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In this paper, a new scheme based on the exponential fitting technique is presented for
solving the nonlinear time-fractional Swift-Hohenberg equation, where the first and second-order
derivatives are replaced by Caputo fractional derivative. The exponential fitting technique depends
on a parameter that led to getting high-order accuracy. The convergence and unconditional stability
will be discussed using the Fourier method and the analysis is built on uniform and nonuniform
time steps, to solve initial singularity by using the graded meshes. Applicability and theoretical
results will be demonstrated and enhanced with numerical examples.

© 2020 The Authors. Published by Elsevier B.V. on behalf of Faculty of Engineering, Alexandria
University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/
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1. Introduction

The fractional nonlinear cubic-quintic standard and modified
Swift-Hohenberg (S-H) equation are given by:

BD'u+ D*u+ Diu+ euy + (1 — o)u+flx, t,u(x, 1)) =0,
<a<l,1<y<L2, (1.1)

according to the initial conditions:

u(x,0) = o(x),u,(x,0) = p(x),0 < x < L, (1.2)
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and end conditions:

u(0,7) = u(L,t) = Du(0,7) = D*u(L,1) =0, 0<t<T,

(1.3)

where ¢(x) is a smooth continuous function and ¢, o are real
positive constants. The nonlinear term f{x,7,u) satisfies the
Lipschitz condition|f(x, t,u) — flx, t,w)| < Lu — w|,
0 < L;< 1, where L, is called a Lipschitz constant [I]. If
oa=1, and p =0, Eq. (1.1) turns into the standard S-H equa-
tion of cubic type with f(x,#,u) = u* and cubic-quintic type
with flx,t,u) = c’ —bu® (see [2,3]). If «=1,7=2 and
p =1, Eq. (1.1) turns into the modified S-H equation of cubic
type with f(x,r,u) =u’ and cubic-quintic type with
f(x, t,u) = cu’ — b’ (see [4,5]). If the nonlinear source term
f(x,t,u) =u*, and B =0, Eq. (1.1) becomes a time-fractional
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standard cubic S-H equation, while =1 turns it into the

time-fractional modified cubic type [6]. But if the nonlinear

source term f(x,t,u) = cu’ — bu’, =0 turns Eq. (1.1) into

the time-fractional standard cubic-quintic S-H equation, while

p =1 turns it into the time-fractional modified cubic-quintic

type. The operator D’,’ represents the Caputo fractional deriva-

tive such that [7.8]:

1 ' Oy e

D’u(x,t) = NCET)) /0 (t=0"""Dlu(x,)d{,n -1 <9 <n

(1.4)

In recent years, fractional partial differential equations
have been used in modeling several systems and processes
in engineering and science [9], such as fractal porous media
[10], predator—prey dynamical system [11], fractional differ-
ential equations [12], shallow water equations [13], heat con-
duction problem [14], laser drilling process [15], Brownian
motion [16], vibrations [17], reaction—diffusion [18,19], opti-
cal solitons [20], and the reference therein. In 1977, Swift
and Hohenberg derived an order parameter equation for
the temperature and fluid velocity dynamics of the convec-
tion. The mathematical model for the Rayleigh-Benard con-
vection involves the Navier—Stokes equations coupled with
the transport equation for temperature [21]. Nowadays,
there is a great interest in the S-H model as it describes
many phenomena such as localized stationary structures in
modern physics and microstructures in solidification [6,22].
Almost all the work concerning the S-H equation is depend-
ing on numerical methods, little work has been done analyt-
ically to find exact solutions of the stationary case of (1.1) in
the explicit form [5]. In [6,23-26], the homotopy analysis,
fractional variational iteration, and differential transform
methods are proposed for solving the nonlinear time-
fractional S-H equation.

In this paper, we will deal with the time-fractional standard
or modified Swift-Hohenberg equation nonlinear source term.
We target to construct a new numerical method depending on
the exponentially fitted (EF) method. This technique based on
detecting the best choice of the u-parameter needed to cut
down the error and raise the order of accuracy.

The rest of the article is structured as. In Section 2, the
temporal-discretization of the time-fractional derivative opera-
tor is presented. In Section 3, the steps needed for constructing
EF methods are presented. Section 4 will focus on deducing
the numerical scheme, while the local truncation error and the
choice of the free-parameter are discussed in Section 5. The sta-
bility and convergence analysis of our method are introduced in
Section 6, respectively. In Section 7, the numerical solution of
the time-fractional standard or modified Swift-Hohenberg
equation (with the cubic or the cubic-quintic types) in different
cases are illustrated. In Section 8, we present a conclusion.

2. Temporal discretization

We introduce a compact approximated form of the derivatives
D’uandD7u. We consider the Riemann-Liouville (R-L) opera-
tor which is given by:

t

0= gy g | -0 s 0t

0
n—1<9<n, (2.1)

RL nyd -
D} u(x,

where I'(.) denotes Gamma function.

Let  #"*(R) = {u/ueL' (R); [*_ (1 + [x])"""|a]di < o0},
where 7= [~ em (x)dx is the Fourier transform of u(x),
see [27].

