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In this article, we introduce the notions of a soft inf-comparable contraction and soft comparable Meir-Keeler contraction in a soft
metric space. Furthermore, we prove two soft fixed point theorems which assure the existence of soft fixed points for these two types
of comparable contractions. The obtained results not only generalize but also unify many recent fixed point results in the literature.

1. Introduction and Preliminaries

It is the main feature of mathematical study to produce dif-
ferent methods and tools to perceive the behavior of systems
that we have difficulty understanding with known methods.
In particular, it may be necessary to deal with systems that
contain uncertainties and to use inaccurate data in different
situations. With this motivation, one of the mathematical
tools used to deal with the necessities of systems established
with uncertainty and to analyze the models created by the
uncertainties and uncertainties already existing in the data
is the Fuzzy Set Theory. Fuzzy sets were introduced by Zadeh
[1] for dealing with the uncertainties on its own limits.
Another mathematical tool to deal with the uncertainties is
the soft set that was introduced by Molodtsov [2]. In this
paper, we shall focus on the soft set theory. The topology
based on the soft sets was defined by Cagman et al. [3]. They
also considered the basic topological notions over soft sets.
On the other hand, a soft real set and soft real number were
proposed successfully by Das and Samanta [4]. Furthermore,
the same authors in considered the notions of a soft metric
and its topology, properly. After then, Abbas et al. [5] proved
a fixed point theorem by introducing the notion of soft con-
traction mapping over the soft metric space. Application
potential of the soft sets in various distinct research topics
is very rich and wide, for example, the smoothness of func-

tions, game theory, operation research, probability theory,
and measurement theory. For more details on soft sets and
application, we can refer to, e.g., [3, 4, 6-12].

As usual, R denotes real numbers and R*:=[0,00).
Furthermore, the letters Z,IN denote integers and natural
numbers, respectively. The symbol B(R) denotes the collec-
tion of all nonempty bounded subsets of RR.

We shall denote an initial universe 2. We set & as a set of
parameters. As usual, 2* denotes the collection of all subsets
of Q. For a nonempty subset S of 9, we consider a set-valued
mapping T : S — 22 for all 7 ¢ A with T(z) = ¢. We define a
pair (T, A) on Q as

(T,S)={(T(r),7): Te P}. (1)

Here, (T,S) is called a soft set [2]. The symbol &(Q2)
represents the collection of all soft sets on Q.

A soft set (T, S) on Q is called null soft [11] (respectively,
absolute soft set [11]) represented by, respectively, SifT'(7) =
(respectively,T(7) = S) for allt € S. We presume that (T, S;)
and (T,, S,) are two soft sets on Q. We define the intersection
[11] of the mentioned two sets above as a soft set (T5,S;),
denoted by (T,,S,) N7 (T,,S,) = (T3, S;), where S; =8, nS,,
and for each 7€ S;, T5(7) = T,(7) N T, (7). As expected, we
define the union of (T,,S;) and (T,,S,) [11] as a soft set
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(T;,S;), denoted by (T,,A)U™(T,,B)=(T,, C) where S, =
S, US, and for each T € S;,

(1), ifreS\S,,
Ts(t) =< T,(1), ifreS,\Sy, (2)
(1)U T,y (1), ifreS NS,.

We use the notation (T¢, &) to indicate the complement
[11] of soft set (T, %) on Q where T¢ : X — 2 is a mapping
given by T°(7) =Q\ T(7) for all 7 € 2.

A mapping T : P — B(R) is called a soft real set [13].
The symbol R* () is used to denote the set of all nonnega-
tive soft real numbers. If (T, &) is a singleton soft set, then it
is called a soft real number. Regarding the corresponding soft
set, soft real numbers will be denoted as ¥, 7, £, etc. In partic-
ular, 0 and 1 are the soft real numbers where 0(7) =0, 1(1)
=1 forall T € .

For two soft real numbers, for all 7€ &, we have the
following inequalities [13]:

Definition 1.

(1) The mapping ¢ : R* () - R*(P) is called soft
increasing, if

r<E=¢(r)<¢(1). (3)

(2) The mapping ¢ : R* () - R*(P) is called soft
continuous at a~€"R*(2), if for every y~>~0, there
exists 87>~0 such that 0<"X — a~<~¢ implies

$(X) —¢(a”)<y- (4)

Moreover, ¢ : R*(2) —» R* () is called soft continuous
at every point a of R* (%), then we call ¢ as a continuous
mapping.

