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In this article, common fixed-point theorems for self-mappings under different types of generalized contractions in the context of
the cone b,-metric space over the Banach algebra are discussed. The existence results obtained strengthen the ones mentioned
previously in the literature. An example and an application to the infinite system of integral equations are also presented to

validate the main results.

1. Introduction and Preliminaries

Gahler [1] proposed the definition of 2-metric spaces as a
generalization of an ordinary metric space. He defined that
d(s, m, z) geometrically represents the area of a triangle with
vertices s, m, z € N. 2-metric is not a continuous function of
its variables. This was one of the key drawbacks of the 2-
metric space while an ordinary metric is a continuous
function.

Keeping these drawbacks in mind, Dhage [2], in his PhD
thesis, proposed a concept of the D-metric space as a gener-
alized version of the 2-metric space. He also defined an open
ball in such spaces and studied other topological properties
of the mentioned structure. According to him, D(s,m, z)
represented the perimeter of a triangle. He stated that the
D-metric induced a Hausdorff topology and in the D-met-
ric space, the family of all open balls forms a basis for such
topology.

Later, Mustafa and Sims [3] illustrate that the topological
structure of Dhage’s D-metric is invalid. Then, they revised
the D-metric and expanded the notion of a metric in which

each triplet of an arbitrary set is given a real number called
as the G-metric space [4].

In addition, the definition of the D*-metric space is pro-
posed by Sedghi et al. [5] as an updated version of Dhage’s D
-metric space. Later, they analyzed and found that G-metric
and D*-metric have shortcomings. Later, they proposed a
new simplified sturcture called the S-metric space [6].

On the other hand, by swapping the real numbers with
the ordered Banach space and established cone metric space,
Huang and Zhang (7] generalized the notion of a metric
space and demonstrated some fixed-point results of contrac-
tive maps using the normality condition in such spaces.
Rezapour and Hamlbarani [8] subsequently ignored the nor-
mality assumption and obtained some generalizations of the
Huang and Zhang [7] results. However, it should be noted
that the equivalence between cone metric spaces and metric
spaces has been developed in recent studies by some scholars
in the context of the presence of fixed points in the mapping
involved. Liu and Xu [9] proposed the concept of a cone
metric space over the Banach algebra in order to solve these
shortcomings by replacing the Banach space with the
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Banach algebra. This became an interesting discovery in the
study of fixed-point theory since it can be shown that cone
metric spaces over the Banach algebra are not equal to met-
ric spaces in terms of the presence of the fixed points of
mappings. Among these generalizations, by generalizing
the cone 2-metric spaces [10] over the Banach algebra and
b,-metric spaces [11], Fernandez et al. [12] examined cone
b,-metric spaces over the Banach algebra with the constant
b > 1. In the setting of the new structure, they proved some
fixed-point theorems under different types of contractive
mappings and showed the existence and uniqueness of a
solution to a class of system of integral equations as an
application.

Recently, in 2020, Islam et al. [13] initiated the notion of
the cone b,-metric space over the Banach algebra with con-
stant b > e which is a generalization of the definition of Fer-
nandez et al. [12]. They proved some fixed-point theorems
under a-admissible Hardy-Rogers contractions which gener-
alize many of the results from the existence literature, and as
an application, they proved results which guarantee the exis-
tence of solution of an infinite system of integral equations.

In 1973, Hardy and Rogers [14] proposed a new defini-
tion of mappings called the contraction of Hardy-Rogers
that generalizes the theory of the Banach contraction and
the theorem of Reich [15] in a metric space setting. For other
related work about the concept of Hardy-Rogers contrac-
tions, see, for instance, [16, 17] and the references therein.

We recollect certain essential notes, definitions required,
and primary results consistent with the literature.

Definition 1 (see [18]). Consider 9 the Banach algebra
which is real, and the multiplication operation is defined
under the below properties (for all s, m, z € %, p € R):

(a,) (sm)z =s(mz)

(a,) s(m+z)=sm+szand (s+m)z=sz+mz

(ay) p(sm) = (ps)m = s(pm)

(@y) [lsm| < [[s]][|m]]

Unless otherwise stated, we will assume in this article
that % is a real Banach algebra. If s € % occurs, we call e
the unit of %, so that es = se=s. We call % a unital in this
case. If an inverse element m € % exists, the element s € %
is said to be invertible, so that sm = ms = e. The inverse of s
in such case is unique and is denoted by s™!. We require
the following propositions in the sequel.

Proposition 2 (see [18]). Consider the unital Banach algebra
U with unit e, and let s € % be the arbitrary element. If the
spectral radius r(s) < 1, i.e.,

)= lim 9] =inf )<L (1)

then e — s is invertible. In fact,
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Remark 3. We see from [18] that r(s) < ||s|| for all s € % with
unit e.

Remark 4 (see [19]). In Proposition 2, by replacing “r(s) < 1”
by [|s|| <1, then the conclusion remains the same.

Remark 5 (see [19]). If r(s) <1, then ||s"|| — 0 as (n —

Definition 6. Consider the Banach algebra % with unit ele-
ment e, zero element 05, and € # &. Then, €5 C 9% is a
cone in % if:

(b)) e€ By,

(b)) €5 + €5 CEy

(b;) X635 Cc Gy forall A0

(b4) %@ . (g@ C %@

(bs) €5 N (-F5) ={65} R

Define the partial order relation < in % w.r.t €5 by s<m
if and only if m — s € €; also, s < m if s<m but s # m while
s < m stands for m — s € int G, where int G, is the interior
of 5. € is solid if int €5, # &.

If there is M > 0 such that for all s, m € €3, we have

05<s<mimplies ||s|| < M||m||, (3)

then €5 is normal. If M is least and positive in the
above, then it is the normal constant of €5, [7].

Definition 7 (see [7, 9]). Let d : N x X — 9 and X+ @ be
the mapping:

(c;) Forall s,m € X, d(s, m) > 05 and d(s, m) = 05, if and
only if s=m

(c,) Forall s, me N, d(s,m) =d(m,s)

(c3) For all s, m, z € N, d(s, z)=<d(s, m) + d(m, z)

Then, (X, d) over the Banach algebra % with cone met-
ric d is a cone metric space.

In [20], over the Banach algebra with constant b > 1, the
cone b-metric space is introduced as a generalization of the
cone metric space over the Banach algebra while in Mitrovic
and Hussain [16], over the Banach algebra with parameter
b > e, the concept of cone b-metric spaces is introduced.

Definition 8 (see [16]). Let d : Nx N — 9 and R+ @ be
the mapping:

(e;) For all s, m € R, 04<d(s, m) and d(s, m) = 0, if and
only if s=m

(e,) Forall s, me N, d(s,m) =d(m,s)

(e;) There is be €5, b>e, and for all s,m,ze N, d(s,z
)=b[d(s, m) + d(m, z)]

Then, (X, d) over the Banach algebra % with cone b
-metric d is a cone b-metric space. Note that if we take b=
e, then it reduces to the cone metric space over the Banach
algebra .