Also, the shifted Griinwald-Letnikov (SGL) operator is:

[4
o M 1 o
D} u(x,t) = 111113 = kE:O guu(x,t — (k —s)71),

such that t = % is the temporal discretization step. If s = 0, we
get the Griinwald-Letnikov formula [28]. So, the R-L frac-
tional derivative is equivalent to the shifted Griinwald-
Letnikov (SGL) fractional derivative as follows [28-31] and
[41]:

D u( ngu X, ey) + O(7) (2.2)

where ¢; = jt,j=0,1,---,n and the coefficientsg] can be com-

puted by:

9+ 1\
gg: l7gz: (17T>gk ]7k: 132737"'

Lemma 2.1.. The coefficients of the SGL formula (2.2) for
0 < 9 <1 satisfy the following, see [30]:

g =1g=-0g<gi<g < <0,

iﬁé ng20n>1 (2.3)
k=0

For 1 < ¢ < 2 satisfy the following, see [31]:

g =lg=-v1>2g>g>g> >0

00 n

Sgl=0 g <0n>1. (2.4)
k=0 k=1

Now, the Caputo and R-L fractional derivatives are related
by the following, see [29]:

RLr r—1 ak lk—79
= "Dju
4) = (1) Z 8t’< Tk—d+1)

k=

Dju(x,

Hence, we can easily get the time-fractional derivative
approximation for candy in the following two forms:

J+l o o
’ g u(x,0)

Drulr.t) =5 Sulw ) - Y Low). @s)
! ! kz:; T a 6T (1 —a)

Diu(e.n) ng (5rty ) — u(x,0) 4 Tu(x,0) o
Tu(x, ) =y ZEu(x,tiger) — —- 7).
! ! k=0 v e r(l _V) F(2—y)

(2.6)

Combining both the time-fractional derivative operators in
Egs. (2.5) and (2.6) into one operator, we have

D} = D} + pDj, (2.7)

which can be easily converted to the following form
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J+1

D‘7 Z Wy x 1 k+| —Yyo(x) — %qb(x) + 0(1),

(2.8)
g’\+ﬁ‘lpv 11+ﬂr1, andlp—ﬁr

For the seek of higher- order accuracy, we introduce the fol-
lowing lemma:

where w

Lemma 2.2.. Let u € #'7(R) and u belongs to L' (R), then we
get the following:

For 0 <« <1, see [30]:

Dru(x, 1) =t g Dt (X, i) — % +0(:%), (29)
where

)L0f1+2 —%(oc+3)o¢,

Jy = l (o8 43— 2),

2 o o+ 1 ol ,
)‘k = [(1 +§> (1 —T) _E]g/c,l» k > 3.

And for 1 <y <2, see [19]:

il 7u(x,0) ¢/ u(x,0)

t) = /f’u(x,t-_k 1) — — 0(1:2)
! ;k T T(1=y) T2y
(2.10)
where
7 1 2
h=54==5@=1-7)
)Jzzﬁ(—4+y+y2),

, +1\  2-9],
)L}(:B<1_VT)+ 2"/}&717/(23.

Then the time-fractional derivative operators in Egs. (2.9)
and (2.10) can be written as:

Jj+1

/) = Z @fu(x, l/7k+l) —Yy0(x) — ‘//',@(x) + 0(72):

(2.11)

A

' 2 I o7
where @}( = %*‘rﬂf,l//ﬁ :ﬁ+ﬁﬁ and l//.’. = ﬁ@

3. Exponentially fitted method

The technique presented in [32-39] will be adjusted for solving
the time-fractional nonlinear standard and modified Swift-
Hohenberg Eqs. (1.1)—(1.3). There are other parametric meth-
ods for solving differential equations, but the most defect of
these methods is the difficulty of determining the value of
the parameter, for more details, we may refer to
[7,8,34,37,40-42], and the references therein.

Our purpose is to adjust the approach [32], to implement
new exponentially-fitted methods for approximating (1.1-
1.3). Also, obtain the best choice of the pu -parameter to
develop the accurate EF method. Furthermore, to ensure a
high-order accuracy for Eq. (1.1), an exponentially fitted

scheme has been constructed for both the second and the
fourth-order spatial derivatives.

3.1. Constructing an EF scheme for the fourth-order derivative

We start with the following fourth-order differential equation
(40DE):

W = flx,u) (3.1)

Following the chart discussed in [20] and [24].

Let wu; be the approximate value of wu(x;), with

=ihi=0,1,---,mh= then we have the following
scheme:

m’

Uiy + ajui—y + dolt; + Uiy + Ui

= (byMiy + by M 4+ boM; + by My, + M),  (3.2)
along with the begin and end formulas as follows
(a1 4+ 2)uo + (ap — Duy + ajun + u3

= diIP Wy + h*(dyMy + dsM| + dyM, + dsM3), (3.3)

U3 + @ty + (ag — D)ty + (@) + 2)uy,
=d*W,
s (d5

Where Mi = u<4) (x,'), Wi = H(z) (x,)
Apply the following steps:

m—3 + daM > + ds M, + o M,,,), (3.4)

Step i: with a := [ag,ay, by, b1, b;] we define the operator
[ h,a] as
/ [h, alu(x) = u(x — 2h) + ayu(x — h) + apu(x) + aju(x + h)
+ u(x + 2h) — h* (bou™ (x — 2h) + byu® (x — h)
+ bou (x) + byu® (x + h) + byu' (x + 2h)).
Step ii: we determine the maximum value of N such that the
algebraic system
L (a)=0m=0,1,2,..
L (a) = "’/[haxko (3.5)

can be solved. Due to symmetry, we get that L5, = 0 for any
integer value ofk. Hence, we have