A soft set (T, ) on Q is called a soft point [4, 14],
denoted by x, if there is a unique 7 € & such that T(7) =
{x} for some 7€ P and T(w) = ¢ for all we P\ {7}.

Definition 2 (see). Let X = (T, %) be an absolute soft set, and
let $9(X) be the collection of all soft points of X. A mapping
d: SP(X) x SP(X) — R*(P) is called a soft metric on X if
d satisfies the following conditions for all Xp o Xp Xy € X:

X%, 7)270,

(M1)d(
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(Mz)a(&;,&;) =0ifand only if x, =X,
(M3)d(x;,,x,) =d(x,, X, ),
(M), )< Ay ) + A, ).

The triple (X, d, %) is called a soft metric space, in short,
S.M.S.

For the sake of simplicity, we set ./ = (X, d, P).

Suppose . is a s.m.s. and y is a nonnegative soft real
number. A soft open ball with the center x, and radius y is
defined by B(x,,y)={y, € X: ;i(x:,yErN)Cf/}. Analo-
gously, a soft closed ball with center x, and radius ¥ is Bx,
Jl={y, € X 3(@,ye:”)s”)~/}. We set that a soft
set(F, P)is soft open inXwith respect tod if and only if all
soft points of (F, E) are interior points of (F, %).

In a soft metric space ./, a sequence of soft points {x, , }
is called convergent in ./ if there is a soft point y,~€~X such
that

lim d(x.,, 7,) = 0. (5)

n—o0

Furthermore, a sequence {x, ,}, is said to be a Cauchy in
M it

lim d(x;,,%,;) =0. (6)

i,j—00

Moreover, if each Cauchy sequence in X converges to
some point of X, then .# is called complete soft metric space.
Let = (Y,5, ") be another soft metric space. A soft
mapping (f,¢): # — N is soft continuous at a point
x,” € SP(X), if for each B((f, ¢)(X,), 7) of A, there exists

B(x;),8) such that
£ (B3),8) ) B((f 9)(%1), ). ?)

In other words, for every y~>"0, there exists >0 such
that d(x),y,7)<"8 implies that &((f,)(x), (fs@)(
x),7))<"y. Moreover, if (f,¢) is soft continuous for each
point of $9(X), then it is called soft continuous mapping.

2. Soft Fixed Points for the Soft Inf-
Comparable Contraction

In this section, we first introduce the notion of soft inf
-comparable mapping v : R* (%) - R*(%).

Definition 3 (see [15]). Let & be a parameter set and v : R*
(P) - R*(P). We call y a soft inf-comparable mapping if
it satisfies the following two axioms:
(y)y(r7)< 7 forall T € R* (%) \ {0} and y(0) =0,
(w)lim inf~ _y(7,”)<"7 for all 77>0.
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Lemma 4. Let y : R*(P) > R*(DP) be a soft inf-comparable
mapping. Then, lim,_ w"(T)=0 for all T>0, where y"
denotes the n-th iteration of y.

Proof. Let 77>~0 be fixed. If yj (7) =
we have

0 for some n, € N, then

Y (@) =y (Y™ (7)) =y(0) =0, (3)

which implies that

y"*(7)=0, forallreN. (9)
Thus, we conclude that
lim y"(7) =0. (10)

n—-0o0

If v"(77)>~0 for each n €N, then we take ¢, =v"(7),

and

O =¥ (1) =y (¥" (7)) = y(T,,), (11)

for all n € IN. By the condition (y,) of the soft inf-compara-
ble mapping y, we have that for all n € N,

Opnt1 =w<0n~)<~o’jn' (12)

Keeping (y,) in mind and considering that the soft
sequence{o,, }Hs bounded from below and also that the soft
sequence is strictly decreasing, one can find an v">~0 such
that

limo,=v. (13)

n
n—-00

We assert that v = 0. If not, suppose that v~>~0, then we
find

=limo,,, = hrn inf y(0,) = lim inf y(o,”)<™V, (14)
n—00

0,—V
a contradiction. So we obtain that lim,_, .y"(7) = 0.

