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Abstract

In this research, we present the stability analysis of a fractional differential equation of
a generalized Liouville-Caputo-type (Katugampola) via the Hilfer fractional derivative
with a nonlocal integral boundary condition. Besides, we derive the relation between
the proposed problem and the Volterra integral equation. Using the concepts of
Banach and Krasnoselskii's fixed point theorems, we investigate the existence and
unigueness of solutions to the proposed problem. Finally, we present two examples
to clarify the abstract result.
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1 Introduction

Fractional calculus is a branch of mathematics that examines the properties of deriva-
tives and integrals of arbitrary non-integer order. This theory has been studied over the
years and was initiated in a letter written to Guillaume de I'Hopital by Gottfried Wilhelm
Leibniz in 1965. Subsequently, the area has become a great area of interest to many fa-
mous mathematicians such as Fourier, Laplace, Abel, Liouville, Riemann, Letnikov etc.
For more interpretation on the fundamentals ideas of fractional calculus, physical and ge-
ometric meanings we refer the reader to see the books, [29, 37, 39, 54] etc.

There are various definitions of fractional order derivatives and integrals, for exam-
ple, we have the Riemann, Liouville, Caputo, Riemann-Liouville, Weyl, Hadamard, and
Grunwald—-Letnikov versions. These derivatives do not coincide in general except for
some special cases. This is due to the fact that the authors try to preserve some prop-
erties of these operators. However, the most famous definitions are the ones for Riemann,
Liouville, Riemann-Liouville, and Caputo fractional order derivatives and integrals.
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Fractional differential equations are an area that is related to the fractional calculus and
it played an important role in numerous fields of engineering and scientific areas such
as physics, chemistry, biology, economics, control theory, signal and image processing.
Recently, it was proved that fractional derivatives and integrals of arbitrary order are more
advantageous and pragmatic for characterizing the memory and hereditary properties of
different materials and processes than the integer-order derivatives; see [14, 18, 32].

Existence, uniqueness and stability analyses of fractional differential equations with dif-
ferent types of initial and boundary conditions belong to the most essential parts in the
theory of fractional differential equations to which this paper is devoted. However, many
researchers studied the existence and uniqueness of solutions for boundary value prob-
lems (BVPs) of fractional differential equations with different types of fractional integrals
and derivatives; see for example [5, 7, 13, 17, 25, 33, 36, 40—43, 45, 52, 55]. Hilfer initiated a
new class of Riemann—Liouville fractional derivatives, called Hilfer fractional derivatives.
These fractional derivatives coincide with the classical Riemann-Liouville and Caputo
fractional derivatives. The main advantage of these operators is the degree of freedom
on the initial conditions. Thus, based on this setting, it motivated a lot of researchers
to initiate research and finding the existence, uniqueness and stability results; see [2—
4,8, 10, 15, 16, 21, 27, 48, 50].

More recently, motivated by Hilfer fractional derivatives and some well-known results in
respect of the generalized classical definitions of Riemann-Liouville and Caputo fractional
derivatives, Oliveira and Capelas [35] proposed new fractional derivatives called Hilfer—
Katugampola fractional derivatives, which incorporate Hilfer and generalized fractional
derivatives. These have been contemplated by some researchers in the field of fractional
calculus, results can be found in [1, 9, 20, 23, 24, 26, 28, 53] and the references therein.
Stability analysis is one of the most important aspects of fractional differential equations.
This notion was initiated by Ulam [22], which motivated many researchers to make con-
tributions in this area [6, 8, 10, 11, 21, 28, 31, 38, 46, 47, 51]. For instance, Ahmed et al. [9]
developed the existence and uniqueness criteria for solutions of boundary value problems
(BVPs) with a generalized nonlocal integral and multi-point conditions described by

ngJrZ(S) =g(5, Z(S))! se j = (Or T]¢S >0,
82(0) = Z]]le djz(kj), Z(T) = Z:Zl bipIg+Z($i) +c, gi:)\j € ._7, c, bi,d/' € R, (11)

O0<ér< << <pchi< << < < T,
and the inclusion problem

PDy.z(s) € G(s,2(s)), seJ =(0,T],5>0,
8200 = Y diz(v)),  AT) =Y 0 bPTha(E) +c, Enrjed, (1.2)