L(*)(a) =2 +2a1 +(10,

— 1}, with

Li(a) = 8+ 2ay,
Lj(a) =32 + 2L1| — 48172 - 48b] - 24-[)07

Li(a) = 128 + 2a; — 2880b, — 720b;,

Li(a) = 512 + 2a, — 53760b, — 3360,

Li,(a) = 2048 + 2a; — 6451205, — 100805,

such that N = 10 and the solution of the corresponding system
is (ag,ar, by, by, by) = (6, -4, 55,35, 75). But if we assumed

by =0 then we have N =38 and (ay,ai,by,b;) = (6,—4,%,1)

1376
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and we will need both of them to get a higher-order as possible
when dealing with Eq. (1.1).
Step iii: to construct EF methods, let

Ey(e2,0) = exp (F) [ fexp (), (3.6)

where z := uh and we build

G'(Z,a) = (£i(z ) +2ES(_Z7 @) and
G (Z,a) = Ey(z.a) ;ES(_Z’ a)’ where Z = 2%,
z

Also, the derivatives G (Z, a) w.r. t. Z easily computed.
Due to the symmetry, G~ (Z,a)= 0 and G*(Z,a) = 2_,(42)+
2ain_(Z) + ay — Z*(2bon_y(4Z) + bo + 2bin_,(Z)), where n_,
and 7, are defined as:

1
inlZ i1z <0
cos (\Zﬁ),ifz <0, s 1zp’ iz <0,

n.(2) = 1 n(Z) =19 1,ifz=0,
cosh (Z?)7 ifZ >0, 1
sinh4 | ifZ > 0.
z2
(3.7)
These functions #_; and 5, have the following properties:
1
’1}1(2) = EMVHZ(Z) - (2}’! - 1)’1}171(2)],
n=1,2,3--- (3.8)
/ 1
nn(Z):innJrl(Z)?n:17273a“' (39)

Step iv: We consider the following reference set of N
functions:

{1,)(7 x27 e 7XK} U {eXp (:I:,ux), xexp(:l:;tx),xzexp(:l:/,tx), B
x”exp (£ux)}, where K+ 2P =N —3.
Step v: solve the algebraic system

{L;;(a):mogkgK, (3.10)

G*(Z,a)=0,0<p <P,

Step vi: write down the error expressions.

The following Lemma lists the above results.
Lemma 3.1. The EF methods (3.1-3.4 and 3.10) for the case
N = 8 give the following methods:

Case (i)(K, P) = (7,-1):

( by, by) = [ 6,—4 2 1) and —-_h808
do,dy,00,01) = ’ 7376 e = 720 xur
Case (ii) (K, P) = (5,0)

(a(),EZ]) = (67 74)7

2 z 1322 1973 23z* 757123
by =z4+—— + - +

3 360 30240 1814400 59875200 653837184000

+ (9(1112),
b — 1 z n 1322 1923 n 23z%

"7 6 720 ' 60480 3628800 ' 119750400
757123
e e (O 1 12
13»076743’68000+ (1 )’

and
A
T s, 206,
lte; 70 (Dxu, u vau,).
Case (iil) (K, P) = (3,1)
(ll(),a]) = (67 74)a
b _ngii 22 _ 1923 n 22324 B 348091z°
737180 7560 64800 ' 29937600 217945728000
+ (9(1112),
b 1 z n 2322 3123 84124 3098392°
"7 6 360 ' 30240 453600 ' 119750400 435891456000
+0(h"?),
And
—h 44 2 16 8
lte; = —— (u Dlu; — 2p"Dlu; + Dxu;)

720
Case (iv) (K, P) = (1,2)
z3 1324 5923

=6—— - o(h”
o 360 10080 604800 + ( )’
z3 1324 5923 1
— 44+ _ 0
@ + 720 20160 1209600 +¢ (h )’
b 2 . z n z? 222123 2069z* 4587432°
737720 " 1120 1814400 ' 39916800 24216192000
+ (9(1112),
b — 1 z n 1122 89923 629z* 920611z°
"7 67240 T 6720 3628800 ' 15966720 145297152000
+ (Q(hlz),
And
A
lte; = —— (Dgui —312D%u; + 3u* Dty — ,usDzu,»)
720 Ry X Ry X
Case (v) (K, P) = (-1,3)
S A 5
6t + O(h”
a 50189 16200 T (1)
2 1014 1812° 1
— 44 o(h
@ + 180 30240 Jr453600 + ( )’
2z z? 13273 z* 1864201z2°
by =— 4+ ——+— — _ o h12
" =3"50" 378 4200 " 5544 20432412000 T ()
b — 1 oz 43272 1323 n 49z* 9210037z
"7 6 180 ' 15120 21600 ' 380160 326918592000
+0(h"?),
and

8
lte; = % (,ugu,- — 4 D2u; + 64 Dru; — 442 D u; + Diu,-)
Following the same procedure of Lemma 3.1, the coefficients
(a0, a1, bo, by) for N = 10 can be obtained. In the same way, the
coefficients of the begin and end formulas can be obtained for the
same reference set. Consider the case M = 10 to be more general,
where we can get six cases P = —1 to 4 but it seems that all these
cases will not have any significant effect on the order of conver-
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gence of the scheme. So, we will use only the case P = —1 for
begin and end formulas for ease of calculations where the coef-
ficients and its local truncation error will be as follows:
7 49 7 1
(dl7d27d3’d4’ dS) - (_1’%7ﬁ74_57%)and
—24118

liei = 50280

3.2. Constructing an EF scheme for the second-order derivative

Consider the 20DE
u? = f(x, u), (3.11)

By the same manner as in Section 3.1, see [20] and [25], then
the central finite difference scheme will take the form:

(3.12)

where W; = u?(x;). Three cases for the coefficients of (3.12)
are given in lemma 3.2.

