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ABSTRACT

This research aims to discuss the existence, global stability, periodicity, and bifurcation analysis of a modified version of the ecological model

proposed by Tilman and Wedlin [Nature 353, 653-655 (1991)].
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. INTRODUCTION

Difference equations containing exponential terms have many
applications in biology (see Ref. 2).>" In Ref. 10, the authors
modeled an ecological condition as a difference equation

a—bL, L2
Biet = N — s Liwt = 7= + kBus. M
t t

Here, B; is the living biomass, L; the litter mass, N the total soil nitro-
gen, t the time, and constants a,b,c,d >0 and 0 < k < 1. Chaotic
nature of (1) was observed by a bifurcation diagram with the varying
parameter, such as soil nitrogen.
In Ref. 9, the authors modified (1) as
ax? ek

— , %0 € R, (2)
X, +b

Xn+1 = Cl T ok

where 0 <a < 1,b,¢,d,k € R" and xg € R. Here, in (2), the constant
¢, which was ck times the soil nitrogen N in (1), and the inclusion of
parameter a are the main modification they made and its dynamical
analysis was discussed with proof.

In Ref. 1, the authors considered the base of the exponent of a
difference equation as A and discussed various stability properties.

In this paper, we generalized (2) by changing the exponent
base e to A€ (1,00) and investigated the global attractivity and
periodicity of the solutions of the difference equations

(xyﬁ A1

[3+yn+ o neN. (3)

Yn+1 =

Here,A> 1,0 <a < 1,and 37,8, € R* and ¥, is the initial arbitrary
non-negative numbers.

Moreover, to know the importance of A, we did bifurcation
analysis by varying the base parameter 1 and observed the nature of
solutions, such as periodic or chaotic, by keeping «, 3, ¥, §, and
fixed.

Il. UNIQUENESS, GLOBAL STABILITY,
AND PERIODICITY

Here, we study the existence of invariant intervals, uniqueness,
global stability, and periodic solutions of Eq. (3).

-3/ (-0)))
Theorem I1.1. (i) Let I = [M%, ﬁ] If y, €I for all

n=0,1,2,...,1isan invariant interval for (3).
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.} foralln>no,y, €1

(ii) For a positive constant a, let I = [

Then, there exists an ng € {1,2,.

Proof. (i) Lety, > 0and y, € I. Since 0 < a < 1, we have

2 =0y,
% A ay y
= [ < L = .
M= By TTeaen SOTYE T YT
Then,
ynslf‘x, n=0,12.... )
Let
yAT=S
h) = 7 ey ©)
We see that h decreases since h'(y) = —% 0
Therefore, from (4), we have
-(y8/(1-a))
DL
I T ) ©
Hence the proof.
(ii) Let x, > 0 be a solution of (3). From (2.4) and (2.6) of Ref. 9
foran ng € {1,2,...} such that
<as+ Vo
yn<a+ , N2 ng. (7)

Since h decreases, we get

YA~ (y8/(1-a))—da

T T (e TR ®

Equations (7) and (8) complete the proof.

Example I1.2. Let « =0.5,8=3,y=8,8=4,n=7, and A =3.
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Theorem I1.4. Suppose that
8 In A <2(1-a). (10)
Then, the following statements are true:

(i) Every positive solution of (3) tends to the unique positive
equilibrium .
(i) The unique y > 0 of (3) is globally asymptotically stable.

Proof. (i) Let

yyl—éy
X)) = _ 11
fxy) = ﬁ+x TES (11)
Let I be the same as defined in Theorem II.1.
Letx,yel.
We have
f(xy) Socx+y£o¢(1 Y +a)+y
-
:m+atxsi+a. (12)
l1-«a l-«a
From (5), h decreases, and hence we obtain
y/\n—(yﬁ/(l—fx))—ﬁa
F&9) > 1 ooy (13)

Equations (12) and (13) imply that f : I xI — I,

f  ax’ +2apx >0 of  yoA”” &
dx  (B+x)? Ty (1+A 5}’)
Here, for every x, the function f decreases with respect to y and
increases for every y with respect to x.
If (3) has a solution y,, Theorem II.1 (ii) gives the following:
Let 4, L > 0 such that