Definition 9 (see [1]). Let d : Nx XXX — R* and N + &:
(f;) There is a point z € X for s, m € X such that d(s, m
,z) #0, if at least two of s, m, z are not equal



Journal of Function Spaces

(f,) d(s,m,z) =0 if and only if at least two of s, m, z are
equal

(f;) d(s,m,z) =d(P(s,m, z)) for all s, m,z € N, where P
(s, m, z) stands for all permutations of s, m, z

(£) d(s,m,z) <d(s,m, t) +d(s,z,t) + d(m, z, t) for all s
,m,z,t € R

Then, (R, d) is a 2-metric space with 2-metric d.

Definition 10 (see [12]). Let d : RxRx R — %, N+ @,
and b>1 be a real number:

(g,) There is a point z € X for s, m € X such that d(s, m
,2) # 04 if at least two of s, m, z are not equal

(g,) d(s, m, z) = 0 if and only if at least two of s, m, z are
equal

(g;) d(s,m,z) =d(P(s,m,z)) for all s, m,z € X, where P
(s, m, z) stands for all permutations of s, m, z

(g,) d(s,m,z)<b[d(s,m, t) +d(s, z,t) + d(m, z,t)] for all
s,m,z,t € N

Then, (X, d) over the Banach algebra % with parameter
b>1 is a cone b,-metric space. By taking b =1, it became a
cone 2-metric space. We refer the reader to [21] for other
details about the cone 2-metric space over the Banach alge-
bra %.

Islam et al. [13] initiated the concept of the cone b,
-metric space over the Banach algebra with parameter b >e.

Definition 11 (see [13]). Letd : NX N x N — 9 and N # &:

(h,) There is a point z € X for s, m € N such that d(s, m
,2) # 04 if at least two of s, m, z are not equal

(h,) d(s,m, z) = 0 iff at least two of s, m, z are equal

(h;) d(s,m,z) =d(P(s, m, z)) for all s, m,z € X, where P
(s, m, z) stands for all permutations of s, m, z

(hy) d(s,m,z)<bld(s,m,t) +d(s, z, t) + d(m, z, t)] for all
s,m,z,tEXNwithbeGy, bx>e

Then, (N, d) over the Banach algebra with parameter b
> e is a cone b,-metric space. By taking b = e, it reduces to
a cone 2-metric space.

Example 12 (see [13]). Let % = CL[0, 1]. For each h(t) € %,
k()| = |h() ||, + [|B' ()|l Then, % is a Banach algebra
with unit e=1 as a constant function, and multiplication is
defined pointwise. Let @z = {h(t) € % | h(t)>0,t€[0,1]}.
Then, € is a cone in %. Let X={(k,0) e R?|||0<k<1}
U{(0,1)}. For all S, M, Z € X, define d : N x Nx X — %
as

P denotes permutations,

45,1 7) - (d(P(S, M,Z)),

A-h(t), otherwise,

(4)

where A is the square of the area of the triangle formed by
S,M,Z and h : [0, 1] — R defined by h(t) = ¢'. Consider

That s, 1/4(s—m)*-e'<1/4((s—2)* + (z—m)*) - &,
showing that d is not a cone 2-metric, because —(3/16)e' €5,
for 0<s,m,z<1 withz=1/2, m=0, and s=1. But for b>2
€ @ is a cone b,-metric space over the Banach algebra %.

Definition 13 (see [13]). Consider that (X, d) is a cone b,
-metric space over the Banach algebra % with b > e, and let
{s,} be a sequence in (X, d); then,

(i,) {s,} is said to converge to s € N if for every ¢ > 0
there is N € N such that d(s,, s, a) < ¢ for all n> N. That is,

lim s, =s(or)s, — s (n—>00). (6)

n—~oo

(i,) If for every ¢ 0; there exists N € N such that d(
Sy S ) < c for all m, n > N, then we say that {s, } is a Cau-
chy sequence

(i;) (X, d) is complete if every Cauchy sequence is con-
vergent in N

Definition 14 (see [22]). Let a sequence {s, } be in 9; then,
sequence {s,} is a ¢ -sequence, if for each c> 0 there is
N e N such that s, < ¢ for all n> N.

Lemma 15 (see [23]). Consider the Banach algebra 9% and
int €5 # @. Also, consider {s,} a c -sequence in % and k €
€5 where k is arbitrary; then, {ks,} is a ¢ -sequence.

Lemma 16 (see [23]). Consider the Banach algebra 9% and
int € # @. Let {s,} and {z,} be c-sequences in U. Then,
for arbitrary n,{ € €3, we have {ns, +{z,} which is also a
c-sequence.

Lemma 17 (see [23]). Consider the Banach algebra 9% and
int €5+ D. Let {s,} C €y such that |s,|| — 0 as n—
00. Then, {s,} is a c-sequence.

Lemma 18 (see [19]). Let % be the Banach algebra, e be their

unit element, and m, s € %. If m, s commutes, then
(k) r(s+m) <r(s) + r(m)
(k) r(sm) <r(s)r(m)

Lemma 19 (see [19]). Consider the Banach algebra 9% and s
€U If0<r(s) < 1, then

r((e—s)_l) <(I-r(s)7n (7)



Lemma 20 (see [24]). Consider the Banach algebra U, e is
their unit element, and €5, + &. Let L€ % and s, = L". If r(
L)< 1, then {s,} is a c-sequence.

Lemma 21 (see [25]). Let € C 9 be a cone.
(1) If s, me U, k€ €z, and m<s, then km=ks
(L) If m,k € €5, r(k) < 1, and m<km, then m =0
(1) For any ne N, r(k") <1 with k € €3 and r(k) < 1

Lemma 22 (see [26]). Consider the Banach algebra 9% and
int €5, + <.
ﬁ) If m,s,z € U and m<s < z, then m < s
(n°) If m€ €5 and m < ¢ for ¢ > 03, then m=0;

Lemma 23 (see [21]). Consider the Banach algebra 9% and
int 65+ . Let me U, and suppose that k € B3 is an arbi-
trary given vector such that m < ¢ for any 05 < ¢, then km
< ¢ for any 05 < c.

Lemma 24 (see [27]). Consider the Banach algebra 9% and
int €5 # &. Let 05<m < ¢ for each 05 < ¢; then, m =03,

Lemma 25 (see [27]). Consider the Banach algebra 9% and
int €5, # 3. If ||s,]| — 0 as (n — 00), then for each c>
0, there is N € N with n > N, such that s, < c.

Definition 26 (see [28]). Let g and g be self-maps of a set N.
If m = gs=fs for some s € N, then for g and f, s is known as
a coincidence point and m is known as a point of coinci-
dence of g and f.

Definition 27 (see [29]). The mappings g, f : X — N are
said to be weakly compatible, whenever fs=gs and fgs=g
fs for any s € N.

