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In this manuscript, two mathematical approaches have been functionalized to discover novel wave results
of 3rd-order Klein-Gordon and Tzitzeica equations. With the alliance of Mathematica, the competency of
these methods for discovering these exact solutions have been more exhibited. As a result, several solitary
solutions are constructed and indicated by hyperbolic solutions, diverse combinations of trigonometric and
exponential results. Furthermore, employed techniques are more efficient techniques for exploring essential

nonlinear waves that enhance a variety of dynamic models that arises in nonlinear fields. All drafting is
given out to express the properties of the innovative explicit analytic solutions. Hence our proposed schemes
are directed, succinct, and reasonably good for the various nonlinear evaluation equations (NLEEs) related
treatment and mathematical physics also.

Introduction

Physical phenomena and processes that occurred naturally have
matted with nonlinear features. Nonlinear problems (NLPs) having
much attention in engineers, physicists, mathematicians and numerous
further scientists. From there nonlinear evaluation equations have been
the topic of concern in diverse branches of nonlinear areas such as
physics, plasma physics, propagation of shallow water wave, mathe-
matical fluid dynamics, applied mathematics, protein chemistry, geo-
chemistry, chemical kinematics, chemically reactive materials and me-
teorology, etc. That is why the investigation of solitary wave solutions
is fetching a matter of concerning issue gradually [1-6] .

Our planned first model is 3rd-order Klein—-Fock-Gordon equation
(KFGE) an imperative session of NLEEs, having countless implication
for energy particle physics and is applied as a model for various types
matter. Sometimes it defined as the equation of relativistic wave related
to Schrodinger equation. The KFGE is an importance model used for
energy particle in physics and functional several matter, with spread of
deviation in crystals and in the basic stuffs of particles. Sometimes it is
demarcated as the equation of relativistic wave related to Schrodinger
equation. Let KFGE define in [7] has form as;

0%u 0%u

ﬁ*—aﬁ + fu+ o™ = g(x,1) (€D)]

* Corresponding authors.

In this work, we generally study a special case of nonlinear m order KFG
equation when m = 3 then Eq. (1) become a 3rd order KFG equation.

Our planned second model is, Tzitzeica equation which has im-
portant attention during the last few years, which can written in
mathematical form as follow [8].

Uy — Uy — €+ e =0 2)

The chief goal in this article is to efficiently hire improved form
of simple equation and modified F-expansion methods for exact results
of KFGE and Tzitzeica equation. These methods are based on a appro-
priate variables change, which transforms renovate the main problem
in ODE, with replacement of a suppositious solution in ODE, and by
calculating the unknown coefficients , the central required results of
the recommended models are achieved.

Nowadays, exact solutions for nonlinear evaluation equations
(NEEs) has been discovered by many authors and they have been used
numerous powerful techniques. Several powerful method have been
offered such as Hirota’s bilinear transformation techniques [9,10],The
Exp(-¥(¢)) -expansion techniques [11-13], Exp-function expansion
scheme [14], The extended tanh-function technique [15,16], Lie sym-
metry technique [17-20], The modified simple equation scheme [21,
22], The complex hyperbolic function technique [23], The Bernoulli’s
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Sub-ODE scheme [24], The (G’ /G)- expansion scheme [25-27], The en-
hance (G’/G)-expansion technique [28], Jacobi elliptic technique [29],
Homogeneous balance scheme [30,31], He’s polynomial and Asymp-
totic methods [32-34], The improved form of Riccati equations expan-
sion scheme and Variational iteration method [35]. Some authors used
extended and modified direct algebraic method, extended mapping
method and Seadawy techniques to find analytical solutions for some
nonlinear partial differential equations [36-41].

The paper is organized as: In section ‘Formation of the Proposed
Methods’, the propose methods have been brief in details. In section
‘Applications’, applied these schemes to propose nonlinear equations.
Finally, conclusion is given in section ‘Conclusion’.

