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In this article, common fixed-point theorems for self-mappings under different types of generalized contractions in the context of
the cone b2-metric space over the Banach algebra are discussed. The existence results obtained strengthen the ones mentioned
previously in the literature. An example and an application to the infinite system of integral equations are also presented to
validate the main results.

1. Introduction and Preliminaries

Gähler [1] proposed the definition of 2-metric spaces as a
generalization of an ordinary metric space. He defined that
dðs,m, zÞ geometrically represents the area of a triangle with
vertices s,m, z ∈ℵ. 2-metric is not a continuous function of
its variables. This was one of the key drawbacks of the 2-
metric space while an ordinary metric is a continuous
function.

Keeping these drawbacks in mind, Dhage [2], in his PhD
thesis, proposed a concept of the D-metric space as a gener-
alized version of the 2-metric space. He also defined an open
ball in such spaces and studied other topological properties
of the mentioned structure. According to him, Dðs,m, zÞ
represented the perimeter of a triangle. He stated that the
D-metric induced a Hausdorff topology and in the D-met-
ric space, the family of all open balls forms a basis for such
topology.

Later, Mustafa and Sims [3] illustrate that the topological
structure of Dhage’s D-metric is invalid. Then, they revised
the D-metric and expanded the notion of a metric in which

each triplet of an arbitrary set is given a real number called
as the G-metric space [4].

In addition, the definition of the D∗-metric space is pro-
posed by Sedghi et al. [5] as an updated version of Dhage’s D
-metric space. Later, they analyzed and found that G-metric
and D∗-metric have shortcomings. Later, they proposed a
new simplified sturcture called the S-metric space [6].

On the other hand, by swapping the real numbers with
the ordered Banach space and established cone metric space,
Huang and Zhang [7] generalized the notion of a metric
space and demonstrated some fixed-point results of contrac-
tive maps using the normality condition in such spaces.
Rezapour and Hamlbarani [8] subsequently ignored the nor-
mality assumption and obtained some generalizations of the
Huang and Zhang [7] results. However, it should be noted
that the equivalence between cone metric spaces and metric
spaces has been developed in recent studies by some scholars
in the context of the presence of fixed points in the mapping
involved. Liu and Xu [9] proposed the concept of a cone
metric space over the Banach algebra in order to solve these
shortcomings by replacing the Banach space with the
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Banach algebra. This became an interesting discovery in the
study of fixed-point theory since it can be shown that cone
metric spaces over the Banach algebra are not equal to met-
ric spaces in terms of the presence of the fixed points of
mappings. Among these generalizations, by generalizing
the cone 2-metric spaces [10] over the Banach algebra and
b2-metric spaces [11], Fernandez et al. [12] examined cone
b2-metric spaces over the Banach algebra with the constant
b ≥ 1. In the setting of the new structure, they proved some
fixed-point theorems under different types of contractive
mappings and showed the existence and uniqueness of a
solution to a class of system of integral equations as an
application.

Recently, in 2020, Islam et al. [13] initiated the notion of
the cone b2-metric space over the Banach algebra with con-
stant b ≽ e which is a generalization of the definition of Fer-
nandez et al. [12]. They proved some fixed-point theorems
under α-admissible Hardy-Rogers contractions which gener-
alize many of the results from the existence literature, and as
an application, they proved results which guarantee the exis-
tence of solution of an infinite system of integral equations.

In 1973, Hardy and Rogers [14] proposed a new defini-
tion of mappings called the contraction of Hardy-Rogers
that generalizes the theory of the Banach contraction and
the theorem of Reich [15] in a metric space setting. For other
related work about the concept of Hardy-Rogers contrac-
tions, see, for instance, [16, 17] and the references therein.

We recollect certain essential notes, definitions required,
and primary results consistent with the literature.

Definition 1 (see [18]). Consider Û the Banach algebra
which is real, and the multiplication operation is defined
under the below properties (for all s,m, z ∈ Û, ρ ∈ℝ):

(a1) ðsmÞz = sðmzÞ
(a2) sðm + zÞ = sm + sz and ðs +mÞz = sz +mz
(a3) ρðsmÞ = ðρsÞm = sðρmÞ
(a4) ksmk ≤ kskkmk
Unless otherwise stated, we will assume in this article

that Û is a real Banach algebra. If s ∈ Û occurs, we call e
the unit of Û, so that es = se = s. We call Û a unital in this
case. If an inverse element m ∈ Û exists, the element s ∈ Û
is said to be invertible, so that sm =ms = e. The inverse of s
in such case is unique and is denoted by s−1. We require
the following propositions in the sequel.

Proposition 2 (see [18]). Consider the unital Banach algebra
Û with unit e, and let s ∈ Û be the arbitrary element. If the
spectral radius rðsÞ < 1, i.e.,

r sð Þ = lim
n⟶∞

snk k1/n = inf snk k1/n < 1, ð1Þ

then e − s is invertible. In fact,

e − sð Þ−1 = 〠
∞

k=1
sk: ð2Þ

Remark 3. We see from [18] that rðsÞ ≤ ksk for all s ∈ Û with
unit e.

Remark 4 (see [19]). In Proposition 2, by replacing “rðsÞ < 1”
by ksk ≤ 1, then the conclusion remains the same.

Remark 5 (see [19]). If rðsÞ < 1, then ksnk⟶ 0 as ðn⟶
∞Þ.

Definition 6. Consider the Banach algebra Û with unit ele-
ment e, zero element θÛ, and CÛ ≠∅. Then, CÛ ⊂ Û is a
cone in Û if:

(b1) e ∈CÛ

(b2) CÛ +CÛ ⊂CÛ

(b3) λCÛ ⊂CÛ for all λ ≥ 0
(b4) CÛ ·CÛ ⊂CÛ

(b5) CÛ ∩ ð−CÛÞ = fθÛg
Define the partial order relation ≼ in Û w.r.t CÛ by s≼m

if and only if m − s ∈CÛ; also, s ≺m if s≼m but s ≠m while
s≪m stands for m − s ∈ int CÛ, where int CÛ is the interior
of CÛ. CÛ is solid if int CÛ ≠∅.

If there is M > 0 such that for all s,m ∈CÛ, we have

θÛ≼s≼m implies sk k ≤M mk k, ð3Þ

then CÛ is normal. If M is least and positive in the
above, then it is the normal constant of CÛ [7].

Definition 7 (see [7, 9]). Let d : ℵ ×ℵ⟶ Û and ℵ ≠∅ be
the mapping:

(c1) For all s,m ∈ℵ, dðs,mÞ ≽ θÛ and dðs,mÞ = θÛ if and
only if s =m

(c2) For all s,m ∈ℵ, dðs,mÞ = dðm, sÞ
(c3) For all s,m, z ∈ℵ, dðs, zÞ≼dðs,mÞ + dðm, zÞ
Then, ðℵ, dÞ over the Banach algebra Û with cone met-

ric d is a cone metric space.
In [20], over the Banach algebra with constant b ≥ 1, the

cone b-metric space is introduced as a generalization of the
cone metric space over the Banach algebra while in Mitrovic
and Hussain [16], over the Banach algebra with parameter
b ≽ e, the concept of cone b-metric spaces is introduced.

Definition 8 (see [16]). Let d : ℵ ×ℵ⟶ Û and ℵ ≠∅ be
the mapping:

(e1) For all s,m ∈ℵ, θÛ≼dðs,mÞ and dðs,mÞ = θÛ if and
only if s =m

(e2) For all s,m ∈ℵ, dðs,mÞ = dðm, sÞ
(e3) There is b ∈CÛ, b ≽ e, and for all s,m, z ∈ℵ, dðs, z

Þ≼b½dðs,mÞ + dðm, zÞ�
Then, ðℵ, dÞ over the Banach algebra Û with cone b

-metric d is a cone b-metric space. Note that if we take b =
e, then it reduces to the cone metric space over the Banach
algebra Û.

Definition 9 (see [1]). Let d : ℵ ×ℵ ×ℵ⟶ℝ+ and ℵ ≠∅:
(f1) There is a point z ∈ℵ for s,m ∈ℵ such that dðs,m

, zÞ ≠ 0, if at least two of s,m, z are not equal

2 Journal of Function Spaces



(f2) dðs,m, zÞ = 0 if and only if at least two of s,m, z are
equal

(f3) dðs,m, zÞ = dðPðs,m, zÞÞ for all s,m, z ∈ℵ, where P
ðs,m, zÞ stands for all permutations of s,m, z

(f4) dðs,m, zÞ ≤ dðs,m, tÞ + dðs, z, tÞ + dðm, z, tÞ for all s
,m, z, t ∈ℵ

Then, ðℵ, dÞ is a 2-metric space with 2-metric d.

Definition 10 (see [12]). Let d : ℵ ×ℵ ×ℵ⟶ Û, ℵ ≠∅,
and b ≥ 1 be a real number:

(g1) There is a point z ∈ℵ for s,m ∈ℵ such that dðs,m
, zÞ ≠ θÛ if at least two of s,m, z are not equal

(g2) dðs,m, zÞ = θÛ if and only if at least two of s,m, z are
equal

(g3) dðs,m, zÞ = dðPðs,m, zÞÞ for all s,m, z ∈ℵ, where P
ðs,m, zÞ stands for all permutations of s,m, z

(g4) dðs,m, zÞ≼b½dðs,m, tÞ + dðs, z, tÞ + dðm, z, tÞ� for all
s,m, z, t ∈ℵ

Then, ðℵ, dÞ over the Banach algebra Û with parameter
b ≥ 1 is a cone b2-metric space. By taking b = 1, it became a
cone 2-metric space. We refer the reader to [21] for other
details about the cone 2-metric space over the Banach alge-
bra Û.

