Hindawi

Journal of Function Spaces

Volume 2020, Article ID 4714032, 9 pages
https://doi.org/10.1155/2020/4714032

Research Article

Hindawi

Qualitative Analysis of Implicit Dirichlet Boundary Value
Problem for Caputo-Fabrizio Fractional Differential Equations

Rozi Gul,' Muhammad Sarwar ©,' Kamal Shah,' Thabet Abdeljawad ,>>* and Fahd Jarad’®

"Department of Mathematics, University of Malakand, Chakdara Dir(L), Pakistan

Department of Mathematics and General Sciences, Prince Sultan University, P.O. Box 66833, Riyadh 11586, Saudi Arabia
*Department of Medical Research, China Medical University, Taichung 40402, Taiwan

“Department of Computer Science and Information Engineering, Asia University, Taichung, Taiwan

®Department of Mathematics, Faculty of Arts and Sciences, Cankaya University, Ankara 06790, Turkey

Correspondence should be addressed to Muhammad Sarwar; sarwarswati@gmail.com

and Thabet Abdeljawad; tabdeljawad@psu.edu.sa

Received 16 June 2020; Accepted 23 September 2020; Published 23 November 2020

Academic Editor: Adrian Petrusel

Copyright © 2020 Rozi Gul et al. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

This article studies a class of implicit fractional differential equations involving a Caputo-Fabrizio fractional derivative under
Dirichlet boundary conditions (DBCs). Using classical fixed-point theory techniques due to Banch’s and Krasnoselskii, a
qualitative analysis of the concerned problem for the existence of solutions is established. Furthermore, some results about the

stability of the Ulam type are also studied for the proposed problem. Some pertinent examples are given to justify the results.

1. Introduction and Preliminaries

The concerned area of fractional order differential equations
(FODEs) have many concentrations in real-world problems
and have paid close attention to numerous researchers in
the past few decades [1-5]. The mentioned area has been
studied from several aspects, such as the existence and
uniqueness of solutions via using the classical fixed-point
theory, the numerical analysis, the optimization theory, and
also the theory of stability corresponding to various frac-
tional differential operators like Caputo, Hamdard, and
Riemann-Liouville (we refer few as [6-9]). In the aforemen-
tioned operators, there exists a singular kernel. Therefore,
recently some authors introduced some new types of frac-
tional derivative operators in which they have replaced a sin-
gular kernel by a nonsingular kernel. The nonsingular kernel
derivative has been proved as a good tool to model real-world
problems in different fields of science and engineering [10,
11]. In fractional, it is called nonsingular exponential type
or Caputo-Fabrizio fractional differential (CFFD) operator.
The CFFD operator introduced two researchers, Caputo
and Fabrizio for the first time in 2015 [12]. They replaced

the singular kernel in the usual Caputo and Riemann-
Liouville derivative by an exponential nonsingular kernel.
The new operator of this type was found to be more practical
than the usual Caputo and Riemann-Liouville fractional
differential operators in some problems (see some detailed
references such as [13-15]). Recently, many researchers have
studied the existence and uniqueness of the solutions at the
initial value problems for FODEs under the said operator.
But the investigation has been limited to initial value prob-
lems only. On the other hand, boundary value problems have
significant applications in engineering and other physical sci-
ences during modeling numerous phenomena (we refer to
see [16-19]). Furthermore, during optimization and numer-
ical analysis of the mentioned problems, researchers need
stable results from theoretical as well as practical sides. A sta-
ble result may lead us to a stable process. Therefore, the
stability theory has also got proper attention during the last
many decades. It is well known fact that stability analysis
plays an important role. Various stability concepts such as
exponential stability, Mittag-Lefler stability and Hayers-
Ulam’s stability have been adopted in literature to study the
stability of different systems of FODEs. The analysis of
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Hyers-Ulam’s stability has been recognized as a simple form
of investigation. For historical background on the stability of
Hyers-Ulam, we refer to see previous articles [20-23]. But
recently, that type of problem has not been adequately stud-
ied for a new type of CFFD operator. Therefore, in this work,
we will investigate an implicit class of FODEs involving the
CFFD operator under DBCs

