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In this article, we consider the extended Zakharov-Kuznetsov (EZK) equation, which describes the nonlinear
plasma dust acoustic waves (DAWs) in a magnetized dusty plasma. Dusty plasmas consist of three components:
electrons, highly negatively charged dust grains, and two-temperature ions (low-temperature ions and high-
temperature ions). We study the Lie symmetries, reductions, conservation laws and new exact solutions of
EZK equations. Conservation laws for EZK equation is derived by applying the new conservation theorem of

Ibragimov. Similarity solution for EZK equation will be obtained using Lie symmetry method. We find the Lie
symmetries group of EZK equation, using similarity variables, get reduction equation, solving the reduction
equations and then get the similarity solution. Solitary wave solutions of the EZK equation are derived from
the reduction equation. Thus, some new exact explicit solutions of the EZK equation are obtained.

Introduction

There are two types of acoustic waves in dusty plasma essential;
a high-frequency dust ion acoustic waves (DIAWs) that include static
dust grains and mobile ions, and low-frequency dust acoustic waves
(DAWSs) involving mobile dust grains. These modes have been studied
experimentally and theoretically (and references cited in [1-6]).

The Zakharov-Kuznetsov equation (ZK) is an isotropic nonlinear
evolution equation first derived for weak ionic nonlinear sound waves
in a plasma magnetized by a lossless power in two dimensions [7].
Generally, the ZK can be found many areas of mathematical physics,
plasma physics, and engineering [8]. Especially, The ZK equation can
be found in an electron-ion quantum magnetic plasma troubled by
periodic external influences. ZK type equations can be used to describe
nonlinear waves as solitons, which have been noted in astrophysical
plasmas and in high-intensity laser irradiated plasma such as in Earths
auroral zone and solar corona and oceans (see [9]).

There are several authors who have studied ZK-type equation asso-
ciated shock and solitary waves in physics of plasma. Seadawy [10]
studied the stability analysis of the ZK equation for weakly nonlin-
ear ion acoustic waves in plasmas. Moslem et al. [11] have studied
the nonlinear DIA shock waves in a magnetized dusty plasma. Das
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et al. [12] were studied effect of dust ion collision on dust ion acoustic
waves in the framework of damped ZK equation in presence of external
periodic force. Roychoudhury and Sahu [13] studied the ZK equation
for ion acoustic waves with superthermal electrons in cylindrical ge-
ometry. Idir and Tribeche [14] have studied alternative DIAWs in a
magnetized charge varying dusty plasma with nonthermal electrons
having a vortex-like velocity distribution. In Ref. [15] they studied the
solution of the SZKB equation in a dusty plasma with non-thermal elec-
trons having a vortex-like velocity distribution. Researchers recently
studied a nonlinear ZK-type equation in dusty plasma and quantum
physics [16-26].

Partial differential equations (PDEs) are commonly used to model
various phenomena in nonlinear sciences, ranging from physics to me-
chanics, biology, chemistry, meteorology, oceans, etc. Several powerful
methods have been identified to construct the solitons, solitary wave
and shock wave solutions, such as inverse scattering method, Béck-
lund transform method, Painlevé analysis, Hirota’s bilinear transform,
the direct algebraic method, tanh and extended tanh method, auxil-
iary equation method, exp(—¢(n))-expansion method, elliptic function
method, rational expansion method, extended mapping method [27-
37]. In recent times, several scientists have achieved great success
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and many attempts to construct various kinds of variational principles
in different fields such as fluid dynamics, plasma physics, solid state
physics, meteorology, optics, mathematical biology, etc. Lie symmetries
analysis and conservation laws and can be used to study the properties
of the existence of solutions and their uniqueness and stability [38—
54]. The aim of this paper is to obtain a conservation laws for the
EZK equation are obtained by using the Ibragimov theorem. In addi-
tion, symmetry reduction and exact solutions of the EZK equation are
obtained.

The paper is organized as follows: The introduction is presented in
first section. In second section, Basic equations and problem formula-
tions are presented and the EZK equation is considered. The symmetry
group of EZK equation is presented in third section. Symmetry re-
duction and closed-form solutions of EZK equation are obtained in
fourth section. In fifth section, conservation Laws for EZK equation are
obtained by using the Ibragimov theorem. Finally, the conclusions of
this paper are presents in last section.