We introduce the notion of soft inf-comparable contrac-
tion, as follows:

Definition 5. Let M be a soft metric space and let y : R*
(P) > R*(P) be a soft inf-comparable mapping. A map-
ping (f,¢): M — M is called a soft inf-comparable con-
traction if for each soft points x,, y, € SP(X),

d((f,9) (%) (f9) 7))
<y (max {d(%,5,). d(%, (£.9)(5). 45 (£ 0)5) } ).
(15)

Example 6. Set & =(R,d, P) where the soft metric is

expressed as

d,(p ) = max {p, 7}, d(x,) = | -y,
3 (16)
(%, y,) = gdw(P’ 7) +d(x, y),

with & =1[0,00), ¢(t) = (2/3)t for t € [0,00).
Let y : R* (%) - R* (%) be denoted by
.5
y@)="a (17)

and let f(x) = (2/5)x. Consequently, we find

A 9)(5) (9)(7) = (2x<2,3>},,§y(2,3>r> = 2 max {p.7) + 2kl

max {p, 7} + |x -y,
max Ll
p 3P x-
i 1) .3 1
Yoy Vame | =5 MAX T 3T o4

3 +1
= — — X[,
Has

1 3 1
) - EJ": 5T 5\}’\-
(18)

As a result, (f, @) forms a soft inf-comparable contrac-
tion on Z.

We say that a soft point x, € $Z(X) is a soft fixed point
of a self-soft-mapping (f, ¢) if (f, ¢)(x,) =x,.
Theorem 7. Let v : R* (%) —» R*(P) be a soft inf-compa-

rable mapping. Let (f,¢): M — M be a soft inf-comparable
contraction on a complete soft metric space M. Then, a soft

mapping (f, @) possesses a soft fixed point.

Proof. Let ;g; € SP(X) be given. For each n e NU {0}, we

put
A= (o)) =0 () oy 9

Then, we have for each ne N U {0}

d(x.xl) =d((ho) (=2). (o) (x2))

<y (max {a(e 2L )od (0 oo (522 ) 4

.00 (%)) ) = (5
st ) d(xat) )

(
'(

Since v : R*(P) > R*(P) is a soft inf-comparable
mapping, we can conclude that for each n € N U {0},

Zi(;g:,x:;lj)sw(d(xn 1, 57)) (21)



By induction, we obtain that

Ao )sy(a(eto ) ) v (a(e )
<y (a(2,).

(22)
By Lemma 4, we obtained that
1im£1<;¢“,32{11> =0. (23)

In what follows, we check whether the sequence {x” } is
Cauchy: for each &, there is n, € N such that if n, k > n, then

d (xf; , X0 ~> <& (24)

Suppose, on the contrary, that the statement () is false.
Then, there exists €7>~0 such that, for any r € N, there are
n,, k, € N with n, > k, > r satisfying that

(1) n, is even and k, is odd

() gl(x’;;r , x;‘;r DEN:

(3) n, is the smallest even number such that condition
(2) holds

By (1) and (2), we conclude that

~_~T7 k, n, o~ ~7 k. n,—2 ~ n.—2 _n,—1

< d(x%,xr;y >S d (x,kr,xnf2 +d Xr, X1,

r n-1 n ~ ~~ 7 n-2 n-1 r n,—1 T
+d<x,nﬂ,xT;’ )S 8+(7l(xrnﬁz,xfnri1 +d Xr, > %r, |-

Letting r — 00, we obtain that

lim,_,_.d (x’ﬁ;r X ) =z (26)
On the other hand,

~_~"7 /k:I n—-1~ ~7 /kt—/l /717—3 5 n-3 _n,-2

< d(kaH,xTLFI <d X o Xt +d Xr, Xt
w2 p1~\ o= 3 03 n2 ~( n=2 n-1
+d(x,ﬂr72,xf;ﬁl )S e+d(x1n'73,xfnriz +d Xr, o Xr, |-

(27)
Letting r — 00, we obtain that
lim, . d (xl;'cy__l1 X! _11) =z (28)
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By the above arguments, we obtain that
(k) =a(oton (o (x0))

- ~f k-1 n-1
< 1//<max {d<xrk,_1’xrn,_1)>d

Taking lim,_,  inf, we get €”<"¢&. This implies a contra-
diction. So the sequence {x" } is Cauchy.

