derivative depicts the long memory of systems
while the integer order derivative can be used to characterize
the short memory. The advantage of using variable order in
the fractional differential equations is appeared in some papers
such as [22-24].

One of the new topics in mathematics is the variable order
fractional optimal control problems (VOFOCP) [25.26], which
it development as extension to the FOCP.

The main contribution of this work is to investigate the
effect of the optimal control of the variable order for HIV/
AIDS and Malaria mathematical models with multi-time delay
and develop an efficient numerical algorithm to approximate
the solutions of the proposed model. Three control variables
are presented in this model to reduce the number of the
infected individuals of malaria and HIV/AIDS. Comparative
studies between Griinwald-Letnikov nonstandard finite differ-
ence method (GL-NSFDM) and Griinwald-Letnikov standard
finite difference method (GL-SFDM) are presented. Numerical
simulations for the obtained variable order fractional system
are presented.

The article is organized as follows: In Section 2, the variable
order fractional calculus and the preliminaries of GL-NSFDM
are introduced. In Section 3, variable order fractional mathe-
matical model of HIV/AIDS and malaria is given. In Section 4,
formulation of VOFOCP is presented. In Section 5, numerical
methods for VOFOCP are presented. In Section 6, numerical

simulations are given to show the efficiency and applicability
of the GL-NSFDM, also, the stability analysis of the proposed
method are proved. Finally, the conclusions are given in
Section 7.

2. Notations and preliminaries

In this section, we recall some important definitions of the
variable order fractional calculus which are used thought out
the remaining sections of this paper.

2.1. Variable order fractional calculus

The general form of the variable order fractional differential
equation is given as follows [29]:

D™ x(r) = flt, x(1)),  x(0) =x0, 0<oft) <L (1)

The Liouville-Caputo fractional derivative with variable order
o(t) is defined as follows:

1

C D N
B ()

/[ (t—0) " (0)de, 0<afr)<1.
(2)

3. The model problem

In the following, the variable order fractional mathematical
model for HIV/AIDS and the co-infection malaria with
multi-time delay is considered. This model proposed by Pinto
and Carvalho in [27] as fractional order and it is given by Arfa
et. al., in [28] as variable order. The definitions of all variables
of the proposed model given in Table 1. Also, the parameters
and their interpretation of the proposed model are introduced
in Table 2. Three control variables G,, G,, and G, are added in
order to health care for the infected individuals such as give
them the treatments soothing regularly. These controls are
introduced to reduce the number of the I, 1,,;;, and I;;. The
modified model is then represented by a system of variable
order fractional differential equations as follows:

Table 1 The variables of the proposed model [28].
Variable Definition
Ny, The population of human
Sh The susceptible individuals
Vi The individuals vaccinated against malaria
I The individuals infected with malaria
Lopiv The co-infected humans showing no symptoms of
AIDS
iy The humans asymptomatically infected with
HIV/AIDS
Yy The humans infected and anti-malaria vaccinated
A iy The co-infected individuals displaying signs of
AIDS
Apiy The humans infected with HIV and showing
symptoms of AIDS
N The mosquitoes population
S The susceptible mosquitoes
1, The infectious mosquitoes
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Table 2 The parameters of the proposed model [28].

Parameter Definition Value
AZ(’) The proportion of susceptible individuals get within the human population 0.054")
p*) The rate of people successfully vaccinated 0.4%1)
g The rate of Vaccinated individuals may become susceptible 0.009*1)
BZO) The possibility that a bite of an infectious mosquito leads to the infection of a susceptible people 0.044")

%5‘2’ Infectiousness to malaria of co-infected people displaying signs and symptoms of AIDS 1.5030")
A1) The proportion of female mosquitoes bites 0.5%)
Azy) The rate of recruited of the susceptible mosquitoes 6%

;(t) The proportion of recovery of the L, 0.0024()