Problem formulations

Let us consider the dust acoustic wave (DAW) in a two ion tem-
perature magnetized and non-collisional dusty plasma with single-sized
dust grains. Assume that the waves propagate in the x-direction and the
static external magnetic field is directed along the z-axis, i.e. B = Bk,
where k and B, were defined in [21]. Dusty plasmas consist of three
components: highly negatively charged dust grains, two-temperature
ions, and electrons. The dust particles are very larger and so massive
than electrons or ions. At equilibrium, the charge neutrality condition
requires that, n;,q + ;g = n, + Zgongy, where nyg, nyy, n, and
ngo are high temperature ion, the number densities of unperturbed
low temperature ion, dust grains, electron, respectively. Z,, is the
number of non-perturbed charges present on the dust grains measured
in unit electron charge. The nonlinear three dimensional DAW can be
described by the following system [21]:

on o

m + V.(ndud) =0,

diiy - _ Z, -

T (iig.V)iig = == |V — w,q (iiy XKk) |, @
mq

0*p ¢ 0

_¢+_¢+_¢7 =Zyng +n, —nj — nyp,

0x2  0y? 0z

where iy = u,i + v4j + wyk,my, and n; point to the dimensionless
velocity, mass of dust grain, and number density, respectively. ¢ is
the dimensionless electrostatic potential. Z, is the dust grain’s charge.
The distribution of ions and electrons is assumed with Maxwell Boltz-
mann distribution functions, so the relevant dimensionless number
densities for electrons, high temperature ions and low temperature
ions are: n, = vexp(spip), ny, = ppexp(—=sprd), n; = pjexp(—se),
where s = T,.0/Ty, v = no/(Zyonao)s b1 = Tu/Tes B = Ty/Ty,
up = nipo/(Zgonge), and p; = nyo/(Zz0ng0). The measured quantities
are given as follows. T, is The inverse of effective temperature given
by T,;, = "doZdo(%) + "ﬁ + "T’T":)_l, T, and T;, are the temperatures
of lower- and higher-temperature ions, and 7, is the temperature of
electrons. Z, is normalized by Z,,, the dust density is normalized by
ngo- The velocity u,, the space coordinates x and y, time ¢, m; and the
electrostatic potential ¢ are normalized by the effective Debye length
Apg = (T,pr/4me®ngyZy0)' /%, the effective dust plasma frequency’s
inverse w | = (mgo/4ne* Z ny)'/?, the effective dust acoustic speed
Cq = (ZgTyrp/ma)'/?, Topp/e, and myg. g = (22eBy)/w,y is the
dust cyclotron frequency normalized to ,,. Dong-Ning Gao et al. [21]
derived the Extended Zakharov-Kuznetsov (EZK) equation as

U, — uy + Auuy, + Bulu, + Cuyy, + D(uxyy +uy.) =0, 2)

where A, B, C and D be defined in [21].
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Lie symmetry analysis for the EZK equation

Lie group analysis plays a basic role in building exact explicit
solutions for N-LEEs and obtaining the invariant solutions. First, let us
consider a one-parameter Lie group of point transformation:

X=x+eé(x,yz,t,u)+ 0(e?),

y=y+el(xy 2z, tu) +0(€2),

Z=z+ey(x,yz,t,u)+ 0(6‘2),

f=t+e1(x,y 2 1,u)+ O(E),

i=u+enixy, ztu)+ 0?),

with a small parameter ¢ < 1. The vector field related with the above

group of transformation can be written as

V= £y 2 )2+ y 2 1) S 4y, vz )L
ox dy 0z 3)
+ 7(x ztu)2+ (x ztu)i
S N R CR A0

This vector field equation (3) generates a symmetry of Eq. (2), and V
must satisfy Lie symmetry conditions
proV(d)|4 =0, )

where pr®YV is the third prolongation of V and 4 is equation (2). Ap-
plying the third prolongation pr®V to Eq. (2), the invariant conditions
given by
1 =0 + Aunp* + Augn + Bin* +2Buu gy + C™* + D(r™ + *%*) = 0, (5)
where 7', #*, 7%, n¥? and #*** being given by

