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This article is fundamentally concerned with deriving the solution formula, existence, and uniqueness of solutions
of two types of Cauchy problems for impulsive fractional differential equations involving Atangana-Baleanu-
Caputo (ABC) fractional derivative which possesses nonsingular Mittag-Leffler kernel. Our investigation is based
on nonlinear functional analysis and some fixed point techniques. Besides, some examples are given delineated
to illustrate the effectiveness of our outcome.

1. Introduction

Fractional calculus has risen as a significant area of examination
and the fertile area for research in light of the application of its tools
in science and engineering majors. Fractional-order operators lead us
to the emergence of more useful and concrete mathematical models as
opposed to ordinary integer-order. It has been because of the non-local
nature of the fractional operators, which describes the memory and it
enables us to earn a closer look at the dynamics behavior and hereditary
properties of the related phenomena. For the recent development of the
theme, see the monographs [1, 2, 3] and the references referred to in
that.

Different kinds of nonlocal fractional derivatives were suggested in
the current literature to handle the reduction of classical derivatives
operators. For example, the idea of fractional derivative in a Riemann-
Liouville sense was introduced based on power-law. A new fractional
derivative has proposed by Caputo-Fabrizio [4] relying on the exponen-
tial kernel. However, this operator it some troubles with regard to the
locality of the kernel. Just recently, to get rid of Caputo-Fabrizio’s trou-
ble, Atangana and Baleanu (AB) in [5] have introduced a new modified
version of a fractional derivative with the help of Mittag-Leffler func-
tion (MLF) as a nonsingular and nonlocal kernel. Due to generalized
MLF is utilized as the nonlocal kernel and does not guarantee singular-
ity, the ABC derivative provides an excellent memory description [6, 7,
8, 9].

The presented operator in [5] contains an accurate kernel that bet-
ter describes the dynamics of systems with a memory effect. So this
operator is advantageous to debate real-world problems and it also will
have a big feature when utilizing the Laplace transform to solve some
physical problems with the initial condition.

Lately, the authors [10, 11, 12, 13, 14] studied analytically and
numerically for some fractional model by means of Atangana-Baleanu
fractional derivative with a non-local smooth kernel.

Fractional differential equations (FDEs) with impulse effects ac-
quired very great importance due to their applicability in modeling
physical problems that experimenting with instantaneous changes. For
modern papers on impulsive FDEs, we indicate to works [15, 16, 17, 18,
19, 20, 21, 22, 23, 24, 25] and the references cited therein. Recently,
few authors used this operator to study the qualitative properties of
FDEs, for detail see [26, 27, 28, 29, 30, 31, 32, 33].

In the presented paper, we establish the existence and uniqueness
results for solutions of the following impulsive FDEs with the initial
and nonlocal conditions

ABEDE c(1) = f(1.¢()), T€Q=[0T], t#1, £=1,.m,

[z
A e, = Tp6(z,), £=1,..m, (€Y)

=Ty

6(0) = ¢,

and
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ABCD“Jg(T)—f(T ¢(), T€Q=[0,T], t#15 £=1,..m,
Ac| Lg(xy), £=1,..m, 2

‘L'=‘L'f =
¢(0) + g(s) =¢p»

where 0 <x< 1, #8¢Dp denotes the Atangana-Baleanu-Caputo (ABC)
fractional derivative of order «, f : Q xR - R is a given contin-
uous function. Further f(0,¢(0)) =0 and also it vanishes at impul-
sive points 7,, £ =1,..m, I, : R> R, ¢ =1,..m, ¢, € R, 7, satisfy
0=17) <7y <. <y < Ty =7, A |pmp, = (7)) = 6(77) = ¢(z)) = ¢(zp),
g(r;) = limy,_ g+ ¢(t, + h), ¢(z7) =limy,_o- ¢(z, + h) represent the right
and left limits of ¢(¢) at t=17,, £ =1,..,m, and g : PC(,R) — R is given
function. Also, [r] =7, if T € (z4,7,,,], £ =0,1,... and 7, =0.

We mention here that on the light of Theorem 3.11 in [34], we must
always have the necessary condition f(0,¢(0) =0 to confirm the initial
data for the solution. To our knowledge, there are no much studies on
Cauchy problems for impulsive FDEs in the literature, especially those
involving an ABC fractional operator. For instance, we mention [35, 36,
371 and the references therein.