Lemma 28 (see [28]). Let the mappings g and f be weakly
compatible self-maps of a set N. If g and f have a unique
point of coincidence m = fs = gs, then m is the unique com-
mon fixed point of g and f.

2. Main Results

In this section, in the framework of the cone b,-metric space
over Banach algebras with parameter b > e, we prove some
common fixed-point results.

Proposition 29. Let (X, d) over the Banach algebra % be the
complete cone b,-metric space and € # 3 be a cone in U. If
a sequence {s,} in X converges to s € N, then we have the
following:

(i) {d(s,,s, a)} is a c-sequence for all a € X

(ii) For any a € N, {d(s,,
aeN

Speqr @) } 1S a c-sequence for all

Journal of Function Spaces

Proof. Since the proof is easy, so we left it.

Now, we here state and prove our first main results
which generalize and extend many of the conclusions from
the existence literature. O

Theorem 30. Let (X, d) over the Banach algebra % be a cone
b,-metric space with b e and €3, + & be a cone in U. Let
{E;}2) {Fj};fl, {Ge 12 and {H}}2, be four families of
self-mappings on N. For all i,j,k,1eN, if a sequence
{n,}:2, exists of nonnegative integers, such that for all s, m,
ZEN,

(B! s), F} (m), a) <9, (G (9, H} () )

+9,d(Gl*(s), E/'(5), a)
+9d(H’ m,a) (8)
+9 d(GZk (s), a)
+95d(H" (m E”' ) a),

where 9;,9,,9;,9,, 95 € €5 with Y2 _,r(9,) + 2r(9,)r(b) +
(5 < . HOIE) 1 OB 2 1y O (h) O
b’) <1, and 9,,9, 95, 9,, 95, b commute. If E;(R) < H,(R),
F;(R) € G¢(R), and one of E;(R), G¢(X), H(X), and F;(R

) are a complete subspace of R for each i,j, k,1>1, then
{E;}2, {Fj};’jl, {G}2,» and {H,}}°, have a unique point
of coincidence in N. Moreover, if {F;, H;} and {E;, G} are
weakly compatible, respectively, then {E;};), {F}Oij ,

{G}i2, and {H,}Z, have a unique common fixed point.

Proof. Set E}' = Sy, Fj = Tyjup GI* = Lyjso and H' = Ty,
i, j, k, 1 > 1. Then, by (8), we have

d(82i+1( )> T21+2( ) )<‘9 d(Logs3(5)> Jaren (m), @)
+9 d( 2k+3( ) Sz:+1(5) a)
+9 d ]2[+2( 2]+2( ) a)

(

+9,d(I3,5(5), T 2j+2(mM), a)

+9 d(]21+2(m) 21+1( ) a)‘
(9)

Choose s, € X to be arbitrary. Since E;(X) € H;(R) and
F;(R) € G(N) for each i,j,k,1>1, there exists s;,5, € N
such that S, (sy) = J,(s;) and T,(s;) = I5(s,). Continuing this
process, we can define {s,} by S,,.1(5,,) = Jay12 (52,1 ) and
Tonsa(Sane1) = Lo (Sans2)-

Denote (4, = ]2 (Sans1) = Sone1 (524) and phy, 1 = Doy 5(
$om12) = Tonsa (Sup1) for n=0,1,2, ---. Now, we show that {

u,} is a Cauchy sequence.
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From (9), we know that

AW Bops1> @) = A(Spne1 (S20)> Tanea(S2ne1)> @)

<1 d(Ly1 (S20)> Janez (S2001)> @)
+95d (L5111 (S20)> Sane1 (S20)> @)
+ 934 (Jan42(S2n41 ) Tonez(S2041)> 4)
+9,d(Lon41(520)> Toni2(S2041)> @)
+95d(Jan42(S2n41)> Sane1 (S20) @)

= 01d Uy 1> by @) + D, (U, 1> My @)
+ 95 (> oa1> @) + 94d (1> Bapi1> @)
+ 95 (ph,0s oy @) <91 (15 My 2)
+9,d(ty,_1> B @) + 93 (o0 th 11> 2)
+9,bd(py, 1> s o)
+9,bd(py, 1> thy,> @)
+9,bd ()5 415 @)

AW Bons1s Bon-1) = A(Sane1 (S20)> Tanea (Sane1)s Hane1)
<ALy (San) Jane2 (S2ne1 ) Hano1)
+9,d(Ly041(S2n)> Sane1 (S2n)> Banr)
+95d(J5n42(S2n41)> Tonez (S2ne1)> anr)
+94d(Ly01 (S21)> Tonea (S2ne1)> ot
+95d (T2 (S2n41)> Sanet (S20)> 1)
=91ty 1> B Bon-r)
+9,d(Uy_1> o> an1)
+95d (s Uas1> anr)
+ 9,4ty 1> Bapirs Bont)
+ 95 (o0 oo 1)
<3d (> ys1> onor)-
(11)

It means that d(u,,, t,,, > 4s,_1) = 0. Therefore, (10)

becomes

(=95 = 9,0)d(py,» tyyy1> )X (V1 + 9, + 9 b)d 1y, >ty @),
(12)

that is,
APy Bypsr> @) XLy AUy, 1> oy @) (13)

where L, = (e— 95 — 9,b) 7' (9, + 9, + 9,b). Similarly, it is not
difficult to show that

= d(S2:3(S2n42)s Tonia(S2041)> @)
<9,d(L3(S2n42)s Janea (S2ne1)5 @)
+95d(103(S2n42)s Sans3 (S2n42)> @)
+95d(J2n12(S2n11)> Tonsa(Sane1)> @)
+ 9443 (S2n42)s Tanea (S2001): @)
+95d(Jne2(S2n41)> S2ne3 (S2n42)> 2)
=91 (fs1> o @) + D0 (U015 s @)
+ 954y, Uos1> @) + 94 (U1 o @)
+95d(Uyyp> Hapiz> @)1 (U015 oy @)
+ 954 ({015 Posn @) + 93 (fhy0 15 @)
+95bd (U5 2o o)
+95bd (> 1> @)
+950d(thy,115 o> 3)-

A(yi2> Bonsr> @)

(14)

As d(ty,r Ui Ponsy) = 03> therefore (14) becomes

(e =9, = 95b)d(Urp425 a1 @)X (O + 95+ 950)d (s> 11> 4)s
(15)

that is,
A(y120 Baner> )SLod (U0 > @) (16)

where L, = (e = 9, — 9:b) (9, + 9, + 9;b). Set K = L, L,, and
using inequalities (13) and (16), we deduce that

A(Mpi25 Bansr> @)=L (15 oy 2)
<L,Lyd(pys > @)
SLyLy Lyd(phy,-y» My p» @) (17)
=L Kd(py,_> My s @)
<L, K"d(py, by, a),

A(Uyi30 Mansa> O)SL1d (0005 Bonyy» @)
<L, L,K"d(u,, py» @) (18)

=K""d(uy, gy a).