Formation of the proposed methods

Let,
Ry (1t gy g ) = O, ®
Consider
u=U(), E=kx+1ly+mz+wt, 4)
Put (4) in (3),
R, (U, U U",..) =0, (5)

Extended simple equation method

Let solution of (5) is,

N
U@ =Y A¥® (6)

i=—N
Let ¥ satisfies,

¥ =cy+ ¥ + P2 + oy 7)

The solutions Eq. (7) are;

¢ —4/4cocp — cl2 tan <—’4C0;2612(§ + 50))

Y =-

. degey > clz, c3=0.

2¢,
C))
If ¢y =0, ¢3 =0, the Eq. (7) gives solutions as;
c1(E+&o)
Y= % ¢ >0, ©)
)
= m, ¢ <0. (10)
If ¢, =0, ¢3 =0, then Eq. (7) reduces to Riccati equation:
P(§) = \/:_Cz tan(y/co, (€ + &), cocy > 0, an
V=2
P(E) = - 5 tanh(y/=cocr(E + &), coep < 0. 12)

Put (6) with (7) in (5). Solving the obtained systems of equations for
the required values parameters. Putting all parameters values and ¥
into Eq. (6), achieved the solution of (3).

Modified F-expansion method
Let Eq. (5) has solution;
N N
Us=ay+ ) aF'@+ Y bF©) 13)
i=1 i=1

Let F(¢) gratifies,
F'= A+ BF + CF2. a4

Put (13) along (14) in (5) Selecting A, B, C with F from Table 1
and putting g;, b; in (13), for destination of Eq. (3).

Table 1

Relation between A, B, C and F(¢) in Eq. (14).
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Values of A, B, C F()

— — — 1 1, 1
A=0,B=1,C=-1 3+ 2 tanh(3¢)
A=0,B=-1,C=1 1 - Lcoth(1e)
A=3,B=0,C=-1 coth(¢) = csc h(¢)
A=1,B=0,C=-1 tanh(¢), coth(&)
A=1,B=0,C=1 sec(&) + tan(¢)
A=—é, B=O,C=—% sec(£) — tan(€)
A=1(=1), B=0, C=1(-1) tan($), (cot(£))
B=A=0,C#0 —é, (e is arbitrary constant)
A#0,C=B=0 A

_ _ (=A+exp(BE))
B=A#0,C=0 T

Applications

The 3rd-order Klein—-Fock—Gordon equation

We will successfully constructed solitary solutions of the cubic
KFGE. For our expedient, we consider m = 3 to mth order KFG equa-
tion [7].

u,; +au,, + pu+ w = g(x,1) (15)

U =u(x,t), &=mx—bt (16)
Put (16) in (15) and after integrating obtained,

U" (b* + am*) +6U° + U =0 a7)

Application of extended simple equation method
Let (17) has solution,

A
Us=Jr+ AP+ 4 (18)

Put (18) with (7) into (17), after solving we have the following solu-
tions cases as following;

CASE 1: ¢; =0,

Family-I

\Be, 24/Beg

A =0, Ag= ———1 A = .

\/ (4eper —?) 6 \/4coerd — c26

19
\/—Zﬂ +ac?m? — dacye,m?
b=
\/4cper — c]2
Put (19) in (18),
¢
U, = \/ﬁ 1
1/ (4606‘2 - C12) o
_ 4c002\/ﬁ
A/ 4cyer—c2 ’
\/4cpead — ¢35 (cl —\/4cpe, — €2 tan(#(f + é‘o)))
deyey > c%. (20)
Family-II
24/Pc c
A = Vber Ay = Ve, LA =0,
\/4cpead — ¢35 /(€2 = 4eyey) (=6)
@1n

\/—Zﬁ +ac?m? — dacyeym?

\/4coey — c]2

b
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Substitute (21) in (18),

\/Ecl

(—c% + 4cocz) 6)

-C()C —Cz
\/ﬁ (Cl — y/4ege, — cl2 tan(—'4022'(§ + 50»)
_ , dege, > c%

1/ 4cpcr6 — 0125

CASE 2: ¢; =0, ¢3 =0,
Family-I

U, =

vavs o Vayeya

A =0, Ay=0, A_, =

Put (23) in (18),

\/ﬁ\/% &)

Uy = — ., Cocp >0,
Ve s | e (tan(y/aaeE +&))

U, = \/E\/a © , e <0

\/0_2\/5 v/=¢oC2 (tanh(« [—cocr (& + fo)))
Family-IT
=_M’ Ag=A_ =0, b= —v—ﬂ—Zacoczmz

