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In this article, we introduce the notions of a soft inf-comparable contraction and soft comparable Meir-Keeler contraction in a soft
metric space. Furthermore, we prove two soft fixed point theorems which assure the existence of soft fixed points for these two types
of comparable contractions. The obtained results not only generalize but also unify many recent fixed point results in the literature.

1. Introduction and Preliminaries

It is the main feature of mathematical study to produce dif-
ferent methods and tools to perceive the behavior of systems
that we have difficulty understanding with known methods.
In particular, it may be necessary to deal with systems that
contain uncertainties and to use inaccurate data in different
situations. With this motivation, one of the mathematical
tools used to deal with the necessities of systems established
with uncertainty and to analyze the models created by the
uncertainties and uncertainties already existing in the data
is the Fuzzy Set Theory. Fuzzy sets were introduced by Zadeh
[1] for dealing with the uncertainties on its own limits.
Another mathematical tool to deal with the uncertainties is
the soft set that was introduced by Molodtsov [2]. In this
paper, we shall focus on the soft set theory. The topology
based on the soft sets was defined by Cagman et al. [3]. They
also considered the basic topological notions over soft sets.
On the other hand, a soft real set and soft real number were
proposed successfully by Das and Samanta [4]. Furthermore,
the same authors in considered the notions of a soft metric
and its topology, properly. After then, Abbas et al. [5] proved
a fixed point theorem by introducing the notion of soft con-
traction mapping over the soft metric space. Application
potential of the soft sets in various distinct research topics
is very rich and wide, for example, the smoothness of func-

tions, game theory, operation research, probability theory,
and measurement theory. For more details on soft sets and
application, we can refer to, e.g., [3, 4, 6–12].

As usual, ℝ denotes real numbers and ℝ+ ≔ ½0,∞Þ.
Furthermore, the letters ℤ,ℕ denote integers and natural
numbers, respectively. The symbol BðℝÞ denotes the collec-
tion of all nonempty bounded subsets of ℝ.

We shall denote an initial universeΩ. We setP as a set of
parameters. As usual, 2Ω denotes the collection of all subsets
ofΩ. For a nonempty subset S of P , we consider a set-valued
mapping T : S→ 2Ω for all τ ∉ A with TðτÞ = ϕ. We define a
pair ðT , AÞ on Ω as

T , Sð Þ = T τð Þ, τð Þ: τ ∈Pf g: ð1Þ

Here, ðT , SÞ is called a soft set [2]. The symbol SðΩÞ
represents the collection of all soft sets on Ω.

A soft set ðT , SÞ onΩ is called null soft [11] (respectively,
absolute soft set [11]) represented by, respectively, ~SifTðτÞ =
(respectively,TðτÞ = S) for allτ ∈ S. We presume that ðT1, S1Þ
and ðT2, S2Þ are two soft sets onΩ. We define the intersection
[11] of the mentioned two sets above as a soft set ðT3, S3Þ,
denoted by ðT1,S1Þ ∩ ~ðT2, S2Þ = ðT3, S3Þ, where S3 = S1 ∩ S2,
and for each τ ∈ S3, T3ðτÞ = T1ðτÞ ∩ T2ðτÞ. As expected, we
define the union of ðT1, S1Þ and ðT2, S2Þ [11] as a soft set
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ðT3, S3Þ, denoted by ðT1,AÞ∪~ðT2, BÞ = ðT3, CÞ where S3 =
S1 ∪ S2 and for each τ ∈ S3,

T3 τð Þ =
T1 τð Þ, if τ ∈ S1 \ S2,

T2 τð Þ, if τ ∈ S2 \ S1,

T1 τð Þ ∪ T2 τð Þ, if τ ∈ S1 ∩ S2:

8>><
>>: ð2Þ

We use the notation ðTc,P Þ to indicate the complement
[11] of soft set ðT ,P Þ on Ω where Tc : X→ 2Ω is a mapping
given by TcðτÞ =Ω \ TðτÞ for all τ ∈P .

A mapping T : P → BðℝÞ is called a soft real set [13].
The symbol ℝ+ðP Þ is used to denote the set of all nonnega-
tive soft real numbers. If ðT ,P Þ is a singleton soft set, then it
is called a soft real number. Regarding the corresponding soft
set, soft real numbers will be denoted as ~γ, ~η, ~ξ, etc. In partic-
ular, �0 and ~1 are the soft real numbers where �0ðτÞ = 0, ~1ðτÞ
= 1 for all τ ∈P .

