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The current study employs the novel Hirota bilinear scheme to investigate the nonlinear model. Thus, we
acquire some two-wave and breather wave solutions to the governing equation. Breathers are pulsating
localized structures that have been used to mimic extreme waves in a variety of nonlinear dispersive
media with a narrow banded starting process. Several recent investigations, on the other hand, imply
that breathers can survive in more complex habitats, such as random seas, despite the attributed phys-
ical restrictions. The authenticity and genuineness of all the acquired solutions agreed with the original
equation. In order to shed more light on these novel solutions, we plot the 3-dimensional and contour
graphs to the reported solutions with some suitable values. The governing model is also stable because
of the idea of linear stability. The study’s findings may help explain the physics behind some of the chal-
lenges facing ocean engineers.
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1. Introduction

In the form of nonlinear evolution model, various complicated
nonlinear integrable system can be depicted. Such system could
be utilised to express multifarious physical nonlinear phenomena
[1-11]. The aspect of soliton solutions is one of the relevant and
captivating subjects for examining the propagation of soliton via
nonlinear optical fibres, water waves, rogue waves [14]. Increas-
ing attention has been paid to nonlinear model, which are crucial
in the fields of physics, mathematics, and engineering science Us-
ing several effective approaches, many particular solutions to the
nonlinear evolution model are found [12,13,15-37]. Lump solutions
are a type of rational solution that arises in many of the above-
mentioned nonlinear physical characteristics. Another significant
and intriguing aspect of many physical disciplines is the interplay
between lump solutions with other soliton solutions. Collisions in-
volving interactions between a lump and a soliton might be elastic
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or completely non-elastic [38]. There are several studies in this di-
rection [39-49].

However, in this study the approach by Hirota [50] is used in
constructing some new two-wave and breather wave solutions to
the model [51].

The model is provided by Yang et al. [51]

Pre + Grxxe + 6GxPe + 3PPur + 3P Xe + T Pyr + Shxe =0, (1)
and xx = ¢ and o, § indicate not nonzero constants.

The model has been derived for small-amplitude surface waves
in a channel or strait with slowly changing depth and breadth and
non-vanishing vorticity [52].

Eq. (1) may be equivalently written as
Xxer + Yoot + 6 X0 Xt + 3 X Xoxt + 3 Xooox Xxe + O Xoye + 8 Xt =0.

(2)

Using the Cole-Hopf transformations [50]

¢ =2(Inf)xand x = 2(Inf)x, 3)
on Egs. (1) and (2), yields [51,53,54]:
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2(fuf — ftz + fooe S = 3faxe fx + 3 fxefx — foxfe + 0 (fyef — fy fe)

+ 8(fuf = fxfo)) =0. (4)
In Hirota bilinear operator, Eq. (4) is given by Yang et al. [51]
2(D} + D3D; + o DyD; + 8DyDy) f - f = 0. (5)

2. Two-wave solutions

To search for the two-wave solutions, the form below for
Eq. (1) is written as:

fx,y,t) = a1e™ + ae™™ + as sin(1z) + a4 sinh(73), (6)

where 7y = 01X+ 02y +03t, 72 =04X+05y +06t, N3=07X+
08y + 09t, and ay, ay, a3, a4, 01, 02, 03, 04, 05, 06, 07, 08, Q9 are
constants to be resolved later.

Inserting Eq. (6) into Eq. (4), provides a polynomial in exponen-
tial and trigonometric functions. A system of equations is gener-
ated by considering the coefficients of the exponential and trigono-
metric functions of the same power and equating each collection
to zero. To determine the values of the parameters, the gathered
system of equations is solved. Using Eqs. (6) and (3), yields the
novel two-wave solutions to the governing equation.