;(l) The rate of recovery of A,,(¢) from malaria 0.00050)
b0 The rate of people within the community 0.3
Z(0) The efficacy of adopted strategies for people protection 0.9
rZ(’) The charge of recuperation of human beings inflamed with malaria and getting to the inclined magnificence 0.0005%?)
“ZY) The proportion of death of people infected with malaria 0.0004%)
O‘ZS[) The rate of development of I;;, to AIDS 0.0004%)
3:;(0 The possibility that a mosquito’s chunk at some point of a malaria inflamed human has

a tendency to infection of the mosquito 0.83%)

eg(f) The proportion of decrease in sexual intercourse due to malaria disease 0.8%0
5;{0) The speed of death from AIDS 0.000913*)
'uz(f) The speed of the natural death for all human 0.0000391%")
) The efficacy of the preerythrocytic vaccine 0.64%1)
(1) shows the rate of reducing of transmission from vaccinated humans to susceptible mosquitoes 0.86%
Tz(f) The avrage of time after it susceptible individuals enter the category I 140
r,'ﬁ,(’) The time after it the exposed mosquitoes turn infectious 120

;-;(t) The speed of natural death of mosquitoes 0.04%")

T The speed of rised malaria mortality of people co-infected with HIV 1.001
Y0 indicates the growth in HIV mortality thanks to the co-infection with malaria 1.002%®)

0, The impact of the preerythrocytic vaccine within the reducing of mortality thanks to disease 4.1

0, The effect of the preerythrocytic vaccine within the raising of the recovery 0.06

Vi The supposed upward thrust in sensibility to malaria as impacts of HIV infection 1.002

) The speed of increase in sensibility to malaria of humans of Ay, () 1.5
,’i(t) The price of accelerating mortality thanks to the presence of the parasite within the frame 1.4%®)
a“m(/) The speed of accelerating mortality thanks to the presence of the parasite within the body 0.01%®
Y Defines the ones co-infected individuals increase to AIDS quicker than the ones infected

most effective with HIV 1.002%)
31H<f) The rate of HIV infection 0.001%®

(1) ol
UCD;y Ny(1) = Ah(,)

" ()
gD[ Sh(f)

— OC;IE[) (I/l(t) + Ih(l)Qf(l)Gm(t) + (1 - 02) Yh(z>>
— T“Zfolmhi\'(l‘) — (’L’O(zfr) + lﬁ&?}”) Amhiv(t)

- 5;-[(014/11'»* - ﬂZ(I)N/1(t)7 _ V].f/ (l)[} (t)

(1= p) A" — £(0)Si(1) — Buun(£)Sn(1)
+ 00, (0) + 0, Y () 4+ V(1) — 12 8,(0),

= (0 + 15+ 03Gu(0) ) )

o . _ lﬂt(’)f
EDX V(1) = f(1 = ) (1 =) Vil — 1y)e

a(t)
ED Ly (1) = ify (1 = T) Dy (1 = 1) ™5 + € By ()1, (0)

— (0% + 93+ 1 + 15+ 02 Go(1) ) (1),

(():Dj(([)lhi\‘([) = S/l(t)Bhiv(t) + ¢;(I)Imhi\"(l‘) + Q;(I)Gn(l)lmhiv(t)

5010 = pA 101 =) Vile) = Vi) (6 + 45", = (0 + (= 0 4 50) Vi),

- i )
SD (’)Ih(t) :fh(l — ’Eh)S/,(l‘ — Th)e [ - 623/,,'V(Z)I/I(l)

t

, )
SDT([)Amhir([) = C“Zir)[mhiv(l‘) + Vth(t - T/l)Ahiv([ - Th)e Kyt

— (10 + 4 + " + 010G (1) 1), — (B4 657 e 4y ) i),
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= a;i’)lhiv(l) + Ihiv(t) me},([) + d);(')Amhiv(l)
- VZﬁz(l)Ahfv(t) - ( 0 + 50(([))‘4/1”( )

¢ Dj(t)Ahiv(t)

(1) P P 1
§ D Nu(1) = 430 = o1, (1) = 4 N, (0),
o(t) o o
th S ( ) Am S’n(t)fm(t) - ‘um(l)Sm([)’
o(t)
()CDT(/)Im(t) = Syt = T ) (t = Tp)e ™
= (k" + ) (1), 3)
where,
(1)
= B co((t (1 _ bx(!)zm(z‘)) m ,
f/ h Nh([)
By (1) + i (1) + 0 (A (1) + 427 )
B/liv(t) = )
Nh(l)
and

E, = B0 (1 — 0 Za(z))