2
ClUi—1 + col; + ClUir1 = h VVI-,

Lemma 3.2.. The EF technique (3.11-3.12 and 3.10) for the case
N = 4 gives:

Case ()(K, P) = (3,—1) : (co, 1) = (=2, 1)andlte; = 1 D*u,.
Case (i) (K, P) = (1,0) : (co,c1) = (ﬁﬁ) And
4

4 22
= Dlu; — v-Diu;.

22 1
n(2) *no(2))”

llC,‘ = h

- (Diu; — v*Du;) where p® ()

Case (iil) (K, P) = (—1,1) : (¢co,c1) = (Z_
And

4

h
ll@,‘—lz(

p<1>(V2> = V U;

To get the order of accuracy as high as possible, we should
use the case P =0 or P =1 as an approximation for the sec-
ond derivative as we can annihilate the leading term of their
local truncation error by using the most suited value of its
free-parameter v. For the fourth-order derivative, we can
increase the order of accuracy by increasing the value of N
but because of second-order existence i.e. ¢#0, there are
bounds that N will lose its significance out of them. If e =0
this means that only the fourth-order derivative exists, so we
can raise the accuracy by increasing the value of N.

viu; — 2v2D%u; + Diu;), where
2sz2 u; + D4u,

4. Numerical approximation
4.1. Uniform time-stepping scheme

Now, we consider the EF relations (3.2-3.4 and 3.12) for solv-
ing Eqgs. (1.1)~(1.3) at the grid point(x;, ). Let . and u(x;, )
the approximate and the exact solutions respectively. Then our
scheme is given by:

(t_y + ayd_, + aou} + ayud, +1d,,)
= h*(boM_y + by M_| + boM, + by M., + by M..,,) (4.1)

Using the Eq. (4.1) at j and j + 1 time levels, we have:

(o + antd]_, + aod, + avid,,, + 1)
+ (U + ")+ a4+ andl) + )
= 114 [bz (M§_2 +

M) O+ M) O

+ b1 (Ml + M) + by (M, + ML) (4.2)
Apply the weighted 0-scheme to Eq. (1.1), we have:
Dz (x,7 ) —(1 - 0)(1\/[’1: + GWJI: + (1 - (7)uij +ﬂ)
—0((M[" + W + (1 — o)™ + A1), (43)
where
fl f(x,, J» z)
Now, combining the two Egs. (4.2) and (4.3) with Eq. (2.8)
and 0 = 1/2, we get the following scheme for solving Egs.
(1.1)~(1.3)

(ty + ard_y + ag, + ayd,| + ;)

J+1 j+1 j+1 j+1 j+1
+( > +ayu; ) + aou; +a1ul.+1+ul+2)
_ 4
=/ {bz (hz (clul 5+ cou, )+ clu, 1)

€ 1
h2 (C]u, 3 +c0u, 2 +clul+1> + (1 - 6)( Ui +u£+;)

J+l

i, + ﬂt; +2 Z v ’Zui /2(+1 = 20, — 2%@;‘2)

k=0
€
+ b (—2 (Cl

€ : j+1
oz (e et e ) + (1= o) (u )
{

+Coul +clu)

+

Jt+1
HE 0T 42 Z wiul i = 20,0, 2%(9”)

( clu, 1—i—c()u +‘1u,+1>

€ j+1
—0—? (cluﬂ + cou™ + clugl> +(1—0)(u) + u’“)

j+1 )
HE T 23wl = 2y, - 2lp.,<p,->

k=0

+ b, (hz (clu + cou,+l + clul+2>

€ ; ; +1 ; ;
j+1 j+1 J j J+1
* ” (C]ui + couiyy o, ) +(1-0) (W +ull)
Jt+1

+ ﬂﬂ + i} + 22 Wﬁ £+?+I 20ypi0 — 2‘//;~(7)i+1>
€
+b2 h ((,111,+1 +cgu,+2+c1u[+z)

€ +1
jt1 j+1 / j+1
+t- <clu:+1 + oWy, + C1u1+3) +(1 - G)( Wio + u:+7)

=

Jt+1

+ Pl':+2 + fiié + 2 Z Myﬂui+]2€+l 2¢'§¢[+2 - le;r(pi+2>:| )
k=0

whereg; = ¢(xi), ¢; = ¢(x;). (4.4)
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As we mentioned before, for the ease of calculation we will
use the case N = 8 to approximate the fourth-order derivative
with the existence of the second derivative i.e. 0. While for
€ = 0 we will use the N = 10 case as an approximation for the
fourth-order derivative.

Let U = (u’,) and ' = (u(x;,1;)) and the local truncation
errors are T = (7)) where the nonlinear source term
f=f (xl», t,u (x,7 )) Then our scheme can be written in the

following matrix form:

(A — e’ BC+ h*(1 — 0)B+2w{h*B)u™" + ' Bf"!
=—(A—e’BC+h'(1 - o)B)w — h*Bf
jtl
B 2h4BZ qujilt*l - 2h4Bl//0(P + T/7] = 07 1727 IRy
k=2
(4.5)

where A4 is a pentadiagonal matrix Penta(ay,a;,1) of order
m — 1 with first row elements (ap — 1,4a;,1) and last row ele-
ments are the reverse of the first row. While B is also a penta-
diagonal matrixPenta(by, b, b;) with first row elements
(ds,ds, ds) and last row elements are the reverse of the first
row of order m — 1 and C is a tridiagonal matrix Tri(c,c;) of
order m — 1, such that the tridiagonal and pentadiagonal
matrices are defined by

a,i=j
a,i=j
Tri(a,b) = < b,|i —j| =l and Penta(a,b,c) = =2
oli—jl=

0, otherwise.
0, otherwise.