O<&r<- << << <hj<- < < T,

where #Dy, (-) is the generalized fractional derivatives of order (1 < v < 2) and pIg+(~) is

rd 5>0,g:(0,T] xR—>Risa

a generalized fractional integral of order ¢ >0, 8 = s
continuous function, T >0 and G: J x R — P(R) is a multivalued function. Recently,
Suphawat et al. [12] initiated research and found existence and uniqueness results for the

boundary value problems (BVPs) which involve Hilfer fractional derivatives and a nonlocal
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condition described by

HDVAw(s) = ©(s,w(s)), seZ=labl,b>a>0,
W(ﬂ) =0, W(b Zk 1 bk a*z ék) %'k € I¢ bk eR, (13)

a<&<--<&<<E<h,

where Dif (-) is the Hilfer fractional derivatives of order (1 < p < 2) and the parameter
0<g<l, I;ﬁ (-) is the Riemann-Liouville fractional integral of order r4 >0, ® : Z x R —
R is a continuous function. The authors employed a fixed point approach of the Banach
contraction principle, and the Holder, Boyd and Wang, Leray—Schauder and Krasnosel-
skii’s approaches to obtain their results.

In [20], Harikrishnan considered an initial value problem with the nonlocal condition
given by

pD”qu(r) =f(t,u(z)), te€l=(aT],

(1.4)
PINTu(a) = ZFI cu(oy), oj€l,
where ”DZ;’Z(-) is the Hilfer—Katugampola fractional derivative of order (0 < v < 1) and
parameter 0 < g < 1, ”I';7(-) is the generalized fractional integral of order 1 —r >0, p > 0,
f:I xR — Risa continuous function, ¢; € R and o; € [ satisfying0<a<o; <o, <--- <
on < T forj=1,2,...,n. Existence results were obtained using Krasnoselskii’s fixed point
theorem.
More recently, Vivek et al.[48] studied an implicit differential equation with nonlocal
condition via Hilfer fractional derivatives described by

DLPv(s) = O(s,v(s), DS v(s), seT =10,b,b>0,

Liv0) =" ev(t), neT,r=a+B-ap, (15)
where Dg;’S (-) is the Hilfer fractional derivatives of order (0 <« < 1) and type 0 < 8 < 1,
13: ’(-) is the Riemann—Liouville fractional integral of order 1 -7 >0, ® : T x R? - Risa
continuous function, ¢; € R, 7; € T satisfying0 < 7y < --- < 1, < b. The authors proved the
existence and uniqueness via Schafer’s and Banach’s fixed point theorems. Furthermore,
stability results were also investigated.

Motivated by the above series of papers and some basic ideas of the fractional calculus,
the main objectives of this paper is to extend the results of [9, 12, 19] and also to discuss the
stability analysis in the framework of Ulam—Hyers and generalized Ulam—Hyers theory.
More specifically, we consider the fractional differential equation given by

/’@pqx(t) =f(t,x(t), te€labl,b>a>0,>0,

(1.6)
xa)=0,  x(b)=Yr W x)+0 &>0,0,m €RS; € (ab),
where #©%{(.) is the Hilfer-Katugampola fractional derivative of order (1 < p < 2) and
parameter 0 <g <1, f’jil; (-) is the generalized fractional integral of order &; > O, f : [a, b] x
R — R is a continuous function, x; € R and §; € [a, b] satisfying 0 <a<8; <, <--- <
dm<bfori=1,2,...,m.Problem (1.6) is simply called a boundary value problem (BVP).
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Evidently, to the best of our knowledge, stability analysis of boundary value problems
(BVDPs) is still in the initial stage. Thus the main contribution of this paper is to investigate
the stability analysis of Ulam—Hyers and generalized Ulam—Hyers theory, which is not es-
tablished in [9, 12, 19]. Besides, we also show the equivalence between problem (1.6) and
the Volterra integral equation and apply the Banach and Krasnoselskii’s fixed point theo-
rems to establish the existence and uniqueness results. Moreover, problem (1.6) coincides
with:

« the Riemann-Liouville and Hadamard fractional derivative when g =0, p — 1;

« the Hilfer and Hilfer—Hadamard fractional derivative (0 — 1, and p — 0%);

« the generalized (defined by Katugampola) and Caputo-type versions (g = 0) and

(g=1).