% ([/1(t) + [mhiv(t) + (1 - 6“(t>) Yh + Amhiv(l))
Ni(t) ’

o (1)

where, the parameters Q7" “(’ and Q3 are the weight fac-
tors. It is important to notice thdt the parameters depend on
the variable-order «(7) to make the system consistent in the
physical sense and more consistent the reality, we must make
sure that the right-hand sides of these equations have the same
dimensions for more detelies see [44,45,47]. Concerning the
equilibrium point of a dynamical model is proved in details
n [28]. The basic reproduction number of the model (3) is
given as follows [27]:

RO = maX{er Rhiv}: (4)

where

L0 B0 10 g5 i 2 (lfbamzxm)z

(4 )il 3 (20 + i)
o0 4 N“(’ 1 — po 1= (] — X0 1(')Pot(l)
X x(t M(E (1) ) ( (1) )( )x(t o(1)
+ T tay Oy + (1= Q)ahl + 1y,

Bl (1" + 0+ i) (1= P))
(i’ + ") (15 + 03")

where R,,is the basic reproduction number of malaria model
and Ry;,is the basic reproduction of HIV model. If Ry > 1, this
mean that the infection will be able to spread in a population.
But if Ry < 1, the infection will disappear.

R/u'v =

)

4. Formulation of VOFOCP

Consider the variables in the system (3) belongs to R'?, let
Q={G,(.),Gu(.),Gr()|Gm,Gn, G, are Lebsegue measurable on
[0,1,0 < Gu(.), Gu(.), Gu(.) < 1,Ve € [0, T;] }is  the set of
admissible control functions.

The goal is to minimize the following cost functional:
J(G)m Gna Gh)

g 1 1 1
:/ (Ih+Ihiv+lmhiv+§BIG3V,+§B2G,2,+§B3G%)dl‘7 (5)
0

where Bi, B,, By are the weight coefficients. Subjected to the
following constraints:
Let us denoting the state vector by

X:= (Nh7 S/,, V/u I/u Imh[w Ihiw yh: Am/u’v: AhiV7 Nrm va Inu Grm Gm G/u [)7
i=1,...,12,

Y = X([ — df) : d‘[ = {T/rafm}v

G = (Gmy Gm G/I)
The dynamical system (3) can be written as:

o(1)

p™"x =fX,Y,G), (6)

and satisfying these initial conditions.

Ny (9) = ¥, (9), Si(9) = Y, (9), Vi (9) = ¥5(9), 1 (9
= ‘//4(79) mhn( ) lwb (19) [hl‘(ﬁ) )

=Y7(0), A (V) = g (), Apin (V) = (19)7 Nu(9)
=¥10(9), Su(9) = ¥, (¥) and 1,,(9) = y,(V), where J
€ [-d,,0].

The modified cost functional takes the form:

= / H(X.Y.G.2) — X, Y.G)dr )
0

where A=24, i=1,2,3,...12, and H(X,Y,G,
Hamiltonian functional of the form

A) is the

1 1 1
H(X, Y> G7)‘) = (Ih +Iln'v +Imhiv +§BlGi, +§BZGi +§B3Gi>

+2/(X,Y,G). (®)
The necessary conditions can be obtained by extension the

conditions in [11] to variable order fractional as [25] with time
delay [47]. These can be derived from (7) and (8) as follows:

o(t) 4

00" 0= Hl) + Xjo g Hy(i + ), )
where
L, te[0,Ty—d.], d.=hm,
v _ 10
[0.77—a] { 0, otherwise, (10)

and it is required that:

2Ty) =0, (1)
where A is the Lagrange multipliers.

Hglt] = 0. (12)
Also,

cp*x = H,[1), (13)
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Theorem 4.1. Let G;,, G, and G), be the optimal controls with

corresponding state variables X* then there exist adjoint
variables 1", satisfies the following:(i) Co-state equations:

%D’f(’u* = Hy[f] + X[O‘T/_dr]ny(t +d.), (14)
(i1) with transversality conditions
(iii) optimality condition:

H(X,Y,G,2) = min

0<Gm,Gn,Gp<1

HX', Y, G, 7). (16)

Furthermore, the control functions G,,, G,, G, are given by:

) F} o((t) _rar o(t)
G’ = min (1,max (0 i W22 ) (17)
_ (1)
G: — min <] max ( m/mQZ Bz/% mth ))7 (]8)
* : 6 /m Q3 )“;IZHQ;(’)
G, = min | 1, max B . (19)

Proof. Using the conditions (9), We can get the Eq. (14), where
the Hamiltonian /7, is given by:

1 > 1 1 .
H* == B\G}, +B:,G + = B:G;,

SBIG, +5 BG4 3 BiGy 425D fX, Y, GY).

