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ABSTRACT
This paper aims to construct new mixed-type periodic and lump-type solutions via dependent variable transformation and Hirota’s bilinear
form (general bilinear techniques). This study considers the (3 + 1)-dimensional generalized B-type Kadomtsev–Petviashvili equation, which
describes the weakly dispersive waves in a homogeneous medium in fluid dynamics. The obtained solutions contain abundant physical struc-
tures. Consequently, the dynamical behaviors of these solutions are graphically discussed for different choices of the free parameters through
3D plots.

© 2020 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0019219

I. INTRODUCTION

Nonlinear phenomena are investigated in many disciplines
of science, such as marine engineering, fluid dynamics, plasma
physics, chemistry, applied mathematics, and so on.1–19 With
the development of nonlinear dynamics, the research of non-
linear partial differential equations (NPDEs) becomes more and
more important. To further understand these phenomena, solv-
ing NPDEs plays a significant role in nonlinear sciences.20–35 In
the past few decades, many efficient and powerful techniques
have been introduced to obtain the analytical solutions of these

equations.36–51 More recently, soliton wave solutions have attracted
a growing amount of attention, and many theoretical and exper-
imental studies of these waves are investigated.1,3,6 The impor-
tance of solitons is due to their presence in a variety of nonlin-
ear differential equations portraying many complex nonlinear phe-
nomena, including acoustics, nonlinear optics, telecommunication
industry, plasma physics, condensed matter, and solid-state physics.
There are different structures or types of solitons such as lump
waves (usually called rogue waves in the presence of certain condi-
tions), which are algebraically localized waves that decay in all space
directions and exist in all time, breather waves, and mixed waves,
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which describe the interaction between two different types of soliton
waves.

In this paper, a (3 + 1)-dimensional generalized B-type
Kadomtsev–Petviashvili (BKP) equation is considered as follows:52

uyt + 3 uxz − 3ux uxy − 3 uy uxx − uxxxy = 0. (1)

Equation (1) is an exceedingly useful model for assaying the dynam-
ics of nonlinear waves and solitons in various fields of science espe-
cially in plasma physics, weakly dispersive environment, and fluid
dynamics. Multiple-soliton solutions are generated and discussed
by Ma.52 Ma and Zhu53 derived multiple wave solutions by using
the multiple exp-function algorithm. Tang54 obtained new analytical
solutions that contain different wave structures such as periodic soli-
ton, kinky periodic solitary, and periodic soliton solutions by using
the extended homoclinic test approach. By employing the improved
(G′/G)-expansion method with the aid of symbolic computations,
Chen and Ma 55 obtain new soliton solutions of Eq. (1).

This paper is organized as follows: Sec. II gives the new mixed-
type periodic solutions for the (3 + 1)-dimensional generalized
BKP equation based on the dependent variable transformation and
Hirota’s bilinear form. Section III presents the lump-type solutions
and illustrates the dynamical behaviors of the obtained solutions
through 3D plots. Section IV makes the conclusions.

II. NEW MIXED-TYPE PERIODIC SOLUTIONS
Substituting the transformation u = 2[ln ξ(x, y, z, t)]x into

Eq. (1), we have the following Hirota’s bilinear form:56–61

(DtDy −D3
xDy + 3DxDz) f ⋅ f = 0. (2)

Equivalently, we have

−ξtξy + ξxxxξy − 3ξzξx − 3ξxyξxx + 3ξxξxxy

+ξ(ξyt + 3ξxz − ξxxxy) = 0. (3)

In order to obtain the new mixed-type periodic solutions, a direct
test function is written as

ξ = k1 eζ1 + e−ζ1 + k2 tan(ζ2) + k3 tanh(ζ3), (4)

where ζ i = ηix + μiy + γiz + νit, i = 1, 2, 3 and ηi, μi, γi, and νi are
unknown constants. Substituting Eq. (4) into Eq. (3), we have the
following:

Case (1)

k2 = μ1 = γ1 = η3 = ν3 = 0, ν1 = η3
1μ3 − 3η1γ3

μ3
, (5)

where η1, γ3, μ3, k1, and k3 are arbitrary constants. Then,

ξ = e
xη1+

t(η3
1μ3 − 3η1γ3)

μ3 k1 + e
−xη1−

t(η3
1μ3 − 3η1γ3)

μ3

+ k3 tanh(yμ3 + zγ3). (6)

Substituting Eq. (6) into u = 2[ln ξ]x, the first mixed-type periodic
solution reads as

u1 = 2[e
xη1+

t(η3
1μ3 − 3η1γ3)

μ3 k1η1 − e
−xη1−

t(η3
1μ3 − 3η1γ3)

μ3 η1]

e
xη1+

t(η3
1μ3 − 3η1γ3)

μ3 k1 + e
−xη1−

t(η3
1μ3 − 3η1γ3)

μ3 + k3 tanh(yμ3 + zγ3)

. (7)

The physical structure of Eq. (7) is exhibited in Fig. 1.

FIG. 1. Solution (7) at k1 = k3 = −0.5, η1 = −1, μ3 = 1γ3 = 1, z = −2, (a) x = −10, (b) x = 0, (c) x = 10.
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Case (2)

k3 = μ1 = γ1 = η2 = ν2 = 0, ν1 = η3
1μ2 − 3η1γ2

μ2
, (8)

where η1, γ2, μ2, k1, and k2 are free real constants. Then,

ξ = e
xη1+

t(η3
1μ2 − 3η1γ2)

μ2 k1 + e
−xη1−

t(η3
1μ2 − 3η1γ2)

μ2

+ k2 tan(yμ2 + zγ2). (9)

Substituting Eq. (9) into u = 2[ln ξ]x, the second mixed-type periodic solution is given by

u2 =

2

⎡⎢⎢⎢⎢⎢⎢⎢⎣
e

xη1+
t(η3

1μ2 − 3η1γ2)
μ2 k1η1 − e

−xη1−
t(η3

1μ2 − 3η1γ2)
μ2 η1

⎤⎥⎥⎥⎥⎥⎥⎥⎦

e
xη1+

t(η3
1μ2 − 3η1γ2)

μ2 k1 + e
−xη1−

t(η3
1μ2 − 3η1γ2)

μ2 + k2 tan(yμ2 + zγ2)

. (10)

Case (3)

k1 = μ1 = γ1 = η2 = ν2 = η3 = ν3 = 0, ν1 = η3
1μ2 − 3η1γ2

μ2
,

γ3 = μ3γ2

μ2
,

(11)

where η1, γ2, μ2, μ3, k2, and k3 are free real constants. Then,

ξ = k2 tan(yμ2 + zγ2) + e
−xη1−

t(η3
1μ2 − 3η1γ2)

μ2

+ k3 tanh(yμ3 + zγ2μ3

μ2
). (12)

Substituting Eq. (12) into u = 2[ln ξ]x, the third mixed-type periodic
solution has the form

u3 = −2e
−xη1−

t(η3
1μ2 − 3η1γ2)

μ2 η1

k2 tan(yμ2 + zγ2) + e
−xη1−

t(η3
1μ2 − 3η1γ2)

μ2 + k3 tanh(yμ3 + zγ2μ3

μ2
)

. (13)

The physical structure of Eq. (13) is revealed in Figs. 2 and 3.
Case (4)

k1 = η2 = ν2 = η3 = ν3 = 0, ν1 = η3
1μ1 − 3η1γ1

μ1
,

γ2 = μ2γ1

μ1
, γ3 = μ3γ1

μ1
,

(14)

where η1, μ1, γ1, μ2, μ3, k2 and k3 are free real constants. Then,

ξ = k2 tan(yμ2 + zγ1μ2

μ1
) + k3 tanh(yμ3 + zγ1μ3

μ1
)

+ e
−xη1−yμ1−zγ1−

t(η3
1μ1 − 3η1γ1)

μ1 . (15)