We organize the remaining part of the paper as follows: Some preliminary facts, vital
definitions, and theoretical results are recalled in Sect. 2. In Sect. 3, we derive the relation
between the Volterra integral equation and the proposed problem (1.6). Also, with the
help of these equations, the existence and uniqueness of solutions are proven using the
concepts of the Banach and Krasnoselskii fixed point theorems. In Sect. 4, we present cer-
tain criteria under which the proposed problem (1.6) is both Ulam—Hyers and generalized
Ulam—Hpyers stable. Furthermore, as an application, two examples are given to show the
applicability of the obtained results. Finally, we summarize the paper in the last section.

2 Preliminaries and theoretical results

This section summarizes the basic definitions and principles of fractional derivatives and
integrals and describes the theoretical findings that are useful in this paper. For further
information, see [29, 35, 37].

Definition 2.1 Let —co<a<t<b<oo,n—1<p<nwithneN,n=[p]+1and p>0.
Then

tP — 1P

(GUNIIOE L /t< )p_lt”‘lf(t)dr, (2.1)
¢ r'p) Ja 2

which is referred to as a left-sided generalized fractional integral of order p provided the
right side is point-wise defined on (a, 00); I'(-) denotes the gamma function.

Likewise, the generalized fractional derivative is defined in terms of the generalized frac-
tional integral (2.1),

("D )(®) = <t1‘ﬂ%>n("32f’ )()

1 (AN -
(7w [(5) o >

Definition 2.2 Supposen—1<p <n,0<g <1withn € Nand p > 1. Then the fractional

operator

d n
("D%If)(2) = </’JZ(+”P) (tl"’£> ﬂ3;£q>(”"”f)(t), (2.3)
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is called the left-sided Hilfer generalized (or simply Hilfer—Katugampola) fractional
derivative of order p and parameter g.

Remark 2.3 The operator *D"/ can be further simplified as
(1-p) d\" pn-g-p)
(D)0 = (p:fZ!’“’ (t”;) 73, "“’f)(t)
~4(2-p)
=3I, (2.4)

where r=p +q(2-p), 1 <p <2,0<gq <1 and the operators *J,+, *D,+ are defined in
(2.1) and (2.2), respectively.

Next, we consider some important properties of these operators as follows.

Lemma 2.4 Letp,60 >0,1 <p<o00,0<a<b<ooandp,ceR suchthat p > c. Then, for
fe X2 (a,b), the following relations hold:

(*32.23%.0) () = (PTF) ()
and
(PD2 PP 1) () =f ().

Lemma 2.5 [n view of Egs. (2.1) and (2.2), for any p,0 > 0, we have

o (P =a’\"\, O (t°—ar\PT
(pj‘“( P ) >(x)_F(p+9)< P ) ’

P — gP\P1
<p©§+< a4 > >(x):0, O<p<l.
P

Lemma 2.6 I[f1<p <2, then

3, 008)0 - - 2D (rp —a )H 7)) (w —a’ )z

() 0 rr-1) o

3 Main results

In this section, firstly, we establish the relationship between the proposed problem (1.6)
and the Volterra integral equation. Secondly, with the help of these equation, we derive the
existence and uniqueness of solutions based on Banach’s and Krasnoselskii’s fixed point
theorems.

3.1 Equivalence with the Volterra integral equation

We consider the generalized boundary value problem described by

POPIx(t) =f (6,%(2)), bela,bl,b>a>0, (3.1)
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where p € (1,2], g € [0,1], p > 0, subject to the boundary conditions:
x(a) =0, Z ui 35 x6) + 0, & >0,0,1: €R,5; € (a,b). (3.2)

The following lemma shows the relationship between problem (3.1)—(3.2) and the Volterra
integral equation of the form

1-r
x(t) = Tpr(r) (t,o _a )r 1<pJp Zl’bl Jp+€l )(5) Q)
+ p3§+f(s,x(s))(t), (3.3)
where
i e P 1
= Z F(r—+$i)(8i —a") O (b* —a”)" #0. (3.4)

i=1

Lemma3.1 Let1<p <2,0<gq<1suchthatr=p+2q-pqandf(-,x(-) € C([a,b] x R).
Then x is a solution of the problems (3.1), (3.2) if and only if it satisfies Eq. (3.3).