4.2. Nonuniform time-stepping scheme

In case of a singular behavior occurs at the initial time
t =0 in the solution of the given problem, then nonuni-
form mesh would represent a suitable technique to deal
with such a problem. Many papers such as [43,44], and
[45] discussed fractional subdiffusion with nonsmooth data
and developed a second-order accurate scheme based on a
nonuniform time mesh.

If the solution of Eq. (1.1) shows a singular behavior at the
initial time ¢ = 0, then we will need to adapt the scheme (4.4) to
compensate for the initial singularity. Let 0 =1¢ <, < t, <
A-A-A-<t,=T be a nonuniform time-stepping, with
=1t —1t_1,j=1,2,...,n, and define the graded mesh such
that ¢, = T(j/n)’, r > 0, that turns into a uniform mesh at
r = 1. The graded mesh is described by #,_; < #;,2 <j < n, con-
centrating more grid points near the initial time to deal with
the lack of smoothness. Now, using L1-scheme, the R—L oper-
ator (with the aid of the relation between Caputo and R-L
fractional derivatives) can be discretized for o € (0,1) as
follows:

. ok 0

Div; = wf»’f(“ﬁ - “i) + oy, (4.6)
=0

1- 1—o

where Wi = 7%1;(1*%) {(z, =) = (= trg) }and

0
0 _ u;
@r = Ty

And for y € (1,2) as in [29] as follows:

J—1 k+2 2uk+1 + u
k=0 Tk+1 3 - 7)
f'"q;. t-_"'@-
j i j i
+ )
r2-9y)

(6= 6)"7 = (5= 1)

which can be written as:

~.
|

D, =Y @ (Ui = 20 ) + of + @, (4.7)
k=0
_ 1 2—y 2—y 0 _ uO
where®,;, = o YE= [(t/- — 1) = (tj = trs) ],wi = 7T
1-y -
—0 __ L 9
and @ = 7=

Then, from Egs. (4.3), (4.6) and (4.7) into Eq. (4.2), we get
that:

J il —€ : : i
W+ = I (C’l”i;] + ot + Cl“iurl)
€ j+1
_ﬁ< u] +L0u] +(,1u,+1)
~ (1= 0)(u +u™) —fi =1

J-1
— ZZ W)k (uf*' - ulk) —20? 28
k=0

j-1
_ k+2 k+1 k 0, ~0
X (E wj,k(u; — 2u; +u,)+wi+wi>,

k=0

where, = p(x), 7 = p(x,)- (48)

Using Eq. (4.8) in Eq. (4.1), we can get a new relation valid
for the singular near ¢t = 0 and the smooth as follows:
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(1/{1 +a11/t1 +a0u’+a1uf+l—|—u,+2)

+ (W) + ) + apd™ + andl) + )
= —h4[b2( ((311/1, 3 +Coul ) +clul 1)

1 . .
+= 7 (clu, [ TAL clu, 1) +(1—0)(u_,+ uig)
. . j71
o+ A =2 o =)

k=0
—28 <Z

A+2 2uj(+21 + U 2) + wl 2 + (D >>
k=

0
—2w;_,

€ ; : ;
+ b] (ﬁ (C]LILZ + Coll{»,l + C]Zlé)
€ +1
+ﬁ(61ui+§+cw’“+c]u )+(1—J)( U+ )

+ /i 1+f”‘—2Zw/k i

(s
(i

(cluﬂ + couf+1 + cluﬁi) +(l—o0) (uf + uf*l)
+f’+l zsz k1 i)_zw?
-
28 <Z (W =20 ) + ol + @?))

( clu + ¢ ,+1+c1ul+2>

k 0
”H) — 20,

—1

T

ZM

/k A+2 2M5(+11+M, 1)+wz 1+(D >>

w|m

clu, |+ cotd, +c1u,+1>

¢ ,
(e +lh + endls) + (1= )+ )
o+ - 22“’//» i — ) = 200,
Jj—1
_ D) _
(ot - v st v )
=0
E .
+ by (F (cluﬁ+1 + cotlyy + cluM)
€ el ;
+ 72 (Cl“m + CO”:S + Cl“i+3) +(1-o0) (”§’+2 + “/xi;)
+f+2 zzw/ k f:rzl - z>+2) 2w1+2

Jj-1
_2ﬁ< j (”?rzz 2”5(:21 + “ﬁz) + w?+2 + U_)?+2> >:|

whereo; = ¢(x;), 9; = @(x;)

5. The evaluation of the u -parameter

We will deduce the local truncation error (LTE) of the sug-
gested methods and introduce how to select the best-suited val-
ues for the free-parameters u and hence the appropriate
scheme to be used.