'7[ = D,(n) —u, D& — uyD,(C) —u,Di(y) — u; Dy(7),

7 =Dy () —uy Dy(&) —uy Dy ($) — u, D (y) — u, Dy (1),
0 = D(™) =ty Dy (§) = oy Do) =ty D (¥) = o D (D), (6)
Y = D) =ty Dy(&) = thyy, Dy(§) = thy), D\ (y) =y, D (7),
W% = D (%) =ty D (&) =ty D ({) = ;. D (y) — uy, D, (7),

where D,, D, D, and D, are total derivatives with respect to 7, x, y and
z, respectively. Substituting Eq. (6) into Eq. (5) and solving the system,
then infinitesimal symmetries are given as follows

X y z
£= 3o +ag, C=3m+mita, r=30 - eyt

_2 B+ Au—1

3 A+2Bu "
where «;, i = 1,...,6 are all arbitrary constants. Therefore, Lie algebra
of infinitesimal symmetries of Eq. (2) is extended by the following
vector field

T=at+ap, n=

X0 [0 2Bl +Au—10

v = 420,29
'730x 30y 30z ot 3 A+2Bu ou

scaling,

Vy = 9 time translation,
27 ot

vz = zai - yai rotation translation,
yoooz ™

vy = — space translation,

dy
vs = — space translation,

0z
Vg = — space translation.

ox

The commutation relations of Lie algebra obtained by v;, 1 <i <6
are shown in Table 1 and we observe that v; is closed under the Lie
bracket.

Symmetry group of EZK equation

The main purpose of this section is to find some exact solutions
from known ones, so we should find the Lie symmetry groups from the
concerning symmetries. For this reason, the one parameter group g;:

g (v ztw) > (X, 5,2,1,0), (€)]
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Table 1
Commutation table of Lie algebra.
[vi, ;] v vy Vs Vg Vs Ve
vy 0 -V, 0 —%\/4 —%VS —%vﬁ
vy vy 0 0 0 0 0
V3 0 0 0 Vs -V 0
vy v, 0 -vs 0 0 0
Vs v 0 vy 0 0 0
Ve 1% 0 0 0 0 0

which is created by the vector fields v; for 1 <i < 6, is formed. For this
purpose, we solve following system of ODEs

—(%,7,2,1,0) = o(%, 7, 2,1, @), )

(&5, 2.08) |—p= (x,y, 2. t,u), (10)
where ¢ is an arbitrary real parameter and
o =&u, + luy +yu, + tu, +nu. an

For the infinitesimal generator v = a;v; +ayv, + a3vz +a vy +asvs +agvg,
we will take the following different values to get the corresponding
infinitesimal generators:

Case 1. oy = 1, @y = a3 = a4 = a5 = ag = 0, the infinitesimal
Sy = X0 429 20 4,0 2BltAu-lo

generator Is v, = 350 + 350+ 35 T 1o T3 T Av2Be an” o

Case 2. a, = al, a = a3 = ay = a5 = ag = 0, the infinitesimal
generator is v, = =.

Case 3. a3 = 1(,, o =d a = ay = a5 = ag = 0, the infinitesimal
generator is v = 25 =V

Case 4. o = ,;’ a = @ = a3 = a5 = ag = 0, the infinitesimal
generator is v, = e

Case 5. ¢ = 1, aj = ap = a3 = a4 = a5 = 0, the infinitesimal
generator is v5 = %

Case 6. @, = a4 = 1, a; = a3 = a5 = ag = 0, the infinitesimal

generator is vg = aiy + %.

The Lie symmetry group g (x,y,z,t,u) = (X,7,21,i) of above
corresponding the infinitesimal generators are given as follows:
Bu® + Au—1

t+ et M—Z—G)
’ 3 A+2Bu ’

€y €z
, Yyt =, 2+ =,
3 T3 3
x, y, z, t+e, u,

g (x,y,z,t,u) > (x+

& 1 (X, z,tu) >

& (x5 yz,tu) > (x, y+ez, z—ey, 1, u),

8 (5 yz,tu) = (x, y+e, z, 1, u),

g (x5 yz,tu) = (x, y, z+e, 1, u),

8 (%, y.z,tu) > (x+e€, y, z, 1, u.