Proof Indeed, in view of (2.4), Eq. (3.1) can be written as
P3P x(t) = £ (8, %(0)). (3.5)

Applying the operator #3%, to both sides of Eq. (3.5) and using Lemma 2.6, we get

CPIrx)a) (0 —a? T (CR)@) (P —aP T,
x(t) = o ( 5 ) + F(r—l)( p ) + P30 f (6, %(2)). (3.6)

Denoting e; = ("32+’x)(a) and e; = ("31 "x)(a) in Eq. (3.6) yields

r-1 r=2
0-rp(57) () o e

By substituting the boundary condition x(a) = 0 in Eq. (3.7), we get ¢; = 0. Thus

r-1
0= (57 +erteat) 69)

Substituting ¢ = §; and multiplying through by u; in Eq. (3.8), we have

ier (80 —ar\'™!
OE ﬁf(ej)(Tﬂ) T f (50(5). (3.9)

Applying * Ji’; to both sides of Eq. (3.9) and using Lemmas 2.5 and 2.4 yield

~ Hié 8;)_61'0 i ~D+E;
135, x(8;) = F(HZS)( . ) + LIS (8, %(5)), (3.10)



Ahmed et al. Advances in Difference Equations (2020) 2020:225

which implies that

m S —af r+&;—1
M/’"’x(6)+g—ez ( )

0
+ZW’3‘”E’ (8:,%(8) + 0. (3.11)
Also,
ey (bP—a’\"! e
(b)_r()< p ) + P30 f (b,x(D)). (3.12)

From the boundary condition x(b) = Y_", upj€+x(8 ;) + 0 and in view of Egs. (3.11), (3.12),
we obtain

m

ey (bP—a’\"! pAP Wi <5f —a’ )Vﬁ_l
Jf(b,x(b)) =
F(f)( P ) + 1T (bx0) 62; rr+&)\ p

+ Z M,pjmgf 8:,%(8,)) + 0, (3.13)

which implies that

e = i (f’j" (b, x(b)) Z 1P IO (8, %(8)) — g>. (3.14)

Therefore, the results follow by substituting Eq. (3.14) in Eq. (3.8). The converse follows
by simple calculation as above. O

Denote by C = C([a, b], R) the Banach space of all continuous functions from [a, b] to R
defined by

llxll =

a<t<b

and define the operator IF: C — C by

1-r
(Fx)(¢) = TpF(r) (¢ ap)r l(pﬁp f (s,%(5)) (b) - Zufﬁiig’ (s:%(5)) () —Q)
i=1
+ p3§+f(s,x(s))(t). (3.15)

We show that the operator F has a fixed point which is the solutions of the problem (1.6).
For simplicity, we denote

A Vel U S GO Xmil | (8 — arypsi
TIE M (p+1) (0 () Mo E T (pr &+ 1)

© -y

Page 7 of 18
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3.2 Existence result via Banach contraction principle
We prove first the existence and uniqueness result of the proposed problem (1.6) by ap-
plying the concept of the Banach contraction principle in this subsection. Thus, before we
state the main theorem, we make the following assumptions:
(T1) Suppose that f: [a,b] x R — R is a continuous functions such that f(-,x(-)) € C for
any x € C.
(T,) There exists a constant A > 0 such that

[f(t,%) - f(&,9)| < Alx—y|, forallx,y€R,t€ [a,b].

Theorem 3.2 Suppose that assumptions (T1)—(T,) are satisfied. Then problem (1.6) has a
unique solution on [a, b) provided that

Ad <1, (3.17)
where @ is defined by (3.16).