Theorem 5.1.. The LTE ﬂof the difference relation (4.5) at
N =8 is given by:
T, = (4 + 2ao + 4a,) (2u, + 1D )

+ (44 ar) (20’ D*u, + W*tD> D))

+ L (16 + a; — 12by — 24by) (24* D] + h*tD!D i)

12
1 . _
+ 360 (64 + @ — 3600, ) (24° DSu + h°tDS D)
+ 20; 0 (256 + a; — 1680by) (24° Du] + h*tD8 D )

+ C(eh6 + A"+ 12).
(5.1)
Also, methods of higher orders can be obtained as:

D+ O(eh® + 1" + 1Pt + ), (K, P) =

360 (7,-1),u=0,
O (2) + O(eh + 1 + Ko+ 72), (K, P) = (5,0),

oW (2) + O (el + 1" + h'e + 22), (K, P) = (3, 1),
322 (12) + O(eh® + 1" + Ko+ 72), (K, P) = (1,2),
PP G2) + O(eh® + 1" + i+ 7), (K, P) = (=1,3),

pO () = (DSud, — 2 D), pV (12) = (u* Diat; — 242 DSy + Diuy),

p? (1) = (DSu; — 312 DSu; + 3 Diu; — p° Dluy),

2 ) 3
PP 12) = (,uxu,» — 4u8D2u; + 6t Diu; — 42 DSu; + Dxu,-).
(5.2)

where the local truncation error Tjof the difference relation
(4.5) at N = 10 can be computed by the same procedure.

Proof. Following the same proceeding in [39].

Now, we aim to choose high order EF method for the prob-
lem (1.1-1.3) and the value of the pu-parameter.. This can be
done by solving the equation of each EF meth-
odp® (u?),p =0,1,2,3 as defined above. Minimizing the val-
ues ofp® (12), lead to decreasing the LTE. If u is constant,
then the solution is in the fitting space, otherwise, we select
the value of P for which g is minimal. The coefficients of the
equation p® (u?) can be computed numerically. We may refer
to the algorithm presented in [26,27].
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6. Stability and convergence analysis

Here, the stability and convergence analysis of (4.5) will be

analyzed using the Fourier method. Let U/, j=0,1,---,n, be
an approximate solution to Eq. (4.5), we get:
(4 — e’ BC+ h*(1 — 0)B+2w{h*B) U™ + h*BF*!
=—(4—-e’BC+h*(1 —0)B)U — h*BF —2ii*B
x ST WU 2By, U, = 0,1,2, (6.1)

Let i7, be the numerical solution andfj = f(xi,1;,]), then we

] i

have the round-off error at the point (x,-, tj) is:

d:”f—ﬁéandﬂf:fﬁ— ,:,l':O,1,-'~,I’}’l;j:O,1,~",I’l, (62)

such that
8{):gin:078?:O;iZO,17"'71’}’1;.].:0717"-7}’1. (63)

where

d(xi) = el (x;) =1,

m, and

Now, we define
X € [xyxi+h,i=0,1,---,

n—1
1/ (x)ll, = (Zhw ) and|jif (x)|, = <Zh|'1§}2>
i=1

Then, the round-off of Eq. (6.2) is

o=

) . i 2nk
= & = 4 T o = S k=0, 21,22 (64)

We also define

5: (x” ;) — wandy, = f(x,-,t-,u(xi,tj))—ﬂ;
=0,1,---,myj=0,1,---,n (6.5)

where

f=d =6 =0;i=01, - mj=01,.n (6.6)

Now, we define &(x;) = 5' 4
wherex € [x;,x; +h],i=0,1,---,m.

170, = ( ) 17l

(Zh‘n‘ >imd|r/||2 (ih[ﬂ > (6.7)

(x) =1, and P(x,) =T,

Ei — E/_ez’w\/—;lh7 ;Ii — ;»jei“"m”andﬂ — pjeiw\/jlh7 (68)

and using Eq. (5.2), we obtain

|T)| = ki (eh® +h'° + Bt + 1) k1 >0,0<i<m0<j<n
(6.9)

6.1. Stability

Using Eqgs. (4.4) and (6.1)—(6.3), we get:

(811:—2 +a18§—1 +a0£}l: +a181:+| + 3§+2)

+ (@t +ad +adl +an)

€ i j i
= 7/’!4 |:b2 <ﬁ (C]("Ji,3 +CO‘('J;;2 + C'd‘—l)

(et addtad]) £ (- o) (et ) +a,
+ ,*5+2ZwZa{-§“>
k=0

i (5 (e +ad) -5 (e ad] +ad )

k=0

+(1=0) (e +57) +u +uy +22w}347*‘>
. . i . . 1
+by (h% (refs e tendy) o (@ +ad +ad) )
Jjt+1 o
+(1=o)(d+&") +u+m" +2Zw}fdf“‘>
k=0

b € € J+1
+01 72 g +‘0‘5L+1+Cl‘51+2 +F o ,+1+‘1‘5,+2

J+l1

+(1—0)(e, + ,+1)+mﬂ+n¢ii+2wad+ﬁ“>

€ : € :
+ b, (ﬁ ((,'181,“ +Co£€+2 +618l+3> +F (Cls;ﬂ +608},i; +(,18’+3>

S IR R e WU )] (6.L1)

Now, substituting Eq. (6.4) into Eq. (6.1.1) we get the
following
(6—2\/—_10111 + ale—cr)\/—_]h +a+ ale—w\/—_]h +€—2w\/—_1/1) (éjJrl + C/j)
— _ i [b2<cle 3w\/_h+c e—2w\/_h+c e—wh)

( S0Vl eV T c1>
+ bo( oV Th g ¢y + cle‘”‘/_”)
+ b (Cl + eV 4+ ¢ ez‘“‘[j”’>
+b; (Clew\/jh + eV 4 C|330)\/jh)] (& + &)