Vas V2o /e

Put (26) in (18),

o VIVE <«co—czmw%_%<ﬁ +fo>>>, oz >0,
NG “
o - Viva <\/—C0C2tanh(\/—COC2(§ +cfo))> | ey, <0
Vv z
Family-III
A1=M, Ay=0, A_; =~ \/ﬁ\/c_o b= Vo Seyen?
20V 24/eV/5 VNG
Put (29) in (18), (see Fig. 1.)
Uy = - \//_3\/% ( ) >
2\/5\/5 (\/@tan(\/@(gE + &)
\/E\/C_z \/Etan(\/@(é + &)
)
cocy > 0.
Us = VIV < y >
2,/6V/3 \ (V€0 tanh(y/=cos (€ + &)

Ve (Zblk —cocztanh(,/—cocz(g+.§0))>
2\/eoVs a |

cocp < 0.

Applications of modified F-expansion method
Let solution of (17) is;

b
U=ay+a F&)+ Flé)

(22)

(23)

(24)

(25)

(26)

27)

(28)

(29)

(30)

(3D

(32)
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Let F satisfies,
F' = A+ BF (&) + CF%(&) (33)

Substitute (32) in (17) with (33), obtained following possible solutions
cases as;
ForA=1,B=0,C=-1,

VB VP

1
= , ay=0, by =- , b=-V-p—4am? (34
Vs T T T T
Put (34) in (32),
__V# 1
U, = \/5\/3 (tanh(f) - tanh(é)) s (35)
ForA:%,B:O,C: 5
Family-I
alzﬁ’ ay=0, by=0, b=— a(—mz)—Zﬁ (36)
NG
Put (36) in (32), (see Fig. 2.)
U, = ﬁ (sec(&) + tan(&)) (37)
NG
Family-IT
a, =0, ay=0, bl:\/—ﬁ,b:— a(-m?) =2p (38)
Ve
Put (38) in (5),
Y 1
Uis = % (sec(f;’)+tan(§)> 39
Family-III
5 2
ay = ﬁ ay=0, b = _ﬁ, po VP20 (40)
2v/5 2v/5 V2
By putting Eq. (40) in (32),
_ WV 1
Uy = m ((sec(é) + tan(§)) — (m>> 41)

For A=—3,B=0,C=-3,
Family-I

al=%, ag=0, b =0, b=1/a(-m?)-2p (42)

Put (54) in (32),

Uis = \/—E (sec(§) — tan(£)) 43

Vs
Family-II
a; =0, ay=0, b]:ﬁ, b= a(—mz)—2ﬂ (44)
Ve

Put (56) in (32), (see Fig. 3.)

ve= V2 (meres) (45)
V6 \tan(§) —sec(d)

Family-III

/B — 2
a :ﬁ, ay=0, b :—ﬁ, P o (46)
24/5 24/5 V2

Put (58) in (32),

Vp 1
U,=—— - - 47
0= ((sec(f:) tan(®) tan(é)_sec(§)> @7)



A.R. Seadawy et al.

-

(UK CERITGAR
TULHIE | LSRRI
R LT

|

il

|
MM
= >

-
4

{pff

Results in Physics 19 (2020) 103565

—_—
—
=
—
—
—
—

1“'
HHl
LTI TR ]
) ;I' |
AR

¥ HWHI'\H'H|'1

p—

BRI

4

Fig. 1. Soliton shape solution of U, for ¢, = -1, a=-2, f =55, ¢;=1, ¢g=2, §=12, m=1, e=25.

Fig. 3. Soliton shape solution of U, for m =5, a =-0.01, #=0.1, § =0.112.

A=-1,B=0,C =1,

Family-I

VB V=B —2am?

ay=~=, ay=0, b =0, b=—

G V2

Put (60) in (5),

Ui = % (tan($))

(48)

(49)

Family-II

a =0, ay=0, b =

Put (62) in (32),

_ VB 1
Yo=-"7% ((tan(f))

Vs

VB, V=h-2am? 50)
N AR

) (51)
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Family-IIT
R 2
a1=_\/ﬁ,a0=0,bl=ﬁ,b=—wgm (52)
24/5 2v/8 2v2

Put (64) in (32), (see Fig. 4.)