Proof Firstly, we construct a ball B, = {x € C: [x]| < x}, where

PD + PP -aPy gl

1Y (r)
,  P= sup [f(£0)].
1- Ao te[a,b][f ’

Xz

Then we show that FB, C B, . Now, for any x € B, , we have

1-r

|(Fx)(0)] < sup (b =) "% |f (5.29) 0)

o
telap | 1T1T(7)

1-r

P Y | pAPHE '
+ |T|F(r)(bp_ap) ;IM,VU“+ If (s, %(5)) | (8:)

pl—r - N
“rre (6” —a’)""lel + 3. [f (5.5(5)) | ®)
1-r
< |Tp|F(r) (b* - ap)r—lpjiaﬂ ([f (s,%(5)) = f(5,0)| + |f(5,0)])(®)

Iol—r

-1 v p~PrE _ )
Trm @ ) Ll T (f6x49) -6 0]+ 76,06

Iol—r

Irire

(b —a*) Lol + 30 (|f (5,2(5)) = £ (5,0)| + | (5, 0)) (8)

<(,4|| ||+p) Lw(bp_ p)P”—l
= A TIrore+n - -

Pl e il 80 —aP\P*E - (bF —ary
e ) Z1*(Ig+si+1)( o ) +ppr(p+1)>

i=1

pl—r

r-1
rire ) e

+




Ahmed et al. Advances in Difference Equations (2020) 2020:225

1-r

P
|| (7)

< (Allxl| +P)® + (b° —ap)r71|Q|

<y (3.18)

This shows that [|(F)(x)|| < x and hence FB, C B,. Finally, we show that the operator F
defined by (3.15) is contractive. Indeed, for any x,y € B, , we have

|[(Fx)(0) - (Fy)(®)]

pl—r 1
< e ) e (f(529) /(5 y6) @)
+ |T'0|11:r( —a’)” 1 Z |,u,|Pjp+$L If (s,%(5)) = f (5,5(9)) ) (8)

+ 030 (I (5.%(9)) = (5.7)) ) @)

A ,017(17”) b p\P+r-1
=AM Frareen )

pl—r r 1 “ |l’LL (alp -a’ )p+§i (bp _ﬂp)p
+ Z PR S,
1711 (r) Fp+&+1)\ »p PPl (p +1)

i=

<A®|x -yl (3.19)

Therefore, ||Fx —Fy|| < A®|x — y||. Thus in view of (3.17), the operator F is contractive
and hence by the Banach contraction principle, problem (1.6) has a unique solution on
la,b]. O

Remark 3.3 We now present some special cases of our Theorem 3.2. For instance, to ob-

tain the result of [12] (see Theorem 3.2), we set the parameters p = 1 and ¢ = 0, then we

obtain
* _ (b—ay! (b a1 & (8; — a)P*si (b-ay
where
P e S -
’ —Z T G )(b @) (3:21)

We now state the following corollary.

Corollary 3.4 Suppose that assumptions (T1)—(T>) hold. Then problem (1.6) has a unique
solution provided that AD* < 1.

Our next existence results are established using the concepts of Krasnoselskii’s fixed

point theorem.

Page9of 18
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3.3 Existence result via Krasnoselskii’s fixed point theorem
In this subsection, we establish the existence results via Kransnoselkii’s fixed point theo-
rem [30].

Theorem 3.5 ([30]) Let P be a closed, convex, and nonempty subset of a Banach space X,
and let Fy, F, be operators such that:
(i) Fiy + Faz € M whenever y,z € P.
(ii) F is compact and continuous.
(ili) F, is a contraction mapping.
Then there exists w € P such that w = Fiw + Fow.

Theorem 3.6 Suppose that f : [a,b] x R — R is a continuous function fulfilling assump-
tion (T,) and the following hypotheses are true:

(T3) |f(t,9)] < v(), forall (t,y) € [a,b] x R and v : [a,b] — R is a continuous function.
Then problem (1.6) has at least one solution on [a, b], on condition that

Ay <1, (3.22)
where
pl—(pw)(bp _ ap)p+r—1 pl—r(bp _ ap)r—l m |Mi| 8[/7 —af p+&;
= + . (3.23)
I (p+ 1) YIre) = Te+r&+)\ p
Proof Denoting |[v| = sup,(,, [v(¢)| and selecting d > [[v]|® +2 ‘%;“p lo| we con-

sider a set B; = {x € C : ||| < d}. Splitting the operator F : C — C defined by (3.15) on By
as F = F + G, where