Islam et al. [13] initiated the concept of the cone b2
-metric space over the Banach algebra with parameter b ≽ e.

Definition 11 (see [13]). Let d : ℵ ×ℵ ×ℵ⟶ Û and ℵ ≠∅:
(h1) There is a point z ∈ℵ for s,m ∈ℵ such that dðs,m

, zÞ ≠ θÛ if at least two of s,m, z are not equal
(h2) dðs,m, zÞ = θÛ iff at least two of s,m, z are equal
(h3) dðs,m, zÞ = dðPðs,m, zÞÞ for all s,m, z ∈ℵ, where P

ðs,m, zÞ stands for all permutations of s,m, z
(h4) dðs,m, zÞ≼b½dðs,m, tÞ + dðs, z, tÞ + dðm, z, tÞ� for all

s,m, z, t ∈ℵ with b ∈CÛ, b ≽ e
Then, ðℵ, dÞ over the Banach algebra with parameter b

≽ e is a cone b2-metric space. By taking b = e, it reduces to
a cone 2-metric space.

Example 12 (see [13]). Let Û = C1
ℝ½0, 1�. For each hðtÞ ∈ Û,

khðtÞk = khðtÞk∞ + kh′ðtÞk∞. Then, Û is a Banach algebra
with unit e = 1 as a constant function, and multiplication is
defined pointwise. Let CÛ = fhðtÞ ∈ Û ∣ hðtÞ ≥ 0, t ∈ ½0, 1�g.
Then, CÛ is a cone in Û. Let ℵ = fðk, 0Þ ∈ℝ2 ∣ j ∣ 0 ≤ k ≤ 1g
∪ fð0, 1Þg. For all S,M, Z ∈ℵ, define d : ℵ ×ℵ ×ℵ⟶ Û

as

d S,M, Zð Þ =
d P S,M, Zð Þð Þ, P denotes permutations,
Δ · h tð Þ, otherwise,

 

ð4Þ

where Δ is the square of the area of the triangle formed by
S,M, Z and h : ½0, 1�⟶ℝ defined by hðtÞ = et . Consider

d s, 0ð Þ, m, 0ð Þ, 0, 1ð Þð Þ · et≼d s, 0ð Þ, m, 0ð Þ, z, 0ð Þð Þ · et
+ d s, 0ð Þ, z, 0ð Þ, 0, 1ð Þð Þ · et
+ d z, 0ð Þ, m, 0ð Þ, 0, 1ð Þð Þ · et:

ð5Þ

That is, 1/4ðs −mÞ2 · et≼1/4ððs − zÞ2 + ðz −mÞ2Þ · et,
showing that d is not a cone 2-metric, because −ð3/16Þet∈CÛ

for 0 ≤ s,m, z ≤ 1 with z = 1/2, m = 0, and s = 1. But for b ≥ 2
∈CÛ is a cone b2-metric space over the Banach algebra Û.

Definition 13 (see [13]). Consider that ðℵ, dÞ is a cone b2
-metric space over the Banach algebra Û with b ≽ e, and let
fsng be a sequence in ðℵ, dÞ; then,

(i1) fsng is said to converge to s ∈ℵ if for every c≫ θÛ
there is N ∈ℕ such that dðsn, s, aÞ≪ c for all n ≥N . That is,

lim
n⟶∞

sn = s orð Þ sn ⟶ s n⟶∞ð Þ: ð6Þ

(i2) If for every c≫ θÛ there exists N ∈ℕ such that dð
sn, sm, aÞ≪ c for all m, n ≥N , then we say that fsng is a Cau-
chy sequence

(i3) ðℵ, dÞ is complete if every Cauchy sequence is con-
vergent in ℵ

Definition 14 (see [22]). Let a sequence fsng be in Û; then,
sequence fsng is a c -sequence, if for each c≫ θÛ there is
N ∈ℕ such that sn ≪ c for all n >N .

Lemma 15 (see [23]). Consider the Banach algebra Û and
int CÛ ≠∅. Also, consider fsng a c -sequence in Û and k ∈
CÛ where k is arbitrary; then, fksng is a c -sequence.

Lemma 16 (see [23]). Consider the Banach algebra Û and
int CÛ ≠∅. Let fsng and fzng be c-sequences in Û. Then,
for arbitrary η, ζ ∈CÛ, we have fηsn + ζzng which is also a
c-sequence.

Lemma 17 (see [23]). Consider the Banach algebra Û and
int CÛ ≠∅. Let fsng ⊂CÛ such that ksnk⟶ 0 as n⟶
∞. Then, fsng is a c-sequence.

Lemma 18 (see [19]). Let Û be the Banach algebra, e be their
unit element, and m, s ∈ Û. If m, s commutes, then

(k1) rðs +mÞ ≤ rðsÞ + rðmÞ
(k2) rðsmÞ ≤ rðsÞrðmÞ

Lemma 19 (see [19]). Consider the Banach algebra Û and s
∈ Û. If 0 ≤ rðsÞ < 1, then

r e − sð Þ−1� �
≤ 1 − r sð Þð Þ−1: ð7Þ
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Lemma 20 (see [24]). Consider the Banach algebra Û, e is
their unit element, and CÛ ≠∅. Let L ∈ Û and sn = Ln. If rð
LÞ < 1, then fsng is a c-sequence.

Lemma 21 (see [25]). Let CÛ ⊂ Û be a cone.
(l1) If s,m ∈ Û, k ∈CÛ, and m≼s, then km≼ks
(l2) If m, k ∈CÛ, rðkÞ < 1, and m≼km, then m = 0
(l3) For any n ∈ℕ, rðknÞ < 1 with k ∈CÛ and rðkÞ < 1

Lemma 22 (see [26]). Consider the Banach algebra Û and
int CÛ ≠∅.

(n1) If m, s, z ∈ Û and m≼s≪ z, then m≪ s
(n2) If m ∈CÛ and m≪ c for c≫ θÛ, then m = θÛ

Lemma 23 (see [21]). Consider the Banach algebra Û and
int CÛ ≠∅. Let m ∈ Û, and suppose that k ∈CÛ is an arbi-
trary given vector such that m≪ c for any θÛ ≪ c, then km
≪ c for any θÛ ≪ c.

Lemma 24 (see [27]). Consider the Banach algebra Û and
int CÛ ≠∅. Let θÛ≼m≪ c for each θÛ ≪ c; then, m = θÛ.

Lemma 25 (see [27]). Consider the Banach algebra Û and
int CÛ ≠∅. If ksnk⟶ 0 as ðn⟶∞Þ, then for each c≫
θÛ, there is N ∈ℕ with n >N , such that sn ≪ c.

Definition 26 (see [28]). Let g and g be self-maps of a set ℵ.
If m = gs = f s for some s ∈ℵ, then for g and f , s is known as
a coincidence point and m is known as a point of coinci-
dence of g and f .

Definition 27 (see [29]). The mappings g, f : ℵ⟶ℵ are
said to be weakly compatible, whenever f s = gs and f gs = g
f s for any s ∈ℵ.

Lemma 28 (see [28]). Let the mappings g and f be weakly
compatible self-maps of a set ℵ. If g and f have a unique
point of coincidence m = f s = gs, then m is the unique com-
mon fixed point of g and f .

2. Main Results

In this section, in the framework of the cone b2-metric space
over Banach algebras with parameter b ≽ e, we prove some
common fixed-point results.

Proposition 29. Let ðℵ, dÞ over the Banach algebra Û be the
complete cone b2-metric space and CÛ ≠∅ be a cone in Û. If
a sequence fsng in ℵ converges to s ∈ℵ, then we have the
following:

(i) fdðsn, s, aÞg is a c-sequence for all a ∈ℵ

(ii) For any α ∈ℕ, fdðsn, sn+α, aÞg is a c-sequence for all
a ∈ℵ

Proof. Since the proof is easy, so we left it.
Now, we here state and prove our first main results

which generalize and extend many of the conclusions from
the existence literature. ☐

Theorem 30. Let ðℵ, dÞ over the Banach algebra Û be a cone
b2-metric space with b ≽ e and CÛ ≠∅ be a cone in Û. Let
fEig∞i=1, fFjg∞j=1, fGkg∞k=1, and fHlg∞l=1 be four families of

self-mappings on ℵ. For all i, j, k, l ∈ℕ, if a sequence
fηng∞n=1 exists of nonnegative integers, such that for all s,m,
z ∈ℵ,

d Eηi
i sð Þ, Fη j

j mð Þ, a
� �

≼ϑ1d Gηk
k sð Þ,Hηl

l mð Þ, a� �
+ ϑ2d Gηk

k sð Þ, Eηi
i sð Þ, a� �

+ ϑ3d Hηl
l mð Þ, Fη j

j mð Þ, a
� �

+ ϑ4d Gηk
k sð Þ, Fη j

j mð Þ, a
� �

+ ϑ5d Hηl
l mð Þ, Eηi

i sð Þ, a� �
,

ð8Þ

where ϑ1, ϑ2, ϑ3, ϑ4, ϑ5 ∈CÛ with ∑3
w=1rðϑwÞ + 2rðϑ4ÞrðbÞ + 2

rðϑ5ÞrðbÞ < 1, rðϑ2ÞrðbÞ + rðϑ5Þrðb2Þ < 1, rðϑ3ÞrðbÞ + rðϑ4Þrð
b2Þ < 1, and ϑ1, ϑ2, ϑ3, ϑ4, ϑ5, b commute. If EiðℵÞ ⊆HlðℵÞ,
FjðℵÞ ⊆GkðℵÞ, and one of EiðℵÞ, GkðℵÞ, HlðℵÞ, and Fjðℵ
Þ are a complete subspace of ℵ for each i, j, k, l ≥ 1, then
fEig∞i=1, fFjg∞j=1, fGkg∞k=1, and fHlg∞l=1 have a unique point

of coincidence in ℵ. Moreover, if fFj,Hlg and fEi,Gkg are
weakly compatible, respectively, then fEig∞i=1, fFjg∞j=1,
fGkg∞k=1, and fHlg∞l=1 have a unique common fixed point.