The major aim of the article is to obtain the formula of solutions
for two types of impulsive FDEs with ABC fractional operators. More-
over, we proved existence and uniqueness theorems by means of some
fixed point theorems of Banach, Schaefer, and Kransosekliskii for pro-
posed problems in the frame of ABC derivatives. We realized that the
condition f(0,¢(0) = f(z,,6(z,) =0 (£ =1,...m) is necessary to guarantee
a unique solution.

This paper is coordinated as follows. Section 1 deals with the intro-
duction which contains a survey of the literature. Section 2 consists of
some foundation preliminaries related the fractional calculus and non-
linear analysis. The formula of the solution for the proposed problems
is presented in Section 3. The existence and uniqueness results on a
Cauchy problem and nonlocal Cauchy problem are obtained in Sec-
tions 4 and 5. In Section 6, two examples are specified to the validation
of our results.

2. Preliminaries
Consider the following space
PCQR)={c: Q=R :ceCltyt, R £=0,1,..om+1
and there exist ¢(z}) and ¢(z), £ =1,...m
with ¢(7) = g(T;)}
The space PC(Q,R) is a Banach space with the norm |[¢]|pe =

max,cq [6(7)]. Set Q=[0,T]and Q' :=Q\{7,, ..., 7, }.

Definition 1. [5, 38] Let x [0, 1] and o € H'(a, b) (a < b). Then the left
AB-Caputo and AB-Riemann-Liouville fractional derivatives of order o
for a function o are described by

ABCDSq(z) = (°‘) / (T - 9)“) o'(0)d6, 7> a,
and
ABRp () = NL‘:) % / E, (;:"1 (r - 0)“) 6(0)d0, > a,

a

respectively, where N () is the normalization function satisfies the re-

sult A'(0)=N(1)=1, and E_ is called the MLF defined by
E = — R .
«(2) Z:‘)F(joﬁl)’ e(x)>0, zeC 3)

Definition 2. [5, 38] Let xe (0,1] and ¢ € L'(a, b). Then the left AB
fractional integral of order « for a function o is specified by
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AB%s(r) = o(r) +

a N( ) / (T =0""6(0)d0, 7> a.

N (o) T(c)

Definition 3. [5] The Laplace transform of ABC fractional derivative of
o(7) is specified by

N(x)

L[ Dgew)] = 59 (1- ) +

[s*L[o()] - s*'o(a)].

where £ is the Laplace transform starting from a defined by

0

E{f(t)}(S)=/e’s(’_“)f(t)dt.

a

Lemma 1. (See Proposition 3 in [39]) Let o € H'(a, b), b > a, such that the
ABC fractional derivative exists. Then we have

ABCp ABp=g(1) = (1),
and
ABp ABCD5(7) = 6(1) — o(a),

for 0 < « < 1. Moreover, “B€D%s(r) = 0 if o(r) is constant function.

Lemma 2. [34, 39] For € (0, 1], the solution of the following problem

ABCD%g(1) = (1),

o(a) =0y, 4)
is given by
oM =0+ =X o)+ —=— L [z 0 " w(@o)ab.

N (e ) N (o) T'(ex)

Definition 4. [40] Let X be a Banach space. Then the operator IT : X —
N is a contraction if

|19, — 116, || <« ||9; — B, || for all ;,0, R, 0 <k < 1.

Theorem 1. [40] Let X be a Banach space and M be a non-empty closed
subset of N. If I1 : M — M is a contraction, then there exists a unique
fixed point of 1.

Theorem 2. [40] Let X be a Banach space and let IT : X — X be a con-
tinuous and compact mapping (completely continuous mapping). Moreover,
suppose

S={xeN: x=Alx, for some 1€ (0,1)}

be a bounded set. Then I1 has at least one fixed point in N.

Theorem 3. [40] Let H be a non-empty, closed, convex subset of a Banach
space R and let O, O, be two operators such that (i) Ou+0,v € H, Yu,v €
H; (i) O, is compact and continuous; (iii) O, is a contraction mapping.
Then there exists w € H such that O,w + O,w = w.