Fax(t) =35 (s,x(5))(8), ¢ € [a,b],

and

1-r

Ga(t) = Tpf(r) (tp—aﬂ)’l(ﬂaﬂf(s,x(s) )(b) - Zu W (5,4(5)) (6) - a)
i=1

€ [a,b)].
Step 1. We show that Fx + Gy € B,. Indeed, for any x,y € B; and ¢ € [a, D], we get

|(Fx)(2) + (Gy)(2)|
1 r(tp _ap)r—lp

~P
TF(V) Ja+ lf(s’ x(S)) | (b)

p
< sup : P Lf(s,x(s))|(t)+

tela,b]

1 r(tp dp)r 1 m ~P+€, pl—r(tp _ap)r—l
T Zw [ (5:69) [ 30) + =~ lel

TI(r)
pl—(p+r p+r-1
=l (W“’” )
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P el |1l 8 —ar\P' (b —ary
e ) ;F(P*"Eﬁl)( P ) +ppr<p+1)>
pl—r ,
|T|F(r)( "=l
1-r
< vl |T’°|F(r)(b”— Yol
<d (3.24)

Therefore, || Fx + Gy|| <d, which implies that Fx + Gy € B,.
Step 2. We show that the operator G is a contraction.
Let x,y € B, and ¢ € [a, b]. We have

l—r(tp _ ap)r—l P

I ~P
1Gx - Gyll < o { —rre e (5,(5)) —f (s,(9)) | (B)

1 r(tp d,o)r 1 m

|T|F( ) Z |Mz|P~P+E, s,x(s)) —f(s,y(s)) |(5i)}

pl—(p+r)(bp _ up)p+r—1
|Irnre+1)

pl-’(bp—af’)r-li il (3 =at\E
TIr) = TE+&+D\ o Y

1

<A

<Ay llx-yll. (3.25)
Thus, in view of condition (3.23), we conclude that the operator G is a contraction.
Step 3. We show that the operator F is compact and continuous.

Since the function f € C([a, b], R), the operator F is also continuous. Moreover, it is not
difficult to see that the operator F is uniformly bounded. For any x € 13,, we have

—a
IFxll < pillvll < 00.

In order to show the compactness of the operator F, we set Sup(, e (4,51x5, If (6-%)] = f‘ such
that, for any #;,t, € [a, b] with £; < £, one has

|(fx)(t2) — (Fx)( t1)| < F(p) (/ ISp—l[(té) —sp)P-l _ (tf —SP)P_I]f(s,x(S)) ds

+ /tz s (e - s”)p_lf(s,x(s)) ds)

f

~

S
T el (p+a)

— 00, asty;— k. (3.26)

[2(& - )) +|(ta - @) - (t1 — @)™ ]

This shows that the operator F is equicontinuous and, therefore, is relatively compact
on ;. Thus, as a result of the Arzeld—Ascoli theorem, it follows that F is compact on
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B,;. Since all the hypotheses of Theorem 3.5 are fulfilled, problem (1.6) has at least one

solution on [a, b]. O

Remark 3.7 We now present a special case of Theorem 3.2. For instance, to obtained the

result of [12] (see Theorem 3.17), we set the parameters p = 1 and o = 0, then we obtain

b— +r—1 b—a)y 1 8 — D+Ei
R DS o

SOy e & T 1) (3.27)
where
*_ML P — ”Ei_l_i -1
T _; F(r+§,»)(5’ %) r(r) (b-a)y™. (3.28)

We now state the following corollary.

Corollary 3.8 Suppose that assumptions (T1)—(T3) hold. Then problem (1.6) has at least
one solution on [a, b, provided that Ay™* < 1.

4 Stability results

In this section, we present two different types of results for stability, namely Ulam—Hyers
and generalized Ulam—Hyers stability, respectively. Before we state the main theorem, the
following definitions are needed.

Let € > 0 and 6 : [a,b] — [a,00] be a continuous function. We consider the following

inequalities:
[PDLEy () ~f(ty@®)| <€, telab], (4.1)
PD24y(6) ~ f(£.5(0)| < €6(0), ¢ [a,b]. (42)

Definition 4.1 Problem (1.6) is Ulam—Hyers stable if there exists a constant t > 0 such
that, for € > 0 and for each solution y € C of the inequality (4.1), there exists a solution
x € C of problem (1.6) with

ly(@) —x(t)| <te, tela,bl. (4.3)

Definition 4.2 Problem (1.6) is generalized Ulam-Hyers stable if there exists 6y
C(R*,R*) and 6¢(0) = 0 such that, for each solution y € C of the inequality (4.2), there
exists a solution x € C of problem (1.6) with

(&) —x(t)| < 0p(e), tela,bl. (4.4)

Remark 4.3 A function y € C is a solution of the equality (4.1) if and only if there exists a
function z € C (which depends on y) such that:

(i) |z(®)| <€, tela,b].