Proof. Set Eηi
i = S2i+1, F

η j
j = T2j+2, G

ηk
k = I2k+3, and Hηl

l = J2l+2,
i, j, k, l ≥ 1. Then, by (8), we have

d S2i+1 sð Þ, T2j+2 mð Þ, a� �
≼ϑ1d I2k+3 sð Þ, J2l+2 mð Þ, að Þ

+ ϑ2d I2k+3 sð Þ, S2i+1 sð Þ, að Þ
+ ϑ3d J2l+2 mð Þ, T2j+2 mð Þ, a� �
+ ϑ4d I2k+3 sð Þ, T2j+2 mð Þ, a� �
+ ϑ5d J2l+2 mð Þ, S2i+1 sð Þ, að Þ:

ð9Þ

Choose s0 ∈ℵ to be arbitrary. Since EiðℵÞ ⊆HlðℵÞ and
FjðℵÞ ⊆GkðℵÞ for each i, j, k, l ≥ 1, there exists s1, s2 ∈ℵ
such that S1ðs0Þ = J2ðs1Þ and T2ðs1Þ = I3ðs2Þ. Continuing this
process, we can define fsng by S2n+1ðs2nÞ = J2n+2ðs2n+1Þ and
T2n+2ðs2n+1Þ = I2n+3ðs2n+2Þ.

Denote μ2n = J2n+2ðs2n+1Þ = S2n+1ðs2nÞ and μ2n+1 = I2n+3ð
s2n+2Þ = T2n+2ðs2n+1Þ for n = 0, 1, 2,⋯. Now, we show that f
μng is a Cauchy sequence.
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From (9), we know that

d μ2n, μ2n+1, að Þ = d S2n+1 s2nð Þ, T2n+2 s2n+1ð Þ, að Þ
≼ϑ1d I2n+1 s2nð Þ, J2n+2 s2n+1ð Þ, að Þ

+ ϑ2d I2n+1 s2nð Þ, S2n+1 s2nð Þ, að Þ
+ ϑ3d J2n+2 s2n+1ð Þ, T2n+2 s2n+1ð Þ, að Þ
+ ϑ4d I2n+1 s2nð Þ, T2n+2 s2n+1ð Þ, að Þ
+ ϑ5d J2n+2 s2n+1ð Þ, S2n+1 s2nð Þ, að Þ

= ϑ1d μ2n−1, μ2n, að Þ + ϑ2d μ2n−1, μ2n, að Þ
+ ϑ3d μ2n, μ2n+1, að Þ + ϑ4d μ2n−1, μ2n+1, að Þ
+ ϑ5d μ2n, μ2n, að Þ≼ϑ1d μ2n−1, μ2n, að Þ
+ ϑ2d μ2n−1, μ2n, að Þ + ϑ3d μ2n, μ2n+1, að Þ
+ ϑ4bd μ2n−1, μ2n+1, μ2nð Þ
+ ϑ4bd μ2n−1, μ2n, að Þ
+ ϑ4bd μ2n, μ2n+1, að Þ:

ð10Þ

d μ2n, μ2n+1, μ2n−1ð Þ = d S2n+1 s2nð Þ, T2n+2 s2n+1ð Þ, μ2n−1ð Þ
≤ ϑ1d I2n+1 s2nð Þ, J2n+2 s2n+1ð Þ, μ2n−1ð Þ

+ ϑ2d I2n+1 s2nð Þ, S2n+1 s2nð Þ, μ2n−1ð Þ
+ ϑ3d J2n+2 s2n+1ð Þ, T2n+2 s2n+1ð Þ, μ2n−1ð Þ
+ ϑ4d I2n+1 s2nð Þ, T2n+2 s2n+1ð Þ, μ2n−1ð Þ
+ ϑ5d J2n+2 s2n+1ð Þ, S2n+1 s2nð Þ, μ2n−1ð Þ

= ϑ1d μ2n−1, μ2n, μ2n−1ð Þ
+ ϑ2d μ2n−1, μ2n, μ2n−1ð Þ
+ ϑ3d μ2n, μ2n+1, μ2n−1ð Þ
+ ϑ4d μ2n−1, μ2n+1, μ2n−1ð Þ
+ ϑ5d μ2n, μ2n, μ2n−1ð Þ

≼ϑ3d μ2n, μ2n+1, μ2n−1ð Þ:
ð11Þ

It means that dðμ2n, μ2n+1, μ2n−1Þ = θÛ. Therefore, (10)
becomes

e − ϑ3 − ϑ4bð Þd μ2n, μ2n+1, að Þ≼ ϑ1 + ϑ2 + ϑ4bð Þd μ2n−1, μ2n, að Þ,
ð12Þ

that is,

d μ2n, μ2n+1, að Þ≼L1d μ2n−1, μ2n, að Þ, ð13Þ

where L1 = ðe − ϑ3 − ϑ4bÞ−1ðϑ1 + ϑ2 + ϑ4bÞ. Similarly, it is not
difficult to show that

d μ2n+2, μ2n+1, að Þ = d S2n+3 s2n+2ð Þ, T2n+2 s2n+1ð Þ, að Þ
≼ϑ1d I2n+3 s2n+2ð Þ, J2n+2 s2n+1ð Þ, að Þ

+ ϑ2d I2n+3 s2n+2ð Þ, S2n+3 s2n+2ð Þ, að Þ
+ ϑ3d J2n+2 s2n+1ð Þ, T2n+2 s2n+1ð Þ, að Þ
+ ϑ4d I2n+3 s2n+2ð Þ, T2n+2 s2n+1ð Þ, að Þ
+ ϑ5d J2n+2 s2n+1ð Þ, S2n+3 s2n+2ð Þ, að Þ

= ϑ1d μ2n+1, μ2n, að Þ + ϑ2d μ2n+1, μ2n+2, að Þ
+ ϑ3d μ2n, μ2n+1, að Þ + ϑ4d μ2n+1, μ2n+1, að Þ
+ ϑ5d μ2n, μ2n+2, að Þ≼ϑ1d μ2n+1, μ2n, að Þ
+ ϑ2d μ2n+1, μ2n+2, að Þ + ϑ3d μ2n, μ2n+1, að Þ
+ ϑ5bd μ2n, μ2n+2, μ2n+1ð Þ
+ ϑ5bd μ2n, μ2n+1, að Þ
+ ϑ5bd μ2n+1, μ2n+2, að Þ:

ð14Þ

As dðμ2n, μ2n+2, μ2n+1Þ = θÛ, therefore (14) becomes

e − ϑ2 − ϑ5bð Þd μ2n+2, μ2n+1, að Þ≼ ϑ1 + ϑ3 + ϑ5bð Þd μ2n, μ2n+1, að Þ,
ð15Þ

that is,

d μ2n+2, μ2n+1, að Þ≼L2d μ2n, μ2n+1, að Þ, ð16Þ

where L2 = ðe − ϑ2 − ϑ5bÞ−1ðϑ1 + ϑ3 + ϑ5bÞ. Set K = L1L2, and
using inequalities (13) and (16), we deduce that

d μ2n+2, μ2n+1, að Þ≼L2d μ2n+1, μ2n, að Þ
≼L2L1d μ2n, μ2n−1, að Þ
≼L2L1L2d μ2n−1, μ2n−2, að Þ
= L2Kd μ2n−1, μ2n−2, að Þ
≼⋯≼L2K

nd μ1, μ0, að Þ,

ð17Þ

d μ2n+3, μ2n+2, að Þ≼L1d μ2n+2, μ2n+1, að Þ
≼L1L2K

nd μ1, μ0, að Þ
= Kn+1d μ1, μ0, að Þ:

ð18Þ

In this case, for all t < n, similar to (17) and (18), we have

d μ2n+1, μ2n, μ2t+1ð Þ = L2K
n−t−1d μ2t+1, μ2t+2, μ2t+1ð Þ = θÛ,

d μ2n−1, μ2n, μ2t+1ð Þ = Kn−t−1d μ2t+1, μ2t+2, μ2t+1ð Þ = θÛ,
d μ2n+1, μ2n, μ2tð Þ = Kn−td μ2t+1, μ2t , μ2tð Þ = θÛ,

d μ2n−1, μ2n, μ2tð Þ = L2K
n−t−1d μ2t+1, μ2t , μ2tð Þ = θÛ:

ð19Þ

Therefore, for all m < n, a ∈ℵ, and using the above
inequalities, we have
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d μ2n+1, μ2m+1, að Þ≼bd μ2n+1, μ2m+1, μ2nð Þ
+ bd μ2n+1, μ2n, að Þ
+ bd μ2n, μ2m+1, að Þ

= bd μ2n+1, μ2n, að Þ + bd μ2n, μ2m+1, að Þ
≼bd μ2n+1, μ2n, að Þ + b2d μ2n, μ2m+1, μ2n−1ð Þ

+ b2d μ2n, μ2n−1, að Þ
+ b2d μ2n−1, μ2m+1, að Þ

= bd μ2n+1, μ2n, að Þ + b2d μ2n, μ2n−1, að Þ
+ b2d μ2n−1, μ2m+1, að Þ:

ð20Þ

Continuing this process, we get

d μ2n+1, μ2m+1, að Þ ≤ bd μ2n+1, μ2n, að Þ + b2d μ2n, μ2n−1, að Þ
+ b3d μ2n−1, μ2n−2, að Þ
+ b4d μ2n−2, μ2n−3, að Þ
+⋯+bn−m−4d μ2m+5, μ2m+4, að Þ
+ bn−m−3d μ2m+4, μ2m+3, að Þ
+ bn−m−2d μ2m+3, μ2m+2, að Þ
+ bn−m−1d μ2m+2, μ2m+1, að Þ

≤ bKnd μ1, μ0, að Þ + b2L2K
n−1d μ1, μ0, að Þ

+ b3Kn−1d μ1, μ0, að Þ
+ b4L2K

n−2d μ1, μ0, að Þ
+⋯+bn−m−4Km+2d μ1, μ0, að Þ
+ bn−m−3L2K

m+1d μ1, μ0, að Þ
+ bn−m−2Km+1d μ1, μ0, að Þ
+ bn−m−1L2K

md μ1, μ0, að Þ
≤ bKn + b2L2K

n−1 + b3Kn−1�
+ b4L2K

n−2+⋯+bn−m−4Km+2

+ bn−m−3L2K
m+1 + bn−m−2Km+1

+ bn−m−1L2K
m�d μ1, μ0, að Þ,

d μ2n+1, μ2m+1, að Þ = bKn + b3Kn−1+⋯+bn−m−4Km+2�
+ bn−m−2Km+1 + b2L2K

n−1

+ b4L2K
n−2+⋯+bn−m−3L2K

m+1

+ bn−m−1L2K
m�d μ1, μ0, að Þ

= Km+1bn−m−2 e + b−2K
�

+⋯+bm−n+3Kn−m−1�d μ1, μ0, að Þ
+ L2K

mbn−m−1 e + b−2K
�

+⋯+bm−n+3Kn−m−1�d μ1, μ0, að Þ

= Km+1bn−m−2 〠
∞

r=0
b−2K
� �r 

+ L2K
mbn−m−1 〠

∞

r=0
b−2K
� �r!

d μ1, μ0, að Þ:

ð21Þ

That is,

d μ2n+1, μ2m+1, að Þ≼〠
∞

r=0
b−2K
� �r

Km+1bn−m−2�
+ L2K

mbn−m−1�d μ1, μ0, að Þ
≼ e − b−2K
� �−1

Km Kbn−m−2�
+ L2b

n−m−1�d μ1, μ0, að Þ
=MKmd μ1, μ0, að Þ,

ð22Þ

where M = ðe − b−2KÞ−1ðKbn−m−2 + L2b
n−m−1Þ.

Similarly, we have

d μ2n, μ2m+1, að Þ ≤ bd μ2n, μ2n−1, að Þ
+ b2d μ2n−1, μ2n−2, að Þ
+ b3d μ2n−2, μ2n−3, að Þ
+ b4d μ2n−3, μ2n−4, að Þ
+⋯+bn−m−4d μ2m+5, μ2m+4, að Þ
+ bn−m−3d μ2m+4, μ2m+3, að Þ
+ bn−m−2d μ2m+3, μ2m+2, að Þ
+ bn−m−1d μ2m+2, μ2m+1, að Þ

≤ bL2K
n−1 + b3L2K

n−2�
+⋯+bn−m−4L2K

m+2 + bn−m−2L2K
m+1

+ b2Kn−1 + b4Kn−2+⋯+bn−m−3Km+2

+ bn−m−1Km�d μ1, μ0, að Þ
≤ bn−m−2L2K

m+1 e + b−2K
�

+⋯+bm−n+3Kn−m−1�d μ1, μ0, að Þ
+ bn−m−1Km e + b−2K

�
+⋯+bm−n+3Kn−m−1�d μ1, μ0, að Þ

≤ bn−m−2L2K
m+1 〠

∞

r=0
b−2K
� �r 

+ bn−m−1Km 〠
∞

r=0
b−2K
� �r!

d μ1, μ0, að Þ

≤ 〠
∞

r=0
b−2K
� �r

bn−m−2L2K
m+1�

+ bn−m−1Km�d μ1, μ0, að Þ
≤ e − b−2K
� �−1

Km bn−m−2L2K
�

+ bn−m−1�d μ1, μ0, að Þ
=NKmd μ1, μ0, að Þ,

ð23Þ

where N = ðe − b−2KÞ−1ðbn−m−2L2K + bn−m−1Þ.
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Similar to the above, one can easily get that

d μ2n, μ2m, að Þ≼OKmd μ1, μ0, að Þ,
d μ2n+1, μ2m, að Þ≼PKmd μ1, μ0, að Þ,

ð24Þ

where O = ðe − b−2KÞ−1ðbn−mL2 + bn−m−1KÞ and P =
ðe − b−2KÞ−1ðbn−m−1 + bn−m−2L2Þ.

From Lemmas 18 and 19, we have that

r Kð Þ = r L1L2ð Þ ≤ r L1ð Þ × r L2ð Þ
= r e − ϑ3 − ϑ4bð Þ−1 ϑ1 + ϑ2 + ϑ4bð Þ� �

× r e − ϑ2 − ϑ5bð Þ−1 ϑ1 + ϑ3 + ϑ5bð Þ� �
≤ r e − ϑ3 − ϑ4bð Þ−1� �

× r ϑ1 + ϑ2 + ϑ4bð Þ
× r e − ϑ2 − ϑ5bð Þ−1� �

× r ϑ1 + ϑ3 + ϑ5bð Þ
≤
r ϑ1ð Þ + r ϑ2ð Þ + r ϑ4ð Þr bð Þ
1 − r ϑ3ð Þ − r ϑ4ð Þr bð Þ

× r ϑ1ð Þ + r ϑ3ð Þ + r ϑ5ð Þr bð Þ
1 − r ϑ2ð Þ − r ϑ5ð Þr bð Þ < 1:

ð25Þ

Since rðKÞ < 1, therefore in the light of Remark 5 and
Lemma 25, kKmk⟶ 0 as ðm⟶∞Þ, and so, for every c
∈ int CÛ, there exists n0 ∈ℕ such that Km ≪ c for all n >
n0; that is, the sequence fKmg is a c-sequence. By Lemma
15, the sequences fMKmdðμ1, μ0, aÞg, fNKmdðμ1, μ0, aÞg,
fOKmdðμ1, μ0, aÞg, and fPKmdðμ1, μ0, aÞg are also c
-sequences. Therefore, for any c ∈ Û with θÛ ≪ c, there exists
n1 ∈ℕ such that, for any n >m > n1, we have dðμn, μm, aÞ
≪ c for all n > n1 and for all a ∈ℵ. Thus, from Lemma 24,
it means that dðμn, μm, aÞ = θÛ. This implies that fμng is a
Cauchy sequence in ℵ.

If HlðℵÞ is complete for each l = 1, 2, 3,⋯, there exists
q ∈HlðℵÞ such that

μ2n = J2n+2 s2n+1ð Þ = S2n+1 s2nð Þ⟶ q n⟶∞ð Þ: ð26Þ

So we can find a p ∈ℵ such that J2n+2ðpÞ = q (if EiðℵÞ is
complete for each i = 1, 2, 3,⋯, there exists q ∈ EiðℵÞ ⊆Hlð
ℵÞ; then, the conclusion remains the same). Now, we show
that T2n+2ðpÞ = q. By (9), we have

d T2n+2 pð Þ, q, að Þ≼bd T2n+2 pð Þ, q, S2n+1 s2nð Þð Þ
+ bd T2n+2 pð Þ, S2n+1 s2nð Þ, að Þ
+ bd S2n+1 s2nð Þ, q, að Þ

≼bd T2n+2 pð Þ, q, S2n+1 s2nð Þð Þ
+ bd S2n+1 s2nð Þ, q, að Þ
+ bϑ1d I2n+1 s2nð Þ, J2n+2 s2n+1ð Þ, að Þ
+ bϑ2d I2n+1 s2nð Þ, S2n+1 s2nð Þ, að Þ
+ bϑ3d J2n+2 s2n+1ð Þ, T2n+2 pð Þ, að Þ
+ bϑ4d I2n+1 s2nð Þ, T2n+2 pð Þ, að Þ
+ bϑ5d J2n+2 s2n+1ð Þ, S2n+1 s2nð Þ, að Þ,

d T2n+2 pð Þ, q, að Þ = bd T2n+2 pð Þ, q, μ2nð Þ + bd μ2n, q, að Þ
+ bϑ1d μ2n−1, q, að Þ + bϑ2d μ2n−1, μ2n, að Þ
+ bϑ3d q, T2n+2 pð Þ, að Þ
+ bϑ4d μ2n−1, T2n+2 pð Þ, að Þ
+ bϑ5d q, μ2n, að Þ

≼bd T2n+2 pð Þ, q, μ2nð Þ + bd μ2n, q, að Þ
+ bϑ1d μ2n−1, q, að Þ + bϑ2d μ2n−1, μ2n, að Þ
+ bϑ3d q, T2n+2 pð Þ, að Þ
+ b2ϑ4d μ2n−1, T2n+2 pð Þ, qð Þ
+ b2ϑ4d μ2n−1, q, að Þ
+ b2ϑ4d q, T2n+2 pð Þ, að Þ + bϑ5d q, μ2n, að Þ:

ð27Þ

That is,

e − bϑ3 − b2ϑ4
� �

d T2n+2 pð Þ, q, að Þ
≼bd μ2n, T2n+2 pð Þ, að Þ + b2ϑ4d μ2n−1, T2n+2 pð Þ, qð Þ

+ b + bϑ5ð Þd μ2n, q, að Þ + bϑ1 + b2ϑ4
� �

d μ2n−1, q, að Þ
+ bϑ2d μ2n−1, μ2n, að Þ:

ð28Þ

Therefore, it follows from Proposition 29 and Lemmas
15 and 16 that

e − bϑ3 − b2ϑ4
� �

d T2n+2 pð Þ, q, að Þ≼zn, ð29Þ

where fzng is a c-sequence in CÛ. In addition, from Propo-
sition 2 and

r bϑ3 + b2ϑ4
� �

≤ r bð Þr ϑ3ð Þ + r b2
� �

r ϑ4ð Þ < 1, ð30Þ

it means that e − ðbϑ3 + b2ϑ4Þ is invertible. In this case,
we have

e − bϑ3 − b2ϑ4
� �

d T2n+2 pð Þ, q, að Þ≪ c, ð31Þ

for any c≫ θÛ, which together with Lemma 23 implies
that θÛ≼dðT2n+2ðpÞ, q, aÞ≪ c, for any a ∈ℵ, n ∈ℕ, and c
≫ θÛ as ðe − ðbϑ3 + b2ϑ4ÞÞ is invertible. Therefore, by
Lemma 24, we have dðT2n+2ðpÞ, q, aÞ = θÛ for any n ∈ℕ.
Namely, T2n+2ðpÞ = q for any n ∈ℕ. That is, T2n+2ðpÞ = q =
J2n+2ðpÞ.

At the same time, as q = T2n+2ðpÞ ∈ FjðℵÞ ⊆ GkðℵÞ, there
exists u ∈ℵ such that I2n+3ðuÞ = q.
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Now, we show that S2n+1ðuÞ = q. From (9), we have that

d S2n+1 uð Þ, q, að Þ = d S2n+1 uð Þ, T2n+2 pð Þ, að Þ
≼ϑ1d I2n+3 uð Þ, J2n+2 pð Þ, að Þ

+ ϑ2d I2n+3 uð Þ, S2n+1 uð Þ, að Þ
+ ϑ3d J2n+2 pð Þ, T2n+2 pð Þ, að Þ
+ ϑ4d I2n+3 uð Þ, T2n+2 pð Þ, að Þ
+ ϑ5d J2n+2 pð Þ, S2n+1 uð Þ, að Þ

= ϑ1d q, q, að Þ + ϑ2d q, S2n+1 uð Þ, að Þ
+ ϑ3d q, q, að Þ + ϑ4d q, q, að Þ
+ ϑ5d q, S2n+1 uð Þ, að Þ:

ð32Þ

That is,

d S2n+1 uð Þ, q, að Þ≼ ϑ2 + ϑ5ð Þd S2n+1 uð Þ, q, að Þ: ð33Þ

Hence, by Lemma 20, we know that dðS2n+1ðuÞ, q, aÞ =
θÛ, and so S2n+1ðuÞ = q. Therefore, S2n+1ðuÞ = I2n+3ðuÞ = q
and T2n+2ðpÞ = J2n+2ðpÞ = q.

Next, if we assume GkðℵÞ is complete for each k = 1, 2,
3,⋯, there exists q ∈GkðℵÞ such that

μ2n+1 = I2n+3 s2n+2ð Þ = T2n+2 s2n+1ð Þ⟶ q as n⟶∞ð Þ: ð34Þ

So, we can find u ∈ℵ such that I2n+3ðuÞ = q (if FjðℵÞ is
complete for each j = 1, 2, 3,⋯, there exists q ∈ FjðℵÞ ⊆ Gkð
ℵÞ; then, the conclusion remains the same).

Now, we show that S2n+1ðuÞ = q. By (9), we get that

d S2n+1 uð Þ, q, að Þ≼bd S2n+1 uð Þ, q, T2n+2 s2n+1ð Þð Þ
+ bd S2n+1 uð Þ, T2n+2 s2n+1ð Þ, að Þ
+ bd T2n+2 s2n+1ð Þ, q, að Þ

≼bd S2n+1 uð Þ, q, T2n+2 s2n+1ð Þð Þ
+ bd T2n+2 s2n+1ð Þ, q, að Þ
+ bϑ1d I2n+3 uð Þ, J2n+2 s2n+1ð Þ, að Þ
+ bϑ2d I2n+3 uð Þ, S2n+1 uð Þ, að Þ
+ bϑ3d J2n+2 s2n+1ð Þ, T2n+2 s2n+1ð Þ, að Þ
+ bϑ4d I2n+3 uð Þ, T2n+2 s2n+1ð Þ, að Þ
+ bϑ5d J2n+2 s2n+1ð Þ, S2n+1 uð Þ, að Þ

≼bd S2n+1 uð Þ, q, μ2n+1ð Þ + bd μ2n+1, q, að Þ
+ bϑ1d q, μ2n, að Þ + bϑ2d q, S2n+1 uð Þ, að Þ
+ bϑ3d μ2n, μ2n+1, að Þ + bϑ4d q, μ2n+1, að Þ
+ b2ϑ5d μ2n, S2n+1 uð Þ, qð Þ
+ b2ϑ5d μ2n, q, að Þ + b2ϑ5d q, S2n+1 uð Þ, að Þ:

ð35Þ

That is,

e − bϑ3 − b2ϑ4
� �

d T2n+2 pð Þ, q, að Þ
≤ bd μ2n, T2n+2 pð Þ, að Þ + b2ϑ4d μ2n−1, T2n+2 pð Þ, qð Þ

+ b + bϑ5ð Þd μ2n, q, að Þ + bϑ1 + b2ϑ4
� �

d μ2n−1, q, að Þ
+ bϑ2d μ2n−1, μ2n, að Þ:

ð36Þ

Therefore, it follows from Proposition 29 and Lemmas
15 and 16 that

e − bϑ2 − b2ϑ5
� �

d S2n+1 uð Þ, q, að Þ≼z∗n , ð37Þ

where fz∗ng is a c-sequence in CÛ. In addition, from Propo-
sition 2 and

r bϑ3 + b2ϑ4
� �

≤ r bð Þr ϑ3ð Þ + r b2
� �

r ϑ4ð Þ < 1, ð38Þ

it means that e − ðbϑ2 + b2ϑ5Þ is invertible. In this case,
we have

e − bϑ2 − b2ϑ5
� �

d S2n+1 uð Þ, q, að Þ≪ c, ð39Þ

for any c≫ θÛ, which together with Lemma 23 implies
that θÛ≼dðS2n+1ðuÞ, q, aÞ≪ c for any a ∈ℵ, n ∈ℕ, and c≫
θÛ as ðe − ðbϑ2 + b2ϑ5ÞÞ is invertible. Therefore, by Lemma
24, we have dðS2n+1ðuÞ, q, aÞ = θÛ for any n ∈ℕ. Namely,
S2n+1ðuÞ = q for any n ∈ℕ. That is, S2n+1ðuÞ = q = I2n+3ðuÞ.

At the same time, as q = S2n+1ðuÞ ∈ EiðℵÞ ⊆HlðℵÞ, there
exists p ∈ℵ such that J2n+2ðpÞ = q. Now, we show that
T2n+2ðpÞ = q. From (9), we have

d T2n+2 pð Þ, q, að Þ = d S2n+1 uð Þ, T2n+2 pð Þ, að Þ
≼ϑ1d I2n+3 uð Þ, J2n+2 pð Þ, að Þ

+ ϑ2d I2n+3 uð Þ, S2n+1 uð Þ, að Þ
+ ϑ3d J2n+2 pð Þ, T2n+2 pð Þ, að Þ
+ ϑ4d I2n+3 uð Þ, T2n+2 pð Þ, að Þ
+ ϑ5d J2n+2 pð Þ, S2n+1 uð Þ, að Þ

= ϑ1d q, q, að Þ + ϑ2d q, q, að Þ
+ ϑ3d q, T2n+2 pð Þ, að Þ
+ ϑ4d q, T2n+2 pð Þ, að Þ + ϑ5d q, q, að Þ:

ð40Þ

That is,

d T2n+2 pð Þ, q, að Þ≼ ϑ3 + ϑ4ð Þd T2n+2 pð Þ, q, að Þ: ð41Þ

Hence, by Lemma 20, we know that dðT2n+2ðpÞ, q, aÞ =
θÛ, and so T2n+2ðpÞ = q. Therefore, T2n+2ðpÞ = J2n+2ðpÞ = q
and S2n+1ðuÞ = I2n+3ðuÞ = q.

Finally, we show that S2i+1 and I2k+3, T2j+2, and J2l+2 have
a unique point of coincidence in ℵ. Assume that there is
another point z ∈ℵ such that T2n+2ðxÞ = J2n+2 = z; then,
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d q, z, að Þ = d S2n+1 uð Þ, T2n+2 xð Þ, að Þ
≼ϑ1d I2n+3 uð Þ, J2n+2 xð Þ, að Þ

+ ϑ2d I2n+3 uð Þ, S2n+1 uð Þ, að Þ
+ ϑ3d J2n+2 xð Þ, T2n+2 xð Þ, að Þ
+ ϑ4d I2n+3 uð Þ, T2n+2 xð Þ, að Þ
+ ϑ5d J2n+2 xð Þ, S2n+1 uð Þ, að Þ

= ϑ1d q, z, að Þ + ϑ2d q, q, að Þ + ϑ3d z, z, að Þ
+ ϑ4d q, z, að Þ + ϑ5d z, q, að Þ:

ð42Þ

That is,

d q, z, að Þ≼ ϑ1 + ϑ4 + ϑ5ð Þd q, z, að Þ: ð43Þ

Hence, by Lemma 20, we have that dðq, z, aÞ = θÛ, and
so q = z; that is, q is the unique point of coincidence of
T2j+2 and J2l+2.