For two soft real numbers, for all τ ∈P , we have the
following inequalities [13]:

(1) γ~≤~~η if γ~ðτÞ≤~~ηðτÞ
(2) γ~≥~~η if γ~ðτÞ≥~~ηðτÞ
(3) γ~<~~η if γ~ðτÞ<~~ηðτÞ
(4) γ~>~~η if γ~ðτÞ>~~ηðτÞ

Definition 1.

(1) The mapping ϕ : ℝ+ðP Þ→ℝ+ðP Þ is called soft
increasing, if

r~<~~t⇒ ϕ r~Þ<~ϕ ~t
� �

:
� ð3Þ

(2) The mapping ϕ : ℝ+ðP Þ→ℝ+ðP Þ is called soft
continuous at a~∈~ℝ+ðP Þ, if for every γ~>~�0, there
exists δ~>~�0 such that �0<~~x − a~<~~δ implies

ϕ ~xð Þ − ϕ a~Þ<~~γ:ð ð4Þ

Moreover, ϕ : ℝ+ðP Þ→ℝ+ðP Þ is called soft continuous
at every point ~a of ℝ+ðP Þ, then we call ϕ as a continuous
mapping.

A soft set ðT ,P Þ on Ω is called a soft point [4, 14],
denoted by exτ, if there is a unique τ ∈P such that TðτÞ =
fxg for some τ ∈P and TðωÞ = ϕ for all ω ∈P \ fτg.

Definition 2 (see). Let ~X = ðT,P Þ be an absolute soft set, and
let SP ð~XÞ be the collection of all soft points of ~X. A mapping
~d : SP ð~XÞ × SP ð~XÞ→ℝ+ðP Þ is called a soft metric on ~X if
~d satisfies the following conditions for all fxτ1 ,fxτ2 ,fxτ3 ∈ ~X:

ðM1Þ~dðfxτ1 , xτ2 ~Þ≥~�0,

ðM2Þ~dðfxτ1 ,fxτ2Þ = �0 if and only if fxτ1 =fxτ2 ,
ðM3Þ~dðfxτ1 ,fxτ2Þ = ~dðfxτ2 ,fxτ1Þ,
ðM4Þ~dðfxτ1 , x~τ3Þ≤~~dðfxτ1 ,fxτ2Þ + ~dðfxτ2 ,fxτ3Þ.
The triple ð~X, ~d,P Þ is called a soft metric space, in short,

s.m.s.
For the sake of simplicity, we set M≔ ð~X, ~d,P Þ.
Suppose M is a s.m.s. and ~γ is a nonnegative soft real

number. A soft open ball with the center exe and radius ~γ is
defined by Bðexe , ~γÞ = fye′~∈~~X : ~dðexe , ye′~Þ<~~γg. Analo-

gously, a soft closed ball with center exe and radius ~γ is B½exe
, ~γ� = fye′~∈~~X : ~dðexe , ye′~Þ≤~~γg. We set that a soft

setðF,P Þis soft open in~Xwith respect to~d if and only if all
soft points of ðF, EÞ are interior points of ðF,P Þ.

In a soft metric spaceM, a sequence of soft points fgxλ,ngn
is called convergent inM if there is a soft point yν

~∈~~X such
that

lim
n→∞

~d gxλ,n, eyνð Þ = �0: ð5Þ

Furthermore, a sequence fgxλ,ngn is said to be a Cauchy in
M if

lim
i,j→∞

~d fxλ,i , fxλ,j� �
= �0: ð6Þ

Moreover, if each Cauchy sequence in ~X converges to
some point of ~X, thenM is called complete soft metric space.

Let N = ð~Y , ~σ,P ′Þ be another soft metric space. A soft
mapping ð f , φÞ: M→N is soft continuous at a point
xλ

~∈~SP ð~XÞ, if for each Bðð f , φÞð~xλÞ, ~γÞ of N , there exists
Bð exλÞ, ~δÞ such that

f B exλð Þ, ~δ
�� �

⊂~B f , φð Þ exλð Þ, ~γð Þ: ð7Þ

In other words, for every γ~>~�0, there exists δ~>~�0 such
that ~dð exλ, yμ~Þ<~~δ implies that ~σðð f , φÞð exλÞ, ð f , φÞð
xλ

~ÞÞ<~~γ. Moreover, if ð f , φÞ is soft continuous for each
point of SP ð~XÞ, then it is called soft continuous mapping.