Set-1: When

a1 =0a;,=0,0a3=0, a4 = a4, 01 = —07, 02

—403 — 807 + 03

=TT 03 = @3, Q4 = Q4

0s = 0s. 06 = Q6. 07 = 07. 08 = 0s. Q9 = —403 — 003 — 807.
we have

fi(x, y,t) = a9
— agsinh(—03x — sy + (403 + 803 + o 07)t),  (7)

(~403-d07+03)
%Hy—ggr

(403 -807+03) .
o V70! _q,sinh(—03x — 0gy

¢)1 =2 <Q% <a2eQ7x+

+ (403 + 805 + 0@7)0)

(403 -807+03)
—

x (azeQ”‘Jr y=est _ q, sinh(—03x — 0gy

+ (403 + 805 + ow)t))

(~403-b07+03)
. (azeww%”yfgaf + a4 cosh(—03X — 0gy
+ (403 + 608 + on)t))2>/
(~403-507+03) .
(azeé’?H%”Y*Qﬁ — ag sinh(-03x — sy

+ (403 +80s +GQ7)t))2, (8)

X+(—4g%—8g7+g3) ont 3
207 | apet7 o Y73'ta4 cosh(—03x—0gy+(403+505+007)t)

X1 = (403 s07103)

apelrt 1o 03 _g, sinh(—0sx—0sy-+ (403+805+5 07)t)

(9)
Set-2: When
G =010y =0y, 3 =0, a4 = a4, 01 = —07.
403 + 807 -0
7 7 3
2= 03 = 03, 04 = Qa4,

05 = 05, 06 = 06, 07 =07, Q8 =08, Q9 = —493 — 008 — 6807,
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we have

(403+507-03) (403+807-03)
— —

f(xy.t) = a0t y-ost
—agsinh (- 07X — 0y — (—403 — 005 — 807)t),

y+ost X—
st + aye?” (10)

(403 +807-03)
¢2 =2 (Q% ((116_97"'*'—7 -

— a4 sinh ( — 07X — 08y — (—403 — 005 - 5@7)t))

(403 +807-03)
« (ale*é”"*%”

(493 +807-03)
o

ytost 4 q,e07%~ y-ost

(403+507-03)
o

ytost 4 a,eQ7*= y-ost

— aysinh (- 07x — gsy — (—403 — 005 — 5Q7)t))
_ Q7< - 016*97“7(4&)%?77@
+ agcosh (— 07x — 0sy — (—403 — 005 — 597)t))2)/

(4e§+507793)
-

- a4SiHh(—Q7x—ng—(—4@%—098_597”))2’ (1)

(403+807-03)
%}’*Qﬁ

y+eost 4 azeQW‘*

(4(1% +807-03)

Vst 4 g, @0~ —y-ost

(403+307-03)
— e ytest 4 a 07X~

(403 +807-03)
X2 =207 ( —a,e” 9t — T y—ost

+ agcosh (— 07x — 0sy — (403 — 008 — 897)t)>/ (12)

(403+507-03) (403+507-03)
— —

a; e—07X%+ y—ost
— aysinh (- 07x — 0sy — (—403 — 005 — 807)t).

yteost a,e97%~

Set-3: When

a —_——a‘z* a,=0a,a3=0,a4=aqa =

1 4a,’ 2 2, 03 , Qg4 4, 01 =07,
0 (8Q§ + 003 + 2807 + 209)

2= ,

o
Q3 = 03, 04 = Q4, Q@5 = @5, Q6 = Q6> Q7 = 07, 08 = 08, Q9 = Q9;

we have

(893 +00g+2807+209)
a2e07* —L——""y+0

f3(X,y, t) = 4a,

(803 +003+2607+209)
- G Y-

' +ay Sinh(Q7X + 08y + Qgt)

+ aye 97X+ Qof | (13)

20077 (8g%+og8+25g7+2g9)y+99[
aze o .
¢33 =2 (Qg( _% - + a4 sinh(07X + 0gy + 09t)

3
+ aze*Q7X+ (897“’@8;2&07+209)}/*Q9t
3
aZee7* (Bo3+005120074209) ot .
x [ — i, + a4 sinh(07x + 0gy + 09t)

(8@% +00g+2807+209)
— Ty

+ aye=97x+ Qot

(803 +00g+2807+209)
(Bo7+00512007+209)

_ Q7( _ a‘21627x7 - 9t ta, COSh(Q7x + st + Qgt)

(803 +00g+2807+209)
_ azeQ7x+7sa7QYQ9f)2)/

(803 +00g+2807+209)
_(Be7+00g 7+209
( aieQV‘ & y+ogt

o ~ + assinh(07X + 0gy + Oot)