(il) PDLy(e) =f(t,3(0) +2(t), t € [a, b].
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Lemma4.4 Let1<r<2,0<p<1,ifafunctiony € C is a solution of the inequality (4.1),
then y is a solution of the following integral inequality:

(&) —E, =32, f(5,9(5)) ()| < Pe, (4.5)

where

pl—r(tp ap)r 1

1-r _ r-1 M
E, = f(s,y(s))( )+ M Z fJiIEf(s,y(s )( 0.

TI(r) TI(r) =
Proof Using Lemma 3.1 and Remark 4.3, it follows that
1-r r—1 1 -r r—1
Pl — ar) (w M) "
t) = A A— A | + , b — p~p+ t 8i
0] e £ (s,5(5))(b) Z/h P (5,(5)) (8)
P e +w.ﬂsumn+ﬁi@:ﬁflwp(m
rrpy 07 el rrey
1-r 1 —r r—1
:0 tl) Py (tp —ﬂp) P
- J,:28) - ———=———0+"7,.2(t), 4.6
rr@) }ju 2(8:) o et TeE (4.6)

which implies that

y(®) - Ey = * 3. f (5,(5)) (1)

pl—r(t,o _ ap)r—l

= PP (b
I a#0)
l r(tp ap)r 1 m N pl—r(tp _dp)r—l
? Zﬂf IZ:E' (8:) — T(V)Q + p3§+z(t)
1-(p+r)
<e p—(bp _ aﬂ)l’”‘l
[YIr () (p+1)
N Pt (bp_ap)mi |kl 8 —a’ "+E"+ (b —afy
TIr(r) ~Tp+&+D\ p pPT(p+1)
< Pe. (4.7)

We now state the main theorem as follows:

Theorem 4.5 Assume that hypotheses (T1) and (T5) are satisfied with A® < 1. Then prob-
lem (1.6) is Ulam—Hyers stable and accordingly is generalized Ulam—Hyers stable.

Proof Suppose that y € C is a solution of inequality (4.1) and x € C is a unique solution of
problem (1.6). Then it follows from Lemma 4.1 that

pl—r(tp _ ap)r—l

[9(0) —(0)| = )

”§§+f(s, x(s)) (b)

pl—r(tp _ dp)r—l m

pﬁP*éz AU
- TI(r) — Ki Tgr f(s,x(s))(é,)

pl—r(t,o _ ap)r—l

TI(r)

Page 13 0f 18
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+ "35+f(s, x(s)) ()

< [9(&) = E, =T f (5,5(5) (0)|

pl—r(tp _ ap)r—l

YI(r) P30 (f(s,9(5)) = f (5,%(5)) ) (b)

1 r(tp ﬂp)r 1 m

T rre) Z“pjp*& 5,7(5)) = f (5,%(5)) ) (82)

+P30 (f (5,(9)) —f (5,%(5)) (£))

(4.8)
which implies that
lly — x|l < e,

where

i 0
T=——>0.
1- Ao
Hence, we conclude that problem (1.6) is Ulam—Hyers stable. In addition, denoting 6(¢) =
t¢, such that 6¢(0) = 0, then problem (1.6) is generalized Ulam-Hyers stable. O

5 Examples
Example 5.1 Consider the Hilfer fractional differential equation with nonlocal boundary
condition of the form

41

D10 = g () + 3 te 53]

3 )4 3 3. 2 (5.1)
x(1)=0, x(3) = v2'37.x(3) + 3177 x(3) + 5177 .x(2).