Similarly, we also have q which is the unique point of
coincidence of S2i+1 and I2k+3 by induction.

So, according to Lemma 28, q is the unique common
fixed point of fS2i+1, I2k+3g and fT2j+2, J2l+2g for each i, j, k
, l = 1, 2, 3,⋯. Therefore, q is the unique common fixed
point of S2i+1, I2k+3, T2j+2, and J2l+2.

Now, it is left to show that q is the unique common fixed
point of fEig∞i=1, fFjg∞j=1, fGkg∞k=1, and fHlg∞l=1.

As q = S2n+1ðqÞ = Eηn
n ðqÞ, so we have EnðqÞ = EnðEηn

n ðqÞÞ
= Eηn

n ðEnðqÞÞ = S2n+1ðqÞ, that is, S2n+1ðEnðqÞÞ = EnðqÞ. But
S2n+1ðqÞ = q is unique; therefore, EnðqÞ = q for n = 1, 2, 3,⋯.

Also, as q = T2n+2ðqÞ = Fηn
n ðqÞ, so we have FnðqÞ = Fnð

Fηn
n ðqÞÞ = Fηn

n ðFnðqÞÞ = T2n+2ðqÞ, that is, T2n+2ðFnðqÞÞ = Fnð
qÞ. But T2n+2ðqÞ = q is unique; therefore, FnðqÞ = q for n =
1, 2, 3,⋯. Similarly, GnðqÞ = q and HnðqÞ = q for n = 1, 2, 3,
⋯. Thus, the four families of mappings fEig∞i=1, fFjg∞j=1,
fGkg∞k=1, and fHlg∞l=1 have a unique common fixed point. ☐

Remark 31. Theorem 30 of this paper extends and improves
Theorem 2.1 of [30] from cone metric spaces to cone b2
-metric spaces; also, it extends and improves Theorem 3.2
of [17] and Theorem 3.1 of [31] from one family and two
families, respectively, to four families of mappings.

We obtain a series of new common fixed-point results
using Theorem 30 for four families of mappings in the con-
text of cone b2-metric spaces over Banach algebras, which
generalize and improve many known results from the exis-
tence literature.

Corollary 32. Let ðℵ, dÞ over the Banach algebra Û be a cone
b2-metric space with b ± e and CÛ ≠∅ be a cone in Û. Let
fEig∞i=1, fFjg∞j=1, fGkg∞k=1, and fHlg∞l=1 be four families of

self-mappings on ℵ. For all i, j, k, l ∈ℕ, if a sequence
fηng∞n=1 exists of nonnegative integers, such that for all s,m,
z ∈ℵ,

d Eηi
i sð Þ, Fη j

j mð Þ, a
� �

≼αd Gηk
k sð Þ,Hηl

l mð Þ, a� �
+ β d Gηk

k sð Þ, Eηi
i sð Þ, a� ��

+ d Hηl
l mð Þ, Fη j

j mð Þ, a
� �i

+ γ d Gηk
k sð Þ, Fη j

j mð Þ, a
� �h

+ d Hηl
l mð Þ, Eηi

i sð Þ, a� ��
,

ð44Þ

where α, β, γ ∈CÛ with rðαÞ + rðβÞ + 2rðγÞrðbÞ < 1, rðβÞrðb
Þ + rðγÞrðb2Þ < 1, and α, β, γ, b commute. If EiðℵÞ ⊆HlðℵÞ,
FjðℵÞ ⊆GkðℵÞ, and one of EiðℵÞ, GkðℵÞ, HlðℵÞ, and Fjðℵ
Þ are a complete subspace of ℵ for each i, j, k, l ≥ 1, then
fEig∞i=1, fFjg∞j=1, fGkg∞k=1, and fHlg∞l=1 have a unique point

of coincidence in ℵ. Moreover, if fFj,Hlg and fEi,Gkg are
weakly compatible, respectively, then fEig∞i=1, fFjg∞j=1,
fGkg∞k=1, and fHlg∞l=1 have a unique common fixed point.

Proof. Let ϑ1 = α, ϑ2 = ϑ3 = β, ϑ4 = ϑ5 = γ in Theorem 30. ☐

Corollary 33. Let ðℵ, dÞ over the Banach algebra Û be a cone
b2-metric space with b ± e and CÛ ≠∅ be a cone in Û. Let
fEig∞i=1, fFjg∞j=1, fGkg∞k=1, and fHlg∞l=1 be four families of

self-mappings on ℵ. For all i, j, k, l ∈ℕ, if a sequence
fηng∞n=1 exists of nonnegative integers, such that for all s,m,
z ∈ℵ,

d Eηi
i sð Þ, Fη j

j mð Þ, a
� �

≼ϑ1d Gηk
k sð Þ,Hηl

l mð Þ, a� �
+ ϑ2d Gηk

k sð Þ, Eηi
i sð Þ, a� �

+ ϑ3d Hηl
l mð Þ, Fη j

j mð Þ, a
� �

,

ð45Þ

where ϑ1, ϑ2, ϑ3 ∈CÛ with rðϑ1Þ + rðϑ2Þ + rðϑ3Þ < 1, rðϑ2Þrðb
Þ + rðϑ3ÞrðbÞ < 1, and ϑ1, ϑ2, ϑ3, b commute. If EiðℵÞ ⊆Hlðℵ
Þ, FjðℵÞ ⊆ GkðℵÞ, and one of EiðℵÞ, GkðℵÞ, HlðℵÞ, and Fjð
ℵÞ are a complete subspace of ℵ for each i, j, k, l ≥ 1, then
fEig∞i=1, fFjg∞j=1, fGkg∞k=1, and fHlg∞l=1 have a unique point

of coincidence in ℵ. Moreover, if fFj,Hlg and fEi,Gkg are
weakly compatible, respectively, then fEig∞i=1, fFjg∞j=1,
fGkg∞k=1, and fHlg∞l=1 have a unique common fixed point.

Proof. Taking ϑ4 = ϑ5 = θÛ in Theorem 30, one can get the
desired result. ☐

Remark 34. We can have Theorem 3.1 in [21], when fEig∞i=1
and fFjg∞j=1 are the same mapping and fGkg∞k=1 and fHlg∞l=1
are the identity mappings. Therefore, Theorem 3.1 of [21] is
a special case of Corollary 33. Also, Corollary 33 of this
paper generalizes Theorem 2.1 of [10] from the cone 2-
metric space to the cone b2-metric space and extends Theo-
rem 6.1 in [12].
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Corollary 35. Let ðℵ, dÞ over the Banach algebra Û be a cone
b2 -metric space with b ± e and CÛ ≠∅ be a cone in Û. Let
fEig∞i=1, fFjg∞j=1, fGkg∞k=1, and fHlg∞l=1 be four families of

self-mappings on ℵ. For all i, j, k, l ∈ℕ, if a sequence
fηng∞n=1 exists of nonnegative integers, such that for all s,m,
z ∈ℵ,

d Eηi
i sð Þ, Fη j

j mð Þ, a
� �

≼αd Gηk
k sð Þ,Hηl

l mð Þ, a� �
+ β d Gηk

k sð Þ, Eηi
i sð Þ, a� ��

+ d Hηl
l mð Þ, Fη j

j mð Þ, a
� �i

,

ð46Þ

where α, β ∈CÛ with rðαÞ + 2rðβÞ < 1, 2rðβÞrðbÞ < 1, and α
, β, b commute. If EiðℵÞ ⊆HlðℵÞ, FjðℵÞ ⊆ GkðℵÞ, and one
of EiðℵÞ, GkðℵÞ, HlðℵÞ, and FjðℵÞ is a complete subspace
of ℵ for each i, j, k, l ≥ 1, then fEig∞i=1, fFjg∞j=1, fGkg∞k=1,
and fHlg∞l=1 have a unique point of coincidence in ℵ. More-
over, if fFj,Hlg and fEi,Gkg are weakly compatible, respec-
tively, then fEig∞i=1, fFjg∞j=1, fGkg∞k=1, and fHlg∞l=1 have a

unique common fixed point.

Proof. One can the result taking ϑ1 = α, ϑ2 = ϑ3 = β, and ϑ4
= ϑ5 = θÛ in Theorem 30. ☐

Remark 36. Corollary 35 of this paper extends Theorem 6 in
[32]; therefore, Theorem 6 in [32] is a special case of Corol-
lary 35.

Corollary 37. Let ðℵ, dÞ over the Banach algebra Û be a cone
b2-metric space with b ≽ e and CÛ ≠∅ be a cone in Û. Let
fEig∞i=1, fFjg∞j=1, fGkg∞k=1, and fHlg∞l=1 be four families of

self-mappings on ℵ. For all i, j, k, l ∈ℕ, if a sequence
fηng∞n=1 exists of nonnegative integers, such that for all s,m,
z ∈ℵ,

d Eηi
i sð Þ, Fη j

j mð Þ, a
� �

≼αd Gηk
k sð Þ,Hηl

l mð Þ, a� �
+ βd Gηk

k sð Þ, Fη j
j mð Þ, a

� �
+ γd Hηl

l mð Þ, Eηi
i sð Þ, a� �

,

ð47Þ

where α, β, γ ∈CÛ with rðαÞ + 2rðβÞrðbÞ + 2rðγÞrðbÞ < 1, rð
βÞrðb2Þ + rðγÞrðb2Þ < 1, and α, β, γ, b commute. If EiðℵÞ ⊆
HlðℵÞ, FjðℵÞ ⊆GkðℵÞ, and one of EiðℵÞ, GkðℵÞ, HlðℵÞ,
and FjðℵÞ are a complete subspace of ℵ for each i, j, k, l ≥ 1
, then fEig∞i=1, fFjg∞j=1, fGkg∞k=1, and fHlg∞l=1 have a unique
point of coincidence in ℵ. Moreover, if fFj,Hlg and fEi,Gk

g are weakly compatible, respectively, then fEig∞i=1, fFjg∞j=1,
fGkg∞k=1, and fHlg∞l=1 have a unique common fixed point.