Substituting Eq. (15) into u = 2[ln ξ]x, the fourth mixed-type peri-
odic solution takes the following type:

u4 =
⎡⎢⎢⎢⎢⎢⎢⎢⎣
−2e

−xη1−yμ1−zγ1−
t(η3

1μ1 − 3η1γ1)
μ1 η1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
/[k2 tan(yμ2 + zγ1μ2

μ1
)

+ e
−xη1−yμ1−zγ1−

t(η3
1μ1 − 3η1γ1)

μ1 + k3 tanh(yμ3 + zγ1μ3

μ1
)
⎤⎥⎥⎥⎥⎥⎥⎥⎦

. (16)

The physical structure for the solution in Eq. (16) is similar to that
one given by Eq. (13).

Case (5)

k2 = k3 = 0, ν1 = 4η3
1μ1 − 3η1γ1

μ1
, (17)
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FIG. 2. Solution (13) at k3 = k2 = −0.5, η1 = μ2 = μ3 = 1, γ2 = −1, x = 0, (a) y = −20, (b) y = 0, (c) y = 20.

FIG. 3. Solution (13) at k3 = k2 = −0.5, η1 = μ2 = μ3 = 1, γ2 = −1, z = 0, (a) t = −2, (b) t = 0, (c) t = 2.

where η1, γ1, μ1 and k1 are free real constants. Substituting these results into (4), we have

ξ = e
xη1+yμ1+zγ1+

t(4η3
1μ1 − 3η1γ1)

μ1 k1 + e
−xη1−yμ1−zγ1−

t(4η3
1μ1 − 3η1γ1)

μ1 . (18)

Substituting Eq. (18) into u = 2[ln ξ]x, the fifth mixed-type periodic solution reads as

u5 = 2

⎡⎢⎢⎢⎢⎢⎢⎢⎣
e

xη1+yμ1+zγ1+
t(4η3

1μ1 − 3η1γ1)
μ1 k1η1 − e

−xη1−yμ1−zγ1−
t(4η3

1μ1 − 3η1γ1)
μ1 η1

⎤⎥⎥⎥⎥⎥⎥⎥⎦

/
⎡⎢⎢⎢⎢⎢⎢⎢⎣

e
xη1+yμ1+zγ1+

t(4η3
1μ1 − 3η1γ1)

μ1 k1 + e
−xη1−yμ1−zγ1−

t(4η3
1μ1 − 3η1γ1)

μ1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
. (19)

The physical structure of Eq. (19) is demonstrated in Fig. 4.

Case (6)

k1 = k3 = η2 = μ2 = 0, ν1 = η3
1μ1 − 3η1γ1

μ1
,

ν2 = −3η1γ2

μ1
,

(20)

AIP Advances 10, 105325 (2020); doi: 10.1063/5.0019219 10, 105325-4
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FIG. 4. Solution (19) at γ1 = −1, η1 = μ1 = 1, k1 = −2, z = 20, (a) t = −2, (b) t = 0, (c) t = 2.

where η1, γ1, γ2, μ1, and k2 are free real constants. Then

ξ = k2 tan(zγ2 − 3tη1γ2

μ1
) + e

−xη1−yμ1−zγ1−
t(η3

1μ1 − 3η1γ1)
μ1 . (21)

Substituting Eq. (21) into u = 2[ln ξ]x, the sixth mixed-type periodic
solution is given by

u6 = − 2e
−xη1−yμ1−zγ1−

t(η3
1μ1 − 3η1γ1)

μ1 η1

k2 tan(zγ2 − 3tη1γ2

μ1
) + e

−xη1−yμ1−zγ1−
t(η3

1μ1 − 3η1γ1)
μ1

.

(22)
The physical structure of Eq. (22) is shown in Fig. 5.