(12)

If u = f(x,y,2z1) is known solution of Eq. (2), then using the above
groups g(i = 1,...,6), the corresponding new solutions u(i = 1, ...,6)
can be obtained as follows:

€X €y €Z
EREAE R R
under condition A = -2, B = -1,

u® = fr(x, y, z, t—e),

uD =

=(x— — et, u+§(u+1)),

u® = f3(x, y—ez, z+ey, 1), a3
u® = fi(x, y—e, z, ),
u® = = fs5(x, y, z—¢, 1),

u® = fe(x—e, y z, 1.

By choosing the arbitrary functions f;, i = 1,...,6, we can obtain many
new solutions using different method like Bécklund transform method,
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inverse scattering method, the extended tanh-function method, Hirota
method, and Lie group analysis. Moreover new solution from those
known using g, can be obtained as

A +4\/—6B[Ccl2 + D(c% + cg)] coth[2(c;x + ¢y + €32 + ¢4(t — €) + ¢5)]

U = -

2B
14
Also, using g another new solution can be found
—6D (2 +¢2) (2 +1) — 6Cc?
uy = —% + \/ ( 2 3)2 ) ! csch(2), 1s)

where ¢ = ¢;x + ¢;(y — €z) + ¢3(z + €)) + ¢4t + 5. By identifying the
arbitrary constants, one can get many new solutions. Thus, we get the
invariant solutions of Eq. (2) using the corresponding Lagrange system
given below:

dx _ dy _ dz _ dt _ du
Ex,yz0)  C(xy,z,0) vzt (%20 g(x,pz0)

Symmetry reductions and exact solutions of the EZK equation

In this section, we reduce the Lagrange equations associated with
the vector fields obtained in the previous section to obtain the reduction
equations and get the similarity solution.

Case 1.
In this case, the symmetry algebra is given as v; = )3—‘01 +3 ai +3 % +
t% - "3l1 %, has the associated Lagrange system is given by
dx _dy dz _dt du
TTYCIC T e (16
3 3 3 3
under condition A = -2 and B = —1. The group 1nvar1ant form 1s

u=t 3 H(X,Y,Z)—1 where similarity variables are X = xt~ 3 Y =yt™ 3
1

and Z = zt™ 3. Substituting the group invariant solution into Eq. (2), we
get the following reduced (2+1) non-linear PDE equation

3CHyyx+3D(Hyyy +Hyz7)-3H*Hy—H-XHy—-YHy, —ZH, =0.

a7
To solve equation (17), we do again symbolic computation to obtain
overdetermined equations. Thus, the following infinitesimal symme-
tries can be derived as
&x =0, &y=HZ, yz=-HY
where g, is an arbitrary constant. From Eq. (18), corresponding char-
acteristic equation is given by
dX _dY _dZ _dH

g =0, 18)

. 1

0 Z Y 0 (19)
By solving equation (19) we obtain similarity form as

H=S(p,r), where p=X, r=Y>+2Z% (20)

The reduced (1+1) PDE is given as

- pS, = S(BSS, + 1)+ 12DS,, = 2r(S, - 6DS,,.,) +3CS,,, =0.  (21)

Eq. (21) is a non-linear PDE. It is clear that it is difficult to obtain a
general solution to Eq. (21). However, one particular solutions can be
obtained as:

"

Sp,r)=—.

\/;

Therefore, invariant solution of Eq. (2) is given as
"

up=——=—=-1 22
V2t 2 (22)

where u is an arbitrary constant.
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Case 2.

For the infinitesimal generator v, = %, solving the invariant surface
condition
dx dy dz _dt _du
L A LA LS 23
0 0 0 1 0 (23)
yields the group invariant solution is
u=H(X,Y,Z),where X=x, Y=y Z=z 24)

Substituting the group invariant solution into Eq. (2), we get the
following reduced (2+1) non-linear PDE equation

—Hy —2HHy — H*Hy + CHyxx + D(Hyyy + Hyz7) = 0. (25)

Looking for more solutions for EZK equation, the Lie symmetry method
will be applied to get infinitesimals of Eq. (25) shown below:

Ex =B X+Ps, &y =PY+BhZ+p rvz=BZ-FkY+h,
ng =-pH+1), (26)

where B, f,, B3, B4 and ps are arbitrary constants. By determining the
appropriate values of §;, 1 < i <5 in Eq. (26), we get the following
characteristic equation:

dx dy B dz _ dH
BX+Ps  BY+BZ+P KZ-KY+P  —AHH+D
Reduced equations and invariant solutions for Eq. (2) for subcases of
vector field v, are shown as follow

Subcase 2.1. g, =0.