(20)
Moreover, the transversality conditions /l*(Tf) = Ohold and
the optimal controls (17)—(19) can be claimed from the mini-
mization condition (16). By substituting the values of

G,,G,, G, in the control system (3), we get the state system
as follows:

SDIN 0 = 4 = o (1) + 1D QG (1) + (1= 02) ¥;(1))

- T“th)l:;lhiv([) - <Ta/1 + lpa ) m/m( ) 6 A;“( )

= A1 = p) — £,(1)S; (1) — B (1) S} (1)
+ (L) + 0,Y,(0) + V(1) —

DV,(1) = pAy" — 1)1 =)V (1) = V(0 (o + "),

o § . " 0
§DI (1) = £t — w)Sy(t — w)e 5 — 2B (D)1 (1)
~ (A 4+ 5+ 0196, (n ),

(0]
SDx I:nhlv(t)

0L
=t - ‘L'/,) /m(l — et T+ €2Bhiv(t)12(t)

— (0950 + 93 + 2o + 1 + 05VGH(0) T (1),

§DX L (1) = S;(0)Bia(1) + 2 I (1) + Q2 G (D) (1)
- vlfh( ) /m( )

(o + "+ 0G0 ),

o(r)

=hHlt—7)(1 - V)V*(l‘ — 1) T
_ (6”,,“1(’ (1 —0 )OCZY uy([)) Y;;(t)7

0
0D, Y,(1)

* . . (0,
gD Am/m( ) C ’)I:;/m( ) + vlfh(t - Th)Ahiv(Z - "

E e
— (157 + 810 1o ") Ay (1),

gD A}:I\( ) = “Zit)[/:iv(t) hn( )Q3 G;( ) + ¢M(I)Ai*nhn( )

- Vth( ) /uv( ) (:“Z(’ + 60((’) /uv(t)7

SDIN () = 420 — 20T (1) — ON; (1),

15,0 = Az

m

— [0S, (1) = 1 S5 (1),

(" + )1, (0).
(1)

o(t)
‘E,11)€7ﬂ"’ Tm __

SDX L (1) = fou(t — ) S (1 —

5. Numerical methods for solving VOFOCP

In this section we consider two methods for solving VOFOCP.
These methods are GL-SFDM [38] and GL-NSFDM [34.37]
and for more details about the rules for the construction of
NSFDM see [40]. Conserning the convergence of the NSFDM,
we refer to this referance [46].

The nonstandard differences approximation of Caputo
operator in (1) is given by the Griinwald-Letinkov’s approach
as follows:

- o(r)
£D1"x(0), =

1 n+1
) Xp1 — E WiXnt1—i — qup1X0 |

i ((b(Al‘)x(’) —
(22)
where
w; = (71)[71 (d(lt) ) ,wp = a(1),
i—oc(r) )
qizm,z: 1,2,3,....,n+1.

The coordinate of the each mesh point is:

t,=nAt, n=0,1,2,3,... N,
where

timl
hi= At =22

N )
where N is a natural number, ¢4, is the final time and % is rep-
resented the step size.