In this case, for all t < i, similar to (17) and (18), we have

A(papir> oo torer) = LK™ 7 (110 o1 tori) = 070
A1 oo torer) = K" (10 g o) = O
A1 o M) = K" (o1 o ) = 035
Aty 1> o o) = LK 7 A (1 o thoy) = 03
(19)

Therefore, for all m<n, ae X, and using the above
inequalities, we have
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A(y1> Bamrr> A)S6A (P15 P> o) That is,
+bd (15 > @)
+ bd(MZn’ Homer> a) © -2 r m+1yn—m-2
=bd (41> o @) + bd (2 U115 2) Hbtanaro o> @)% rg() (b K) (K ’
<bd(Uy, 1> Py, @) + bzd(.”zn’ Hams1> Ban-1) + Lszbn_m_l ) d(py> po> @)
+ bzd([/l Abl a) -2 “1m n—-m-—2 (22>
o Mon-1> <(e-b"K) K" (Kb
+ bzd(!f‘m—p!"zm+1> a) +L2bn_m_l)d(ﬂ1"”0’“)
2
=bd (1> oy @) + A (> Uy, 15 @) =MK"d(u,, 4y, a),

+ bzd(”Zn—l’ “2m+1’ a)‘

20 _
(20) where M = (e — b*K) I(Kb"_”’_2 +L,b" .
Similarly, we have
Continuing this process, we get
A(thy> Bopmir> @) < bd (> Uy, 15 @)
A(fyps1> Bomer> @) S bd(py,,5 o @) + bzd(.“zw Hp-1> @) S bzdn !
bd +b°d (1> Hyyn» @)
+ (HZV(—I’ Hop2> a) b3d
+ B4 (50 ) +b7d (s 30 @)
4
ot b Aty @) +b7d(py,, 35 g @)
—m— —m—4
+b" 3d(:"‘ZmJA’ Homys a) *e ,+b” " d(lu2m+5’ ku2m+4’ a)
n—m-. — ,3
+ "2 d (55 o @) + " A (g0 B3 @)
+ 0" Ay o> 9) + bn_m_zd(‘”zmﬁi Homsz> @)
) bK"ad(ﬂ,l; b @) + 1L ) + 0" A (U0 oy )
+0°K"d(uy, g a) < (bLZKWl n b3L2Kn—2
4 n-2
+b L;nKm:Ii(,f:z’;(O) a) ) +o- '+bn—m—4L2Km+2 + bn—m—szKmH
+eet Uis Por O
3 el 10 + bZKn—l + b4Kn—2+'“+bnfm73Km+2
+b LK™ d(py5 pg ) n—m—11-m
+ bn—m—ZKerld(‘ul)‘uO) a) +b K )d(yl, ‘l/lo, Ll)
+ bn—m—leKmd(‘ul’ o> a) < bnimiszKm*'l (8 + bizK
< (bK" + b’LK" + K™ ot b"TEK N d (g, g, a)
+ b4L2Kn—2+_ . .+bn—m—4Km+2 + bn—m—le (e + b72K
+ bn—m—?)LszH + bn—m—ZKmH ‘.. ‘+bm_n+3Kn_m_l)d(‘u1 MO a)
+ bnimileKm)d(«”v Ho» @), 0
— - — r
< banLszJrlZ(b ZK)
r=0
(a1 Hager> @) = (bKn + DK bR n-m—1 C N
+ bn—m—ZKmH + szan_l + b Km Z(:) (b K) d(('ll’ Au()’ a)
+ B LK 2 b L, K 0
—2 Ty n-m-2 +1
+ bnfmfleKm)d(#l,‘uO, a) < ZO (b K) (b LZK’"
— K2 (4 bR = o
m—n+3( n—m—1 + b” " 1Km)d([’ll’ AMO’ a)
+oetb K )d(uys phy» @) 21) 3 R -
F LK"Y e+ 57K < (e-b7K) K™( 2
n-m-1
+...+b’”‘”+3K"’m’l)d(yl, Yo» @) +b )d(ﬂl’ Ho> a)
o = NK"d(puy, g, a),
— Km+1bn—m—2 b—ZK r
(i3 )

+ LK"Y (b'ZK)r> d(uy> > a).-

r=0

where N = (e~ b7K)” (0" LK + "),
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Similar to the above, one can easily get that

A(ty> oy @) SOK™d (1, o, ),
A(Uspi1> Mo @)<PK™d(pay, phy @),

where O=(e—b2K) (b""L,+b"™'K) and P=
(e—b2K) " (0" + b 2L,).
From Lemmas 18 and 19, we have that

r(K) =r(LiLy) <r(Ly) xr(Ly)
=r[(e—95—9,b)"(9, +9, +9,b)]
xr[(e—9, - 95b)7' (9, + 95 + 95b)]
((e—9 = 9,b)7") x (9, +9, + 9,b)
xr((e=9, = 95b) ") x r(9, + 95 + 95b)
r(91) +7(9,) +r(9)r(b)
1=r(95) = r(9y)r(b)
r(91) + (%) +r(95)r(b)
1=1(9,) = r(%)r(b)

Since r(K) < 1, therefore in the light of Remark 5 and
Lemma 25, ||K™|| — 0 as (m — 00), and so, for every ¢
€int €5, there exists ny € N such that K™ « ¢ for all n>
ny; that is, the sequence {K™} is a c-sequence. By Lemma
15, the sequences {MK™d(u,, o, a)}, {NK"d(u,, 4y a)},
{OK™d(u,, uya)}, and {PK™d(u,,uya)} are also ¢
-sequences. Therefore, for any ¢ € % with 6 < c, there exists
n, € N such that, for any n>m > n,, we have d(u,, u,,, a)
< ¢ for all n>n, and for all a € X. Thus, from Lemma 24,
it means that d(u,, u,,» a) = 0. This implies that {4} is a
Cauchy sequence in XN.

If H;(R) is complete for each 1=1,2,3, -,
q € H)(R) such that

<l

there exists

Pon = Jansa (52n+1) =S4 (SZn) —4q (n—»oo) (26)

So we can find a p € X such that J,,,,(p) = q (if E;(R) is
complete for each i=1,2,3, -, there exists q € E;(R) € H(
N); then, the conclusion remains the same). Now, we show
that T,,,,(p) = q. By (9), we have