IDUz(w) = f (w, z(w),. ' Dhz(w)), 1 <p<2,we ¢ d),
{ z(c)=0,z(d)=0andc¢,d €R,
(1)

where “fD is used for CFFD and I = [c,d], f : IXRxR—R
is a continuous function. In this article, we investigate
uniqueness and existence of solutions to the proposed prob-
lem (1) by classical fixed-point theorems due to Banach’s and
Krasnoselskii. Further, we investigate some pertinent analysis
about the stability theory due to Ulam, and Hyers is investi-
gated for the mentioned problem (1). For the authenticity
of the presented work, two concrete examples are also
studied.

Throughout the paper, C[I, R] is a Banach space with
norm |[z[} = max,,¢f|z(w)].

Definition 1 (see [24]). For any z(w) € C[I, R], we defined the
derivative of Caputo-Fabrizio for nonsingular kernel as

CFDE 2 (w) = 11)(%” ) e, )

c

where D(p) > 0 is the normalization function with D(0) = D
(1) =1 satisfying.

Definition 2 (see [24]). The integral of Caputo-Fabrizio for
nonsingular kernel type is given by

Thetw) = )+ g | A0k @)

where “FI is used for Caputo-Fabrizio integral operator.

Definition 3 (see [25]). Let n<pu<n+1 and f be such that
" € H'(c,d). Set a = u — n. Then, a € [0, 1] and we define

DL (w)= FOD ) (w),

DL f (w)= DL (w), (4)
ST (w)= LT (w).

cTwc

Lemma 4. For z(w) defined on [c,d] and p € [n,n+ 1], for
some n € N, we have

CFyu CF
c Iﬁc DZ)Z(LU)=Z(UJ)— Z
k=0
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2. Results and Discussion

In this part, we investigate the solution of the proposed prob-
lem (1) and also study the uniqueness and existence of the
solutions.

Lemma 5. The solution of

Dl z(w) =y (w), I <u<2wecd), ©)
z(c)=0,z(d)=0and c,d €R,
is given by
__ 2-pw=q) [
=G, 1O
p-lw-c) (4
- —apr—p | @-O¥(O)dC
=01, )
" Dlu —#I)J o)
+ 13?#;—11) Jw (w-)¥(Q)dl.

Proof. Let z(w) be a solution to problem (6). Applying
Caputo-Fabrizio integral on both sides and then using
Lemma 4 and Definition 3, we have

P Dl 2(w)= LY (w), (8)

which implies that

zZ(w)=¢y+¢(w-c 2o "
@)=+ aw=+ 5ot vOE )
+ D‘(‘M;_II)J (- )W),
Using boundary conditions z(c) = z(d) = 0, we have
=0,
I Y
= amn), V0% (10
_ d
- WMJ (d-Q)¥(¢)d.
Putting ¢, ¢; in (9), we get
__ 2-p(w-o)
)=~ ), YO
-l(w-¢) [*
- s |- orw "
' D:(ZM_—FI) J RCE

+ D[(:-ll) Jw (W= )P (Q)dl.



Journal of Function Spaces

For simplification, use some notations; we use G, = (2
- w)/D(u—-1),G;=(u-1)/D(u—1) and give the solution
of (1) as bellow.

Corollary 6. In view of 6, the solution of the considered prob-
lem (1) is given by

+6 [ w-ty (c 20 DY(0)) .

c

(12)

Further, for the existence and uniqueness of the solution of
problem (1), we use some fixed point theorems. For this, we
need to define an operator as N : C[I, R| — C[I, R] by

G(w

Vi) = - O [ (6.0 ga0) )k

*(w

Sarere )L (@~ 0)f (& 2(0).ID=(0) )t

+ GHJ
i e

wf CFDM (())dc

LG 2(0), CFD*gz(c))dc.