2. Soft Fixed Points for the Soft Inf-
Comparable Contraction

In this section, we first introduce the notion of soft inf
-comparable mapping ψ : ℝ+ðP Þ→ℝ+ðP Þ.

Definition 3 (see [15]). Let P be a parameter set and ψ : ℝ+

ðP Þ→ℝ+ðP Þ. We call ψ a soft inf-comparable mapping if
it satisfies the following two axioms:

ðψ1Þψðτ~Þ<~~τ for all ~τ ∈ℝ+ðP Þ \ f�0g and ψð�0Þ = �0,
ðψ2Þlim infeτn→~τ

ψðτn~Þ<~~τ for all τ~>~�0.
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Lemma 4. Let ψ : ℝ+ðP Þ→ℝ+ðP Þ be a soft inf -comparable
mapping. Then, limn→∞ψnð~τÞ = �0 for all ~τ > �0, where ψn

denotes the n-th iteration of ψ.

Proof. Let τ~>~�0 be fixed. If ψn
0ð~τÞ = �0 for some n0 ∈ℕ, then

we have

ψn0+1 ~τð Þ = ψ ψn0 ~τð Þð Þ = ψ �0ð Þ = �0, ð8Þ

which implies that

ψn0+r ~τð Þ = �0, for all r ∈ℕ: ð9Þ

Thus, we conclude that

lim
n→∞

ψn ~τð Þ = �0: ð10Þ

If ψnðτ~Þ>~�0 for each n ∈ℕ, then we take eσn = ψnð~τÞ,
and

gσn+1 = ψn+1 ~τð Þ = ψ ψn ~τð Þð Þ = ψ eσnð Þ, ð11Þ

for all n ∈ℕ. By the condition (ψ1) of the soft inf -compara-
ble mapping ψ, we have that for all n ∈ℕ,

gσn+1 = ψ σn
~Þ<~ eσn:ð ð12Þ

Keeping (ψ2) in mind and considering that the soft
sequencefσn∈ℕgis bounded from below and also that the soft
sequence is strictly decreasing, one can find an ν~≥~�0 such
that

lim
n→∞

eσn = ~ν: ð13Þ

We assert that ~ν = �0. If not, suppose that ν~>~�0, then we
find

~ν = lim
n→∞

gσn+1 = lim
n→∞

inf ψ eσnð Þ = limeσn→~ν
inf ψ σn

~Þ<~~ν,ð ð14Þ

a contradiction. So we obtain that limn→∞ψnð~τÞ = �0:

We introduce the notion of soft inf-comparable contrac-
tion, as follows:

Definition 5. Let M be a soft metric space and let ψ : ℝ+

ðP Þ→ℝ+ðP Þ be a soft inf -comparable mapping. A map-
ping ð f , φÞ: M→M is called a soft inf-comparable con-
traction if for each soft points exp, eyτ ∈ SP ð~XÞ,

~d f , φð Þ exp� �
, f , φð Þ yτ

~ÞÞð�
≤~ψ max ~d exp, eyτ� �

, ~d exp, f , φð Þ exp� �� �
, ~d eyτ, f , φð Þ eyτð Þð Þ

n o� �
:

ð15Þ

Example 6. Set R = ðeℝ, ~d,P Þ where the soft metric is
expressed as

dφ p, τð Þ =max p, τf g, d x, yð Þ = x − yj j,

~d exp, eyτ� �
=
3
5
dφ p, τð Þ + d x, yð Þ,

ð16Þ

with P = ½0,∞Þ, φðtÞ = ð2/3Þt for t ∈ ½0,∞Þ.
Let ψ : ℝ+ðP Þ→ℝ+ðP Þ be denoted by

ψ ~ωð Þ = 5
6
~ω: ð17Þ

and let f ðxÞ = ð2/5Þx. Consequently, we find

~d f , φð Þ exp� �
, f , φð Þ eyτð Þ� �

= ~d
g2

5
x 2/3ð Þp,

g2
5
y 2/3ð Þτ

 !
=
2
5
max p, τf g + 2

5
x − yj j,

~d exp, eyτ� �
=
3
5
max p, τf g + x − yj j,

~d exp, g1
2
x 1/3ð Þp

 !
= 3
5
max p, 1

3
p

� �
+ x −

1
2
x

����
���� = 3

5
p + 1

2
xj j,

~d eyτ, g1
2
y 1/3ð Þτ

 !
=
3
5
max τ,

1
3
τ

� �
+ y −

1
2
y

����
���� = 3

5
τ +

1
2
yj j:

ð18Þ

As a result, ð f , φÞ forms a soft inf-comparable contrac-
tion on R.

