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Abstract In this paper, we are going to deal with fractional operators (FOs) with non-singular ker-
nels which is not an easy task because of its restriction at the origin. In this work, we first show the
boundedness of the extended form of the modified Atangana-Baleanu (A-B) Caputo fractional
derivative operator. The generalized Laplace transform is evaluated for the introduced operator.
By using the generalized Laplace transform, we solve some fractional differential equations. The
corresponding form of the Atangana-Baleanu Caputo fractional integral operator is also estab-
lished. This integral operator is proved bounded and obtained its Laplace transform. The existence
and Hyers-Ulam stability is explored. In the last results, we studied the relation between our defined
operators. The operators in the literature are obtained as special cases for these newly explored

FOs.
© 2023 THE AUTHORS. Published by Elsevier BV on behalf of Faculty of Engineering, Alexandria
University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/
licenses/by-nc-nd/4.0/).

1. Introduction and preliminaries

Despite the commendable 325-year history of fractional calcu-
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lus, there are still a lot of unresolved issues from both a theo-
retical and an applied perspective. Abel use the fractional
calculus in resolving the tautochrone problem [1]. This work
creates a big attention of researchers towards the applications
of fractional calculus in differential and integral equations [2].
Many other books are written by different researchers which
contain different theories, applications of FOs in [3-6]. A
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variety of FO classifications that have been put out in recent
years. Some researchers came to the conclusion that a single
FO, such as the Caputo ones, cannot be used to represent all
types of complex processes in science and engineering. Since
more experimental data are needed to confirm the validity of
the fractional models [7,8].

Numerous mathematicians and experts have paid close
attention to the field of fractional differential and integral
equations in recent years [9,10]. The fractional order deriva-
tives reflect physical models of various phenomena in various
disciplines, including biology, physics, mechanics, and dynam-
ical systems. Analysts are paying close attention to the exis-
tence theory of solutions, which is one of the top research
areas in fractional order differential equations. Finding an
exact solution to a fractional order differential equation is
extremely challenging.

In fractional calculus, dealing with the non singular kernel
is not an easy task. We can define the generalization of FOs by
generalizing their kernels [11-13]. In [12], Samraiz et al. intro-
duced the (k,s) form of FOs with a non-singular kernel and
their applications in physics. Using such a form of FOs, they
established the Cauchy problems and obtained their solutions.
The Hilfer-Prabhakar fractional derivative was inroduced and
used to solve physical problems in [14]. In [15,16] the weighted
generalized form of FOs were introduced, containing the Mit-
tag—Leffler (M-L) function as a non-singular kernel. These
operators were used to detect Cauchy problems, which are
used in continuous time random walk theory. The authors of
[17] discuss the generalisation of FOs with the generalized
(k,s) form of the multivariate M-L function as a non-
singular kernel. For more studies of FOs containing non-
singular kernels and their applications, we refer the reader to
[18,19,21,20,22-24].

Let’s recall the following basic definitions. The following
definitions of Gamma and Beta functions presented in [25].

Definition 1.1. The definition of Gamma function is charac-
terized by

T(n,) = / eV, Re(m) > 0.

Definition 1.2. The Beta function B(p,,v;) is defined by the
formula

!
B(uy,v1) :/ e (1 =) e, R(uy) > 0, R(m) >0
0

and the identity which relates it with I' function is

()l ()

B = .
(Hlvvl) l"(,ul +Vl)

Prabhakar [26] introduced the following definition of three
parameter M-L function that generalized the previous forms
exists in literature.

Definition 1.3. Let ne€ N and 5,0,y € C,Re(0;) >0,
Re(n,) > 0, then the M-L function is given by the following
expression

. ()"
g, @) =3 =
oo () ;F(an""ll)”!

In 1888, Leonard James Rogers derived Holder’s inequality
and later in 1889, it was given differently by Otto Ludwig
Holder. The definition of Holder inequality is given by the
following.

Definition 1.4. [27] Let p and g be real numbers such that
p,q > 1 and % —Q—é = 1, then the Hélder inequality for integrals
states that

[ nestorae< ([ o W)i (f lg(ﬁ)"dz)}l,

where f,g € C'[a, b].

The Lebesgue measurable functions with norm is defined by
Kilbas et al. in [2] by the following way.