Proof. One can get the result taking ϑ1 = α,ϑ2 = ϑ3 = θÛ and
ϑ4 = β, ϑ5 = γ in Theorem 30. ☐

Corollary 38. Let ðℵ, dÞ over the Banach algebra Û be a cone
b2-metric space with b ≽ e and CÛ ≠∅ be a cone in Û. Let
fEig∞i=1, fFjg∞j=1, fGkg∞k=1, and fHlg∞l=1 be four families of

self-mappings on ℵ. For all i, j, k, l ∈ℕ, if a sequence
fηng∞n=1 exists of nonnegative integers, such that for all s,m,
z ∈ℵ,

d Eηi
i sð Þ, Fη j

j mð Þ, a
� �

≼kd Gηk
k sð Þ, Eηi

i sð Þ, a� �
+ ld Hηl

l mð Þ, Fη j
j mð Þ, a

� �
,

ð48Þ

where k, l ∈CÛ with rðkÞ + rðlÞ < 1, rðkÞrðbÞ + rðlÞrðbÞ < 1,
and k, l, b commute. If EiðℵÞ ⊆HlðℵÞ, FjðℵÞ ⊆GkðℵÞ, and
one of EiðℵÞ, GkðℵÞ, HlðℵÞ, and FjðℵÞ are a complete sub-
space of ℵ for each i, j, k, l ≥ 1, then fEig∞i=1, fFjg∞j=1,
fGkg∞k=1, and fHlg∞l=1 have a unique point of coincidence in
ℵ. Moreover, if fFj,Hlg and fEi,Gkg are weakly compatible,
respectively, then fEig∞i=1, fFjg∞j=1, fGkg∞k=1, and fHlg∞l=1 have
a unique common fixed point.

Proof. Let ϑ1 = ϑ4 = ϑ5 = θÛ, ϑ2 = k, ϑ3 = l in Theorem 30. ☐

Corollary 39. Let ðℵ, dÞ over the Banach algebra Û be a cone
b2-metric space with b ≽ e and CÛ ≠∅ be a cone in Û. Let
fEig∞i=1, fFjg∞j=1, fGkg∞k=1, and fHlg∞l=1 be four families of

self-mappings on ℵ. For all i, j, k, l ∈ℕ, if a sequence
fηng∞n=1 exists of nonnegative integers, such that for all s,m,
z ∈ℵ,

d Eηi
i sð Þ, Fη j

j mð Þ, a
� �

≼kd Gηk
k sð Þ, Fη j

j mð Þ, a
� �

+ ld Hηl
l mð Þ, Eηi

i sð Þ, a� �
,

ð49Þ

where k, l ∈CÛ with 2rðkÞrðbÞ + 2rðlÞrðbÞ < 1, rðkÞrðb2Þ + r
ðlÞrðb2Þ < 1, and k, l, b commute. If EiðℵÞ ⊆HlðℵÞ, FjðℵÞ ⊆
GkðℵÞ, and one of EiðℵÞ, GkðℵÞ, HlðℵÞ, and FjðℵÞ are a
complete subspace of ℵ for each i, j, k, l ≥ 1, then fEig∞i=1,
fFjg∞j=1, fGkg∞k=1, and fHlg∞l=1 have a unique point of coinci-

dence in ℵ. Moreover, if fFj,Hlg and fEi,Gkg are weakly
compatible, respectively, then fEig∞i=1, fFjg∞j=1, fGkg∞k=1, and
fHlg∞l=1 have a unique common fixed point.

Proof. Let ϑ1 = ϑ2 = ϑ3 = θÛ, ϑ4 = k, ϑ5 = l in Theorem 30. ☐

Corollary 40. Let ðℵ, dÞ over the Banach algebra Û be a cone
b2 -metric space with b ≽ e and CÛ ≠∅ be a cone in Û. Let
fEig∞i=1, fFjg∞j=1, fGkg∞k=1, and fHlg∞l=1 be four families of

self-mappings on ℵ. For all i, j, k, l ∈ℕ, if a sequence
fηng∞n=1 exists of nonnegative integers, such that for all s,m,
z ∈ℵ,

d Eηi
i sð Þ, Fη j

j mð Þ, a
� �

≼kd Gηk
k sð Þ,Hηl

l mð Þ, a� �
, ð50Þ
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where k ∈CÛ with rðkÞ < 1 and k, b commute. If EiðℵÞ ⊆Hl
ðℵÞ, FjðℵÞ ⊆GkðℵÞ, and one of EiðℵÞ, GkðℵÞ, HlðℵÞ, and
FjðℵÞ are a complete subspace of ℵ for each i, j, k, l ≥ 1, then
fEig∞i=1, fFjg∞j=1, fGkg∞k=1, and fHlg∞l=1 have a unique point of
coincidence in ℵ. Moreover, if fFj,Hlg and fEi,Gkg are
weakly compatible, respectively, then fEig∞i=1, fFjg∞j=1,
fGkg∞k=1, and fHlg∞l=1 have a unique common fixed point.

Proof. Let ϑ1 = k, ϑ2 = ϑ3 = ϑ4 = ϑ5 = θÛ in Theorem 30. ☐

From the above corollary, we obtain the following.

Corollary 41. Let ðℵ, dÞ over the Banach algebra Û be a
complete cone b2-metric space with b ≽ e and CÛ ≠∅ be a
cone in Û. Let fEig∞i=1 be the family of self-mapping on ℵ.
For all i ∈ℕ and for all s,m, z ∈ℵ,

d Ei sð Þ, Ei mð Þ, að Þ≼kd s,m, að Þ, ð51Þ

where k ∈CÛ with rðkÞ < 1 and k, b commute. Then, fEig∞i=1
have a unique common fixed point.

Proof. Taking ηn = 1, Ei = Fj, and Gk,Hl which are identity
mappings in Corollary 40, then we can obtain the required
result. ☐

We finish this section with an example that will demon-
strate the consequence of Theorem 30.

Example 42. Let Û =ℝ2. For each ðs1, s2Þ ∈ Û, kðs1, s2Þk = j
s1j + js2j. The multiplication is defined by sm = ðs1, s2Þðm1,
m2Þ = ðs1m1, s1m2 + s2m1Þ. Then, Û is a Banach algebra with
unit element e = ð1, 0Þ. Let CÛ = fðs1, s2Þ ∈ℝ2 ∣ s1, s2 ≥ 0g.
Then, CÛ is a cone in Û.

Let ℵ = fðs, 0Þ ∈ℝ2 ∣ s ≥ 0g ∪ fð0, 2Þg ⊂ℝ2 and define d
: ℵ ×ℵ ×ℵ⟶ Û as follows:

d S,M, Zð Þ =
0, 0ð Þ, if atleast two of S,M, Z are equal,
d P S,M, Zð Þð Þ, P denotes permutations,
Δ, Δð Þ, otherwise,

0
BB@

ð52Þ

where Δ is the square of the area of the triangle S,M, Z. We
have

d s, 0ð Þ, m, 0ð Þ, 0, 2ð Þð Þ≼d s, 0ð Þ, m, 0ð Þ, z, 0ð Þð Þ
+ d s, 0ð Þ, z, 0ð Þ, 0, 2ð Þð Þ
+ d z, 0ð Þ, m, 0ð Þ, 0, 2ð Þð Þ:

ð53Þ

That is, ðs −mÞ2≼ðs − zÞ2 + ðz −mÞ2, which shows that d
is not a cone 2-metric, because ð−9/2,−9/2Þ∈CÛ for s,m, z
≥ 0 with s = 5, m = 0, and z = 1/2. But for the parameter b

= ð2, 0Þ ≽ e is a cone b2-metric space over the Banach alge-
bra Û.

Now, we define mappings Ei : ℵ⟶ℵði = 1, 2, 3,⋯Þ by

Ei s, 0ð Þð Þ = 1
6

� 	1/ 2i−1ð Þ 3
2

� 	1/ 2i−1ð Þ s
s2i−2

, 0
 !

,

Ei 0, 2ð Þð Þ = 0, 0ð Þ:
ð54Þ

We have

E2i−1
i s, 0ð Þð Þ = E2i−2

i Ei s, 0ð Þð Þð Þ

= E2i−2
i

1
6

� 	1/ 2i−1ð Þ 3
2

� 	1/ 2i−1ð Þ s
s2i−2

, 0
 !

= E2i−3
i

1
6

� 	2/ 2i−1ð Þ 3
2

� 	2/ 2i−1ð Þ s2

s2i−2
, 0

 !

= E2i−4
i

1
6

� 	3/ 2i−1ð Þ 3
2

� 	3/ 2i−1ð Þ s3

s2i−2
, 0

 !

=⋯⋯

= Ei
1
6

� 	 2i−2ð Þ/ 2i−1ð Þ 3
2

� 	 2i−2ð Þ/ 2i−1ð Þ s2i−2

s2i−2
, 0

 !

= 1
6

� 	 2i−1ð Þ/ 2i−1ð Þ 3
2

� 	 2i−1ð Þ/ 2i−1ð Þ s2i−1

s2i−2
, 0

 !