Substituting f, = 0 in Eq. (27), we get reduced Lagrange’s system
given as:

dX dY dZ dH

27)

= = = . (28)
hX+ps PY+P BZ+PF —-H(HA+])
Taking g, # 0, Eq. (28) becomes
dX _ dy _ dzZ _ dH ’ (29)
X+d, Y+d, Z+d; —(H+1)
where d, = %, d, = Z—‘ and d; = Z—“‘ Similarity form is
1 1 1
X+d Y +d
H(X,Y,Z)= S(p,r)—1 where p= L r= 2 (30)
Z +dy Z+dy Z+dy

Substituting Eq. (30) in Eq. (25), we can get the reduced non-linear
PDE as

2 2 2

(C+Dp*)S,,,+D[2p(3S,,+7 S, ) +6r S, +(r?+1) S, | +(6D-S%)S, = 0.
31

Infinitesimals of Eq. (31) are

s,=pr, 8,=r*+1, ng=-rS. (32)

Hence, using Eq. (32), we get associated characteristic equations

dp dr ds

-~ = = 33

pr r24+1 -rS (83)

By solving equation (33), we get a similarity form

1 p
S = QO(w), where w= . (34)
V1+r2 V1+r2
Eq. (31) reduces to ODE
4D -0%H0' +5 D w Q" +(C+ D wHQ" =0. (35)

After solving equation (35), we can get two particular solutions as

Vec

O(w) = +x, O(w) = == (36)

where «; is an arbitrary constant. Then comprising Eqgs. (24), (34), and
(36), we get the similarity solutions as
+K

=— -1 9, 37
(d; + y)? +(d3 + 2)? 37

s
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i\/@_l

x+d;

Upg = (38)

Subcase 2.2. g, = p; =, =5 =0.
For this subcase the invariant is given as H = S(p,r) where p = X
and r = Y2 + Z2, inserting the value of H into Eq. (25), we obtain

2 =
S, +28S,+5°S,—4D(S,, +rS,,) - CS,,, =0. (39)

One can find new set of generators
2
o, = 5P +c;,

For ¢, =0, the invariant is given as

5, =cyr, ns:-%‘(s+1). (40)

w=pr?, (41)

=

S = r_%Q(w) -1, where
inserting the value of .S from Eq. (41) in Eq. (39), we get

(4D - 0HQ' +5DwQ" +(C + Duw*)Q" = 0. (42)
Solving equation (42), we obtain the group invariant solution as

Vec

Uy = —— - 1. (43)

Subcase 2.3. g, =, =, = p5 =0.
The following form of H can be written as

H = S(p,r), where p=X and r=2, 44)
substituting Eq. (44) into Eq. (25), we get

2 _
-S8,-258,- $%S,+CS,,, + DS, =0. (45)
Infinitesimals of Eq. (45) are
8, =cp+cs, 8. =cir+cy, ng =—c(S+1). (46)
For ¢, = ¢3 =0, the invariant is given as

D

- QW 1, where w==, 47)

r r

S
inserting the value of S from Eq. (47) in Eq. (45), we get
(6D - 0HQ' +6DwQ" + (C + Dw?*)Q"" = 0. (48)

After solving equation (48), it give the same solution in (43).
Subcase 2.4. g, =, = 3 =5 =0.
The group invariant solution of this subcase is given as

H = S(p,r), where p=X and r=Y, (49)

substituting the group invariant solution (49) into Eq. (25), we get

2 -

-S§,-258,- $%S,+CS,,, + DS, =0. (50)
Case 3.
For the infinitesimal generator v; = Z;_y - y%, The associated

Lagrange system is

dx _dy _dz _dt_du

. 51
0 z -y 0 0 (B1
The group invariant form is
u=H(X,Y,T) where similarity variables are
X=x, Y=y +7>, T=t (52)

The reduced equation is given as
Hy—Hy+-2HHy —H*Hy +CHyyy +4D(Hyy +Y Hyyy) = 0. (53)

We again apply the Lie symmetry method to get infinitesimals of
Eq. (53) shown below:

5x=§ﬁ1+ﬂ3, Cy=§yﬁ1, o =BT + P, '1H=—/;—1(H+1), (54)
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Table 2
Reduced equations and invariant solutions of the EZK equation for case 4.
Subcase Similarity variables Reduced equations Invariant solutions
Pr=P=p=0 p= XT’%, r= ZT’%, 3Cs,,, +3DS,, One particular solutions
H=T5Sp.n-1, -(3SS,+1)S can be obtained as
~rS, +pS,) =0 wy=1-1
P=PB=p=0 p=X, r=2, -8, + ASS, + BS”S, Same solution in (43)
H =S50, +CS,,, + DS, =0
b=Ph=p=0 p=X, r=T, S, -S,-28S, 0+ (w+30%)Q -3CQ" =0
H =S50, -525,+CS,,, =0 .
B=Ph=p=0 p=2, r=T, S,=0 uy = f(2)
H =S(p,r)
where f,, §, and p; are arbitrary constants. By determining the suitable Case 5.

values of §;,1 <i <3 in Eq. (54), we get reduced equations and many
invariant solutions as follow

Subcase 3.1. g, = §; = 0.

For this subcase, the group invariant is given as

1 -1 -2
H=T73S(p,r)—1 where p=XT73 and r=YT73, (55)

substituting Eq. (55) into Eq. (53), we get the following reduction
equation

3CS,,, + 12DS,, — 2r(S, — 6DS,,,) - SB3SS, + 1) - pS, = 0. (56)

prr
One particular solution can be obtained as

Uy = —— 1. (57)

A /y2 + z2
Subcase 3.2. g, = §; =0.
The group invariant is given as H = S(p,r) with the similarity
variables p = X and r = Y, substituting the group invariant solution
into Eq. (53), we get

2 =
S,+28S,+8°S, - CS,,, —4D(S,, +rS,,) =0. (58)

Subcase 3.3. g, = 4, =0.

The following form of H can be written as H = S(p,r) where p=Y
and r = T, substituting the group invariant solution into Eq. (53),
we get the reduced equation as .S, = 0. The general solution of EZK
equation (2) can be expressed as

uz3 = f(* +2°). (59)

Case 4.
The associated Lagrange system for v, = 0% is given by

dx_dy_dz_di_du

o= =0 0 (60)
The group invariant form is
u=HX.,Z,T) where X=x, Z=z T-=t. (61)

Inserting the value of u from Eq. (61) into (2), we obtain the following
equation

Hy—Hy —2HHy — H?Hy + CHyxx + DHy,, =0. (62)

Solving equation (62) by using tanh-method, we get the following
similarity solution

=2+ 44 /6(C§D + Cclz) coth2(c;x + cpy + c3z2+ ¢4))
5 .
A new set of infinitesimal generators can be obtained for Eq. (62) as

the following:

(63)

Uy =

Ex = X0 +his 1= 2P+ By = AT+, HH=—ﬂ3—1(H+1), 64)

where f,, f,, f; and p, are arbitrary constants. By setting the suitable
values of §;,1 <i <4 in Eq. (54), we get reduced equations and many
invariant solutions as shown in Table 2.

. PR .
The associated Lagrange system for v = -~ is given as

dx _dv_dz_di_du

10 0 0 o0 ©3)
After solving equation (65), we get similarity form as
u=HY,Z,T), where Y=y, Z=2z T-=t (66)

Substituting the value of u from Eq. (66) into Eq. (2), we get the reduced
equation as H; = 0. The general solution of reduced equation is given
as H = f(Y, Z). therefore, general solution of EZK equation is given
as

usy(x,y,z,1) = f(y, 2). (67)

Case 6.
For the infinitesimal generator vg = v, + v, = % + % Solving the
invariant surface condition

dx _dy _dz _dt_du (68)
0 1 0 1 0

yields

u=H(X,Y,Z), with the similarity variables

X=x, Y=y—-t, Z=z (69)

Substituting the value of u from Eq. (69) into Eq. (2), we get the
following reduced (2+1) non-linear PDE equation as

—Hy—Hy—2HHy—BH?Hy+CHyyx+D(Hyyy +Hy ) =0. (70)

After apply again the similarity transformation method on (70), we
obtain the reduced (1+1)-dimensional PDE as