Definition 1.5. Let f be a function defined on [c, d]. The space
1(c,d),1 < qg< oo of Lebesgue measurable functions for
which [l¢[|,, < oo, ie.,

1
b q
el = {/ |<p<r>|"dr} 1<g<oo,

ol o = esssup.cical ()] < 0.

In the modern era, fractional calculus theory faces many
unresolved problems, as the Riemann and Caputo fractional
operators are insufficient to solve both theoretical and physical
problems. To address these gaps, researchers have developed
their own operators, but the theory still has many shortcom-
ings. To overcome these gaps, Atangana and Baleanu intro-
duced the well-known Atangana-Baleanu fractional
operators in both the Riemann and Caputo senses, which are
useful in solving many theoretical and physical problems.
For example, Panda et al. [29] utilized the A-B fractional oper-
ator in their study of the Willis aneurysm system, employing it
to solve a nonlinear singularity perturbed boundary value
problem. The A-B fractional operators have also found practi-
cal applications, as Panda et al. in [30] also used these opera-
tors to discuss the prevalence of COVID-19 in the United
States, Italy, and France. He presented new insights into the
existence and uniqueness of solutions for the 2019-nCOV mod-
els using fractional and fractal-fractional operators. Addition-
ally, the solution of the complex valued A-B integral operator
is discussed in [31] and in [32] discuss the solution of the A-B
fractional and L”-Fredholm integral equations. A new form of
fractional operators in the Caputo sense are presented by the
following definition.

Definition 1.6. [28] Let f7 € H'(0,T), then ABC-fractional
derivative operator of order 0 < ¢ < 1 is defined by

0(o)
l1—0

¥
D) = / Eu(—po( — 0)(0)dL, 130

and the corresponding integral operator is given by

_l—o

Q(o)

Q(a)

w0 -

f0) +

/[ (€ —0)°f)ydt, t=0.



Modified Atangana-Baleanu fractional operators involving generalized Mittag-Leffler function 641

The above mentioned operators are used to solve many
theoretical results. The spaces play an important role in the
applications of operators as explained by Al-Refai et al. in
[22]. For example, we choose f(x)c C'(0,7) then the
differential equation ,pcDgf(x) = Af(x), gives the trivial solu-
tion i.e 4pcDYf(0) =0 and fractional equation ,pcDyf(x) =
—f(x) 4+ h(x) gives the solution Af(0) + A(0) = 0. But here
the space is restrictive for the Caputo derivative. If we choose
the space x(f) = {f:f € L'[0,1]}, then for the fractional ini-
tial value problem

—Af(x) + h(x),
fO7 x=0,

with 0 < ¢ < 1, we get the unique solution

S(X) = fybon (—3x7) + /O (e — ) Eun(— ik — ) Vh(s)ds.

D) — { € (0,7);

and the corresponding homogenous equation also obtain non
trivial solution f(x) = f;&,1(—Ax?). This proves the role of
space is considerable. To overcome this difficulty, Al-Refai
et al. presented an article [22] in which more wider space is
chosen to avoid from extra condition. In [33] weighted form
of A-B FOs are defined and discussed its applications in differ-
ential equations.

Definition 1.7. Let /' € L'(0,7), then the weighted ABC-
fractional derivative operator of order 0 < ¢ < 1 is defined
as follows:

asc D) —t, (0 = )" (w(O)f(1)) dt, 1> 0.

and the correspondmg integral operator is defined by

- 0(0) o ‘ .
Q(U)f(e)—i_lfo'w (Z)/{; (f—[) W(t)f(l‘)dl, [207

where Q(g), is a normalized function having property

0(0)=0(1) = 1.

apcIf(0) =

Definition 1.8. Let f be a continuous function and
f € L'(0,T), then the generalized form of MABC-fractional
derivative operator of order 0 < ¢ < 1 is defined as follows:

0(o)
l1—0

wrenifie) = 20 [ oo =0 W, 1> 0.

By using integration by parts on (2.1) leads to
MABCREL(E) = L2 fE) — Eo(—p,(£))A0)
bl PO ], 130,

where u, =7Z and Q(0), is a normalized function having
1, and integral operator is given by

property Q(0) = Q(1) =
f(€)+1Q£”()T /0 o fnds 1> 0.