3. Solution representation

Definition 5. A function ¢ € PC(Q,R) is a solution of (1) if ¢ satis-
fies the equation ABCID"‘ s@= f (7,¢(r)) on €' and conditions Ac |
I,6(z7), £=1,..m and g(O)

T= ‘rf:

The following lemma is a direct consequence of Theorem 3.1 in [34].
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Lemma 3. Let «x€ (0,1] and let @ : Q — R be continuous with »(0) =
and also vanishes at impulsive points z,, for £ =1,2,...,m. A function ¢ €
PC(Q,R) is a solution of the fractional integral equation

1— 1 e .
Ot Mg @O+ T Ty Jo (7= O w(O)do, if T €10.7,],

£+1 1 7 -1
Go+ M;’(‘) Y o)+ ﬁ% Zi 1ff, (7 = 0> w(0)do
¢(r)= (5)

S B PP
+ N T Jop (7 = O (0)d0

+ X0 L) if r € (oo, £=1,.m,

if and only if ¢ is a solution of the impulsive ABC-fractional FDE

ABCD;;]g(f):m(T), r€eQ :=Q\{7,...7,,}, (6)
A¢ ey, =Tp6(z;), £=1,..m, )
6(0) =g, (8)

where [t]=1, if t € (t,,7,,1], £ =0,1,... and 7, = 0.

Proof. The proof is derived by using Lemma 1 repeatedly. Assume ¢
satisfies (6)-(8). If = € [0,7,], then

AEEDY c(0) = (), [7]=

Using Lemma 1, we get

ct)=¢+ ———w()+ ——

N( ) /(r— > w(6)d0.

./\f(o<) ()

This means that

st =g+ ———aw(r)+ —0)*"'w(9)do.

LL/(T
N( ) N T J '

After the impulse (¢(z7) = ¢(z]) — I, 6(7})), we get

s@hH=g+——

(o8 1 x—1 —
N( ) o(ty) + mm(}/(ﬁ =) w(0)d0 + T¢(z)).

If € (1], 7,], then w vanishes at 7, imply

c@=¢t)+—— N o(r) + (r —0)>"'w(0)do

> 1 /
( ) N (o) T(ex)
71
_x L[ g
N( )[w(71)+a)(r)] N T / (r1 =)' w(0)do
0

- < 1 -1
+Iig(r)+ N @ /(r - 0> w(0)d6.

This means that

1-
S(5)=¢p+ —— e [w(r1>+w(r2)]
x /( -0~ w(6)d6 + 1,5(1})
TN T /" !

_x 1 —_o-!
+ Moo T / (13 — ) ' w(0)d0.
71

After the impulse (¢(z;) = g(r;r )= Ig(z3)), we get
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1 -
c(r))=¢o+ N( )[w(r1)+w(rz)] NT«)@ 0/ (r; = )1 w(0)dO
1 [ g - -
+ N T / (1 — O w(0)dO + I, 5(z]) + Lr6(z).
71

If 7 € (1, 73], then  vanishes at 7, imply

D) =¢E)+ ——aw(®) + ——

_ pyx—1
N( ) /( 0)* " w(6)do

N(cx) ()

N( ) [(0(71) +o(ry) + a(7)|

_x L o]
+N(o<) ) /(T1 ) w(0)do
0

X 1 _ pyx—l — —
e T / (3 = 0 w(0)d0 + Ty c(e7) + Tre(55)
_ pyx-—1
e T / (7 =07 w(®)db.

This means that

¢(z3) [0(7)) + o(zy) + a(73)]

€0+N)

* e e )/ (71 =0 (00

_0( 1 x—1 _ _
i N () T(ex) /(Tz 0" w(0)do + I,5(r)) + Ir5(ry)
7]

IR U
+./\f(o<) ) /(1'3 ) w(0)do.
)
After the impulse (c(z)= g(r;') = I54(13)), we get

@) =G+ o [(1) + (1) + (1)

N()

_ p\x-1
e e )/ (1 =07 0®)dh

1 o _ _ _
b s / (23— 0 w(@)d0 + T,c(x7) + Tc(}) + Ty (e

_x L — o]
+ N T / (73 — )" w(0)do.
)

Assume that

=g+ —— [a)(rl) +a(ry) + o(13) + ... + (7))

J\f( )
+I1i¢(r)) + Io(ry)) + I3g(zy) + ... + T pg(7)

_x 1 e .
+N(°<) %) [/(1 0> w(0)dO + .. +/(Tf 9) m(e)d.gl

-1

Then, inductively, for = € (z,,7,,,], [r] = 7, and hence the solution be-
comes
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c(r)—g(r+)+— () +

-0 w(6)do
N() /( e®

J\f(°<) ()

£+1

N( )Z(o(‘r)+21g(’r

N(«) r(«) Z / (t; — ) ' w(6)do

_x L — o]
+N(o<) ) /(r ) w(0)do.
i

Thus (5) is satisfied.