Since ./ is complete, there exists x* € X such that
9?;’:—>x~jasn—>oo, (30)

that is,

gi(fcf,f*)%(_)asnﬁoo. (31)

T

Notice also that

<y (max {a(3, 5 ) (a0 ). d(%5 (1.0 (%)) )

(32)

Taking n — oo, we get that

d( (o) (%)%
<y (max {0,0..d (% (f.9) (%) ) })+0<d((fr ) (%2). 5%,

and this is a contradiction unless d((f, ¢)(x*), x*) = 0. Thus,
(f>@)(x;) =X} completes the proof.

Example 8. Consider Example 6. All hypotheses of Theorem
7 are fulfilled. Thus, we can conclude that 0, is a fixed soft
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point of the soft inf-comparable Meir-Keeler contraction

(f> ).

3. Observation on the Soft Comparable Meir-
Keeler Contractions

We start this section by recalling the Meir-Keeler contraction
in the standard setting.

Definition 9. (see). A self-mapping g on a metric space (X, d)
is called a Meir-Keeler contraction if the following is fulfilled:
for any # > 0, there is y > 0 such that

n<d(x,y)<n+y=d(gx,gy) <n forallx,yeX. (34)

The mapping ¢ : R* () x R*(P) x R*(P) - RY(P) is
said to be soft comparable, if the following two axioms are
fulfilled:

(¢,) ¢ is a soft increasing and soft continuous function in
each coordinate

(4,) for @ € R* () \ {0}, p(@
,w;) =0 if and only if w; = w, = w; —O

Now, we introduce the notion of soft comparable Meir-
Keeler contraction.

W) <@, and $(wy, w,

Definition 10. Let ¢ : R*(P) x R*(P) x R*(P) - R*(P)
be soft comparable. A self-soft-mapping (f, ¢) on a soft met-
ric space ./ is called a soft comparable Meir-Keeler contrac-
tion if for each soft real number #~>"0, there is y~>~0 such
that

1< ¢(A(E5,). (% (19)(%) ). d(7 (F.9) (1) ))

<+ =d((f9)(%): () (7)<
(35)

for each soft points x}, y, € SP(X).

Example 11. Set % =(R,d, %) where the soft metric is

expressed as

dy(p, 7) =max {p, 7}, d(x,y) =[x = y|,

d(%,,77) = dy(p7) +d(x, ),

with & = [0,00), ¢(t) = (1/3)t for ¢t € [0,00).
Let ¢ : R*(2) x R* () x R*(P) —» R*(P) be denoted
by

$(wy, Wy, w3) = — - max {ZOT’ w,, ZJ;}, (37)

=W

5

where

0 =d (% 5,),

@, =d(%, (f9) (%)), (38)

(v (fr9)(7))-
Let f(x) = (1/2)x. Then,
((f ‘P)( ) (f> ‘P)(Yr)) = gl(%x(l/l'»)p’%y(lﬂ)r)
= % max {p, 7} + %|x—y|,

&, = d(%,,7,) = max {p, 7} + [x ),
@ - a(@gx(us)p)  max {p, §p} tle- 2o =p+ 2 pxl,

1l —T+1
y- =Tl

(1 1
w; =d Vo3 Yapy | =MaX T 3T+

So we can conclude that

¢ (@), @y, @5, 1)
3 -

_ - 3 _ 3
= 4 "max {wl,wz,w3 }2 Zwlzz(max{p,r}+|x—y|).

(40)
Consequently, a soft mapping (f, ¢) forms a soft compa-
rable Meir-Keeler contraction on Z.

We establish the following fixed point results for the soft
comparable Meir-Keeler contraction.

Theorem 12. Let M be a complete soft metric space, and let
¢ : RY(P) xR (P) x R*(P) - R*(P) be a soft compara-
ble. Let (f,@): M — M be a soft comparable Meir-Keeler
contraction on M. Then, (f, @) possesses a soft fixed point.

Proof. Let chgvn € SP(X) be given. For each n € NU {0}, we

put
A= (00 (E)) = (), @)

So, for each n € N U {0} we have

) i ol >}

(42)



If;i(g;i, xk )<~ d(xk xk+1 ) for some k € IN, then by the
above inequality and the condltlons of the function ¢, we
have

()< o0 ) (30, ) (R )

(43)

which implies a contradiction. Hence, for each n € N, we
find

Zi(;?,x¢+“)< d(xI; 1,;2?). (44)
n n+l k-1

Thus, the sequence {d(x" 922\{11 )} is decreasing and con-
verges to a soft real number, say y">"0. In other words,
d(xﬁ »xpt) — 9, as n— oo.