—pt, Jy (£ -

l1—-0
0(o)

Inspired by recent research in formulating fractional differ-
ential equations and determining their exact solutions through
diverse methods, we will present the fractional operator as a
tool to model several differential equations. To obtain precise

apcIf(0) =

solutions for the investigated problems, we will apply the gen-
eralized Laplace transform. The findings of our study are
broader in scope than those reported in existing literature.

2. The Modified Form of A-B Fractional Derivative in Caputo
Sense Involving Generalized M-L Function in its Kernel

Atangana-Baleanu fractional integral operators still have lots
of problems in initialization. To avoid such problems,
researchers defined modified A-B fractional operators in which
the M-L function plays a key role as a non-singular kernel.
Many problems are resolved through these operators. The
M-L function is generalized in many ways by extending the
number of parameters. In our present work, we use the gener-
alized M-L function as a kernel. In the modified Atangana-
Baleanu fractional operator, the author used the difference
of two linear functions as a non-singular kernel, but in the pre-
sent work, we use the difference of generalized functions that
can be both linear and non-linear as a kernel. The generalized
version of the modified A-B Caputo (MABC) fractional
derivative operator, which incorporates a generalized M-L
function in its kernel is defined in the following definition.
(see Fig. 1)

function and

Definition 2.1. Let f be a continuous

f € LY(0,T), then the generalized form of MABC-fractional

derivative operator of order 0 < ¢ < 1, with respect to R, is
defined as follows:

B fu)

_ 20 [ eatnsw 2wy oa, sazo
(2.1)
Integrating by parts leads to
VABCD], flu) =2 V(u) = o= (R(u) = N(a"))")f(a™)

— g [t (R() = R(0))7 oo (=, (R(u) = R(0) I (0)f(1)dlt |,

where ¢ > 0,8, a strictly increasing function, u, =%
and QO(s), a normalized function having property
0(0)=0(1) = 1.

Remark 2.1. If we substitute X(x) = x in (2.1) then we get Def-
inition 1.8.

02 04 0.6 0.8 t 1.0

f(t)

-1}

\ MABC - derivative of 7(f)

Fig. 1 For N(1) = £ + 1, we get Fig. 1, where 057 < 1.
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In first result of this section, we prove the operator given by
the Definition 2.1 is bounded.

Theorem 2.1. Let fe€ X7(0,7), and R, u, =1% and Q(o),
admit the same properties as mentioned in Definition 2.1, then
the inequality

||®a+f H)(n\
o (=, (R(u) = R(a

Eao(—1s(R(r)—N(a™))
+W|Iﬂ|xh

1100 o
D)o (22)

holds for 1 < p < 0.

Proof. By using the Definition 2.1, we have
¥R Sl < EL ) = 8o, 0300 (") W)
e - ( )= RO)™ G (=1, (R(0) = ROV W (0],

<3 ‘2|V(u)\|xn
g [ (R(u) =R(0) 60 (—

o=, (R() =R(a"))")fla") | v
1o (R(1) =R(0)) N (D),

(2.3)
Consider
[y (R(u) = R(1)7" o (=11, (R(ur) — N(z))“)w(z)f(t)dzuﬂ
\réé‘;b 1L ORG) = R()™ N (A,
i ‘:;L”a)\ ( | (R () = R(2)™ "W(r) dt} N (u )7

n=0

By substituting 0 = X(u) and f = N(z), we have

1
. . P o\7

Z |1o|" /N( ) 40 I
:0 O'I’l +o | R(a®)

Using the generalized Minkowski’s inequality, we have

. 1g]"
[T (on+0)| (fN

n=l

N(u)
[ 0-pnoa

N(at)

N

PP 0= ) an) ap

00

= Z \F(‘:;L(r (fn(m) R

n=0

on—1)p+1
BN %)ﬂdﬂ
Using Holder inequality, we have
>0 ) 5 Y
< S (o (g ) (fh (%)’dﬁ)

. | rr‘” R(r) P (R(r)—N(a ))((Iﬂ 1)
<3l () o (g ey,

where 1 4+ = 1. By substituting X' (f) = 1, we obtain

>0 Wl Ny (1) ()
= 2 e NNV OIENIOY

é‘,,,( R(r)—R(a")) )
= (N(r)—R(at))(on—1)

Al

By using this values in (2.3), we have the result (2.2).