S, +S,+258,+ 525, - CS,,, = D(S,,, + S,,) =0, 71)
with similarity form as
H=S(p,r) where p=X-Z, r=Y. (72)

Inserting the value of S from Eq. (73) in Eq. (71), we get
2+ 0)0Q' - (C+2D)Q" =0. (73)

Conservation laws of Eq. (2)

In this section, we will construct conservation laws for (2) using
the new conservation theorem [55]. The formal Lagrangian for the EZK
equation

F=u, —u, + Auu, + BuPu, + Cug, + D(uyy, +u,.) =0, 74
is defined by

L =9[u, — uy + Auu, + BuPu, + Cuyyy + D(uyy, +u,.)]. (75)
which can be reduced to the second-order Lagrangian:

L= &[u, —u, + Auu, + Buzux] -9, [Cuxx + D(uyy + uzz)], (76)
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Fig. 1. Solitary wave profile of Eq. (22) for u = 2. (a) Single soliton. (b) The wave propagation pattern of the wave along the y-axis with z = —.5 (black), z = —.9 (red) and
z=—1.1 (blue). (c) Contour plot.

0.15 -—z=—5
- z=-11
- z=-1.5
0.10 B
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0.00 n n L
-10 -5 0 5 10
(b)

Fig. 2. Solitary wave profile of Eq. (37) for ¢, = 1, d| =2 and d; = 4. (a) Single soliton. (b) The wave propagation pattern of the wave along the y-axis with z = —.5 (black),
z=-1.1 (red) and z = —1.5 (blue). (c) Contour plot.

(®) ()

Fig. 4. Solitary wave profile of Eq. (67). (a) Multi-soliton soliton. (b) The wave propagation pattern of the wave along the y-axis with z = —.5 (black), z=-.9 (red) and z =-1.1
(blue). (c) Contour plot.
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here 9 is a new dependent variable. Consequently the adjoint equation
to (76) has the form

F= 2o, 77)
ou

the variational derivatives of the Lagrangian defined by

oL

So=L- D,(L,)-D(L,)-Dy(L, )- Dxpi(Lum)
- D,DX(L, )+, (78)

then, we obtain the adjoint equation of (74)

=9, -9, +Aud, + Bu*9, +CY, .+ D(9,,, +9,..) =0, (79)
from Eq. (7), we can obtain the following six cases:
Case 1. Firstly, we consider the Lie point symmetry v, = )31% gai +

z 0 0 _ 2 Bul+Au-1 9 . . .
35155 AnE of (2). Corresponding to this symmetry, the Lie

. . 2(Aut+Bi2-1)
Vo AP ) =Xy ¥y 2
characteristic flzmctlons are W' = 3B M 3U T3y U and
2(Au+Bu 71) . .
2 AP ) X9 Yy _Z
w D) 19, —39,—39,-39.. Thus, using the Ibragimov

theorem [47]

=19 [u, —u, + Auu, + Bu2ux] -9, [Cuxx + D(uyy + uzz)]
0 z  2(Au+Bu’-1)
_1[tu, 3ux+§uy+,; Z+—3(ZBu+A) s

CF = 29[u, — uy + Auu, + Bilu,] — gsx [Cuy,

3 +D(uyy+uu)]

X y Z
— [8(Au+ B — 1)+ C9,,] [Iu, + S Uyt S
2 (Au+ Bu? - 1)
3(2Bu+ A)

c9, )
——=— |u, (8Bu(Bu+ A)+3A> +4B)
T 3@Ba+ a2 |

+ (3tux, +zuy, + yuy, + xuxx) (2Bu + A)z]
Yy
+ [Cuy, + Du,, + Du,,] [18 + 38 +39+ 3&
2 (Au+ Bu* —1)
32Bu+A) |’

y y
C; = 519[14, —u, + Auu, + Buzux] - 519)( [Cuxx + D(uyy + uzz)]
Do, 2 (Au+ Bu? - 1)
a— t = _—
x|+ 3" +3"y+% T 30But A)
D9, )
————— |u, (8Bu(Bu + A) + 3A”> + 4B)
T 32Bur A2 "
+ (3tuy, + zuy,, + yuy, + xuxy) (2Bu + A)z] s
z z
sz = 5:9[14, —uy, + Auu, + Buzux] - 519x [Cuxx + D(uyy + uu)]

2 (Au+ Bu? - 1)
Fx +2u 42 +—]

- Doy, |r
”[”’+ 3 T3 3(2Bu+ A)

DY, )
+ ——=——|u, (8Bu(Bu+ A)+3A> +4B)
3(2Bu+ A)?