We say that a soft point exτ ∈ SP ð~XÞ is a soft fixed point
of a self-soft-mapping ð f , φÞ if ð f , φÞðexτÞ = exτ.
Theorem 7. Let ψ : ℝ+ðP Þ→ℝ+ðP Þ be a soft inf -compa-
rable mapping. Let ð f , φÞ: M→M be a soft inf -comparable
contraction on a complete soft metric space M. Then, a soft
mapping ð f , φÞ possesses a soft fixed point.

Proof. Let fx0τ0 ∈ SP ð~XÞ be given. For each n ∈ℕ ∪ f0g, we
put

gxn+1τn+1
= f , φð Þ fxnτn

� �� �
= f n+1 fx0τ0

� �� �
φn+1 τ0ð Þ

: ð19Þ

Then, we have for each n ∈ℕ ∪ f0g

~d fxnτn , gxn+1τn+1

� �
= ~d f , φð Þ gxn−1τn−1

� �
, f , φð Þ xnτn

~
����

≤~ψ max ~d gxn−1τn−1
,fxnτn

� �
, ~d gxn−1τn−1

, f , φð Þ gxn−1τn−1

� �� �
, ~d

n�
� fxnτn , f , φð Þ fxnτn

� �� �o�
= ψ max ~d gxn−1τn−1

,fxnτn
� �

, ~d
n�

� gxn−1τn−1
,fxnτn

� �
, ~d fxnτn , gxn+1τn+1

� �o�
:

ð20Þ

Since ψ : ℝ+ðP Þ→ℝ+ðP Þ is a soft inf -comparable
mapping, we can conclude that for each n ∈ℕ ∪ f0g,

~d fxnτn , xn+1τn+1

~Þ≤~ψ ~d gxn−1τn−1
,fxnτn

� �� �
:

�
ð21Þ
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By induction, we obtain that

~d fxnτn , xn+1τn+1

~
�
≤~ψ ~d gxn−1τn−1

, xnτn
~
��

≤~ψ2 ~d gxn−2τn−2
, xn−1τn−1

~
�������

≤~⋯≤~ψn ~d fx0τ0 ,fx1τ1
� �� �

:

ð22Þ

By Lemma 4, we obtained that

lim
n→∞

~d fxnτn , gxn+1τn+1

� �
= �0: ð23Þ

In what follows, we check whether the sequence ffxnτng is
Cauchy: for each ~ε, there is n0 ∈ℕ such that if n, k ≥ n0, then

~d
g
xkrτkr , x

nr
τnr

~
	
<~~ε:



ð24Þ

Suppose, on the contrary, that the statement ð∗Þ is false.
Then, there exists ε~>~�0 such that, for any r ∈ℕ, there are
nr , kr ∈ℕ with nr > kr ≥ r satisfying that

(1) nr is even and kr is odd

(2) ~dðgxkrτkr , xnrτnr ~Þ≥~~ε

(3) nr is the smallest even number such that condition
ð2Þ holds

By ð1Þ and ð2Þ, we conclude that

ε~≤~~d
g
xkrτkr , x

nr
τnr

~
	
≤~~d

g
xkrτkr ,

gxnr−2τnr −2


 	
+ ~d gxnr −2τnr −2

, gxnr−1τnr −1


 	


+ ~d gxnr−1τnr −1
, xnrτnr

~
	
≤~~ε + ~d gxnr −2τnr −2

, gxnr−1τnr −1


 	
+ ~d gxnr −1τnr −1

,gxnrτnr

 	

:



ð25Þ

Letting r→∞, we obtain that

limr→∞
~d
g
xkrτkr ,

gxnrτnr

 	

= ~ε: ð26Þ

On the other hand,

ε~≤~~d
g
xkr −1τkr −1

, xnr−1τnr−1

~
	
≤~~d

g
xkr−1τkr −1

, gxnr −3τnr −3


 	
+ ~d gxnr −3τnr −3

, gxnr−2τnr −2


 	