(13)

To proceed further, using Corollary (6) to convert the pro-
posed problem (1) is to a fixed point problem as Nz(w) = z(w),
where the operator N is given by (13). Therefore, Problem (1)
has a solution if and only if the operator N has a fixed point,
where Mw) = f(w, z(w), Mw)) and Mw)=FDyz(w). We
assume that

(H,) There exist certain constant Dy>0 and 0< Ep<1,
such that

(14)

|f(w, z(w), Mw)) = f (w, 2(w), A(w))]
<Df|z(w) zZ(w |+Ef|A w) - ()

forall z,Z,A, L € R.

Theorem 7. Under the hypothesis (H,), the mentioned prob-
lem (1) has a unique solution if

(2G,(d-0) - Gy(d - ) =L <1. (15)

Proof. Suppose z(w), z(w) € C[I, R], we have

3
INZ(w) - Nz(w)| < Géui ;)C) Jd Q) - A(0)|dg
G (w-c¢) d - s
| @0t
+GMJ M(C)—X(()ld(
+6; (w0 -2
(16)

where M(w), A(w) €
(w)) and A(w)=f(w,

(H,), we have

CII, R] are given by AM(w) =f(w, z(w), A
Z(w), M(w)) by using hypothesis

Mw) = Mw)| = |f(w, 2

< DyJz(w >

w), A(w)) = f (w, 2(w), A(w)) |
zZ(w)| + Ef|/\(w) - i(w)‘.

(17)

Repeating the above process, we get

Using (18) in (16), we have

[Nz(w) - Nz(w)| <

D
Gulw =€) = [#(w) ~2(w)

G (w—rc)(d-c) f
- g ) 2w

Dy _
+Gu(w=0)q “E |2(w) —2(w)]
_Guw-¢® Dy |

> E zZ(w) - z(w)].

(19)
Applying maximum on both sides, we have

max|Nz(w) -

wel

Dy
< max Gﬂ(w—c)1 E

wel

Nz(w)|




Thus, operator N is a contraction; therefore, the operator
N has a unique fixed point. Hence, the corresponding prob-
lem (1) has a unique solution.

Our next result is to show the existence of the solution to
the proposed problem (1) which is based on Krasnoselskii’s
fixed-point theorem. Therefore, the given hypothesis hold.

(H,) There exist constant py, g7y >0 with 0<rp<1

such that
f(ws z(w), A(w))| < pj +gslz(w)| + re|A(w)]. (21)

Theorem 8 (see [26]). Let H € C[I, R] be a closed, convex non-
empty subset of C[I, R]; then, there exist N,;, N, operators such
that

(1) Njz;+N,z,€H forallz;,z, € H

(2) N, is a contraction, and N, is compact and
continuous

Then, there exist at least one solution z € H such that N,
z+N,z=z.

Theorem 9. If the hypothesis (H,) is satisfied, then (1) has at
least one solution if

0e <4GM(d—c)-G;(d-c)2> D;

2

Proof. Suppose we define two operators from (13) as

- d
Nz(w) =~ Gz‘c(;i C)C) J AQ)d¢
G (w-c) (4 w
S J (d-OAQ)L + G#L MO

(23)
Let us define a set F = {z € C[I, R]: ||zl|<r}, since f is con-
tinuous, so we show that the operator N, is contraction. For

this z, z € C[I, R], we have

INyz(w) = Nyz(w)

w—oc) 4 B
%J A©) = A(E) |
Gu(w=o) : (24)
" %J (d=0)ME) = A©) |

+ GMJw Q) - AL,

using (18), and then taking the maximum on both sides, we
have
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IN12(w) = Ny z(w)|
D, )
< 2G#(w -c) - E, |z(w) - z(w)]
G(w-c)(d-¢c) D
- Gl 2)( )l_fEf|z<w>—z<w>|

max|N,z(w) - N,z(w)|

wel

wel

< max <2Gﬂ(w ) ] l_)fEf z2(w) - Z(w)|>

B 4G (d—c)—G*(d—c)2 D B
||le—N1z||s< e -2

Hence, N, is contraction. Next, to prove that the operator
N, is compact and continuous, for this z(w) € C[I, R], we
have