Conversely, assume that ¢ satisfies the equation (1). If = € [0, 7;] and
(0) =0, then ¢(0) = g. Using the concept that 4BCD* is the left inverse
of #B1* and using Lemma 1, we find that

ABEDX (1) = w(z), 7 €[0, 7.

If 7 €7/, 7441), £ = 1,...,m and using the fact that 5D o(-) = 0, where
o(-) is constant function, we obtain
ABC[D‘["ﬂg(r) =w(r), for each 7 € [7,,7,,).

As well, we can simply infer that
@) —¢(z;)=Tp6(z;), £=1,...m. O
4. Cauchy problem (1)

Now, we introduce some hypotheses needed in our results:

(H,) There exists a constant L >0 such that

|[f(z.0) = f(z.9")| < L;|@—9*|, foreach r €Q, ¢,9" €R.

(H,) The functions I, : R - R are continuous and there exists a con-
stant L; > 0 such that

[1,(@) = 1,(0")| < Ly |o—o*|. £=1,...m, for p,¢* €R.

(H;) There exist 4 € C(Q,R) such that

|f(z,9)| < u(r), for each (r,5) € AxR.

(H,) There exists M > 0 such that

[Ty @) <M, £=1,...m, pER.

Now, we are able to present our main results.

Theorem 4. Assume f : QxR — R is continuous. If (H,) and (H,) hold
with
yLy+mL; <1, 9

then the impulsive ABC-fractional FDE (1) has a unique solution on €,

where
_(l=c)m
)

N *(m+1)
N(@)MN(x)

10

Proof. Thanks to Lemma 3, we define the mapping A : PC(Q,R) —
PC(Q,R) by
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Ac@) =+ —— Y flapncE N+ Y L))
N( )0

<Tp<T O<7p<7

E T 0 1 6 0))do
_/\/(O() I (°<) O<zp <1— / ( £ ) f( g( ))
./\f(0<) () (o) /( A ACNS())] an
Let B, = {¢ € PC(QR) : |¢llpc £ r} with r > _lol+rAs Settin
r > . PC = =7 (V!f !I)' g

maxyeq | £(6,0)| = A . From (H,) we observe that

£ (6.60)| < 1£(6.6(0) = FB.0) +|FB.0) <Ly Il + A, <Lyr+A,.

Now, we are required to prove that A has a fixed point. First we show
that AB, C B,.
For ¢ € B,, we have

||Ag||—maxlAg(r)|<|g0|+mmez}§ o2 |f(7fsg(7f))|
—y
[US 7254

x / (=0 1/ 0,(0)|db

0<7p <1,

f—= _ma
N (c)I(ex) TEQ

T

x _ pgyx—1
T Nl 78 / (=07 110.c0))d0

< |C()| + ﬁm (Lfr+Af)

+mLr+ (m+1)(Lyr+Ay)

S
N (el (ex)
=|¢o| +rAs+ (ny +mL,)r
<r [l - (ny +mL,)] + (ny +mL,) r

=r.
Thus, A maps B, into itself. Next, we show that .4 is contraction on
PC(Q,R). Let ¢,¢* € PC(Q,R) and 7 € Q. Then we obtain

[l4¢ = A" = max|Ag(x) — A¢* (@)

1 *
< W max ng‘,q | (@) = f(p, 6 (1))
Ic() - T,6% ()| + —=— L
gy X [resen -t edlr o e X

/ (t, — 0|1 (0,6(0)) - f(0.¢"(0))| dO

Tr-1

LL N — *
+N(0<) ) I;leaé/(f 0" [£(0.6(0) — f(8.6™(0))| do

LU=

N maxmLf ls(@) - ¢*()| + max mL; |¢(2) - ¢*(7)]

3
/ (Tﬁ _ 0)0(71
<17f71

3 1
* N e T

Ly |s0)=¢*6)|d6

T

N(oc)r(oc) eo / (T=0"'Ly |c(0)—¢*(0)] 0

(I-x)m

N (=)

Lells=¢*|+mLy s =<l
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X(m+1) 1)
N ()T(e) Ly
=(rLy+mLy) s —c*.
The inequality (9) shows that A is contraction on PC(Q,R). It fol-

lows from Theorem 1 that the impulsive ABC-fractional FDE (1) has a
unique solution. []

lle =<l

Now, we prove the existence result of (1) by applying Theorem 2.