(803 +00g+2807+20g)
n 026_97“%%@)27
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(Sg3+ag +2807+209)
il Sttt et 1
BU 7 9 y+QQl

azef7x~
x3 =207 — & — + a4 cosh(o7x + 0y + Qot)
)3 0 0 0 O
_ 0267@7)# (807 + a322617+219)y799t
(Sg3+ags+25g7+2g9)
a%@""%”%‘ .
- 1 + ay sinh(@7x + QY + Qot)
(SQ§+093+2597+299)

— Pl At Rt St o VIO VY 4

+ ape~orx+ ] V=00t (15)

Set-4: When

a1 =0, 4 =0, a3 =0a3, Gy = A4, 01 = —07,
0, — 801 = 30301+ 307 — 03
2= - ,
(3a2020% — a20% + 8a202 + A20307)
03 = 03, 04 = 04, 05 = — aa%& |
a%0307
Q6 =~ 5 —Q7=07,
0304
803 — 30307 + 807 + 03
Ge= =" : o , Q9 = 03
we have
f4 (Xy Y, t) = a2€g7x*wy—g3[

. (302 2 2_a2 4+Ba2 2-H12 a2
+ assin (4x — 303070304 +8a30% “9397)}/-1— 10307 ¢ (16)

00304 0304

33,2
T+ oay sinh (Q7X_ (807 394?+897+93)y+Q3t>,

803-30207+507-03)
—

2 ‘ t
¢s=2 ((12Q7€'Q7X_ y=03

(30303050305 +8a303+a50307) 430307 ¢
3 Y+ -
0”394 9394

803302046
<Q7X— (803 AR Q’+Q3)y+g3t>>

(803 -30307+507-03)
o V-

— a33sin (Q4X -

+ a403 sinh

X (azeW—
; (3a30503-a303+38a303+a30307) 30307

as sin ( 04x — t
+as <Q4 0d0s Y+ o

3_ 9.2
+ agsinh (o7x — (807 3Q4£:+5Q7+Q3)y+g3t>>

o3t

(803302074507 -03)
- (‘12@7697"— ATy st
(330303 -d}03+3a%03+a30307) a20307
a3 04 COS X — t
+ (304 (94 0@ y+ %0,

3_2,2
+ a407 cosh <Q7X — Boi30i071001103)y, Q3t>>2

(803-30307+007-03)
—

(azeQ7X_ y-ost
; (3030303 —-a304+38a303+a50307) 30307
as sin X — t
+ as 04 (7(1%@4 y+ Q%Qq
: 803-30207+807+
+ aysinh <Q7X— (803 Gier+de: %)y 4 ost))2,

(803-30307+007-03)
Xa=2 aZQ7eQ7xi%Hy7Q3t

(32020224 +5a202+a20307) v+ 30307 t)

+ 0304 COS (Q4X - o @0, 0204

(803-30307+807+03)
(o2

+ a407 cosh (Q7X — v+ Q3t)

(8937303Q7+507793)y793t

o

(30§Q§Q§*G§QZ+5G§Q§+05Q397)y n aieag7t
0a304 0304

(803—30307+807+03)

—L=—=——=y + o3t ).

azeQ7X*

+ assin <Q4X —

+ a4 sinh (Q7X —

3. The breather wave solution

Here, the breather wave solution to the model are constructed.

17 rxe (ocga?rd
(17) ¢ = 2{ (r%e (

469
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To establish for this solution, Eq. (1) is supposed as

fx,y,t) = e~ OHar+hot) 4 gy cos(rg (X + oy + dot))

+ ayen (X+aoy+b0f)’ (19)

where r1g, 11, ag, Ay, Az, by, cg, dy are constants to be resolved
later.

Inserting Eq. (19) into Eq. (4), provides a polynomial in trigono-
metric and exponential functions. Taking the coefficients of the
same-power exponential and trigonometric functions and equating
each sum to zero, generates an equations. The attained equations
are solved to evaluate the parameters values. Using the attained
values in Eq. (19), and Eq. (3), yields the novel interaction solu-
tions to the governing equation.