Naelw)] =163 (=002 63| -0,
(26)
where A w)€eR, A w)=f(w, z(w), Mw)); now, using
hypothesis (H,), we have
A(w)| = If (s (), Aw)), )
<prtgslz(w)] +reA(w));
repeating the above process, so we get
+
)< § = a(w) (28)

Now, using (28) in (26) and then taking the maximum on
both sides, we have

Nyz(w)| s 4279 (p /- ff> 2w)
f

Gi(w-c)?
r{j’;‘}quz(w)ISmax( ol 5 ) <pf+qf>|2(w)|>

wel 1- rf

Guld =<’ (py+4
Nz s o [LL | |2].
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Which implies that

G (d-c)? +

IN,z|| < WO (Prrar) g (30)
2 2 1-r
f

Therefore, N, is bounded. Next, let w, < w, in I, we have

IN>2z(w,) — Nyz(w,)|

G;sz (w, ~ DAL G;fl (w, - C)/\(C)dc‘

C

(w; = OA(E)dC]

w,y

-16;[ " (w - Dr@ + G|

C

<G, (sz(wz—C) IA(C)|d<:+J (w, =) |A(()|dc>.

(31)

w,

Now, using (28) in (31), we have

IN,z(w,) — Nyz(w )|
o 32
L A

l—rf

Applying maximum on right-hand side of the above
inequality, we take

IN>z(w,) = Nyz(w,)|

o
<5 (pf—(ﬁ max|z(w)|((w; - ) = (w; - ¢)?)

o

) TM (plf_;rqff> Il ((wl - C>2 - (w, - 5)2)
G .

= (p{izf ) (101 -2 - (w, =)

(33)

Obviously, from (33), we see that w, — w,; then, the
right-hand side of (33) goes to zero, so |N,z(w,) — N,z(w,)
| >0 as w, - w,. Hence, the operator N, is continuous.
Also, N(H) c H; therefore, the operator N, is compact, and
by the Arzela-Ascoli theorem, the operator N has at least
one fixed point. Therefore, the mentioned problem (1) has
at least one solution.

3. Stability Theory

In this portion, we develop several consequences concerning
the stability of Hyers-Ulam and generalize Hyers-Ulam type.
Before progressing further, we provide various notions and
definitions:

Definition 10. The proposed problem (1) is Hyers-Ulam
stable if at any € > 0 for the given inequality

1" D z(w) - f (w, 2(w),"DEz(w))| <& forallw € I, (34)

there exist a unique solution z(w) with a constant K, such
that

|z(w) - z(w)| < Kje, forallw e I. (35)

Further, the considered problem (1) will generalize
Hyers-Ulam stable if there exists nondecreasing function
¢ : (¢,d) — (0,00) such that

|z(w) - Z(w)| < K;¢(e), forallw € I, (36)

with ¢(c) =0 and ¢(d) =0.
Also, we state an important remark as:

Remark 11. Let there exist a function y/(w) which depends on
z € C[I, R] with y(c) =0 and y(d) = 0 such that

ly(w)| <& forallwel,
D 2(w) = f (w, 2(w),FDE 2 (w)) + y(w), forallw € I.
37)

Lemma 12. The solution of the given proposed problem

DY z(w) = f (w, z2(w), Dl z(w)) +y(w), forallw €1,
z(¢)=0,2(d) =0.
(38)

G,(w-c¢) 4 Gi(w-c¢) 4

c(w) == 020 a2 - oro
G,(w-¢) 4 Gi(w-c¢) 4

- I ywar- 22 a-owoa

+ Gﬂjw MO + G;Jw (w=OAQ)dL + GMJw v(Q)d

c

+ G;Jw (w=Q)y({)dl, forallw €1,

c

(39)

where G, =(2-p)/D(u—1), G,=(u-1)/D(u-1), and
Mw) = f(w, z(w), A(w)). Moreover, the solution of the given
inequality, we have



6
G,(w-c¢) 4 G (w—-c¢) (4
)~ [ - 22 a-opoa
+G, J Qe + G;Jw (w- {)A(C)d{} ‘ (40)

Proof. The solution of (39) can be acquired straightforward
by using Lemma 5. Although from the solution, it is clear
to become result (40) by using Remark 11.