Now by using the relation (22) we obtain the following GL-
NSFDM [37,34] for system (3). Since each of these equations is
linear iIl Nhn+1 ’ Shu+l ) th+l ’ 1hn+1 Imhiv,,ﬂ ’ I/’f"nﬂ ’ Yhu+| ) A"’hi"nﬂ ’
Apivyrs Nonpyy s Sm,, and I, ., after some simple calculations,
we have the following explicit soluations:
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Niy., = CEY D) Aphivg., =
+ ()™ 1, 1+ ¢(h ) /“th )+ 4)3 +T°‘h, ‘Hﬁé
< () (4, =i (1, + 1,01"G, = (1 = 02) Y, ) x <¢(h>°‘“> (25 i, (1) + v, (1 = )
= L, — (w,“,ﬁf +¢5ﬁ’>)Amhivn(z) - éf}”A,,,-vn(t)) X Ay, (1 = T)e " — g )
n+1 n+1
+ ZwiNh,,Hﬂ + QnHNh (0)7 + ZI:W’A’”/T"VM?; + qn+1Amhiv(0) )
i=1 =
1
1 Ah"VnH
S = ( L+ 9" (vofy, (0 + 1" + 53
1+ ¢(h) (;4,1 + By, (1) + th>
" <¢(h)a(r) (“zy)lhivn (t) + Qg(l) Gh]hivn (t) + ¢§(1)Amhivﬂ (t)>
x <¢(h)“<’> ((1 = P) A" + 15 (1, (1) + 0, Y, (1)) + 0 Vh”(t))
n+1
w1 +Z” A,y (1) + Q1 Aniv (0)>
i=1
- 1
i T gy
th+1 = , n+l
L+ g™ (00 + 15 +£,(0(1 =) H COMCHEL-RAORD DTSORY A ZO)
n+l1
X ((j)(h)x(t)PA: + Zw,. | V,,(O)) , 1
i=1 Sm” =
g (f )+ )
I”m — 1 n+1
49 (B, () + (110 + o+ 157) + 0176 x | p(n)y 4 +Zw St (0) 4 1S (0) |
y n+l
x (¢<h>“”( W= TS (= 5) x ")+ wi,., + q,,+11/,(0)>-,
= 1
Imn+1 =
1 + ¢(h) <,Um + (xm )
I 1
mhivyyy = J (1 o (1)
1+ p(h)" ( i)+ foc,,] il 4 oH0 /z) X <¢(h) (0 (fm”(l — 1) Sy, (£ = Tp)e " (),
a(r) _ ) _ *lf,wm ) n+l1
g (d)(h) (VLﬁI”(t ‘Ch) ) I,”v”(t Th)e / - EZB/““”(I)I/I(Z?) + ZW Im,, 1—i + anrII (0)> (23)
n+l1
+ 2‘4’zlnlhzv,,H 9 Imhiv(o)> s
= 5.1. Stability of GL-NSFDM
[ 1 In this section we will prove that the GL-NSFD approxima-
kit 1+ ¢(h)" (Vlfh,,(’) 4 a;ir) + Hz(f) + Q;U)Gh) tion is stable. Let us consider a test problem in the following
form:
" (‘ﬁ(h)““’ (B (050, () + 3" Lo, (0 + O3 Gl ) €D 3(1) = Egy(s) + Evyl — i), 1> 0, (24)
- Ey < Eo, y(1)=0(1), 1€[=d:,0], y(0) =y,
+ ZVVI-IIN-V,H,I,I' + anr[ Illiv(o)> ) 0
i=1 such that 0 < o(z) <1, E; < 0 is a constant and 0(¢), is conti-
nous and bounded function.
1
Yy, = ) Theorem 5.1. The GL-NSFD (22) is stable and consistent

1+ ¢(h)1(t)( i 4 (1= 02)e” + )

X <¢(h)a(z) (fh,,(f — ) (1 =)V, (t — T;,)e’“;m’h>

n+l
+ ZW’[ Yhnﬂ—f + q)1+1 Yh(0)> ?

i=1

when applied to the test Problem (24) for all r > 0.

We assume that the approximate solution of (24) is of the
form y(z,) = y, = &,, then (24) can be reduced to

n+l1
ha(, <£n+l Zluiérwl—[ - qi-HéO) = EOfn + El én—n
i=1
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or GL-NSFDM and GL-SFDM are used to solve the state sys-
tem (21). Then by using the implicit finite difference method
[36] we will solve the co-state Eqs. (29) with transversality

n+l1

Gt = PVE, + WOE G, Y i+ a1&, n > 1.