Theorem 5. Suppose [ : QxR — R is continuous and let the assumptions
(H3) and (H,) hold. Then there exist at least one solution of the impulsive
ABC-fractional FDE (1) on Q.

Proof. Step 1: We can show that A : PC(Q,R) — PC(Q,R) is compact.
Since f and I, (¢ =1,..,m) are continuous, it can be to checked that
A is continuous.
Next, let B,l ={cePCQ,R) : [l¢|lpc <r;} be a ball set with

:|€0|+}’/40+mM+1,

where p :=sup,.cq |u(z)| and y is given by (10). Then for ¢ € B, and
7 €Q, we have

- x
I Agl =max |Ag(2)] < 60| + N rrneas);k;q |f(zr.6(z0)

+ max
TEQ

|IK§(T;)‘

0<7p<7

N(u)r(w max 3 / (tr = 07" 1£(0,¢(0))| d0

0<r, f<r

_x el
N (T(x) re0 / (T=0)*"1f(0.c(0)|do
¢

|g0|+ mu0+m

(m+ Dy

T(X
+ —
J\/ () N (@)(ex)

=|go| +rHo +mM <ry,

which means that A(B,)) is uniformly bounded. Finally, we prove that
A maps bounded sets into equicontinuous set of PC(Q,R). In view of
(H;) we fix SUP(r c)exB,, |f(z.¢)| = fo. Hence, for 7,7, € Q such that
1) < 175, we have

[Ag(ry) = Ag(z))]

)
LL _ o)1 _ _ p\x-1
S,A/‘(oc)l"(oc) /(Tz 0> 1(0,¢(0))d0 /(T1 )% f(0,¢(0))do
7

[ L et
< N () T() / (1, =7 | £(0,¢(0))| do
7

L L _ -1 _ _py—1
e T / () = 0% = (2, — )% 17(8,¢(0))] dO
7
X fO e o« (3
< W@ e 2 =+ (=)= (=]
2f0 _ 3
=N (c)(ex) (=)

As 1) - 1,, || A¢(ry) — Ag(z))|| — 0. This confirms that A(B,)) is rela-
tively compact for = € Q. By Arzela-Ascoli’s theorem, the operator A is
compact on 3, .

Step 2: We prove that the set

S={¢cePC,R): ¢=A1Ac for some 1€ (0,1)}

Heliyon 6 (2020) e05109

is bounded. Let ¢ € S. Then ¢ = A.A¢ for some A € (0, 1). Hence, for = € Q
we obtain
l¢(D)] < | Ag(D)]

<|so| + i Z |f(zpr6(zp)]

— X
J\/(O() O<zp<t

+ Y |t

O<7p<7

77
o / -0 £(0,5(0))| db
N (T(e) 0<§<rr (7, = 0" 1/ (6.cO))]

_ pyx—1
Af(cx)r( )/(T O 1f(0,5(0))1do

|g0|+ m/40+m (m+ Dy

T
+ —
N () N ()T (ex)

= |go| + 7 Ho +mM.

Thus for every 7 € Q, we have

llgllpe < |C;0| +ypg+mM :=R.

This confirms that S is bounded. So, the deduction of Theorem 2 im-
plies that A has a fixed point which is a solution of the impulsive
ABC-fractional FDE (1). [

5. Nonlocal Cauchy problem (2)

Here we treatise the existence of solution for the impulsive ABC-
fractional FDE (2). Suppose g satisfies the following condition:

(Hs) g : PC(Q,R) - R is continuous and there exists a constant 0 <
L,<1 such that

|e(p) — g(9™)| < L, |9 — 9|, for all p,¢* € PC(Q,R).

Theorem 6. Suppose f : Q x R — R is continuous and let the hypotheses
(H,),(H,) and (Hs) hold. If

L,+yL,+mL;) <1, 12)
g f

where y is given by (10), then the impulsive ABC-fractional FDE (2) has a
unique solution on Q.