= 1
4 s, 0
� 	

:

ð55Þ

We define mappings Gk : ℵ⟶ℵ (k = 1, 2, 3,⋯) by

Gk s, 0ð Þð Þ = 1
3

� 	1/ 2k−1ð Þ 1
2

� 	−1/ 2k−1ð Þ s
s2k−2

, 0
 !

,

Gk 0, 2ð Þð Þ = 0, 0ð Þ:
ð56Þ

We have

G2k−1
k s, 0ð Þð Þ = G2k−2

k Gk s, 0ð Þð Þð Þ

= G2k−2
k

1
3

� 	1/ 2k−1ð Þ 1
2

� 	−1/ 2k−1ð Þ s
s2k−2

, 0
 !

= G2k−3
k

1
3

� 	2/ 2i−1ð Þ 1
2

� 	−2/ 2k−1ð Þ s2

s2k−2
, 0

 !

= G2k−4
k

1
3

� 	3/ 2k−1ð Þ 1
2

� 	−3/ 2k−1ð Þ s3

s2k−2
, 0

 !

=⋯⋯

= Gk
1
3

� 	 2k−2ð Þ/ 2k−1ð Þ 1
2

� 	 −2k−2ð Þ/ 2k−1ð Þ s2k−2

s2k−2
, 0

 !
,

G2k−1
k s, 0ð Þð Þ = 1

3

� 	 2k−1ð Þ/ 2k−1ð Þ 1
2

� 	 −2k+1ð Þ/ 2k−1ð Þ s2k−1

s2k−2
, 0

 !

= 2
3 s, 0
� 	

:

ð57Þ

Similarly, we define mappings Fj,Hl : ℵ⟶ℵ
(j, l = 1, 2, 3,⋯) by
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Fj s, 0ð Þð Þ = 2
3

� 	1/ 2j−1ð Þ 3
10

� 	1/ 2j−1ð Þ s
s2j−2

, 0
 !

,

Fj 0, 2ð Þð Þ = 0, 0ð Þ,

Hl s, 0ð Þð Þ = 2
3

� 	1/ 2l−1ð Þ 1
2

� 	−1/ 2l−1ð Þ s
s2l−2

, 0
 !

,

Hl 0, 2ð Þð Þ = 0, 0ð Þ:

ð58Þ

Then, it is not difficult to show that F2j−1
j ððs, 0ÞÞ = ðð1/5

Þs, 0Þ and H2l−1
l ððs, 0ÞÞ = ðð1/3Þs, 0Þ. Choose ϑ1 = ð1/10, 0Þ,

ϑ2 = ϑ3 = ð1/8, 0Þ, and ϑ4 = ϑ5 = ð1/16, 0Þ. Clearly,

〠
3

w=1
r ϑwð Þ + 2r ϑ4ð Þr bð Þ + 2r ϑ5ð Þr bð Þ

= 1
10 + 1

8 + 1
8 + 2 1

16

� 	
2 + 2 1

16

� 	
2 = 34

40 < 1,
ð59Þ

also rðϑ2ÞrðbÞ + rðϑ5Þrðb2Þ = 2ð1/8Þ + 4ð1/16Þ = 1/2 < 1
and rðϑ3ÞrðbÞ + rðϑ4Þrðb2Þ = 2ð1/8Þ + 4ð1/16Þ = 1/2 < 1.

Now, considering the contractive condition (8), we have

d
s
4 , 0
� �

, s
5 , 0
� �

, 0, 2ð Þ
� �

≼
1
10 , 0
� 	

d
2s
3 , 0

� 	
, s

3 , 0
� �

, 0, 2ð Þ
� 	

+ 1
8 , 0
� 	

d
2s
3 , 0

� 	
, s

4 , 0
� �

, 0, 2ð Þ
� 	

+ 1
8 , 0
� 	

d
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d
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that is,
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which means that
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that is,

s2

400≼
s2

90 + 25s2
1152 + 4s2

1800 + 49s2
3600 + s2

2304 , ð63Þ

which shows that s2/400≼2827s2/57600, and so ð2827s2/
57600Þ − ðs2/400Þ ∈CÛ, which is true for all s ≥ 0. Hence,
condition (8) is true for all s,m, a ∈ℵ and i, j, k, l ≥ 1, where
ηi = 2i − 1, ηj = 2j − 1, ηk = 2k − 1, and ηl = 2l − 1. All other
conditions of Theorem 30 are satisfied. By Theorem 30, Ei,
Fj, Gk, and Hl have a unique common fixed point ð0, 0Þ
for all i, j, k, l ≥ 1.

3. Application to the Infinite System of
Integral Equations

We give here a couple of auxiliary facts that will be needed in
our further considerations. Let Û =ℝ2 with norm k:kÛ be a
real Banach algebra. Let I = ½0, T�, and denote by CðI, ÛÞ the
space consisting of all continuous functions defined on
interval I with values in the Banach algebra Û. The space
CðI, ÛÞ will be equipped with ksk =max fksðaÞkÛ : a ∈ Ig.

Let ℵ = CðI, ÛÞ and define d : ℵ3 ⟶ Û by

d s tð Þ,m tð Þ, zð Þ = min s tð Þ −m tð Þj j, m tð Þ − zj j, s tð Þ − zj jf g½ �p,
ð64Þ

where p ≥ 1 and for all sðtÞ,mðtÞ, z ∈ℵ. Then, ðℵ, dÞ is a
complete cone b2-metric space over the Banach algebra.

We consider the infinite system of integral equations of
the form

si tð Þ = gi tð Þ +
ðT
0
Mi t,wð Þf i w, s wð Þð Þdw, ð65Þ
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where i = 1, 2, 3,⋯. Let Ei : ℵ⟶ℵ. We redefine the above
infinite system of integral equations as

Ei si tð Þð Þ = gi tð Þ +
ðT
0
Mi t,wð Þf i w, s wð Þð Þdw, ð66Þ

for all siðtÞ ∈ℵ and t,w ∈ I. Clearly, by using Corollary
41, the existence of solution to (65) is equivalent to the exis-
tence of a common fixed point of Ei.

We assume that

(i) gi : I ⟶ℝ are continuous for each i = 1, 2, 3,⋯

(ii) Mi : I ×ℝ⟶ ½0,+∞Þ are continuous and
Ð T
0Miðt

,wÞdw ≤ 1 for each i = 1, 2, 3,⋯
(iii) f i : I ×ℝ⟶ℝ are continuous for each i = 1, 2, 3,

⋯ such that

f i w, s wð Þð Þ − f i w,m wð Þð Þj j ≤ v1/p min s wð Þ −m wð Þj j, m wð Þjf½
− zj, s wð Þ − zj jg�,

ð67Þ

for all sðwÞ,mðwÞ, z ∈ℵ and 0 ≤ v < 1.

Theorem 43. Under the assumptions (i)–(iii), the infinite sys-
tem of integral equations (65) has a unique solution in ℵ.

Proof. Take Û =ℝ2 with norm ksk = kðs1, s2Þk = ∣s1 ∣ + ∣ s2 ∣ ,
and multiplication is defined by the following way:

sm = s1, s2ð Þ m1,m2ð Þ = s1m1, s1m2 + s2m1ð Þ: ð68Þ

Let CÛ = fðs1, s2Þ ∈ Û : s1, s2 ≥ 0g. It is clear that CÛ is a
normal cone and Û is a Banach algebra with unit element
e = ð1, 0Þ.

Consider the family of mapping Ei : ℵ⟶ℵ defined by
(66). Let siðtÞ,miðtÞ, z ∈ℵ. From (64), we deduce that

d Ei si tð Þð Þ, Ei mi tð Þð Þ, zð Þ = max
a∈ 0,T½ �

min Ei si tð Þð Þjf½

− Ei mi tð Þð Þj, Ei si tð Þð Þj
− zj, Ei mi tð Þð Þ − zj jg�p

≼ max
a∈ 0,T½ �

Ei si tð Þð Þ − Ei mi tð Þð Þj j
� 	p

= max
a∈ 0,T½ �

ðT
0
Mi t,wð Þf i w, s wð Þð Þdw






�

−
ðT
0
Mi t,wð Þf i w,m wð Þð Þdw





Þ
p

= max
a∈ 0,T½ �

ðT
0
Mi t,wð Þ f i w, s wð Þð Þ½






�
− f i w,m wð Þð Þ�dwjÞp

≼ max
a∈ 0,T½ �

ðT
0
Mi t,wð Þ f i w, s wð Þð Þj

�
− f i w,m wð Þð ÞjdwÞp

≼ max
a∈ 0,T½ �

ðT
0
Mi t,wð Þv1/p min s wð Þjf½

�
−m wð Þj, m wð Þ − zj j, s wð Þ − zj jg�dwÞp

≼
ðT
0

max
a∈ 0,T½ �

Mi t,wð Þ
� 	

v1/p
�

� max
a∈ 0,T½ �

min s wð Þ −m wð Þj j, m wð Þjf½
�

− zj, s wð Þ − zj jg�p�1/pdw�p
≤
ðT
0

max
a∈ 0,T½ �

Mi t,wð Þ
� 	

v1/p
�

� d si tð Þ,mi tð Þ, zð Þð Þ1/pdw
�p
:

ð69Þ

Therefore,

d Ei si tð Þð Þ, Ei mi tð Þð Þ, zð Þ≼vd si tð Þ,mi tð Þ, zð Þ: ð70Þ

Now, all the assumptions of Corollary 41 are fulfilled and
the family of mapping Ei has a unique common fixed point
in ℵ, which means that the infinite system of integral equa-
tions (65) has a unique solution in ℵ. ☐
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