+ ~d gxnr−2τnr −2
, xnr−1τnr−1

~
	
≤~~ε + ~d gxnr −3τnr −3

, gxnr−2τnr −2


 	
+ ~d gxnr−2τnr −2

, gxnr −1τnr −1


 	
:




ð27Þ

Letting r→∞, we obtain that

limr→∞
~d
g
xkr −1τkr −1

, gxnr −1τnr −1


 	
= ~ε: ð28Þ

By the above arguments, we obtain that

~d
g
xkrτkr ,

gxnrτnr

 	

= ~d f , φð Þ f , φð Þ, f , φð Þ xnr−1τnr−1

~
����

≤~ψ max ~d
g
xkr −1τkr −1

, gxnr −1τnr −1


 	
, d

�


� g
xkr −1τkr −1

, f , φð Þ g
xkr −1τkr−1


 	
 	
, d

� gxnr −1τnr −1
, f , φð Þ xnr−1τnr−1

~
		�	



≤~ψ max ~d
g
xkr −1τkr −1

, gxnr −1τnr −1


 	
, ~d g

xkr −1τkr −1
, fxkrτkr


 	
, d

�


� gxnr −1τnr −1
,gxnrτnr


 	�	
:

ð29Þ

Taking limr→∞ inf , we get ε~<~~ε. This implies a contra-
diction. So the sequence ffxnτng is Cauchy.

Since M is complete, there exists ex∗τ ∈ ~X such that

fxnτn → ex∗τ as n→∞, ð30Þ

that is,

~d fxnτn , ex∗τ
� �

→ �0 as n→∞: ð31Þ

Notice also that

~d f , φð Þ ex∗τ� �
, x∗τ

~
�
≤~~d f , φð Þ fxnτn

� �
, f , φð Þ ex∗τ� �� ��

+ ~d f , φð Þ fxnτn
� �

, x∗τ
~
��

<~ψ max ~d fxnτn , ex∗τ
� �

, ~d fxnτn , f , φð Þ fxnτn
� �� �

, ~d ex∗τ , f , φð Þ
�n�

· ex∗τ� ��o�
+ ~d gxn+1τn+1

, x∗τ
~
��

<~ψ max ~d fxnτn , ex∗τ
� �

, ~d fxnτn , gxn+1τn+1

� �
, ~d ex∗τ , f , φð Þ ex∗τ� �� �n o� �

+ ~d gxn+1τn+1
, ex∗τ� �

:

ð32Þ

Taking n→∞, we get that

~d f , φð Þ ex∗τ� �
, x∗τ

~
��

≤~ψ max �0, �0; ;~d ex∗τ , f , φð Þ ex∗τ� �� �n o� �
+�0<~~d f , φð Þ ex∗τ� �

, ex∗τ� �
,

ð33Þ

and this is a contradiction unless ~dðð f , φÞð ex∗τ Þ, ex∗τ Þ = �0. Thus,
ð f , φÞð~x∗τ Þ = ~x∗λ completes the proof.

Example 8. Consider Example 6. All hypotheses of Theorem
7 are fulfilled. Thus, we can conclude that �00 is a fixed soft
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point of the soft inf -comparable Meir-Keeler contraction
ð f , φÞ.

3. Observation on the Soft Comparable Meir-
Keeler Contractions

We start this section by recalling the Meir-Keeler contraction
in the standard setting.

Definition 9. (see). A self-mapping g on a metric space ðX, dÞ
is called a Meir-Keeler contraction if the following is fulfilled:
for any η > 0, there is γ > 0 such that

η ≤ d x, yð Þ < η + γ⇒ d gx, gyð Þ < η for all x, y ∈ X: ð34Þ

The mapping ϕ : ℝ+ðP Þ ×ℝ+ðP Þ ×ℝ+ðP Þ→ℝ+ðP Þ is
said to be soft comparable, if the following two axioms are
fulfilled:

(ϕ1) ϕ is a soft increasing and soft continuous function in
each coordinate

(ϕ2) for ~ω ∈ℝ+ðP Þ \ f�0g, ϕð~ω, ~ω, ω~Þ<~~ω, and ϕðfω1,fω2
,fω3Þ = �0 if and only iffω1 =fω2 =fω3 = �0

Now, we introduce the notion of soft comparable Meir-
Keeler contraction.