Theorem 13. Under the Lemma 12, the solution of the pro-

posed problem (1) is Hyers-Ulam stable and also generalized
. « 2

Hyers-Ulam stable if (2G,(d - c) - G, (d - ¢)°)(Dy/(1 - Ey))

<lI.

Proof. Let z(w) € C[I, R] be any solution of the considered
problem (1) and z(w) € C[I, R] be a unique solution of the
said problem; then, we take,

. GHJ?K({)d( . G;J'Cw(w - ()K(()d{} ‘
) [0 [
d

jw—ouoa

G (w-c¢)
(d=¢)
" G[,J AQ)dL + G;J (w- ())L(()d(}

_Guw=c) (? _Guw-q
[ [row- S [

N GHJ'WA(c)dc N G;J'w(w _OAOK

~ _GCM(w—c) d_ _G;(w—c)
R RO e

IN

e RURGT

+6,[ A+ G;J:U(w - C)A(()d(} ‘

c

G,(w-c¢) 4 3
=g ) Mo-Ao
u

Gl = (g -1
| -0 -1l
+GMJ Q) -X(c)|dc+G;J (w-)MO) - Q)|

(41)
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Using (40) and (18) in the above inequality, then taking
maximum on both sides, we have

l2(w) - Z(w)| < Z(Gy(d— ¢)-G'(d- C)Z)e

Hence, from the above inequality, we have

Z(Gﬂ(d— ¢)-G;(d- c)z)e

1-(26,(d- )~ G(d- ) (Dy/(1-Ey))

Iz -2 <

(43)
Therefore, the solution is Hyers-Ulam stable. Further, let

K, - 2(G,(d—-¢)-Gi(d-c)’) ()

- (2cﬂ(d ~0)-Gy(d~ c)z) (Dy/(1-E;))

and there exist nondecreasing function ¢ € C((c, d), (0, 00)).
Then, from (43) we can write as

lz— 2l < k(). with §(c) = 0, §(d) =0.  (45)

4. Examples of Our Analysis

In this part of our analysis, we justify certain obtained results
through some counter examples which are given below.
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Example 14. Suppose, we take the boundary value problem of
implicit type as

w®  cos [z(w)| + cos D} z(w)|
+

CFpyl/3 _w
c Dw Z(IU) - 55+ w3 € [O, 1],
2(0) =0, z(1)=0

(46)
Clearly, c=0,d=1 and f(w,z(w), Mw)) = (w?/35) +

(cos | z(w)|+cos|FDY2A(w)|/55 + w?) is a continuous func-
tion for all x € [0, 1]. Further, suppose that z,z, A, A € C[L, R];
then, we consider as

|f (w, 2(w), Aw)) - f (w, Z2(w), A(w)) |
_ wf3 , cos | z(w)|+cos|CCFD}U/3)t(w) | w’
35 55+ w3 35

cos | z(w)|—cos| ' DA (w) |
55 + w? ’

cos |A(w)| - cos |A(w)]

_ |cos |z(w)| - cos |z(w)|‘ N

55+ w3 55+ w3 ’
(47)
which implies that
|f (W, 2(w), Aw)) = f (> 2(w), A(w) ) |
(48)

< %(|z(w) - z(w)| + [A(w) = A(w)]).