1
(tan($)) ) 3

Uy =-

ﬁ <tan(§) —
2v/5

The Tzitzeica equation

Consider Painleve transformation u = Ln(V) in (2),

VVy=V2=VVi+ V2=V +1=0. (54)

t

Consider the travel transformation;

V=U(x,1t), E=kx+ At (55)

Put Eq. (55) in Eq. (54),

(#2 =) (vU" - (U')*) ~UP +1 =0, (56)

Application of extended simple equation method
Let Eq. (2) has solution,

A

b4

Put (57) with (7) in (56), after solving we have the following solutions
cases as following;

A
U=A2!P2+A15U+T—22+ Ly 4y (57)

CASE 1: ¢; =0,
Family-I
6¢2 6
Ag=——-0 A, =00 g -0, 4 =0
2 2
4cpep — ¢ 4coey — ¢
e +2¢)c, \/ 2K = degerk? +3
I il N A (58)
q- 4epcr 1 /cl2 —4cyey

Put Eq. (58) in Eq. (57),

U
12¢cy (‘ [4cocp — clzcl tan (% \/4coer — c%(f + e)> - cl2 + 26062>
=Ln
(cf —4cyey) <51 —¢/4coey — cl2 tan <% \/4coen — clz(f + €)>> 2
cl2 +2¢pc,
+ 0 ,
c) —4cyey
4epey > c?. (59)
Family-II
6c) 6¢¢
A,=0, A_, =0, Ay=———, A= ————,
4cpey — c% cf —4cyey
e +2¢)0c, \/ €2k = degerk? +3
Ay=———, hi=-m—mrm————— (60)
612 —dcyey

)
¢ —4cyey

Substitute Eq. (60) in Eq. (57),

3

cos <\ [4coey — cf(.f + e)) +1

uy =Ln

Results in Physics 19 (2020) 103565

6¢| tan (%\/4c0c2 - clz(éj + €)>

12¢(c, 5
5 ,
\/4coer — c12 Sl 4epcr
4egey > cf (61)
CASE 2: ¢; =0, ¢3 =0,
Family-I
3 V4egerk? =3
A0=—%, A_2=—2—CO, A =0, Ay=0, A, =0, 4= Y 02" 7~
o 2\aya
(62)
Put Eq. (62) in Eq. (57),
3
uz = Ln|— ‘0 - % . cpcy >0, (63)
€ C;
(262) (/22 tan (y/aoea (6 + &) ) )2
3
uy =Ln| - “ —% , oy <0.
e
(2¢2) <‘ /—‘2—22 tanh (w/—c0c2 (e+ 50))) 2
(64)
Family-II

3¢, Ve k2 =3

1
Ag==7. A, =0, A =0, A2=—2—CO, A =

Put (65) in (57),

L _(SCZ)( %tan(‘/coq(f+§o)))2_l o 66
= 2, 2 02
(3¢2) ("2 vanh (y=ae; (+&)))> |
ug =Ln| - 2e -5 cocy < 0.
(67)
Family-IIT
' 36 36, Vibee k=3
Ay=-, A,=——, A1 =0, Ay=——=, A =0, A= —————
0= 3 2 8¢, 1 2 8, NN
(68)
Put (68) in (57),
3cot? (4/coc (§+§ )
1 0©2 0
u; = gLn —3¢, tan’ (Veoe, (6+&)) — ( 5 ) +2
cocp > 0.
(69)
ug = %Ln = 3¢, tanh? (y/=coe; (€ + &)
(70)
3 coth? (, /—cocy (5 + 50))
- +2| cyer <O
€
CASE 3: ¢y =0, ¢3=0,
655 6C2 1/ Clzkz +3

Ag=1, A, =0, A, =0, Ay = —2, A, A= ~— (7D

2 c c
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Fig. 4. Soliton shape solution of U\ for m=1, a =-2, f=0.1, 6§ =0.112.

Put Eq. (71) in Eq. (57), (see Fig. 5.)