=1
Since

w=a(t) <1, E <0,

and

0<q <qgi<...... <q1:l"l—1a(z)’

then

¢ < o, (25)
ntl

én+1 < h“(')EO + hy(t)El én—r + én + Z:u[én#rlfh n < 1 (26)

=1
Thus, for n = 1, the inequality (26) implies
& < a(t)Eoly + MVE &, + é + mé

< (D Eo + w)ér + .
Using the relation (25) and the positivity of the coefficients
Eo, 1, 1ty and o(1) we get
& <4, (27)
Repeating the process, we have from (26)

n+l

it SHVEE, + RPVE G, .+ ) i < & (28)
i=1

Thus,

én+1 < én < énfl < 6;172 < < 607

with the assumption that
S = " <& =D

which entails |[y"*']| < [)°]|, so that we have stability.
6. Numerical Simulations

In the following, numerical simulations of the proposed model
(3) with and without optimal control are presented. All values
of the parameters are given in Table 2. Throughout this section
we used different values of «(¢) and ¢ (/). The initial conditions
are given as follows: N, =430,S,(0) =300, V,(0) = 100,
1,(0) =5, Luin(0) = 5,1, (0) =5, Y,,(0) = 5, A i (0) = 5, A4, (0) =
5, N, (0) = 450, S,,(0) = 430, 1,,(0) = 20 two methods;

Table 3 Comparison between GL-NSFDM and GL-SFDM
when 4,4 = 1000 for different value of /4 and
o(r) = 0.8 — 0.00017.

Table 4 Comparison between the values of the cost functional
using GL-NSFDM with and without controls cases and
T; = 100 with ¢(h) = ¢" — 1.

h GL-NSFDM GL-SFDM
0.1 Convergent Convergent
1 Convergent Convergent
Convergent Divergent
10 Convergent Divergent
20 Convergent Divergent
50 Convergent Divergent

(1) J(G;, G, Gy) with  J(G:, G, G;)  Reduction
three control without control
0.7-(0.001) t 1.4163e+ 04 3.0360e + 04 53.35%
0.7-(0.008) t 1.5872e+ 04 4.6042¢ + 04 65.53%
0.7-(0.002) t 3.4657e+03 4.1867¢+ 04 91.72%
0.9-(0.008) t 3.7568e+03 7.1097e+ 04 94.72%
0.7-(0.003) t 5.1003e+03 5.2077e+ 04 90.21%
t)08
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Fig. 1 Numerical simulations of A, at (a) «(f) = 0.8 and (b)
a(t) = 0.8 — (0.001/100)¢ with B, = 0.01 and G, = G, = G, =0
using GL-NSFDM..
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conditions (11). Table 3 reports the convergence behavior of computational time. Table 4 shows the comparison between
the solution by using GL-NSFDM and GL-SFDM when the values of objective functional using GL-NSFDM with
o(f) = 0.8 — 0.0001z. We can conclude from this table that  and without controls cases and T, = 100.

GL-NSFDM is convergent for large 4 while GL-SFDM con- We show in Fig. | in uncontrolled case that, the effect of
verges only when /4 is small. So, GL-NSFDM can save the the parameter v, which is the susceptibility to malaria of

without control
[ Iwith three control

(b)

'without control

[ Jwith three control
100

80

60

1,(0

40
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200

t
Fig. 2 The individuals infected with malaria with e

B, =0.05v=100 , G,,G,G,=0 at (a) a(t)=09, (b) Fig. 4 Numerical simulations of I, with y =2 and B, = 0.05
o(t) = 0.9 — 0.002rusing GL-NSFDM.. at (a) a(r) = 0.6 (b) a(¢) = 0.6 — 0.008using GL-NSFDM..
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Fig. 3 Numerical simulations of the individuals infected with HIV/AIDS with =3 and B;, = 0.05,v, = 100 at (a) o(7) = 0.7, (b)
o(t) = 0.7 — (0.01/100)¢,using GL-NSFDM..
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individuals showing symptoms of AIDS. It is shown that when
v, increases; the number of HIV infected individuals showing
symptoms of AIDS decreases. Also, when we use the variable
order fractional «(z) = 0.8 — (0.01/100)¢ means the memory in
the model is described by a decreasing function so the model
behavior is slower with time. Fig. 2, explains how the behavior
of A, is changing at «(z) = 0.9, o(r) = 0.9 — 0.002¢ using
the proposed method in uncontrolled case. Also, we noted
that when we use the variable order fractional o(7) =
0.9 — (0.002)7 the memory is described by a decreasing func-
tion so the model behavior is slower with time. Figs. 3-7,
shows the behavior of I, I;;, and I, in cases of control and
without control at different values of «(r). These figures
demonstrate that in case of without control, the number of
the population of infected and asymptotically infected are
increasing, while the number of these population are decreas-
ing in controlled case. Fig. 8, show the behavior of I, I};
and I,;, in the control case with different values of o(r).
Fig. 9, shows the behavior of approximate solutions for the
control variables at o(z) = 0.7 — (0.001)z. Table 5 reports the
values of objective functional using GL-NSFDM and GL-
SFDM, we noted that the result which obtain by
GL-NSFDM is better than the result which obtain by GL-
SFDM. Moreover, Table 6 shows the comparison between