3 3 3

By comparing problems (1.6) with (5.1), it is not difficult to figure out the following values:

P=1:P=%:q=%,’"=grﬂ=%»b=3,ﬂl=\/§,li2=gyM3=5r51=%»§2=%:§3=%,
81 = %,52: %,83 = %,Q:O,m: 1,2, 3. Obviously, forany w € Rand ¢t € [%,3],thefunction
f:[%,3] x R — R with

__ 1 wl 1\, 3
Sltw) = 3(23t+1)<1+ |w|> "2

is a continuous function and, for all w,w e R, and t € [%, 3], this yields

lf(t,W) —f(t,ﬁ/)| = (|W_ﬁ}|)

O | =

Consequently, it follows that assumptions (77) and (75) are satisfied with A = % . Moreover,
by simple calculations, we get |7"| & 11.2817, @ = 5.8525 > 0, = 2.7466 > 0 and

AP ~0.6503 < 1,
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which implies that all the assumptions of Theorem 3.2 are satisfied. Hence, problem (1.6)

has a unique solution on [%, 3]. Furthermore,
Ay ~0.3052 < 1,

this shows that all hypotheses of Theorem 3.6 also hold, thus problem (1.6) has at least
one solution on [ 3]. In addition, we can see that T & 16.7358 > 0. So, according to The-

orem 4.5, problem (1.6) is both Ulam—Hyers and generalized Ulam—Hyers stable.

Example 5.2 Consider the generalized nonlocal boundary value problem which involves

the Hilfer—Katugampola fractional derivative described by

52
102 x(0) = f(t,x(2), tel01],
0 s s (5.2)
x(00=0,  x(1)=2235x(3) + 22054(2) + 2.
Herep=1,p=3,9=%r=3,a=0,b=1L, =% 12=3,6=32,6=581=3,8=3

0 =2, m = 1,2. By substituting these values in Egs. (3.4), (3.16) and (3.23), we obtain

|7| ~ 1.0188, @ ~122772>0 and ¥ ~10.5754>0.

Denote f (¢, x(t)) = e +cos(2 0 (L

@3 )+ %2 Then, for any u,u € R, and ¢ € [0, 1],

1+\x(t\
)~ 6,80] = o (s~ ).

So assumptions (T7) and (T5) are fulfilled with A = - and A® =~ 0.4911 < 1. Therefore, all
the assumptions of Theorem 3.2 are satisfied and problem (1.6) has a unique solution on
[0,1]. Moreover, we can see that Ay =~ 0.4230 < 1. Thus, all the hypotheses of Theorem 3.6

hold. Hence, problem (1.6) has at least one solution on [0, 1].

6 Conclusions
In this article, we have shown that the proposed problem (1.6) is equivalent to the Volterra
integral equation. Based on this equation, we have provided some sufficient conditions
for the existence and uniqueness of solutions by utilizing the concepts of the Banach and
Krasnoselskii’s fixed point theorems. Also, we derive stability in the case of Ulam—Hyers
and generalized Ulam—-Hyers, respectively. Furthermore, two examples are given as an
application to validate the results obtained. Also, it enables us to make the accompanying
comments:
o If p — 1, 0 = 0 problem (1.6) reduces to the problem considered in [12].
+ SettingO<p<1l,p—1,0=0and§ =0,i=1,...,m, problem (1.6) reduces to the
problem considered in [48].
+ SettingO<p<1,0=0and & =0,i=1,...,m, problem (1.6) reduces to the problem
considered in [20].
e Ifp—>0,0=0and§ =0foralli=1,...,m, the generalized nonlocal

Riemann-Liouville integral condition reduces to the one considered in [20, 44, 48, 49].
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o Ifg& =1foralli=1,...,m, the generalized nonlocal Riemann-Liouville integral

condition takes the form

81 89 Sm
x(b) = Ml/ x(t)dt +//,2/ x(t)dt +--- +,um/ x(t)dt + 0,

which plays a significant role in computational fluid dynamics, ill-posed problems and

mathematical models and yields a better result than the initial condition x(b) = x;,

(14, 34].
Therefore, based on this setting, we conclude that our results are new and extend the above
cited results which can be considered as a further development of the qualitative analysis
of fractional differential equations. The analysis of the Ulam—Hyers—Mittag-Leftler func-
tion is to be discussed shortly in the context of Hilfer—Katugampola fractional derivative
with generalized nonlocal conditions proposed in this paper or another mixed boundary

condition.
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