2 ¢y exp(ey (E+&))
(60) (cromler (6+60)) (69 (Ftitaan)’

ug =Ln +1],
’ e, (T=cyexp (¢ (£+&))) cf
c >0,
(72)
(6¢,) (1 exp (e (§+¢0)))
ug=Ln| -
er (rexp(eg (E+&)) +1)
(c1(¢+%)) 73
(6c2) _Cq expcq +4 2
+ 2 ( zexpg 1(6+&))+1 ) +1], ¢ <o0.
ol
Applications of modified F-expansion method
Let solution of (56),
b b
U=a2F2+alF+aO+F—22+F1 (74)

Put (74) with (14) in (56), solve the achieved equation of system.
We have the following possible solutions cases as follow;;

Case-1

For A=1,B=0,C=-1,

Family-I
goz—%,azzQal:O,bl:O,b2=%,k=— A2-3 (75)
Put (75) in (74),
3 1
u,=In|{ ———— — — 76
1 (2(coth§ + csché)? 2) 76)
Family-II
ao:-%,a2=%,a1=0,b1=0,b2=0,k=— 123 @7)
Put (77) in (74),
—1n(3 21
u, =Ln ( 3 (cothé + csché) 3 ) (78)
Case-2
A=1,B=0,C=-1
Family-I
a0=—%, 4,=0, a, =0, b =0, b2=%,k=—%\/4AZ—B 79)

Put (79) in (74),

3 |
=L -1 80
= (2tanh2(§) 2) 60

Family-II
a0=—%, a2=%, a; =0, b, =0, b, =0, k=—%\/4/12—3

Put (81) in (74), (see Fig. 6.)

2
Uy =Ln(3ta’nh © - l)

2 2
Case-3
ForA=%, B=0, C=%,
Family-I
ao=_%v 02=_%’ a =0, b =0, by=0, k=—Vi2+3

Put (83) in (74),

us =Ln (—%B(tan(f) +sec(&))? — %)

Family-II
a0=—%, a, =0, a =0, by =0, b2=—%, k=-Vi2+3

Put (85) in (74),

4 = In (_é_l)
o 2(tan(é) + sec(®)? 2

Case-4
For A=-3, B=0, C=-13,
Family-I
ao——% az——%, a;=0,b,=0,by=0, k=—Vi2+3

Put (87) in (74),
—n(Lic - 2_1
7 = Ln (5 (-3)sec®) ~ tan(@)’ - 3 )
Family-II
‘10:—%’ a, =0, a,=0, b, =0, b2=—%, k=-Vi2+3

Put (89) in (74),

ue =Ln <—+ — l)
* 2sec(é) — tan(@)? 2

Case-5
A=-1, B=0, C=-1
Family-I
3 1 3
a=-5 az——z, a; =0, by =0, by =0, k=—§ 422 +3

Put (91) in (74),

U =Ln (—%3tan2(§) - %)

(81)

(82)

(83)

(84)

(85)

(86)

87)

(88)

(89

(90)

(91)

(92)
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b
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Fig. 5. Soliton shape solution of U,, for m=1, a=15 =1, 6 =-0.01.

Fig. 6. Soliton shape solution of u,, for 1 =10.07, k = —%\/412 +3.

Fig. 7. Soliton shape solution of u,, for A =-0.11, B=0.13, k=-10.

Family-II Put (95) in (74), (see Fig. 7.)
a——l a, =0, a, =0, by =0 b——i k——l 422 +3 93)
0=75 @=0a=06,=0 by=-7, k=-3 . =Ln1+% 1 6_A2 1 ©6)
Put (93) in (74), = B | GedB-d | B2 ((EXP([B/:])—A))Z
B
3 1
Uy = Ln (——2 - -) 94)
2tan’(§) 2 Conclusion

Case-6

6A 642 \/m In this study, two mathematical methods have been successfully
ay=1,a,=0,a, =0, by = 5 by = TR A= 5 (95) applied to discover new solitary wave solutions for nonlinear wave
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equation of 3rd-Order KFGE and the Tzitzeica equation. We obtained
various novel traveling wave solutions including hyperbolic function
solutions, trigonometric function solutions and exponential solutions.
The results are clear to us that our proposed schemes are reliable,
effective and reasonable good for nonlinear evolution equations.
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