Since from (48), one has Dy =1/55,E; = 1/55, and y=1/3.
Further, also consider

w? , cos| z(w)|+cos| "D A (w) |

bl b A’ =
(1, 2(), A(w))]| = |52 e
w3 cos | z(w) | cos|CCFDllv/3)t(w) |
- 35 55+ w3 55 + w?
1 1
<=+ = —|A
< 55 + 5 0)] + g A
(49)

Therefore, p,=1/35, q;=1/55,r;=1/55. and G,=1/3,
G; =1/3,c=0,and d = 1. Then

(26.(d-0) - Gy(d-c?) (11_)—1‘%> - % <1 (50)

Therefore, the conditions of Theorem 7 are satisfied. Thus,
the problem (46) has a unique solution. Further, we need to
satisfy some conditions of theorem (9).

4G, (d-¢)-Gi(d-¢)*\ D
o< (2Guld=9)~Culd=0) oL s
2 1-E 18

Hence, the conditions of Theorem 9 also hold. Therefore,
(46) has at least one solution. Furthermore, proceed to verify
the stability results; we see that

(26,(d-0) - Gy(d-cp?) (f—fE) =0370<1. (52)

Hence, the solution of the mentioned problem (46) is
Hyers-Ulam stable and consequently generalized Hyers-
Ulam stable.

Example 15. Take another boundary value problem of
implicit type as

P, () = w+ e . e sin |z(w)| . 3w? sin | ' DYz (w)| welo, 1]
¢ e 15 45+ w? 65 P
2(0)=0, 2(1)=0
(53)
Clearly ¢=0,d=1 and f(w,z(w), Mw))=((w+e*)/

15) + ((e* sin |z(w)])/(45 + w?)) + ((3w? sin | D7 A (w)))
/65) is a continuous function for all w €0, 1]. Further let
z,Z,A, A € C[I, R], then consider, we have

[f (w, 2(w), A(w)) - f (w, 2(w), A(w))|

Cw+ e . eV sin |z(w)| 3w’ sin [SFDY7A(w)|
15 45+ w? 65
w+e  sin z(w)| 3w sin|S DY A(w) |
15 45 + w? 65

3x
< mV(w) —zZ(w)|+

>

2 rw) - Aw)

(54)

which implies that the maximum on right side to the
above inequality, we have

| (w, 2(w), Mw)
< 4—15 z(w) - Z(w)| + — [A(w) —}_L(w)}.

=
g
IS
&
T
g

Thus from (55), one has Dy =1/45, E;=3/65, and
u=3/7. And also consider we have



|f (w, z(w), A(w))|

w+e  eVsin|z(w)|

3w? sin|CCFDi)/7A(w) | ‘

= +
15 45 + w? 65
. 2 in|CE3/7
B w+e| [ sin |z(w)]|  |3w? sin| "D A(w) |
| 15 45 + w? 65
1 3
—+ —|z + — |AMw)],
5t lFWl+ glAw)l

(56)

where p,=1/15, q; =1/45, r; =3/65, and then G, =1/200,
G, =1/150. Then

(26(d- )~ G(d - ) <11—)fEf> _ 16;100 <1. (57)

Therefore, the conditions of Theorem 7 are satisfied.
Thus, the problem (53) has a unique solution. Further,
we need to satisfy some conditions of Theorem (9), we
have

3 = <1. (58)

0- 4G,(d-¢)-Gy(d-)*\ Dy _ 13
1—Ef 83,700

Hence, the conditions of Theorem (9) also hold.
Therefore, (53) has at least one solution. Furthermore,
proceed to verify stability results; we see that

2G.(d 6r(d—o?) (-2 = 0.00007765 < 1
(26u(@-9 - Gd=e) | 7 | =0 <L

(59)

Hence, the solution of the mentioned problem (53) is
Hyers-Ualm stable and consequently generalized Hyers-
Ulam stable.

5. Conclusion

We have successfully attained several essential conditions
consistent to existence theory and stability theory for implicit
type problem of DBCs with involving Caputo-Fabrizio frac-
tional operator. By classical fixed point theory, we used some
fixed point theorem like Krasnoselskii’s fixed-point and
Banach’s contraction. Further, we studied certain stability
results of Hyers-Ulam and generalized Hyers-Ulam stability.
By appropriate illustrations, we have established the obtained
investigation.
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