_ h4 (bze—Zw\/TIh 4 blefu)\/jh 4 bO 4 blefw\/jh 4 b2672w\/7_1h>

Jtl

x [( 0)(&r + &) + (Ao +4) +2> wie k+1] (6.1.2)

k=0

After simplification, we obtain

O+ Y1 +207 +2p77])Gr = —(0+ )G — ¥

J+l1 J+1
x <(;Fi+1 HA) +207Y giG e + 28T Zg};‘fjkﬂ)

k=1 k=1

(6.1.3)
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such that,

0 = 2eh*byc; cos (3wh)
+2[1 + el (baco + biey) + h*bay(1 — 0)] cos (2wh)
+ 2[ay + el (bycy + bieg + boey) + h*by (1 — 0)] cos (wh)
+ [ao + €l (2by¢; + boco) + h*by(1 — 0)] cos (wh)
+ h*(2b, cos (2wh) + 2b; cos (wh) + by), andy
= h*(2b, cos (2wh) + 2b, cos (wh) + by).

Using the condition, |y}| < L,|¢/| into Eq. (6.1.3) gives the

following:

10+ w20 +2B7]|[& | <1018
+ W (Lol & | + Le|E))

1
+ 20y ig'ﬁ [y
L
+ 2B |y ;g’k &k |-
(6.1.4)
It is clear that2t™*|y| < |0+ 2¢[t*+pr’]] and

207 Bh| < [0+ 24~ + fr77]|, then using Lemma 2.1, we
have

‘éjﬂ‘ S Kl

|01+ Ly
T G < L

Repeating j + 1 times, in Eq. (6.1.5), we get the following
1| < K[&

where = % > 0, and free of 4 and 7. We outline these results

9 (6.1.5)

where K| =

in theorem 3.

Theorem 3. The numerical scheme of Eq. (1.1) defined by Eq.
(4.5) satisfies ||¢||, < K||€°||,-

6.2. Convergence

Follow the same procedure in Section 6.1, our numerical
scheme defined by Eq. (4.5) is convergent, and easily, we can
prove the following theorem.

Theorem 4. The EF method given by Eq. (4.5) is convergent
with@® (ehé + 0+ i+ ‘52) for the cases P=10,1,2,3.

7. Numerical results and discussion

In this section, we will prove the accuracy and the effectiveness
of the exponential fitting methods by testing them in solving
time-fractional nonlinear cubic-quintic standard and modified
Swift-Hohenberg equation at different cases. Since these types
of equations have no exact solutions yet, we will study them
and the effect of changing the significant parameters which
they depend on such as length, the time-fractional derivative
order, and the parameters ffando.

7.1. Test problem (1)

Consider the initial condition and nonlinear term as follows
¢(x) =0.1sin (%) S tu) =’

In this example, we will study both cases of the time-
fractional nonlinear cubic Swift-Hohenberg equation which
is the standard i.e. f =0 and the modified i.e. f =1 using
the different cases of exponential fitting technique. Also, we
will illustrate the effect of changing the parameter o, length,
the time-fractional derivative, and the type of the equation
whether it is standard or modified on the nature and behavior
of the solution graphically. In Fig. 1, we show the behavior of
the solution at « = 1, T'= 2 using the EF method P = 0 such
that Figs. 1.a—1.b represent the solution at ¢ = 0.3 with differ-
ent values of the length L = 3, 8. It is obvious that the solution
increases at L = 3 but decreases at L = 8. Figs. 1.c-1.d repre-
sent the solution at ¢ = 0.9 such that the solution increases
in both cases L = 3,8 but it increases for L = 3 faster than
L=38.

Fig. 2 shows the behavior of the solution at « = 0.8, 7 =2
using the EF method P =1 such that Figs. 2.a-2.b represent
the solution at ¢ = 0.3 with different values of the length
L =3,8. It is obvious that the solution increases at L =3
but decreases at L = 8. Figs. 2.c-2.d represent the solution at
6 =0.9 such that the solution increases in both cases
L = 3,8 but it increases for L = 3 faster than L = 8. We can
compare Figs. 1 and 2 to see the difference between the solu-
tion nature for integer and fractional derivative orders of stan-
dard cubic Swift-Hohenberg equation.

Now, we study the solution behavior for the modified
cubic type for integer and fractional order derivatives as
shown in Fig. 3 and Fig. 4, respectively. Fig. 3 shows the
solution at o« =1,y =2, and T =2 using the EF method
P =2 such that Figs. 3.a-3.b represent the solution at
¢ = 0.3 with different values of the length L = 3,8. The solu-
tion increases for L = 3 but for L = 8 increases and starts to
decrease at the end. Figs. 3.c-3.d represent the solution at
=09 such that the solution increases in both cases
L = 3,8 where the solution increases in both cases but it
increases for L = 3 faster than L = 8. Fig. 4 shows the behav-
ior of the solution at « = 0.8,y = 1.8, and 7' = 2 using the EF
method P = 3 such that Figs. 4.a-4.b represent the solution at
g =0.3 and Figs. 4.c-4.d represent the solution at ¢ = 0.9.
The solution behavior for Figs. 3 and 4 are the same but
the solution for integer-order derivative increases faster than
the fractional one.