without control
[___Jwith three control

without control
[ Jwith three control

[C—Jwith three control
&2
2000
1500 2000
1000 1500
1000
500 500
o o t

Fig.5 Numerical simulations of I, Iy, Iniy with y = 3, B, = 0.05
at a(f) = 0.8 — 0.01sin(nt) using GL-NSFDM..

the values of objective functional using different ¢(h) and
o(t), we noted that the results which are obtained by
¢(h) = 3(e" — 1) is the best results.
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simulations  of
Y =3,B,=0.05and () = 0.7 — (0.001)7 using GL-NSFDM..
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!without control 14 ki T T T T X L i J
[ Iwith three control — o (t)=1
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Fig. 7 Numerical  simulations  of ) Ly Lyivs Tniv -~ with Fig. 8 Numerical simulations of 7, I, Iy using GL-NSFDM
Y =2,B,=0.05 and «(f) = 0.9 — (0.008)7 using GL-NSFDM.. at different a(7) in the control case..



Optimal control for variable order fractional HIV/AIDS and malaria mathematical models 3159

Fig. 9 Numerical simulations of the control variables at o(f) = 0.7 — (0.001)¢ using GL-NSFDM..

Table 5 Comparison between the value of cost functional
using GL-NSFDM and GL-SFDM with T7,=50 with

d(h) = 0.0001(e" — 1).

are presented in this model to minimize the number of I, I;;,
and 1,;,. Necessary optimality conditions are derived. GL-
NFDM is constructed to study the behavior of the proposed
model. Special attention is given to study the stability of the
proposed method. It was shown that this method has good sta-

A GL-SFDM GL-NSFDM bility properties. Some simulations are presented to support

1 1.3490e + 04 8.3440e +03 our theoretical findings. It is concluded that, the proposed

0.99-(0.001) cos(xt) 1.3124e +04 7.0247e+03 dynamical model is more suitable and more general to describe

0.7-(0.001) t LtREnl 1.6399+03 the biological phenomena with memory than the integer and

BLi00Ee)) IEe==0% ItoesH fractional order model. Also, the combination of variable
0.9-(0.008) t 2.5034e + 04 5.4049¢ + 03

7. Conclusions

order fractional derivative with time-delay and optimal control
in the model improves the dynamics and increases complexity
of the model. Moreover, GL-NFDM can be applied to solve
such variable order fractional optimality systems simply and
effectively.
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Table 6 Comparison between GL-SFDM and GL-NSFDM with different ¢(%) , T, = 200.

(1) GL-SFDM GL-NSFDM GL-NSFDM GL-NSFDM

d(h) = (" 1) d(h) =3(e"— 1) ¢(h) = 0.0001(¢" — 1)
1 2.0099 + 04 1.4661¢+04 9.9821¢+03 1.2685¢ + 04
0.9 — 0.001cos(nr) 2.0722¢ +04 1.6621¢ +04 9.0524¢ +03 1.2700e + 04
1 — 0.15in(0.0081) 1.9277¢ +04 1.6509¢ + 04 8.3037¢+03 1.2717¢ +04
0.98 — 0.01cos(nr) 1.5019¢ +04 1.3107¢ +04 7.3999¢ +03 1.2740e + 04
0.9 — 0.005cos(nr) 2.0894c + 04 1.8938¢ + 04 8.6873¢+03 1.2707¢ + 04
0.98 — (0.0002/100)7 1.8923¢ + 04 1.6497¢ + 04 8.2780e + 03 1.2719¢ +04
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Appendix A. Appendix

The adjoint (co-state) equations given as follows:

Coln) e )
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