A(T212(P)s 4 @)=<bd(T 05 (P)> 9> Sz (S20))
+bd(T5,5(P)> Sane1 (20)> )
+bd (8341 (520), 9> @)
<bd(T .5 (P)> @ Sone1 (S20))
+bd (83041 (520), 9> @)
+b91d(Ly11(S20) Jans2 (S2001)> @)
+b9,d(141(S20)> Sone1 (S20)> 4)
+b93d (312 (Sans1)> Tonaa (P)> @)
+b9,d(15,41(S20)> Toni2(P)> @)
+b95d (342 (S2n41)> Sonet (S20)> @)

d(T2,5(P)> 4 @) = bd(T5, 5(P)> 4 ty,,) + bA(phs,12 G @)
+b9,d(py,,_1> 9> a) + b9, d(phy,,_ 1>ty )
+b9;d(q, Ty,15(p)> a)
+09,d(py 1> Topia(P) @)
+b95d(q, ty,,> @)
<bd(T5,15(P)> 4> ) + b (phy,2 9> @)
+b9,d(py,,_1> 9> a) + b9, d(phy,,_ 1> 1y @)
+b9;d(q, Ty, (p), a)
+ b2‘94d(["2n—1’ T202(P)9)
+ b294d(”2n—1’ g, a)
+6%9,d(q) Ty (), @) + b95d(qs ).
(27)

That is,

(e - bY, - b294)d(T2n+2(P)> g, a)
<bd (s Tonia(p)> @) + 629,15, 1 Toia(P): 9)
+ (b +b95)d(py,» g, a) + (b9, + 52‘94)51(#2;1—1’ q.a)
+09,d (U115 o @)
(28)

Therefore, it follows from Proposition 29 and Lemmas
15 and 16 that

(e~ b~ b294)d(T2n+2(P)) 9> 4)<z,,, (29)

where {z,} is a c-sequence in €. In addition, from Propo-
sition 2 and

r(b95 +b29,) <r(b)r(9;) +r(b*)r(9,) <1,  (30)

it means that e — (b9; + b*9,) is invertible. In this case,
we have

(e~ 695 = b9,)d(Ty,5(p)- g, 0) < ¢, (31)

for any ¢ > 0, which together with Lemma 23 implies
that 05,<d(T,,,(p).q-a) <¢, for any ae R, neN, and ¢
>0z as (e—(b9;+0b*9,)) is invertible. Therefore, by
Lemma 24, we have d(T,,,,(p),q,a) =05 for any neN.
Namely, T,,,,(p) =4 for any n € N. That is, T,,,,(p) =g =
]2n+2

At the same time, as g = T,,,(p) € F;(R) € G;(X), there
exists u € R such that I,, ,(u) =q.



Now, we show that S,,,,(u) = g. From (9), we have that

d(Sypi1 (1), 9> a) = d(Syi1(4)s Topia (P)s @)

<91d(Ly,3(1) Jonia(P), @)
+9,d(L5,015(1), Sy (1), @)
+93d(J2042(P)> Tonia(P)> a)
+94d(Ly15(4), Tonia (P)- @) (32)
+95d(J 242 (P)> Soni1 (), @)

=9,d(q g, a) +9,d(q; Sy1 (4), a)
+9;d(q, 4 a) + 9,4d(q, q, a)
+95d(q> Sy (1), a).

That is,

d(Sya1 (1)> @ @)2(9 + 95)d(S01 (), g @).  (33)

Hence, by Lemma 20, we know that d(S,,,, (), q, a)
03> and so S,,.,(u) = q. Therefore, S, (u) =1,,,5(u) =

and T, (p) = Jouma(P) =9

Next, if we assume G,(R) is complete for each k=1, 2,
-, there exists g € G;(R) such that

Boner = Donis (S2042) = Tapsa (Saprn) — qas (n—00). (34)

So, we can find u € N such that I,,,;(u) =q (if F;(R) is
, there exists g € F;(X) € Gy(
N); then, the conclusion remains the same).

Now, we show that S,,,,, (u) = q. By (9), we get that

complete for each j=1,2,3, -

d(Sye1 (1), 4> a)=bd(Sy41 (4)> @ Tonia(S2n41))
+bd(Sy11(4)> Tz (S2n41)> @)
+bd(Ts,15(S2n1)> 4 @)
<bd (S50 (1)> @ T2 (S2n41))
+bd(T,5(S2001): 9> @)

+ b9 d( 2n+3( ) ]2n+2(52n+1)’ a)

+09,d(Ly3(4)s Sy (1), @)

+b93d (312 (S2ns1)> Tanea(Sanen)> @)

+09,4d(Ly45(4)> Topiz(S2ne1)> @)

+b95d(J 312 (S2p11)> Spner (), )
<bd(Syy1 (U)s G hyy) + 03,15 9 @)

+09,d(q, phy,» @) + b9,d(q, S0 (4), @)

+093d(ty> bypi1> @) + 094d(q, 1,115 9)

+ b7 95 (3, Syt (1), q)

+ b7 95d(p, 4, @) + b7 95(q, S, (1), ).
(35)
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That is,

(e=b9; = b°9,)d(T o), 4: a)
<bd(ty,, Toia(p)s @) + 6°84d (b, 1 Tz (), 9)
+ (b +b%)d(uy,, 9, a) + (b9 + 52‘94)51(#2;1—1’ q.a)
+09,d (U115 oy @)-
(36)

Therefore, it follows from Proposition 29 and Lemmas
15 and 16 that

(e—b9, - b295)d(82n+1 (1), g, a)<z,, (37)

where {z} } is a c-sequence in €. In addition, from Propo-
sition 2 and

r(b9s +b29,) <r(b)r(9) +r(b')r(9,) <1,  (38)

it means that e — (b9, + b*9;) is invertible. In this case,
we have

(e = b9, = b795)d(Sy1 (1), 4 @) < , (39)

for any ¢ > 0, which together with Lemma 23 implies
that 05<d(S,,,,(4),g,a) < cforany ae N, ne N, and ¢ >
05 as (e - (b9, + b9,)) is invertible. Therefore, by Lemma
24, we have d(S,,,,(u),q,a) =05 for any ne N. Namely,
Syp41(u) =q for any n e N. That is, S, (1) =q=1,,,5(u).

At the same time, as g=S,,,,;(u) € E;(R) € H;(R), there
exists pe R such that J,,,(p) =q. Now, we show that
T2 (P) = g. From (9), we have

Ad(T22(P)s 4 @) = d(Sypi1 (1) T2pi2(P)s @)
<91 d(Ty13(4)s Jonsa (P)> @)
+9,d(Iy,5(1), Syi1 (1), @)
+93d(J2042(P)> Tons2(P)> @)
+9,d(Iy,3(1), Topin(P), @)
+95d(J2n42(P)> Sanir (4), @)
=9,d(q, 4. a) +9,d(¢, g, a)

+95d(q, T42(p)> a)
+9,d(q, Triz(p)> a) +95d(q, > a).
(40)
That is,
A(T212(P)> @ a)%(95 + 94)d(T 212 (P)> 9> @) (41)

Hence, by Lemma 20, we know that d(T,,,,(p), ¢, a )

03, and so Ty, (p) = q. Therefore, T5,,,(p) = J2.2(P)
and Sy, (u) =1,,5(u) = 4.