7.2. Test problem (2)

Consider the problem (1.1-1.3) with the initial condition and
nonlinear term as follows

¢(x) =0.1sin (%) Sx, tu) = cu® — b

In this example, we will follow the same procedure of the
previous problem to study both cases of the time-fractional
nonlinear cubic-quintic Swift-Hohenberg equation which is
the standard ie. B = 0 and the modified i.e. f=1 with
c:%,b =2 using the different cases of exponential fitting
technique. Also, we will illustrate the effect of changing the
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The numerical solution behavior for the standard cubic Swift-Hohenberg equation at oo = 1 for problem 1.

Fig. 1

Fig. 2 The numerical solution behavior for the time-fractional standard cubic Swift-Hohenberg equation at o = 0.8 for problem 1.
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both cases but for L = 3 faster than L = 8.
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Fig. 3  The numerical solution behavior for the modified cubic Swift-Hohenberg equation at « = 1,7 = 2 for problem 1.
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Fig. 5 The numerical solution behavior for the standard cubic-quintic Swift

Hohenberg equation at o = 0.8 for problem

Fig. 6 The numerical solution behavior for the time-fractional standard cubic-quintic Swift
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Fig. 9 The numerical solution behavior for the standard cubic Swift-Hohenberg equation at « = 1 for problem 1.
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Fig. 10 The numerical solution behavior for the time-fractional standard cubic Swift-Hohenberg equation at « = 0.8 for problem 1.
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Fig. 11  The numerical solution behavior for the modified cubic Swift-Hohenberg equation at & = 1,7 = 2 for problem 1.
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Fig. 13 The numerical solution behavior for the standard cubic-quintic Swift-Hohenberg equation at « = 1 for problem 2.
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Fig. 14 The numerical solution behavior for the time-fractional standard cubic-quintic Swift-Hohenberg equation at o = 0.8 for
problem 2.
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Now, we study the solution behavior for the modified
cubic-quintic type for integer and fractional order derivatives
as shown in Fig. 7 and Fig. 8, respectively. Fig. 7 shows the
solution at o =1,y=2 and T =2 using the EF method
P =2 such that Figs. 7.a-7.b represent the solution at
6 =0.3 and Figs. 7.c-7.d represent the solution at ¢ =0.9
where the solution increases for L = 3 but increases and start
to decrease at the end for L = 8 ata = 1. Fig. § used the EF
method P =2 to show the behavior of the solution at
o=0.8,7=18 and 7 = 2such that Figs. 8.a-8.b represent
the solution at ¢ = 0.3 and Figs. 8.c-8.d represent the solution
at ¢ = 0.9. The solution behavior for both integer and frac-
tional order derivatives are the same except that the solution
increases faster for integer order.

For more illustration of the solution behavior of all the pre-
vious cases, we will introduce all the previous figures in 2-D
representation at different time levels 1 =0 (magenta),0.4
(black),0.8 (red),1.2 (blue), 1.8 (yellow),2 (green). Figs. 9-16
represents the 2-D representation of Figs. 1-8, respectively.

X t

Fig. 17

/

/

Error
“o - N W s oo ® N @ ©

X

7.3. Test problem (3)

Consider the following problem and the conditions given by
(1.3)

l—o

Dfu =+ D‘tu + 7'[414 + m

sin (nx) = 0, (x) =0, and
1

=3

The case (P=—1) is used for approximating the
second- derivative to prove the effectiveness and efficiency
of our technique. The absolute errors are shown in Table 1
with & :%,r:h4 as in [39], and [40]. Also, Fig. 17 shows
the graphs of the solutions, while Fig. 18 shows the graph
for the absolute error at i = The mean absolute error
MAE and the spatial order of convergence OC(h) at dif-
ferent values of the spatial step size & is presented in
Table 2.

X t

(a) The exact solution, and (b) The approximate solution, o = 0.5 for problem 3.

Fig. 18 The absolute error between exact and approximate solutions at 1 = {5 for problem 3.
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Table 1 Absolute errors for problem 3 by the method(P = —1) at & = 1'—2 .t =h'and.o = %

X/t 0.2 0.4 0.6 0.8 1

0.2 9.7147e-09 3.3248e-08 6.9690e-08 1.0404e-07 1.3742e-07
0.4 4.3813e-08 8.8638e-08 1.9926e-07 3.0290e-07 4.0328e-07
0.6 5.2826e-08 9.7880e-08 2.2338e-07 3.4081e-07 4.5449¢-07
0.8 3.3722e-08 7.6475e-08 1.6885e-07 2.5552e-07 3.3954e-07
1 9.7147e-09 3.3248e-08 6.9690e-08 1.0404e-07 1.3742e-07

Table 2 The mean absolute error and the spatial order of
convergence at different values of /.

h Method(P = —1)

MAE oC(h)
1/6 1.4957¢-05
1/12 1.3848¢-07 6.7550
1)24 1.2938¢-09 6.7419

8. Conclusion

In this paper, we have constructed a new numerical method for
solving the cubic-quintic standard and modified time-
fractional nonlinear Swift-Hohenberg equation. The proposed
method is based on the exponential fitting technique and the
shifted Griinwald-Letnikov fractional derivative with uniform
time- stepping. Also, for the lack of smoothness near the initial
time, the proposed scheme is adapted with L1-scheme along
with the graded mesh in time to deal with the given problem.
Our approach depends on a free-parameter which is used to
raise the order of accuracy of the suggested methods. Conver-
gence and unconditional stability of our schemes are proposed.
Test problems are presented to confirm the accuracy and effec-
tiveness of our schemes. Also, a graphical study of the nature
and behavior of the pre-mentioned problem in several cases is
illustrated.
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