Now, we present some illustrative examples of new frac-
tional derivative operator.
Example 2.1. Let we have a constant function f(r) = C and
0 < ¢ < 1. By using the Definition 2.1, we can write

(M7 0) (1)
g [ (R() = XY 8 (=1, (R () = R(0) N (1) Cal]
= 221C — Eol =ty (R() = R(a"))")

1ty (160 (=h, () = R(@))") = D) €

(M4CDGON (1) = 0

= 29[C = &,(—p,(R(u) — R(a"))")C

a

i.e., the derivative of constant is zero.

Example 2.2. Consider the piecewise continuous function f°

0= { NT (1), 1#0; (2.4)

A, t=0.

Now by choosing 4 € R\ {0}, 0 =4, u, =1
Definition 2.1, we obtain

and Q(g) =1 in

If we choose @(—(N(u) - N(O*))%> =0, then we get

—2y/n #0,

which is solution of problem presented by Al-Refai et al. in
[22, Example 2].

D) =

For the graphical representation, we have the following
special case.

Example 2.3. If we choose N(¢) =#+1 in Eq. (2.5), the
derivative of given function is

YD flu) = 2| (@ + 1) = (147 >Z< u)' (2:6)

n=0

The comparison of graph of function N(¢) = + 1 and of
derivative presented in (2.6) is given as

The generalized Laplace transform and convolution defined
in [20], can also be written by the following definitions with a
choice of weight w(r) = 1.
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Definition 2.2. Let iy and R be defined on [a,00), where R a
monotonically increasing, then the Laplace transform of  is
given by

zwwwzjmfwwmwmwww

a

such that for all values of s, the Eq. (2.2) is true.

Definition 2.3. The convolution of ¢ and @w with respect to y is
defined as

(¢xyo)(x) = / G (W (x) + (@) = y(0) w0y ()dr.
The convolution form of FO in Definition 2.1 is given by
NABCDT flu) = LD [flu) — E,(—p, (R() — R(a")")a?)
—Hg Jis (Ru) = R(O) o (—11,(N(ut) - N(Z))”)N/(l)f(t)df]
— (@) )a")
— 1o (R(u) = R(@)"™ oo (—pt, (R() = N(a*))) (l)]

(2.7)

Next, we evaluate the Laplace transform of M-L function
involved in new defined operator given by Definition 2.1 in
the following lemma.

Lemma 2.1. If N is the increasing function and 0 < ¢ < 1, then
we have

er—l |:urr ‘
7+ p, 8%

L(Eo(—p,(R() = R(a"))"))(s) =

Proof. By using Definition 2.2, we have

L6, (8(1) = N(@)))(5) = [% 0NN (1)
xa<amw—mwﬂm

=Dty [T e NONON ) (R () — R(@)"
n=0
Substituting (R(u) — N(a)) = ¢, we obtain

0
Z l"( rrn+l) f edr =

n=0 n=0
00
i)™
§ il er+ll .

Hence the result is proved.

00

L{l«m}

F(an+l

Theorem 2.2. Let f be a continuous function and ' € L'(0, T),
then the generalized Laplace transform of the MABC-
fractional derivative operator in Definition 2.1 with
0 <o <1, be given as

0(0) s"L{fw)} — s fla")
l-0 K Sy

Ly (720 f(w)) (s) =

)

where %] < 1.

Proof. By using the Eq. (2.7), we have

Li{ DS} (5) = $2 Lufflu)} —fla") x Lu(6a(—pt,(R(w) = X(@))"))
—mLm(uo—<mf1&0wxwm—Nw»ﬂ* fw)

(10)"
( v” +g 'u” F an+a)

(Mu R(@)" m—NwW”juvwn
= 89 L{fl)} —fla) 5 = e X
meMMwaY“‘QLUw}

2 (Luffl0) ~ i) i+ 5 S a0 )
,W(va»—ﬂwx&;—w@muwn)

_ 0O(a) 57 Ly {f)} =" fla*)
-0 ST+ Hg :

Hence the result is proved.

Example 2.4. For the choice of parameters 0 < ¢ < 1, with the
condition |4 | < 1, the solution to the equation

YD flu) =
is given by
C(1-0) © .
ﬂo:{g”0+%wm)’¢q
0, t=0.