WLZ yﬂ—ée

We see by computation that I = [5.0954 x 107%,16] and by taking L=/(L.0) = B+L ARSI (14)
initial value y, € I, we have y, € I.
2 n—0L
L=f(4L) = ol +L,n>no,yne1 (15)
. s g . B+l 1+An0L
Theorem I1.3. (3) has a unique positive equilibrium solution.
Consider the system of equations
Proof. Let F(y) = l3+y + y1+M 5 — P 7 y)L”_‘SW
G-wpepy 0 FIE S g e
= F(y) = 2"y ©) (16)
B+y 1+ A0y (w.2) = aw? y,vi-&
wEfna) = g e
and F(0) = 1+)m > 0.
Taking yllm F(y) = —oo, we get from (3) Considering z = z(w), we obtain
_ 2 n—o0w
o wPe2aBy  yo(In MATY (1-az+pz_ yA
F(y)= 2 oz B+z 1+ An-dw
B+y?  (1+A19)
(1-a)y* +2(1—a)By+ B> pd(In M)A and
- 2 - 2 <0
B+y) (1+ A1) , y8(z + B)*(In A)AT~"
Z(w)=- 53 5 o (17)
which results in the decrease in F. Therefore, the solution is unique. (T +A170)2((1 - @)z? + 2(1 — &) Bz + B?)
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Let G(w) = (medwiepw )

Brw ESTEE N
From (16), we obtain

, ¥8(In )AL
(1 + \1=0z(w) )2

(1-a)w? +2(1 - a&)pw +

6wy 20

(18)

G'(w) =

From (17), we get

a)w? +2(1 — a)Bw + &2
(B+w)?
Y262 (z+ B)%(In A)2A1~8w1=02(w)
(T+Am=0w)2(1 + =022 ((1- )22 + 2(1 — a)Bz + f2)
(19)

G (wy=1"

Now, the following relations hold:

Aq—ﬁz(w) 1 Aq—&w 1
( 1 + \n—9z(w) )2

< -, <=
2 (1+Aow)2 =3

(z+p)* 1
(1-a)z2+2(1 - a)pz+ 2 “1-a

>

(1-a)w? +2(1 - a)pw + B
(w+p)?

Then, by the above-mentioned relations and Theorem (II.4), we
have

>1-a

1

G'(w):l—oc—y2824(l_‘x) >0,

Therefore, function G increases. We have from (15), G(w) = 0 has
solutions ¢, L. Therefore, L = ¢. From Lemma 3.1 of Ref. 9, every Y
of (3) contains the unique equilibrium y when n — co.

(ii) The linearized equation about the equilibrium y is

ay? +2apy  yd(In ATV
Yn+1 = - - - Vn
B+7)>  (L+Ar)?
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and so (21) is true. Hence, (20) holds, and we see that from
Theorem 1.3.7 of Ref. 11, j is locally asymptotically stable.
From (i), every y, of (3) tends to y as n — oco. Therefore, j is
globally asymptotically stable.

Example I.5. For a=0.5,=3,y=0.8,0=04,n=7,A=3,
and Theorem (IL4) holds, then every positive solution of (3) tends to
the unique positive equilibrium y and y > 0 is globally asymptotically
stable.

(1+a) (14A7)

Theorem ) In 1>

I1.6. Let u>0 and 0>
y> % Then, (3) has period-2 solutions.

Proof. Solution of (3) is of period two if y, = y,. Then,

i =0 2 =0
L34 A ay; A
=)o =91 22
ﬁ+}’1+y1+)w-5y1 yo [3+y0+y1+,w—5y0 n (22)
Let
ah(y)? A1=0h(») by
H(y) = ) —h(y) h(y) = L 5
Brh(y) 1 NG By T1aare
(23)

We prove that H' () > 0.
From (23), we get

H'(y) = h'(y)( ah(y) +2aph(y) _ yd(In AL ) »

B+h(y)?  (1+ArdO)?
W () = ay® + 2afy _ y6(In AT (24)
TR N (R T el
From Theorem I1.4, we have
h(y) = . (25)