Finally, we show that S,;,, and Iy, 3, T5;,,, and ]y, have
a unique point of coincidence in N. Assume that there is
another point z € X such that T,, ,(x) = J,,,, =z then,
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d(q, 2, a) = d(Sy1 (1), Toyn(x), )
<91d(1y,,5(4), Jonia(X): @)
+9,d(Ly3(1), Sy (1), a)

(u
+95d(J 512 (%)s Topia (%), @) (42)
(x

(
+9,d(Iy43(4), Topin (%), a)
+95d(J5n42(%)> Sy (1) @)
=9,d(q,z,a) +9,d(q, g, a) + 93d(z, 2, a)
+9,d(q, z,a) + 9:d(z, g, a).

That is,
d(g,z,a)<(9, + 9, +95)d(q, z, a). (43)

Hence, by Lemma 20, we have that d(g, z, a) = 65, and
so q=z; that is, q is the unique point of coincidence of
Tyj5 and Jyp.

Similarly, we also have g which is the unique point of
coincidence of S,;,; and I,;,; by induction.

So, according to Lemma 28, g is the unique common
fixed point of {S,;,1, Ix,;} and {T2j+2,]21+2} for each i, j, k
,1=1,2,3,---. Therefore, q is the unique common fixed
point of Sy;,15 Iy,3> Tajips and Jopy,.

Now, it is left to show that g is the unique common fixed
point of {E; }}*,, {Fj};jl’ {Ge iy and {H T

As 4=5,,1(9) = E;f'(q), so we have E,(q) = E,(Ex'(q))
= E”n (En(q)) = 52n+1 (q)’ that is, 82n+1 (En (q)) = En(q) But
S,,41(q) = q is unique; therefore, E, (q) =q for n=1,2,3, -+

Also, as q=T,,,,(q) = Fi'(q), so we have F,(q) =F,(
FZ” (q)) = FZ”(Fn(q)) = T2n+2(q)’ that is, T2n+2(Fn(q)) = Fn(
q). But T,,,,(g) = q is unique; therefore, F,(q) =q for n=
1,2,3,--. Similarly, G,(q) =q and H,(q) =q for n=1,2,3,
---. Thus, the four families of mappings {E;}>,, {Fj};fl,

{G}r2)> and {H,} 2, have a unique common fixed point. [J

Remark 31. Theorem 30 of this paper extends and improves
Theorem 2.1 of [30] from cone metric spaces to cone b,
-metric spaces; also, it extends and improves Theorem 3.2
of [17] and Theorem 3.1 of [31] from one family and two
families, respectively, to four families of mappings.

We obtain a series of new common fixed-point results
using Theorem 30 for four families of mappings in the con-
text of cone b,-metric spaces over Banach algebras, which
generalize and improve many known results from the exis-
tence literature.

Corollary 32. Let (R, d) over the Banach algebra % be a cone
b,-metric space with b+ e and G5 # & be a cone in U. Let
{E}Z) {Fj};:]’ {Ge}p and {H,}Z, be four families of
self-mappings on N. For all i,j,k, 1€ N, if a sequence
{n,}:2, exists of nonnegative integers, such that for all s, m,
Z€N,

k

[4(GY(5), Ef (5), a)

(B o). F) (m).a) | (40)
4(6t 0 )
(HI (m), E1(5). ).

where a, 3,y € €5, with r(a) +r(B) + 2r(y)r(b) < L, r(B)r(b
)+ r(y)r(b?) < 1, and a, B, y, b commute. If E;(R) € H)(X),
F;(R) € G¢(R), and one of E;(R), G¢(X), H|(R), and F;(R
) are a complete subspace of R for each i,j,k,1>1, then
{E;}2, {Fj};fl, {G}2,» and {H,}}2, have a unique point
of coincidence in R. Moreover, if {F;, H} and {E;, G} are
weakly compatible, respectively, then {E;};,, {F j};f],
{G}2,, and {H,}}2, have a unique common fixed point.

Proof. Let 9, =, 9, =9; = 3,9, =95 =y in Theorem 30. O
Corollary 33. Let (R, d) over the Banach algebra % be a cone
b,-metric space with b+ e and G5 # & be a cone in U. Let
{E;}2, {Fj};,fl, {G 2, and {H,})2, be four families of
self-mappings on X. For all i,j,k,1€N, if a sequence
{n,}:2, exists of nonnegative integers, such that for all s, m,

ZEN,

d(EJ'(s), F (m), a)<9,d(G](s), H]'(m) a)
+9,d(GE(s)EN(s)a)  (45)
+9,d(H](m), F}/(m).a),

where 9,,9,,9; € €5, with r(9,) +r(9,) +r(9;) < 1, r(9,)r(b
)+7(95)r(b) < 1, and 9,,9,,9;, b commute. If E;(R) € H;(R
)» Fj(R) € G(R), and one of E;(R), G¢(R), H|(R), and F(
R) are a complete subspace of N for each i, j, k,1> 1, then
{E;}2) {Fj}]cfl, {G}12) and {H,}2, have a unique point
of coincidence in R. Moreover, if {F;, H;} and {E;, G} are
weakly compatible, respectively, then {E;}, {F j};:,

{G}i2, and {H,}Z, have a unique common fixed point.

Proof. Taking 9, = 9; =0 in Theorem 30, one can get the
desired result. O

Remark 34. We can have Theorem 3.1 in [21], when {E,}?",
and {F j};’jl are the same mapping and {G, };, and {H,},",
are the identity mappings. Therefore, Theorem 3.1 of [21] is
a special case of Corollary 33. Also, Corollary 33 of this
paper generalizes Theorem 2.1 of [10] from the cone 2-

metric space to the cone b,-metric space and extends Theo-
rem 6.1 in [12].
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Corollary 35. Let (X, d) over the Banach algebra % be a cone
b, -metric space with b+ e and €5, + & be a cone in U. Let
{EYZ, {E), G, and {H}, be four families of
self-mappings on N. For all i,j,k, 1€ N, if a sequence
{1,172, exists of nonnegative integers, such that for all s, m,

Z€N,

d(EV'(s), F (m), a) <ad (G (s), H] (), a)
+B[d(G{(s), E]'(s), a) (46)
+ d(H;”(m), F;]j (m), a)} ,

where a, 3 € €5, with r(a) + 2r(B) < 1, 2r(B)r(b) < I, and «
, B, b commute. If E,(R) € H(X), FJ(N) C G¢(R), and one
of Ei(R), G (R), H)(R), and FJ-(N) is a complete subspace
of X for each i,j,k,1>1, then {E;},, {Fj};i’], {G 1)
and {H,}}°; have a unique point of coincidence in R. More-
over, if {F;, H;} and {E;, G} are weakly compatible, respec-
tively, then {E;};), {Fj}}fl, {G}2) and {H;})2, have a

unique common fixed point.

Proof. One can the result taking 9, =a,9,=9; =, and 9,
=9; =65 in Theorem 30. O

Remark 36. Corollary 35 of this paper extends Theorem 6 in
[32]; therefore, Theorem 6 in [32] is a special case of Corol-
lary 35.