Definition 10. Let ϕ : ℝ+ðP Þ ×ℝ+ðP Þ ×ℝ+ðP Þ→ℝ+ðP Þ
be soft comparable. A self-soft-mapping ð f , φÞ on a soft met-
ric space M is called a soft comparable Meir-Keeler contrac-
tion if for each soft real number η~>~�0, there is γ~>~�0 such
that

η~≤~ϕ ~d exp, eyτ� �
, ~d exp, f , φð Þ exp� ��

, ~d eyτ, f , φð Þ yτ
~
�������

<~~η + ~γ⇒ ~d f , φð Þ exp� �
, f , φð Þ yτ

~��<~~η,
��

ð35Þ

for each soft points exλ, eyμ ∈ SP ð~XÞ.

Example 11. Set R = ðeℝ, ~d,P Þ where the soft metric is
expressed as

dφ p, τð Þ =max p, τf g, d x, yð Þ = x − yj j,
~d exp, eyτ� �

= dφ p, τð Þ + d x, yð Þ,
ð36Þ

with P = ½0,∞Þ, φðtÞ = ð1/3Þt for t ∈ ½0,∞Þ.
Let ϕ : ℝ+ðP Þ ×ℝ+ðP Þ ×ℝ+ðP Þ→ℝ+ðP Þ be denoted

by

ϕ fω1,fω2,fω3ð Þ = 3
4
· max fω1,fω2,fω3f g, ð37Þ

where

fω1 = ~d exp, eyτ� �
,

fω2 = ~d exp, f , φð Þ exp� �� �
,

fω3 = ~d eyτ, f , φð Þ eyτð Þð Þ:

ð38Þ

Let f ðxÞ = ð1/2Þx. Then,

~d f , φð Þ exp� �
, f , φð Þ eyτð Þ� �

= ~d
g1

2
x 1/3ð Þp,

g1
2
y 1/3ð Þτ

 !

=
1
3
max p, τf g + 1

2
x − yj j,

~ω1 = ~d exp, eyτ� �
=max p, τf g + x − yj j,

fω2 = ~d exp, g1
2
x 1/3ð Þp

 !
=max p,

1
3
p

� �
+ x −

1
2
x

����
���� = p +

1
2
xj j,

fω3 = ~d eyτ, g1
2
y 1/3ð Þτ

 !
=max τ,

1
3
τ

� �
+ y −

1
2
y

����
���� = τ +

1
2
yj j:

ð39Þ

So we can conclude that

ϕ fω1,fω2,fω3, et4� �
=
3
4
· max fω1,fω2, ω3

~
�
≥~ 3

4
fω1 =

3
4

max p, τf g+∣x − y ∣ð Þ:
�

ð40Þ

Consequently, a soft mapping ð f , φÞ forms a soft compa-
rable Meir-Keeler contraction on R.

We establish the following fixed point results for the soft
comparable Meir-Keeler contraction.

Theorem 12. Let M be a complete soft metric space, and let
ϕ : ℝ+ðP Þ ×ℝ+ðP Þ ×ℝ+ðP Þ→ℝ+ðP Þ be a soft compara-
ble. Let ð f , φÞ: M→M be a soft comparable Meir-Keeler
contraction on M. Then, ð f , φÞ possesses a soft fixed point.

Proof. Let fx0τ0 ∈ SP ð~XÞ be given. For each n ∈ℕ ∪ f0g, we
put

gxn+1τn+1
= f , φð Þ fxnτn

� �� �
= f n+1 fx0τ0

� �� �
φn+1 τ0ð Þ

: ð41Þ

So, for each n ∈ℕ ∪ f0g we have

~d fxnτn , gxn+1τn+1

� �
= ~d f , φð Þ gxn−1τn−1

� �
, f , φð Þ xnτn

~
����

≤~ϕ ~d gxn−1τn−1
,fxnτn

� �
, ~d gxn−1τn−1

, f , φð Þ gxn−1τn−1

� �� �
, ~d fxnτn , f , φð Þ fxnτn

� �� �� �
= ϕ ~d gxn−1τn−1

,fxnτn
� �

, ~d gxn−1τn−1
,fxnτn

� �
, ~d fxnτn , gxn+1τn+1

� �� �
:

ð42Þ
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If ~dðgxk−1τk−1
, xkτk

~Þ<~~dðfxkτk , gxk+1τk+1
Þ for some k ∈ℕ, then by the

above inequality and the conditions of the function ϕ, we
have

~d fxkτn , xk+1τk+1

~�
≤~ϕ ~d gxk−1τk−1

,fxkτk
� �

, ~d gxk−1τk−1
,fxkτk

� �
, ~d ~k

n
τk
, xk+1τk+1

~�����
<~~d fxkτk , gxk+1τk+1

� �
,

ð43Þ

which implies a contradiction. Hence, for each n ∈ℕ, we
find

~d fxnτn , xn+1τn+1

~
�
<~~d gxk−1τk−1

,fxkτk
� �

:
�

ð44Þ

Thus, the sequence f~dðfxnτn , gxn+1τn+1
Þg is decreasing and con-

verges to a soft real number, say γ~≥~�0. In other words,
~dðfxnτn , gxn+1τn+1

Þ→ ~γ, as n→∞.

Notice that ~γ = inf f~dðfxnτn , gxn+1τn+1
Þ: n ∈ℕ ∪ f0gg. We

claim that ~γ = �0. Suppose, on the contrary, that γ~>~�0. Since
ð f , φÞ is a soft comparable Meir-Keeler contraction, corre-
sponding to ~γ, there exists η~>~�0 and k ∈ℕ such that

γ~≤~ϕ ~d fxkτk , gxk+1τk+1

� �
, ~d fxkτk , gxk+1τk+1

� �
, ~d gxk+1τk+1

, xk+2τk+2

~��<~~γ + ~η
��

⇒ ~d gxk+1τk+1
, gxk+2τk+2

� �
= ~d f , φð Þ fxkτk

� �
, f , φð Þ xk+1τk+1

~��<~~γ:
��

ð45Þ

This is a contradiction since ~γ = inf f~dðfxnτn , gxn+1τn+1
Þ: n ∈ℕ

∪ f0gg. Thus, we obtain that ~dðfxnτn , gxn+1τn+1
Þ→ �0, as n→∞.

As a next step, we check whether the sequence ffxnτng is
Cauchy inM. Suppose, on the contrary, it is not. Thus, there
exists a soft real number ε~>~�0 such that for any k ∈ℕ, there
are mk, nk ∈ℕ with nk >mk ≥ k satisfying

~d gxmk
τmk

, xnkτnk
~
�
≥~~ε:

�
ð46Þ

Further, corresponding to mk ≥ k, we can choose nk in
such a way that it is the smallest integer with nk >mk ≥ k

and ~dðgxmk
τmk

, xnkτnk
~Þ≥~~ε. Therefore,

~d gxmk
τmk

, xnk−2τnk−2

~
�
<~~ε:

�
ð47Þ

So, we derive that

ε~≤~~d gxmk
τmk

, xnkτnk
~
	
≤~~d gxmk

τmk
, gxnk−2τnk−2


 	
+ ~d gxnk−2τnk−2

, gxnk−1τnk−1


 	


+ ~d gxnk−1τnk−1
, xnkτnk

~
	
<~~ε + ~d gxnk−2τnk−2

, gxnk−1τnk−1


 	
+ ~d gxnk−1τnk−1

,gxnkτnk

 	

,



ð48Þ

for all k ∈ℕ. As k→∞, the inequality above yields that

lim
k→∞

~d gxmk
τmk

,gxnkτnk
� �

= ~ε: ð49Þ

On the other hand, we have

ε~≤~~d gxmk
τmk

, xnkτnk
~
	
≤~~d gxmk

τmk
, gxmk+1

τmk+1


 	
+ ~d gxmk+1

τmk+1
, gxnk+1τnk+1


 	


+ ~d gxnk+1τnk+1
, xnkτnk

~
	
≤~~d gxmk

τmk
, gxmk+1

τmk+1


 	
+ ~d gxmk+1

τmk+1
,gxmk

τmk


 	


+ ~d gxmk
τmk

,gxnkτnk
� �

+ ~d gxnkτnk , gxnk+1τnk+1


 	
+ ~d gxnk+1τnk+1

,gxnkτnk

 	

:

ð50Þ

Letting k→∞ in the above inequality, we get

lim
k→∞

~d gxmk+1
λmk+1

, gxnk+1λnk+1


 	
= ~ε: ð51Þ

Since ð f , φÞ is a soft comparable Meir-Keeler contraction,
we have

~d gxmk+1
τmk+1

, gxnk+1τnk+1


 	
= ~d f , φð Þ gxmk

τmk

� �
, f , φð Þ xnkτnk

~
����

<~ϕ ~d gxmk
τmk

,gxnkτnk
� �

, ~d gxmk
τmk

, gxmk+1
τmk+1


 	
, ~d gxnkτnk , gxnk+1τnk+1


 	
 	
:

ð52Þ

Moreover, since

~d gxmk
τmk

, xnk+1τnk+1

~
	
≤~~d ~xmk

τmk
, gxmk+1

τmk+1


 	
+ ~d gxmk+1

τmk+1
, gxnk+1τnk+1


 	
,~d gxnkτnk , xmk+1

τmk+1

~
��


≤~~d gxnkτnk , gxnk+1τnk+1


 	
+ ~d gxnk+1τnk+1

, gxmk+1
τmk+1


 	
:

ð53Þ

Taking k→∞ in the above inequalities, we get that

ε~≤~ϕ ~ε,~ε, ε~Þ<~~ε,ð ð54Þ

and this is a contradiction. Thus, the sequence ffxnλng is

Cauchy.
Keeping the completeness of M in mind, one can findex∗τ ∈ ~X such that

fxnτn → ex∗τ as n→∞, ð55Þ

that is,

~d fxnτn , ex∗τ
� �

→ �0 as n→∞: ð56Þ
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And, we also have

~d f , φð Þ ex∗τ� �
, x∗τ

~
�
≤~~d f , φð Þ fxnτn

� �
, f , φð Þ ex∗τ� �� ��

+ ~d f , φð Þ fxnτn
� �

, x∗τ
~
�
<~ϕ ~d fxnτn , ex∗τ

� �
, d

��
� fxnτn , f , φð Þ fxnτn

� �� �
, ~d ex∗τ , f , φð Þ ex∗τ� �� ��

+ ~d gxn+1τn+1
, x∗τ

~
�
<~ϕ ~d fxnτn , ex∗τ

� �
, ~d fxnτn , gxn+1τn+1

� �
, d

��
� ex∗τ , f , φð Þ ex∗τ� �� ��

+ ~d gxn+1τn+1
, ex∗τ� �

:

ð57Þ

Taking k→∞ in the inequality above,

~d f , φð Þ ex∗τ� �
, x∗τ

~
�
≤~ϕ �0, �0, ~d f , φð Þ ex∗τ� �� �

+�0
�
≤~ϕ ~d f , φð Þ ex∗τ� �

, ex∗τ� �
, ~d f , φð Þ ex∗τ� �

, ex∗τ� �
, d

�
· f , φð Þ ex∗τ� �

, x∗τ
~
��

<~~d f , φð Þ ex∗τ� �
, ex∗τ� �

,
� ð58Þ

a contradiction unless ~dðð f , φÞð ex∗τ Þ, ex∗τ Þ = �0. Thus, ð f , φÞ
ð~x∗τ Þ = ~x∗τ which completes the proof.

Example 13. Consider Example 11. One can easily check all
hypotheses of Theorem 12. Consequently, we conclude that
�00 is a fixed soft point of the soft comparable Meir-Keeler
contraction ð f , φÞ.

We next introduce the notion of soft generalized Meir-
Keeler contraction, as follows:

Definition 14. Let ð~X, ~d,P Þ be a soft metric space. A mapping
ð f , φÞ: ð~X, ~d,P Þ→ ð~X, ~d,P Þ is called a soft generalized
Meir-Keeler contraction if for any soft real number η~>~�0,
there exists γ~>~�0 such that for each soft point exp, eyτ ∈ SP
ð~XÞ,

η~≤~ max ~d exp, f , φð Þ exp� �� �
, ~d eyτ, f , φð Þ eyτð Þð Þ, ~d exp, f , φð Þ yτ

~
��o��n

<~~η + ~γ⇒ ~d f , φð Þ exp� �
, f , φð Þ yτ

~ÞÞ<~~η:ð�
ð59Þ

It is clear that the soft generalized Meir-Keeler contrac-
tion is a comparable soft Meir-Keeler contraction; we can
easily conclude the following corollary.

Corollary 15. A soft generalized Meir-Keeler contraction
onð f , φÞwhich is a complete soft metric spaceMpossesses a
fixed soft point.
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