Set-1: When

_ (ocoairg — ajrg +3ajrgrs + 3airg — 12aprgr} + 4apr} + 43a,17)

dp = s
4o a,r?
To = To,
212 2 2
ard(oco — 12 +3r? +9)
by = L2 2 1 , Co=Cg, dg = —0Co+13—3r3 =6,
4?‘1 ap
a; = ap, 4y =dy,
ry =1y, we have
fix.y.0)
—r _ (ccoa%l‘g—u%r8+3a%rgr% +5n%r(2)2—12a2r6r%+402 r?+45u2r%) X a%r%(aco—zl‘l%JrBr% +8) [)
—e 400,72 4rfa,

+ a; cos (ro (X+coy + (—oco+ 13— 312 — 8)t)>

a% ré (ocp —ré +3r% +8)

" (Xf (ocoa% ré —a% rg +3(1% ré r% +5u¥ rg —12ay ré r% +4ay r‘]‘ +4day r% )
+ aze

2
doayr?

)

)

(20)

4r2ay

2 _g2/4 2122 212 2,2 4 2
ard+3a3r3r3 1803 iE ~12ay 21} +dayrf +48ay12)

2
400,17

u%r%(aco rlz) -3r§ \B)t
4rfay

t)>

a?rd (acg-13+3r3+8) ¢
4rZay

a,13 cos (ro(x + oy + (=0¢Co + 13 =312 — S)t))

212_q2/4 22,2 212 2,2 2
#r3-a?rd+3a3rgrd+5a3 12 120,313 +4ay rf +43ay 12 Jy+

40ayr3

2,2 2,32
agrg(0cg-rg+3r{+8)

4r}ay

. h( oy
+ ayrie

40013

X

(0ca?r2 —a2rd +3a212r2 180212 —12ay 1212 +4a, 4 145ay12)
,h(x, 0970~ % "0 29 0" 7% g 270" F7921 Z1y+
e

+ ay cos (ro(x +coy + (—0co + 12 — 312 — S)t))

M (ocgard-adrd+3a3 ik +8ad ik —12ay 3 rd+dayri+adayrd)  adrd(acy-rd+3r2+8)

r,(
+ aze

2221413021212 45a212 2,2 2

(0cga?r2—a218 43021212 480212 ~12ay 1212 +4ayr4 +45a512)

—rl(x— L0 T T 0 B el ] 27p" 49271 zlyJr
—nre

4oayr3 4rfay

f)>

ard(ocg-rg+3r ),
4r2ay

2
400,17

ay1o Sin (ro(x + oy + (—0Co + 12 —3r2 — 6)t))

x_ % 212 -a?rd 4303313 +503 12 ~ 120y 213 +4ayrd +40ay12 )y+

400,12

2,2 23,2
ard(ocg-1g+3r3+8)

4r?ay

n ( t) 2
+ axrie
Y (0cgatrg—atrd+3a3r2r2 +oa3rE—12ayrZrd +4ay 1) +48a; 1 )y+ ard(ocg-1g+3r3+8) ¢
1 40ayr3 4r?ay
e

+ a cos (ro(x +coy + (—oco + 13 —3r2 — S)t))
t))
21

(21)

212 _g2/4 2 212 2,2 4 2 212 2 2
 (ocqadrg-adrf+3a3 g} +5a3rg —12ayfrd +ayr +4dayr? )y+ a3rd(ocg-rg+3r} +8)

40ayr3 4rfay
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-10 -5 o 5 0

(f)

Fig. 1. Features of Eq. (8) at (a,d)y=-2,(be)y=0, (¢f)y=2.

470



TA. Sulaiman, A. Yusuf, E. Hincal et al. Journal of Ocean Engineering and Science 7 (2022) 467-474

-10 -5 ] 5 10

(f)

Fig. 2. Features of Eq. (9) at (ad) y =2, (be)y =0, (¢.N) y =2.
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Fig. 3. Features of Eq. (21)at (a)y=-2,(b)y =0, (c)y=2.

w(K1,Kz2) w(K1,K2)

-5

Fig. 4. The 3D profile for the Eq. (28) when (a) p=5,€ =0.1,01 =5, =1k, =0, (b) p=0.5,€ =0.1,01 =0.5,§ =0.01, k, = 0.5.
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5001 B

4001 B

3001 B

200 B

100} B

Fig. 5. Frequency of perturbation versus wave number K; when (a) p

(0cga}rg-afrd 303212 48023 120331 +4ayr} »46a2r%)y
4oayr?