Proof. Define the nonlinear mapping A* : PC(2,R) - PC(Q,R) as fol-

lows
A*g(2) = ¢y — g(¢) + Wogg,f(” ,¢(z,))
+0<§<11fg(1'; o ﬁr(lcx) W / (t7 = 0> f(6.¢(0))d0
./\/(oc) I(« )/(T‘Q)Hf(e ¢(0))do. 13)

Then, A* has a fixed point if and only if the impulsive ABC-fractional

. . " [so|+1gO)|+rA,
FDE (2) possesses a solution. Choosing r* > (L i)

hypothesis (Hs), it is easy to find that A*B,. C B,., where B,. = {¢ €
PCQ,R) : |[¢llpc < r*}. We need to prove that A* is contraction. Let
¢, ¢* € PC(Q,R) and 7 € Q. Then we have

From the
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[|-4%¢ — A*¢*|| = max | A*¢(z) — A*¢*(r)| < max |g(5(2)) — g(¢* ()]
TEQ TEQ

—max Y |f(r.6(50) = [ (.67 (3)]

1

+
N(cx) reQ O<zp<7

+ = L max
N(O() o) we O<7p<7

/ (tr =)' | £(6,6(6) - £ (6,¢"(6))| d6

To-1

X

«—1
J\f(cx) F(“) max /(T O~ | £(8,5(0)~f(8,6"(9))|do

(1—oc)m

L _ ¥
SLelle=<'l+ 7

Lylls=¢*||+mL;|ls =<

T (m+1)
Nl
=(Lg+rLy+mLy)lls=¢*|.

s =<l

The inequality (12) shows that 4* is contraction on PC(Q,R). Then
the impulsive ABC-fractional FDE (2) has a unique solution by the ap-
plication of Theorem 1. []

The following theorem based on Theorem 3.

Theorem 7. Suppose f : QxR — R is continuous and let the assumptions
(Hy) - (Hs) hold. If

(1-x)m
N Lf> <1, a4

then the nonlocal impulsive ABC-FDE (2) has a solution on Q.

<Lg +mL; +

Proof. Consider the operator A* : PC(Q,R) - PC(Q,R) defined by
(13), and we define the operators AT and AT on B, as

A =6 -8+ Y, L)+ —— Y fanc)

O<tp<t N( )0<‘rt»<‘r
= — 071 £(6,¢(0))d0
Alg(n) = N( )F(‘x) MZQ / (t, =071 £(0.¢(0))
— 0> 7(6,¢(6))d0,
N(o() ) /( )> f(0,¢(0))
where A* =A7+AS. Let the ball B,, ={¢c €PCQR): lIlgllpe <rp), and

we select a suitable constant r;, as

S lso| + 18O + 7o + mM
0= 1-L :

For ¢,¢, € B, , we obtain

ro?
[4isi+ 3] <[] + [ 5]
=iy A1) + ma e

<ol + 18O+ Ly max |¢, (@)] +max 3}

O<zp<7

|If§1(7;)‘

+7% ax Z [f(zer61(zp)|

TN 0 <r

7
X 1 _ pyx—1
Farw |2, [ oo oaol
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+ / (r = 07| £(0.62(0))| dO

(1— )m (m+1)
So| + 18O+ Lgrg+ ———pg+mM + ———u
<lal ) N (e
= |g0| +18(0)| + Lgro + ypo + mM
<rp.
Thus, Aj¢; +Ajc, € B, .
Next, for any 7 € Q and ¢;,¢, € PC(Q,R) we have
”ATQ - ATCz” = max ‘ATCI(T) - Aﬂfgz(f))
< max |g(¢ (7)) — g(62(7))|
T€Q
+max Y ‘Im ;) - Ifgz(fg)‘
el O<tp<t
— X
max S (p.61(tp) = f(z0.62(70)
N(o() r690<§<1| ¢>61(T¢ £:62(70)]
<Ly fle~ el +mLsfle -l + S L~
N(x)

(I-x)m )
=(L,+mL; + ————L - .
(2eemirs o200 Y o -
It follows from (14) that A} is a contraction mapping.
Now, let us show that A} is continuous and compact.