Proof. Since f{0) = 0, therefore for > 0

LY Dif(s)} == 29 25 (Le{f1)}(5)
= L1+ 1 s )

= C.\'”i:;t‘, (]T + s‘ilfl)

—c

This can be written as
Lol D(s)} = Ly(©).

Hence the result is proved.

3. The Modified Form of A-B Fractional Integral in Caputo
Sense Involving Generalzed M-L Function in its Kernel

In this section, we introduce a revised version of the A-B frac-
tional integral in the Caputo sense that includes the generalized
M-L function.

Definition 3.1. For /¢ L'(0, 7] the modified form of MABC-
fractional integral operator of order 0 < ¢ < 1 with respect to
N is defined as

MABC~G /. \ __ l—o0 (u a
) = Gt o)
X / (N(u) — R(2))” "W (0)f(1)dt. (3.1)

Firstly, we prove this operator is bounded.
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Theorem 3.1. Let fe X?(0,7),%, be a strictly increasing
function, u, = % and Q(0), is a normalized function having
property Q(0) = Q(l) = 1, then the following inequality holds
for 1 < p < .

HMABC~J v

l—0o o
)| < W\V(“)pr +Wllﬂ|xp
(R(r) = R(a*))""!

e (3.2)
Proof. By using the Definition 3.1, we have
W27 A < %H Wy + owirm
S () = R@))" R (D) f)df|x,
= 32 W+ (0 L (80 = RO W @0 N ().
Substituting ¥ = R(u) and f = X(z), we have
[F45 35S )|y < G5 W) + gt

ey (0= B) ””f(N-‘ p)ap| @)’
b5 Wl + i

"®) |”1 50— an) ap

N(r)
x (f&((m)

x fR(u‘) <

L W)l + g
X I () (f;“” (0 By an) ap
:ﬁmwwm

< 1 ) (R g,

By using Holder, inequality we have

(W)l + g ol (AR () dp)”
x (( o i“(;i;f)fﬁi}”“)”d@ ,

where 11) +}I =1, Now substituting X' () = 7, we have
4537 w)| 4o < B2 WA + gt S (AOPR (D)dr)?
(N
= 52 W)l + gt Iy (AOPN ()dey
(U s ecom)

—g - o R(r)—R(at))"
< S5 Wy + g + o e

| SMBCS:*./[(”) ’

Xp\Q

<i—

Next, we find the Laplace transform of our generalized
fractional integral operator.

Theorem 3.2. For f€ L'(0, 7], the modified form of MABC-
fractional integral involving generalized M-L function as
kernel of order 0 < ¢ < 1, with respect to X, is defined as

l—0s"+u,
Qo) &7

La(Y P30 f(u) = Ly(f(u)).
Proof.

By using the Definition 3.1, we have

Ly(M15¢30, flu)) = %LN(f(u)) Q(a)r(a) Ly ((N(u) — N(a))ﬂfl " f(u))
= fi Ln () + g (< (1)~ R(@)” ')LN<f<u>>
Ly (f(u)) + 55w La(fw)
— 2 £ L)
This completes the proof.

Theorem 3.3. Let f € LI(O7 T), and 0 < ¢ < 1, then we have
the following result.

ﬂ/[ABCbrr (MABC@;Z )f(ll) :f(u) _

— 1 (N(u) = N(a))").
(3.3)

Proof. By using the Definition of Laplace transform, we have

)

g 57 D ~0 ) o1 ~0
H2 2 W) - 85 585 (eSA0)
= .r”f:y{, (Xﬁ:;ﬂ )L (f( )) - vr+;4 f(o)

By using inverse Laplace transform, we obtain

(WPDF RS W)) = Sw) = 0)E o (— (R (u) = R(a))").

Hence the result is proved.

LN ({\VIABCE‘T (MABCSU) (u

Theorem 3.4. Let f € L'(0,7),a=0 and 0 < ¢ < 1, then we
have the following result.

Q,jABC@sg(MABCQF)f( ) = flu) — f0).