+u%r12)(060 rg 43r% \5)t
4rZay

ol

— ay1p sin (ro(x +coy + (—oco+13 —3r2 — S)t))

o x (0cga?rg—atrd+3a3r2r2 +5a3r2 120y 1212 +4ayrf+4dayrd) " adrd(ocg-1Z+3r ),
1 2z y arfay ) }

doayry

4oayr 4rfay

e (xe (ocga?rd—adrd+3a3iZrd +oadrf—12a;r3rd +4ayrd+4sayrd) " a2 (0134313 49) ;
1 ) y
e

+ ay cos (ro (X +coy + (—oco + 12 —3r? - S)t))

n%r% (aco—r5+3r% +8) ¢
430y

212 _a2r4 2r2:2 212 4 2
e (xe (ocga}rg-afrd 303212 4823 1203313 +4ayrd +48ayr})
1 ) y+
oayr?

+ aze .
(22)

4. Stability analysis for the model

The stability analysis for the equation under consideration is ex-
amined herein [55-57].

4.1. Dispersion relations

Surmising that we have a function u(x, t,y) € R which holds for
nonlinear and linear PDEs with constant coefficient. Take into ac-
count the solution as comes next

U(X, t,y) — el<1x+k2y—a)t. (23)
Plugging Eq. (23) into Eq. (2), yields w = w(kq, ky) which depicts
the dispersion relation (DR) ek1¥+kay,

4.2. Stability analysis

Deducing that Eq. (2) has a perturbed solution expressed by
ux, t,y) =P+ B(x, t,y)elktPaer (24)
it can easily be shown that any constant P generates a steady state
solution for Eq. (2). Plugging Eq. (24) into Eq. (2), yields

IZP? By + 2kikyP2€ By + ky P2€ By EceltPtHaPte
+ 3k2P2€ EX Exxxek] Pt+k,P%te
+ 9k1PEx Exx€k1 Pt+k,P%te + 3k1PEX Exxxek1 Pt+kyP2te
+ GEXX Extelq Pt+k,P%te
+ 3ExExxt€
+ 2k1PEx + Sk1PExx + k1Po Eyy
+ k1P Eox + k3P*€2 By + 2kyP € Byt + SkoP?€ Exx
+ kyP?0 € Byy + k2 P?€ B

kiPt+kyP2te ki Pt+kyP2te

+ 3 Exxx Exte

473
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600 T

500

400 - =

300

200 =

100

n L n L L
0 2 4 6 8

=5€=01,01=58=1,(b) p=05,€ =0.1,0; =0.5,8 = 0.01.
+ 0B +0 Exty + Bxtt + Exoee = 0. (25)
By linearizing the above equation, we attain
k2P2Ey + 2k kyP3€ By + 2k1PEy; + Sk1PEyy
+ k1Po Exy + k1P Ex
+ K2P4€2 By + 2k P?€ By + SkyP?€ Bxy
+ kaP?0 € Eyy + koP?€ Eux
+ 0 Exx + 0 Exty + Bxee + Exxxxe = 0.
It surmises that the above equation leads to
E(X, t,y) — ,38"1X+k2y_w[,

the normalized number of wave is represented by k; and k.
Plugging Eq. (27) into Eq. (26), we get

(27)

® = kP 4+ kyP%€ or w = k3 4 8ky 4 kyP + kaP2e + kyo. (28)

By stimulating Raman scattering and modulation of the self-phase,
the stage of stability is attained (Figs. 1-3).

5. Conclusions

Using the Hirota bilinear technique, two-wave and breather
wave solutions to the model were developed. As a result of this,
various types of solutions have been established. To the best of our
knowledge, these findings are unique and have never been pub-
lished before for the model. Additionally, we examined the stability
analysis for the model under consideration. See Figs. 4 and 5. The
findings of this investigation definitely added new information and
outcomes to the model. The findings of this study may be useful in
understanding the physical features of various maritime engineer-
ing issues.
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