Case (7)

k1 = k2 = η3 = μ3 = 0, ν1 = η3
1μ1 − 3η1γ1

μ1
, ν3 = −3η1γ3

μ1
, (23)

where η1, γ1, γ3, μ1, and k3 are free real constants. Then,

ξ = k3 tanh(zγ3 − 3tη1γ3

μ1
) + e

−xη1−yμ1−zγ1−
t(η3

1μ1 − 3η1γ1)
μ1 . (24)

Substituting Eq. (24) into u = 2[ln ξ]x, the seventh mixed-type peri-
odic solution is obtained by

u7 = − 2e
−xη1−yμ1−zγ1−

t(η3
1μ1 − 3η1γ1)

μ1 η1

k3 tanh(zγ3 − 3tη1γ3

μ1
) + e

−xη1−yμ1−zγ1−
t(η3

1μ1 − 3η1γ1)
μ1

.

(25)
The physical structure of Eq. (25) is listed in Fig. 6.

III. LUMP-TYPE SOLUTIONS
To derive the lump-type solutions of Eq. (1), we have

ξ = (th̵4 + xh̵1 + yh̵2 + zh̵3 + h̵5)2 + (th̵9 + xh̵6 + yh̵7 + zh̵8 + h̵10)2

+ h̵11 + κ1etΞ4+Ξ5+Ξ1x+Ξ2y+Ξ3z + κ2e−tΞ4−Ξ5−Ξ1x−Ξ2y−Ξ3z , (26)

where h̵ i(i = 1, . . . , 11), κi(i = 1, 2), and Ξi(i = 1, . . . , 5) are
unknown constants. Substituting Eq. (26) into Eq. (3), the values of
the unknown parameters in Eq. (26) are obtained as follows:

FIG. 5. Solution (22) at η1 = μ1 = 1, γ1 = 1, γ2 = k2 = 2, y = 2, (a) x = −20, (b) x = 0, (c) x = 20.

AIP Advances 10, 105325 (2020); doi: 10.1063/5.0019219 10, 105325-5

© Author(s) 2020

https://scitation.org/journal/adv


AIP Advances ARTICLE scitation.org/journal/adv

FIG. 6. Solution (25) at η1 = μ1 = 1, γ1 = 1, γ3 = k3 = 2, x = 20, (a) y = −20, (b) y = 0, (c) y = 20.

(I) : h̵7 = h̵2h̵6

h̵1
, h̵8 = h̵3h̵6

h̵1
, Ξ3 = Ξ2Ξ3

1 + 2Ξ2Ξ4

3Ξ1
,

κ2 = (h̵
2
1 + h̵2

6)
2

κ1Ξ4
1

, Ξ4 = −Ξ3
1

2
− 3Ξ1h̵3

h̵2
, h̵4 = −3h̵1h̵3

h̵2
,

h̵9 = −3h̵3h̵6

h̵2
, Ξ2 = −Ξ1h̵2

h̵1
,

(27)

with h̵1 ≠ 0, h̵2 ≠ 0, Ξ1 ≠ 0, and κ1 ≠ 0.

(II) : h̵7 = − h̵1h̵2

h̵6
, h̵8 = h̵2h̵4

3h̵6
, Ξ1 = Ξ4 = 0,

h̵9 = −3h̵3h̵6

h̵2
, Ξ3 = Ξ2h̵3

h̵2
, h̵4 = −3h̵1h̵3

h̵2
,

(28)

with h̵2 ≠ 0, h̵6 ≠ 0.

(III) : h̵8 = 3h̵1h̵2h̵3 + 3h̵6h̵7h̵3 + h̵4(h̵2
2 + h̵2

7)
3h̵2h̵6 − 3h̵1h̵7

, Ξ2 =
Ξ1ϵ1

√
h̵2

2 + h̵2
7√

h̵2
1 + h̵2

6

, h̵9 = 3h̵3h̵2
1 + h̵2h̵4h̵1 + h̵6(3h̵3h̵6 + h̵4h̵7)

h̵1h̵7 − h̵2h̵6
,

Ξ3 = Ξ2Ξ3
1 + 2Ξ2Ξ4

3Ξ1
, h̵11 = 3κ1κ2Ξ2Ξ3

1 + 3(h̵2
1 + h̵2

6)(h̵1h̵2 + h̵6h̵7)
3h̵1h̵3 + h̵2h̵4

,

Ξ4 =

3Ξ4
1(Ξ1h̵2(h̵2

2 + h̵2
7) + Ξ2(h̵1(h̵2

7 − h̵2
2) − 2h̵2h̵6h̵7))