Corollary 37. Let (R, d) over the Banach algebra % be a cone
b,-metric space with b> e and G5 # & be a cone in U. Let
{E}Z) {Fj};):]) {Ge )2y and {H\}Z, be four families of
self-mappings on N. For all i,j,k,1e€N, if a sequence
{n,}:2, exists of nonnegative integers, such that for all s, m,
Z€N,

d(E:va (s)s Fjj (m), a) %ocd(sz (s), H}' (m), a)

+ ﬁd(sz (s), FY'(m), a) (47)
+yd(H]'(m), E['(s), a),

where «, B,y € €3 with r(a) + 2r(B)r(b) + 2r(y)r(b) < 1, r(
B)r(b?) +r(y)r(b°) < 1, and &, B,y, b commute. If E;(R) C
H|(R), F;(R) < G(R), and one of E;(R), G¢(X), H,(R),
and F;(R) Oc(l)re a coznoplete sufospace ofooor; each i, j, k,1>1
, then {Ei}_izl’_ {Ff}j;l’ {Gi} ey and {H,} .2, have a unique
point of coincidence in R. Moreover, if {F;, H;} and {E;, G,
} are weakly compatible, respectively, then {E,};°, {Fj};,fl,

{G 12> and {H,}}2, have a unique common fixed point.

Proof. One can get the result taking 9, = a,9, = 9; = 05 and
9, =5, 95 =y in Theorem 30. O
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Corollary 38. Let (X, d) over the Banach algebra % be a cone
b,-metric space with b> e and €z #+ 3 be a cone in U. Let
{EYZ, {F)S, Gy and {H), be four families of
self-mappings on N. For all i,j,k,1€N, if a sequence
{n,}:2, exists of nonnegative integers, such that for all s, m,

Z€EN,

d(EJ'(s), F (m), a) <kd(G}: (), E (), a) + Id (H[ (m), F} (m), ),
(48)

where k,1€ €5 with r(k) +r(l) <1, r(k)r(b) +r(l)r(b) < 1,
and k,1,b commute. If E;(X) € H/(R), F;(R) € G,(R), and
one of E;(R), Gi(R), H|(R), and F;(R) are a complete sub-
space of N for each i,j,k,1>1, then {E}7, {Fj};fl,
{G )2, and {H,}}2, have a unique point of coincidence in
N. Moreover, if { Fj, H;} and {E;, G} are weakly compatible,
respectively, then {E,}7°,, {Fj};:, {G}2, and {H,}Z, have

a unique common fixed point.
Proof. Let 9, =9, =9; =03,9, =k, 9; =l in Theorem 30. O

Corollary 39. Let (X, d) over the Banach algebra % be a cone
b,-metric space with b> e and €5 # 3 be a cone in U. Let
(B)YZ AF)s (G, and {HLY, be four families of
self-mappings on N. For all i,j,k,1€N, if a sequence
{n,}:2, exists of nonnegative integers, such that for all s, m,
Z€EN,

d(EV'(s), F (m), a) <kd (GI*(s), F (m), a) + Id(H] (m), E/ (), a),
(49)

where k,1€ €5 with 2r(k)r(b) + 2r()r(b) < 1, r(k)r(b°) +r
(Dr(b*) < 1, and k, I, b commute. If E;(R) € H(R), F;(R) ¢
Gi(R), and one of E;(R), G¢(R), H)(R), and F;(X) are a
complete subspace of N for each i,j,k,1>1, then {E;},
{Fj};’jl, {G}2)» and {H,}2, have a unique point of coinci-
dence in N. Moreover, if {F;, H;} and {E;, G;} are weakly
compatible, respectively, then {E;}), {Fj};,fl, {G}2), and

{H,}}2, have a unique common fixed point.
Proof. Let 9, =9, =9; =0;,9, =k, 9; =l in Theorem 30. O

Corollary 40. Let (X, d) over the Banach algebra % be a cone
b, -metric space with b e and €5, # & be a cone in U. Let
(B2 {E), (G and (HYS, be four families of
self-mappings on N. For all i,j,k,1€N, if a sequence
{n,}:2, exists of nonnegative integers, such that for all s, m,

ZEN,

d(E}'(s), F} (m), a) <kd (G} (s), H}'(m), @), (50)
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where k € €5, with r(k) <1 and k, b commute. If E;(R) € H,
(R), F;(R) € G(X), and one of E;(X), G(R), H|(X), and
F;(R) are a complete subspace of X for each i, j, k, 1> 1, then
{E}2, {Fj}jzl’ {G } 2> and {H,} 2, have a unique point of
coincidence in N. Moreover, if {F;,H,} and {E;, G} are
weakly compatible, respectively, then {E;}, {F J}]O: »

{G}i2) and {H,}2, have a unique common fixed point.
Proof. Let 9, =k, 9, =9; =9, =9; =0 in Theorem 30. O
From the above corollary, we obtain the following.

Corollary 41. Let (N, d) over the Banach algebra % be a
complete cone b,-metric space with b> e and €5+ be a

cone in U. Let {E;}°, be the family of self-mapping on N.
For all i € N and for all s, m,z € X,

d(E;(s), E;(m), a)<kd(s, m, a), (51)

where k € €5, with r(k) < 1 and k, b commute. Then, {E;}{°,
have a unique common fixed point.

Proof. Taking 7, =1, E; = F, and G, H; which are identity
mappings in Corollary 40, then we can obtain the required
result. O

We finish this section with an example that will demon-
strate the consequence of Theorem 30.

Example 42. Let % =R, For each (s;,s,) € %, ||(s;5,)|| = |
1| +1s,]- The multiplication is defined by sm = (s, s,)(m;,
m,) = (s,m,, s,m, +s,m, ). Then, % is a Banach algebra with
unit element e=(1,0). Let €5 ={(s;,s,) e R*|s},5,>0}.
Then, €3 is a cone in «.

Let X={(5,0) e R*|s>0} U {(0,2)} c R? and define d
i RX N XN — % as follows:

(0,0), if atleast two of S, M, Z are equal,
d(S,M,Z) = d(P(S,M, Z)), P denotes permutations,
(4, 4), otherwise,

(52)

where A is the square of the area of the triangle S, M, Z. We
have

d((s, 0), (m,0), (0, ))<d(( 0), (m, 0), (2,0))
+d((5,0),(2.0),(0,2))  (53)

+d((2,0), (m, 0), (0,2)).