Proof. By using the Definition 2.1 and 3.1, we have

MAB(‘P;U(’VIABCBJ)f(M) é)(”) (MABCD(T)[(u) Q(g)r((;) f() (N(u N(t))szl

x N (1) (MABCD) f(1)dlt
= Jy Eol= () = R(0))f (1)t +§ Gasiy Jo (R(w) = R(2)™
XN(1) fy Eo(—11,(R(1) = R(2))")f (2)dz

= 1 6= (R(w) = ROV (Vlt + =5
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n=0
% f R(2)) (n+1) fu ( R(u)—R(1) )“" ( R()-R(2) mN'(t)dta’z
0 - (R(u)—X(2)) (R(u)—X(2))
z« d (—1,)"
= i o= (R() = ROV V (et + =5 D el
n=0

xB(on +1,0) [ (2)(R(w) = N(z))""dz

= [0 & (—u,(R(u) — R())") (£)dr + “~)Zr sl

n=0

T nr al 1
x r;:f,,tz)f;; () (R(w) - Nz

dl Z I'(a( n+] +1)

n=0

N(2))" "V dz

(i (M) —
< P ) -
=3 (1) (N(w) — (1))

=D e Jof (OR@) = ()
0

- Z;(;,Q’l’) () (R(u) — R(0)™dt

=3 el [ ((R(u) = R(0)"de

= Jo./ ()dt = f{u) = 10).

Hence the result is proved.

4. Hyers-Ulam Stability of MABC Fractional Operator
Involving Generalized M-L Function

In this section, we will explore the necessary and sufficient con-
ditions for solving fractional differential equations (FDEs) in
hybrid systems that incorporate MABC fractional operators
with a generalized M-L function as the kernel. Our approach
differs from the previous research in [34], which mainly
focused on solving FDEs in hybrid systems that include
MABC fractional operators and established Hyers-Ulam sta-
bility criteria. Instead of using MABC fractional operators,
we employ fractional operators that involve a generalized M-
L function as the kernel. We will not only find solutions to
FDEs but also establish existence, uniqueness and Hyers-
Ulam stability criteria for the introduced operators.

Ay |y Z% = % (0, (v),0 € 1= [0,1]

(4.1)
¥i(0) = i, %i(v, ¥,(v))],— = 0, (4.2)
where 0<o;<1,{;€R, the functions ¥, C(I), with
i=1,23....n0,G: IxR—R,(i=1,23,...,m) are con-
tinuous and satisfy the Caratheodory assumptlons. MABCDT

the MABC fractional operators involving generalized M-L
function for i =1,2,...,n.

Lemma 4.1. The solution to the n-coupled system of hybrid
fractional differential equations containing MABC fractional
operators with generalized M-L function given in (4.1) can be
expressed as follows:

a;

Q(0) (7))

0(c) "
</ (R(0) — R W) (5,0 (5)ds.

+

D)= 6t S G0) + o D) +

Proof. By applying ¥*5¢J[’ to the system of differential equa-

tions presented in (4.1) for i =1,2,...,n, and utilizing Theo-
rem 3.4, we obtain the following

- i%(u, Yi(0) —;(0) =

(W37 0, (0)), 0

=1,2,...,n.

By the using the conditions y,(0) = {;, we get the following
v) =(+ Z%(v
i=1
— G S G0 0) + 5 (0,0,0)
i=1

+ gt Jur (R) = ()TN (s) 75 (s, Y (s) s

Hence the result is proved.

(N AVACY A

To proceed with the primary outcomes of this paper, we
assume Banach space.

B = {y,(v) : ¢;(v) € C([0, 1],
with the norm
|| = max [y;(v)|,i=1,2,....n

Assume that 7; : C([0, 1], R) — C([0, 1], R
i=1,2,...,n, where

R),v € [0, 1]},

), with operators for

D) =G Y0 0) + 57 0 0)
()N ()7 5. 1 ).

(4.3)
+ gt Jar (R() =

Lemma 4.2. Assume that for some (,(?€ R, and
Wi, € C,t € [0,k], we have

0 = 70,0 < =,

(%30, 15) = o )| < Gl — 0
and

n C]