Ξ2
1(h̵2

2 + h̵2
7) − 2Ξ2Ξ1(h̵1h̵2 + h̵6h̵7) + Ξ2

2(h̵2
1 + h̵2

6)
− 2Ξ3

1h̵2 − 3Ξ1h̵3

h̵2
,

h̵4 =
3
⎛
⎝

Ξ3
1Ξ2(h̵2h̵6 − h̵1h̵7)2

Ξ2
1(h̵2

2 + h̵2
7) − 2Ξ2Ξ1(h̵1h̵2 + h̵6h̵7) + Ξ2

2(h̵2
1 + h̵2

6)
− h̵1h̵3

⎞
⎠

h̵2
,

(29)

with h̵2 ≠ 0, Ξ1 ≠ 0, 3h̵1h̵3 + h̵2h̵4 ≠ 0, ϵ1 = ±1, h̵2h̵6 − h̵1h̵7 ≠ 0, and
h̵2

1 + h̵2
6 ≠ 0.

(IV) : h̵7 = − h̵1h̵2

h̵6
, h̵8 = h̵2h̵4

3h̵6
,

h̵4 = 3Ξ3
1Ξ2h̵2(h̵2

1 + h̵2
6)

Ξ2
1h̵2

2 + Ξ2
2h̵2

6

− 3h̵1h̵3

h̵2
,

Ξ3 = Ξ2Ξ3
1 + 2Ξ2Ξ4

3Ξ1
, h̵9 = −3h̵3h̵6

h̵2
, h̵11 = 2κ1κ2Ξ2

1

h̵2
1 + h̵2

6

,

Ξ4 = −2Ξ3
1 + 3Ξ4

1h̵2(Ξ1h̵2 + Ξ2h̵1)
Ξ2

1h̵2
2 + Ξ2

2h̵2
6

− 3Ξ1h̵3

h̵2
, Ξ2 = ϵ2Ξ1h̵2

h̵6
,

(30)
with h̵2 ≠ 0, h̵6 ≠ 0, h̵2

1 + h̵2
6 ≠ 0, and ϵ2 = ±1.

(V) : h̵7 = − h̵1h̵2

h̵6
, h̵8 = h̵2h̵4

3h̵6
, Ξ2 = Ξ3 = 0, h̵9 = −3h̵3h̵6

h̵2
,

Ξ4 = Ξ3
1 − 3Ξ1h̵3

h̵2
, h̵4 = −3h̵1h̵3

h̵2
, (31)

with h̵2 ≠ 0 and h̵6 ≠ 0.

(VI) : h̵7 = − h̵1h̵2

h̵6
, h̵8 = h̵2h̵4

3h̵6
, Ξ3 = 0, h̵9 = −3h̵3h̵6

h̵2
,

Ξ4 = Ξ3
1 − 3Ξ1h̵3

h̵2
, h̵4 = −3h̵3h̵6(h̵1 + h̵6)

h̵2(h̵6 − h̵1) ,

Ξ2 = Ξ1h̵2h̵3

Ξ2
1h̵2(h̵1 − h̵6) − h̵3h̵6

,

Ξ1 =
ϵ3
√

2
√

h̵2
1 + h̵2

6

¿
ÁÁÀ h̵2

3h̵2
6(h̵2

1 + h̵2
6)

(h̵1 − h̵6)2

¿
ÁÁÀ h̵2h̵3h̵6(h̵2

1 + h̵2
6)

2

h̵1 − h̵6

, (32)
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FIG. 7. Dynamical behaviors for solution (33) with y = 0, (a) t = −2, (b) t = 0, (c) t = 2.

with h̵2 ≠ 0, h̵6 ≠ 0, h̵1 ≠ h̵6, and ϵ3 = ±1. Substituting Eqs. (27)–(32)
into the variable substitution u = 2[ln ξ]x, six lump-type solutions
can be derived.