From (24) and (25), we get

52 + 2087 167 \2
H'(G) - (_txy + 2apy N y6(In 1)A ) L

We prove that (B+7)? (1 + A1=87)2
ap? +2apy  pd(In M)AV We prove that
_ - . <1 (20)
B+y)  (+Ar) i
y8(In M)A ap® + 2apy (26)
or Qoo ~ gy
ap? + 2afy  yd(ln A" o 3
1< G5y (15 1-5)? (21) We have from (3)
=0y —
Since 0 < a < 1, it is obvious that yA = (1 oc)y * /3}’ (27)
1+ A=%7 B+y
N2 NRs L R2 -8y
(A-a)y +2({ a)By+f B y6(In /\))L_ . We get
B+y)? (1 +Am-07)2
_ -2 - n—08y
From Theorem (IL.4), we get p0InA < 2(1 - a) < 2, (@ a)(),}b’ :)f;))/;&g; AT) =9 (28)
y8(In AT 2017 oy’ + 20y , .
A5y <oy Ty Let G(y) = (=Bt
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Therefore, (26) is true. Hence, H'(y) > 0. There exists a pos-
itive constant e such that H is an increasing function for

From the hypothesis and (28), we get G(¥) = ¢ > G(u). Gis an
increasing function since G'(y) > 0. Therefore, we have y > p.

From (27), we have

y3(in DA™Y 5(In ) ((1-a)y? + ) _ 8(1-a)(In M)y
(B+7)(1 +A1%) 1+ A7

(1 +An=9y)2
which implies

y8(In A)AT- L8 -auln )
(1 + =972 L+A

From the hypothesis, we get

yd(In M)A

>

ye(y-ey+e).

From (23), we can prove that H(y) = 0, H(0) > 0. So, there

exists a ¥ < y such that H(¥) = 0.

Hence, we have y, with y, =¥ is a solution of (3) with

period-2.

Example IL.7. For a=0.058=3,9=222,=50,n=7,A=2,
u = 0.25, since the conditions of Theorem 11.6 holds, then (3) has a

periodic solution of prime period-2.

— > 1+a
(L+Ar97)2
25 . -
1.3 . -
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I1l. BIFURCATION ANALYSIS

In this section, we present the bifurcation analysis of the qual-
itative changes that happen for the solutions of the difference equa- 8t
tion (3). Here, we consider A as the variation parameter, which is the
base of the exponent n — dy, in (3).

Weﬁxoc=0.2,ﬁ=3,5=5,11=7,andy0=3. 6

For y < 1.2 and for any A, the solution is asymptotically sta-
ble. Therefore, no bifurcation occurs. When y = 1.2277, we observe
from Fig. 1 a small periodic bubble that originates at A ~ 12, and so,
period-2 solution occurs approximately in the interval [12,17].

In Fig. 2, we observe that the bubble expands to a certain stage

when y = 1.23. Hence, we confirm the existence of period-2 solution I L v
| S

Yn

16:/2:80 £20Z Jeqwedaq ZZ

for 9 < A < 30. On increasing y, the bubble vanishes and bifurcation ]
0 g. n T T ‘J! . L -
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FIG. 10. y = 47.

FIG. 11. y = 70.

appears like a fork that guarantees a period-2 solutions after bifur-
cation (see Fig. 3). In Fig. 4, we observe the blooming of two new
bubbles when y = 8.4. As shown in Fig. 2, the bubbles expand and
period doubling also occurs (see Figs. 5 and 6).

When y = 9.555 and around A = 540, in Fig. 7, we observe the
possibility of chaotic solutions. After the chaos period-3, solutions
occur. Figures 8 and 9 show the increase in chaotic solutions. When
we increase p, chaotic solutions occur for small A, and simulta-
neously, three bubbles are formed, which guarantees the period-3
solution and bifurcates to period-6 followed by chaos and period-4
solutions and so on (see Figs. 10-12).

ARTICLE

scitation.org/journal/adv

FIG. 12. y = 500.

IV. CONCLUSION

In this research, we argued the existence of unique positive
equilibrium solution, its convergence, global asymptotic stability,
and conditions for the existence of periodic solutions. The impor-
tance of the generalized base A of the exponent was discussed using
the bifurcation diagram by varying it. For various A, we observed the
existence of asymptotic, periodic, and chaotic solutions.
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