Continuity of f implies that A3 is continuous. Also, A is uniformly
bounded on B, because, for ¢ € B, and 7 € Q, we get

Agll = max |A5¢(z)
1€Q

X

= b — )=
< N T =% /(T{’ O 1f(0,5(6))d6

0<7y <t e
T
+ / R VICR O L
T
<(m+1)
S———1

N ()IN(ex)

Now, the operator A7 is compactness on B,,, since A5 C A. Thus all

assumptions in Theorem (3) are satisfied. Therefore, the nonlocal im-
pulsive ABC-FDE (2) has a solution on Q. []

6. Examples

Example 1. For «€ (0, 1], we consider the following impulsive FDE with
ABC fractional derivative

*-) ls@l

ABCpyx _ 1
Drs(e )=1 ek t€Q=[0,1], z#3,
e (15)
A S
“ly= 10+]¢(3 )|
¢(0)=¢,
Set f(r,¢) = T(T —, for r€Q, ¢ e RY, and L= £ forgeR+

Clearly, £(0,¢(0)=f(3,¢(3))=0. Let r€Q and ¢,¢ € R*. Then

_%)

— 7(r ¢ z
7.0~ @)= —5 m_ﬁ'
(I 1
< —_ < —
SWaroa+p 1l
and
- ¢ z 10[¢ -7 .
1) - 1,@)| = _ 1
e~ 1) ‘10+g 10+g‘<(10+g)(10+g) 1ole =l
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Therefore, the hypotheses (H,) and (H,) hold with L, = % and L; = 1—10.

We shall examine that the condition (9) holds too with 7 =1, m=1,
x= % and N'(x) = 1. Indeed, first we have y = {L\/? and yL, +mL; ~

0.2 < 1. Thus by Theorem 4, the problem (15) has a unique solution on
[0, 1].

On the other hand, it’s obvious that, for each ¢ € R* and 7 € [0, 1],
we have |f(z,¢)| < g(r - %) and |I,(¢)| < 1]—0. Hence the condition (H;)

is satisfied with u(z) = £(z - 3) € C([0,1],R*) and M = <. Thus all as-
sumptions of Theorem 5 are satisfied. Consequently, Theorem 5 implies

that the problem (15) has at least one solution on [0, 1].

Example 2. For «e (0, 1], we consider the following nonlocal impulsive
FDE with ABC fractional derivative

_1
ABCDo(]g(T)=T(T 3) @)l reQ=1[0,1], T#%,

[z 9 1+|¢()]’
<5 )| (16)
Ac(L =|~+_’
&) e

SO+ X, A6 =60, 0<¢ <G <, <1,

r(r—%)

where A; >0 for i =1,...,n. Set f(z,¢) = li_g’ for 1 €Q, ¢ €RY,
I,(0) = %, for ¢ e R* and g(¢) = Y|, 4,¢(() for ¢ e RT with ¥7 | 4, <
g. Clearly, f(0,¢(0)) = f(%,g(%)) =0.Let r € Q and ¢,¢ € R*. Then

1+¢ 1+¢
<2 _le-d 2
27 (1+¢)(1+7¢) = 27
S

_ z 7] —7¢| 1
1 -1 = - - -
|1,() - I,©) Tre T3S Gronen <7

T(T—l) =
0= 8] = 5 |-

ls—¢].
ls =5l
and
l6(©) — 8@ < X4 [ - 0| < 3 e -2
i=1

Therefore, the hypotheses (H;) (H,) and (Hs) hold with L r= 217, L;=

%, and L, = %, We shall examine that the condition (12) holds too with

t=1,m=1, x= % and N'(x) = 1. Indeed, first we have y = \2/;\;14 and
pa

L,+yL;+mL;~05<1.
Thus by Theorem 6 the problem (16) has a unique solution on [0, 1].
Next, for all r € Q, and ¢ € RY,

(1-x)m
N (x

Thus, all the assumptions in Theorem 7 are satisfied, our result can be
applied to the nonlocal impulsive FDE (16).

L,+mL;+ L,~04<1

7. Conclusion

The theory of fractional calculus with nonsingular kernels is new
and there is a need to study qualitative properties of differential equa-
tions involving such operators. In this paper, we have studied two types
of Cauchy problems for impulsive FDEs rely on ABC fractional deriva-
tive which contains Mittag-Leffler Power Law. Also, we have derived
the formula for the solution and examine the existence and unique-
ness of the results of the problems (1) and (2). The acquired results
are extended to the Caputo impulsive fractional differential equation.
The arguments are upon some fixed point theorems of Banach, Schae-
fer, and Krasnoselskii. The obtained results play a significant role in
developing the theory of fractional analytical. In our fractional impul-
sive system, we consider the case when the starting point of the Caputo
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fractional derivative changes with respect to the impulse points. In fact,
if the starting point of the used Caputo fractional derivative is fixed
then the solution representation of the impulsive problem will be more
complicated. This case could be of interest in future works.
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