That is, (s — m)*<(s — 2)> + (z — m)*, which shows that d
is not a cone 2-metric, because (-9/2,-9/2)€®;, for s, m, z
>0 with s=5, m=0, and z=1/2. But for the parameter b

11

=(2,0) > e is a cone b,-metric space over the Banach alge-
bra %.
Now, we define mappings E; : X — NX(i=1,2,3,---) by

1\ V@) 3y V@iF)
E"((S’O)):<(6) () s“°> (54)
E;((0,2)) = (0,0).
We have

EF7((50) = EF(Ei((5.0)))

1\ 2/@2iF1) r3\ 2/2i-1) 2
6 3) e
<1>3/(2i—1)<3>3/(2i—1) $3 0)
6 2 &
) (55)

1\ 2/(2in1) 73\ (2i-2)/(2i1) 2i-2
(CRR—-—
1\ @FD/@2in1) /3N (2i-1)/(2i-1) i1
= (= - ——,0

RO

Il
o]

We define mappings G, : N— N (k=1,2,3,--) by

Gi((5,0)) = (@ o G) o e 0) ’ (56)

Gi((0,2)) = (0,0).
We have

G ((5.0) = G (Ge((5.0)))

1\ Y@k=1) 9N -k
5) <§) szk—z’o

1\ k1) o\ 32k 3
3 2 Szkfz’o
1\ k-2)/(2k=1) /1N (-2k-2)/(2k-1) 2k-2
=G| (= - S50 )
3 2 Szkfz

1\ (2R-1)/(2K-1) 1\ (-2Kk+1)/(2K-1) k-1
G ((50)) = (f) () S0
3 2 §2k-2
(57)

2
=[(=s0].
H;:XN— N

Similarly, we define

(])l: 172)3>'“) bY

mappings  F,
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o\ V@i 73\ V@)
F]((S’O)):<(3 (E) 52]7_2)0 5

F((0,2)) = (0,0),

o\ V@) /N V@Y
Hz((5>0)):< 3 (5> o0 )

H,((0,2)) = (0,0).

(58)

Then, it is not difficult to show that Fjjil((s, 0))=((1/5

)s,0) and H?"'((s,0)) = ((1/3)s,0). Choose 9, = (1/10,0),
9,=9,=(1/8,0), and 9, =9, = (1/16,0). Clearly,

3

Z r(9,) +2r(9,)r(b) + 2r(95)r(b)

it (59)

1 1 1 1 1 34
=—+-+-+2(—|2+2(—=]2=—<1,
10 8 8 <l6> <16> 40

also  7(9,)r(b) + r(95)r(b*) =2(1/8) + 4(1/16) = 1/2< 1
and r(9;)r(b) +r(9,)r(b*) =2(1/8) + 4(1/16) = 1/2 < 1.
Now, considering the contractive condition (8), we have

() o) 02)<(i0)a((0): G.0)-02)
i((3)-) 02)

0)a((59) () 02)
e Jo((50) G0y 02)
Ja((50) (o) 02),

>
>
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which means that

3

1/s 2 1 /2s s\?
RN
8\3 16\3 5
1 /s s\2 /s
+—(===), (=

16(3 4) 20)

r1 (i)z (62)

10 \3
1 /7s\> 1 /s\2

+—=] +=(=),
16 \15 1612)

+
| —
7N
—
&l 5
~_

[\]

that is,

2 & 2542 442 4942 s
<+ + + + ,
400 90 1152 1800 3600 2304

(63)

which shows that s?/400<2827s%/57600, and so (2827s?/
57600) — (5*/400) € €5, which is true for all s>0. Hence,
condition (8) is true for all s, m,a € N and i, j, k, I > 1, where
n;=2i—1,n;=2j—1, n,=2k—1, and 5, =21 1. All other
conditions of Theorem 30 are satisfied. By Theorem 30, E;,
F;, Gy, and H, have a unique common fixed point (0,0)
for all 4,7, k, 1> 1.

3. Application to the Infinite System of
Integral Equations

We give here a couple of auxiliary facts that will be needed in
our further considerations. Let % = R* with norm ||.||5 be a

real Banach algebra. Let I = [0, T}, and denote by C(I, %) the
space consisting of all continuous functions defined on

interval I with values in the Banach algebra %. The space
C(I, %) will be equipped with ||s|| = max {||s(a)||3 : a € I}.
Let X = C(I, %) and define d : X> — % by

d(s(t), m(1), 2) = [min {|s(t) = m(t)], |m(t) = 2|, |s(t) = 2[}}",
(64)

where p>1 and for all s(t), m(t),z € R. Then, (X,d) is a
complete cone b,-metric space over the Banach algebra.

We consider the infinite system of integral equations of
the form
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where i=1,2,3, .. Let E; : N — N. We redefine the above
infinite system of integral equations as

T

E((5,(6)) = g,(t +j M,(t,w)f (w, s(w))dw,  (66)

0

for all 5,(¢t) € N and ¢, w € I. Clearly, by using Corollary
41, the existence of solution to (65) is equivalent to the exis-
tence of a common fixed point of E,.

We assume that

(i) g; : I — R are continuous for each i=1,2,3, -

(i) M; : Ix R—> [0,+00) are continuous and ngi(t
,w)ydw<1 for eachi=1,2,3, -

(iii) f;: I xR — R are continuous for each i=1,2,3,
-+- such that

[fi(w, s(w)) = f(w, m(w))| < v [min {|s(w) = m(w)], [m(w)
2]y [s(w) = 2]},

(67)

for all s(w), m(w),ze Nand 0<v<1.

Theorem 43. Under the assumptions (i)-(iii), the infinite sys-
tem of integral equations (65) has a unique solution in N.

Proof. Take % = R? with norm ||s|| = ||(s;, ,)[| = Is; | + s, |,
and multiplication is defined by the following way:

sm = (s, 8,)(my, my) = (symy, symy + s,my). (68)

Let € = {(s1,5,) €% : 5,5, > 0}. It is clear that € is a
normal cone and % is a Banach algebra with unit element
e=(1,0).

Consider the family of mapping E; : N — X defined by
(66). Let s,(t), m;(t), z € R. From (64), we deduce that

d(E;(si()), E;(m;(t)), z) = max [min {|E;(s;(t))

aE[O,T]
—Ei(mi(1))]: [Ei(si(1))
— 2|, [E;(my(1)) - 2|}

<<max B (si(1)) —E,-<mi<t>>)P

max
- (a5

- [ a0 w0
~ (ima [ M1 0w

~ fi(w, m(w))]dw|)?

>

J Myt w)f (w, 5(w) )dw

0

P

)
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<(max [ Moo

a€[0,7] )
~fi(w, m(w))|dw)”
T
' Upfo;
<<£&¥]JOMI(t,w)v [min {|s(w)

- m(w)

m(w) - 2|, [s(w) - 2| dw)”

T
<J (max M,(t, w)) vYP
o \a€[0.T]

. <max [min {|s(w) — m(w)|, |m(w)

a€l0,T]

>

N

-2, fs(w) - 2[}f) Pdw)

T
< (J <maxMi(t,w)>v”17
0 a€[0,T)

(d(si(1), (1), ) Pdw).
(69)

Therefore,
d(E;(s;(t)), Ei(my (1)), z)=vd(s;(t), mi(t), 2). (70)

Now, all the assumptions of Corollary 41 are fulfilled and
the family of mapping E; has a unique common fixed point
in N, which means that the infinite system of integral equa-
tions (65) has a unique solution in N. O
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