+ (3tuz, + zu; + yuy; + xuxz) (2Bu + A)z].

Case 2. The Lie point symmetry v, = 9, has the Lie characteristic
functions W! = —u, and W? = —9,. We obtain the conserved vector,
whose components are:

C; =9 [—ux + Auu, + Buzux] -9, [Cuxx + Duy, + DuZZ],

Cs = —u,[9(Au+ Bu* — 1)+ C9,| + CO,u,, + 9, [Cuy, + Du, + Du],
C2y =-D3,u, + Duy,9,,

C3 =—D38,,u, + Du,9,.

Results in Physics 19 (2020) 103652

Case 3. The Lie point symmetry v; = zd, — yd, has the Lie
characteristic functions W' = —zu, + yu, and W? = —z9, + y9,, the
components of the conserved vector are:

Cg = 8[—zuy + yuz],
CY = (—zuy + yu)[9(Au+ Bu® — 1) + C9, | + (28, — »9,)
[Cuupy + Duy, + Du,,| = C9, [—zu,, + yu,.].
C; =2z [—ux + Auu, + Buzux] —z8, [Cuxx + Du,, + Duzz]
+ DI, [—zuy + yu,] = 9, [—zuy, + yu,, +u],
= —y9[-u, + Auu, + Buzux] + 9, [Cuuyy + Duyy + Du,
+ DY, [—zuy + yu,] — 9, [—zuyz + yu,, — uy].

Case 4. The Lie point symmetry v, = 9, has the Lie characteristic
functions W' = —u, and w? = —9,, the components of the conserved
vector are:

= —du,,
CY = —u,|9(Au+ Bu® = 1)+ C9,,| + CI,u

gy +9,[Cuy, + Duy, + Du_],
Cy = 19[—14 + Auu, + Buzux] -9, [Cuxx + Duy, + Duzz]
= Duyd,,+ DI,u

x7yy?

C; = Dl‘)xzuy + Duy, 9.

Case 5. The Lie point symmetry vs = 0, has the Lie characteristic
functions W' = —u, and W? = -9, the components of the conserved
vector are:

C; =—u,,

CI = —u,[9(Au+ Bu® = 1)+ C9,.| + CO,u,, +9,[C
y

C; =—DY,u, + Du_ 9,,

i = 9-u, + Auu, + Bu ux] -9, [Cuy,

— Du,9,,+ D,u

x%yz*

Uy, + Duyy + Duzz],

+ Duy, + Duu]

Case 6. Finally, the Lie point symmetry vy = 0, has the Lie
characteristic functions W' = —u, and W? = -9, the components of
the conserved vector are:

Cé = —u,,
Cy = du, + C,u,, — Cu,d,,,
C; = =DY,,u, + Du,,9

xy%x xyVx>

Cé —DY, u, + Du,,9

xyVx:

Conclusion

In this paper, we have considered the EZK equation (2). Conser-
vation laws for the EZK equation are constructed for the first time
using the new conservation theorem of Ibragimov. Moreover, The Lie
point symmetry generators of the underlying equation (2) are derived
and used it to get similarity solution for EZK equation (2). We used
similarity variables to reduced the EZK equation (2) into a new partial
differential equation with less number of independent variables, and
again using Lie group symmetry method, the new partial differential
equation is reduced into an ODE. In addition to that, solitary wave
solutions of the EZK equation are obtained from the reduction equation.
A number of exact solutions for the EZK equation (2) have been
obtained. The geometric representation of the solutions was analyzed as
follows, Figs. 1 and 2 shows solitary wave profile, propagating waves
for various values of y and contour plot for Egs. (22) and (37) with
certain values of parameters as well as Fig. 4 demonstrates multisoliton
and solitary wave solutions profile of Eq. (67) for free choice of function
f(»y,z) = sin(y + z). To our knowledge, the solutions obtained in this
paper have not been applied in previous literature so, these solutions
are new solutions for (2) (see Fig. 3).
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