Notice that =inf {d(x" x”“) neNU{0}}. We
claim that y = 0. Suppose, on the contrary, that y~>~0. Since
(f,¢) is a soft comparable Meir-Keeler contraction, corre-
sponding to ¥, there exists #7>~0 and k € N such that

v (o) A ) () ) e
=) =) o))<y

(45)

;?;’,;;1711): nelN
U {0}}. Thus, we obtain that El(iz,fgfl) — 0, as n — 0.

As a next step, we check whether the sequence {x } is

This is a contradiction since y = inf {d(

Cauchy in /. Suppose, on the contrary, it is not. Thus, there
exists a soft real number £7>70 such that for any k € N, there
are my, n, € N with n;, > m; > k satisfying

d (xfmkk , xZ’;k N) >7E. (46)

Further, corresponding to m, >k, we can choose 7, in
such a way that it is the smallest integer with n; > m; >k

~S/.om ne ~ ~
and d(x; "k,xT’n‘k )>"¢. Therefore,

Zi(x?k/ , x”k;2~> <E. (47)

So, we derive that

N S AN P
£< d<x1mk,x1nk >< d( ,kaZ> d( nkz,xTnk ,)
Soml e~ \ o~ 2 m-1 ~ nk—l T
+d<xTnk],xTnk )< s+d<xfn o Xo, +d SHRTE S B

(48)
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for all k € N. As k — oo, the inequality above yields that
Icl;r{;d(xr X! ) =&. (49)

On the other hand, we have

Sl o\ L g o et 2 mel
+d (x,mk , xfnk) +d (xrnk , x,nk“> +d (xTnk+1 Lk

(50)
Letting k — oo in the above inequality, we get
P m+l m+l |~
klingod (thkﬂ x/\nk+l> =& (51)

Since (f, @) is a soft comparable Meir-Keeler contraction,
we have

(i) =2( o (<), o) (2,)

7 /r\nk/ e+l ~ ~3( wmy my+1 3 my+1 nk+1 7 mk+1
d (mek > x‘r,,kﬂ > <'d (xrmk > me,‘ﬂ +d mekﬂ > M d x"'nk > Ty
<al < )+ a “mrl /m\ki
= xTnk > xTnk+1 Xz T+l meku

Taking k — oo in the above inequalities, we get that

(53)

£<TP(8, 8 €7)<E, (54)

and this is a contradiction. Thus, the sequence {;;’; }is

Cauchy.
Keeping the completeness of .# in mind, one can find
x? € X such that

X — X% asn — 00, (55)
that is,
a(g,ﬁ)ﬁﬁasnﬁoo. (56)
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And, we also have
d((fo) (%) 2 )=d((Fo) (<) (Fo) (%))
+d((f9) (1) x07)

-(»E,(f«p)(xﬁ ))d(5 (o) (%)) (57)

Taking k — oo in the inequality above,

&(<f,so>(a%3) :)<¢(6 A(f,9)(%))+0

a contradiction unless d((f, ¢)(x*), x?) = 0. Thus, (f, ¢)

(x7) = X7 which completes the proof.

Example 13. Consider Example 11. One can easily check all
hypotheses of Theorem 12. Consequently, we conclude that
0, is a fixed soft point of the soft comparable Meir-Keeler
contraction (f, ¢).

We next introduce the notion of soft generalized Meir-
Keeler contraction, as follows:

Definition 14. Let (X, d, P) be a soft metric space. A mapping
(f,): (X,d, P) - (X,d,P) is called a soft generalized
Meir-Keeler contraction if for any soft real number #~>~0,
there exists >0 such that for each soft point x,,y, € SP

(X),
{ (% (19)(5)): 4T (£ 0) 7)) (% (Fo0) (7))}
Ty =d((9) (%) (o) )<7
(59)

It is clear that the soft generalized Meir-Keeler contrac-
tion is a comparable soft Meir-Keeler contraction; we can
easily conclude the following corollary.

Corollary 15. A soft generalized Meir-Keeler contraction
on(f, p)which is a complete soft metric spaceMlpossesses a

fixed soft point.
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