As an example, substituting Eq. (26) and Eq. (27) into the vari-
able substitution u = 2[ln ξ]x, the lump-type solution of Eq. (1) can
be written as follows:

u =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

−
(h̵2

1 + h̵2
6)

2
exp[Ξ1(3th̵3

h̵2
− x + yh̵2 + zh̵3

h̵1
) + Ξ3

1(th̵1 + zh̵2)
2h̵1

− Ξ5]
κ1Ξ3

1
+ κ1Ξ1 exp[Ξ1(−3th̵3

h̵2
+ x − yh̵2 + zh̵3

h̵1
) − Ξ3

1(th̵1 + zh̵2)
2h̵1

+ Ξ5]

+ 2h̵1[h̵1(x − 3th̵3

h̵2
) + yh̵2 + zh̵3 + h̵5] + 2h̵6[h̵10 + h̵6(−3th̵3

h̵2
+ x + yh̵2 + zh̵3

h̵1
)]
⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎤⎥⎥⎥⎥⎥⎥⎥⎦
/[h̵11 + κ1 exp[Ξ1(−3th̵3

h̵2
+ x − yh̵2 + zh̵3

h̵1
)

− Ξ3
1(th̵1 + zh̵2)

2h̵1
+ Ξ5] + [(h̵2

1 + h̵2
6)2

exp[Ξ1(3th̵3

h̵2
− x + yh̵2 + zh̵3

h̵1
) + Ξ3

1(th̵1 + zh̵2)
2h̵1

− Ξ5]]/(κ1Ξ4
1)

+ [h̵1(x − 3th̵3

h̵2
) + yh̵2 + zh̵3 + h̵5]

2

+ [h̵6(−3th̵3

h̵2
+ x + yh̵2 + zh̵3

h̵1
) + h̵10]

2

], (33)

with the constraint h̵1 ≠ 0, h̵2 ≠ 0, Ξ1 ≠ 0, and κ1 ≠ 0.

To analyze the dynamical behaviors for solution (33), the values
of parameters are selected as follows:

h̵1 = h̵5 = 2, h̵2 = h̵6 = −1, h̵3 = 3,

h̵10 = h̵11 = Ξ5 = 0, Ξ1 = −2, κ1 = 1. (34)

Substituting Eq. (34) into Eq. (33), the dynamical behaviors for
solution (33) are shown in Figs. 7 and 8.

FIG. 8. Dynamical behaviors for solution (33) with y = 0, (a) x = −10, (b) x = 0, (c) x = 10.
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In Fig. 7, the interaction behavior between two solitary waves
and a lump wave can be found with t = -2, 0, and 2 on the x − z
plane. The interaction solutions reveal the characteristic of “elastic
collision,” that is, two solitary waves and lump wave keep their
shape and velocity invariant in the process of transmission. Figure 8
demonstrates the interaction behavior between two solitary waves
and a lump wave with x = −10, 0, and 10 on the t − z plane.

IV. CONCLUSION
Based on the dependent variable transformation and Hirota’s

bilinear form, new mixed-type and lump-type solutions of the (3
+ 1)-dimensional generalized BKP equation are presented. More-
over, Figs. 1–6 show the dynamical behaviors for the mixed-type
periodic solution. Figure 7 demonstrates the interaction behavior
between two solitary waves and a lump wave on the x − z plane,
which describes the characteristic of “elastic collision.” Figure 8
reveals the interaction behavior between two solitary waves and a
lump wave on the t − z plane. As can be seen from the above solu-
tion process, the direct test function is very effective for solving the
mixed-type periodic solutions of NPDEs. Our results show that the
structures of the obtained wave solutions are multifarious in the
nonlinear dynamic system. Furthermore, they not only show the effi-
ciency of the dependent variable transformation and Hirota’s bilin-
ear method but also establish that the solutions are enriched with
new mixed-type and lump-type features. We hope our research will
be of great help in exploring the complex natural world. In the near
future, we will modify the scheme presented here to deal with dif-
ferent NPDEs when their coefficients are variables for expressing
nonautonomous multi-soliton, breather, and rogue wave solutions.
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