— 2 i 4.4

1= 25 b)) “y

where 5, < 1, for all i =1,2,... ,n. Now we can say that the
solution to the n-coupled hybrid-system of MABC-FDEs
given by (4.1) and represented by (4.3) is unique.
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Proof. Assume that sup,cpoulz; (v)] = py < oo, and
SUp,cl 41(0,0)| = py <00, S, = {1, € C(0.KLR) : ]| <.}
for k > 1 and i=1,2,...,n For ;€ S, and € [0,k], we
have from [34, Lemma 2.2]

i 0. wQ)I < Gty + o, (4.5)
and for ; € S,,,v € [0,k], we have
|%; (0, w)| < Gni + po, (4.6)

and from 4.3, for v > s, we have

IT,0(0))] = z,-+i@i<u, W)+ 5 (0 ,(0)

+ oS o (R() = R(9) ™ N ()77 (5, i (s) ) s

S G+nCni+py) +

0(ai) l"(a,) f ))“i_

S (it p1)

N (s) + (In, + py)ds

Cz‘i‘”(c 771"‘/’2) <1(a)+Q(g’)Fgl>(C 0+ py)-

From the given statement, we can conclude that T;(S),) is a
subset of S, , where T; is defined as the mapping from S,, to
itself. Additionally, we assume that ¥, and ¢, are complex-
valued functions belonging to C([0, 1], R), and k is a positive
integer. Moreover, it is true that for v > s € [0, 1], we have
the following inequality:

{i+ i%(v
=1

+ oty Jur (R©) = R(s)""

[ Tpi(v) = Tigp;(v)| = v) + o5 7 (0, 9 (v))

()7 (5, () ds

Gt Y00 0) + 5 100 0)
g I OR(0) = X)) 5. (5))ds

< z:ljaﬂw,- -

Given that #,’s defined in (4.4) are less than 1, the operators T;
are contractions. Using the Banach fixed point theorem, we
can conclude that the n-coupled hybrid system of MABC-
FDEs given by (4.1) has a unique solution, which can be
obtained as fixed points of the operators 7;, where
i=1,2,....n

—o; ¢l 1
@i + é(m) G [¥; — o] +mci [, — (Pi‘-

Theorem 4.1. Suppose that the condition of the Lemma 4.2
holds then, the hybrid m-coupled-system MABC-FDEs (4.1)
has a solution (4.3).

Proof. Based on the assumptions made in Lemma 4.2, we can
conclude that the operators 7; are bounded for i =1,2,...,n,
and for vy, v, € [0, k] with vy > vy, where k < 1. Now consider
the following:

T02) = T 0] = G+ 2010m,02) + 4500
+ o /;‘E'EN(vv) = R(5)™ W () (5, i (5)) s

= +Z@ v, S (o)

i 2 () = R(5)" N (51 5,0 5)) s

/2:]% 03 (02)) — G0, (o) + 525 2 (o2 02)) — 7 01, 0)

= R(@")” = (R(1) = R(@)" |G =~ 9)-

+

gy |(R(2)

As vy — v, we have Ty, (v2) — Tip;(v1) =0. Therefore,

| Ty (v2) — Tap,(v1)] — 0, as vy — v;. Hence, we can say that
the operators 7; are equicontinuous for i=1,2,...,n and
for s<t Moreover, for ueueC([0,k],R):u=nT;(u),

Sor I € [0, 1], we have the following:

Il = max| Tp] = (€ D (02, (00)) + 55 15 (02, Yi(02))
i=1
gt o2 (R) = RN ()73 (5, vi5) s

<G+ Z(C?H%H +p2) +
i=1

Lo (1]l + 1)

(CH|'/’,‘H+01)
T 0o
=1 + 21l
(4.7)
where
1 —o; Pi
ni=G+p+ P+
27 0() " Q0T (ay)
and
7i 4
¢ + } i
Z ; (o)l (0y)
Fori=1,2,...,n. From (4.7), we have
P
Hl//i||<1*[X,2’ i=1,2,...,n. (4.8)

Therefore, we can apply Leray—Schauder’s alternative theorem
and conclude that (4.1) has a solution.

Every fixed point of 7} corresponds to a solution of the sys-
tem of differential equations given in (4.1).

Next, we will establish the Hyers-Ulam stability (HU stabil-
ity) criteria for our operator. To do this, we will use the follow-
ing definition from [34].

Definition 4.1. The coupled integral system (4.3) is considered
to be HU stable if, for some {; > 0, we have A; > 0 and y;
satisfies

I — Tyl < A, (4.9)
where

¥i(v) = T;(v) (4.10)
and

IW,(0) =)l < A, i =12, (4.11)
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Theorem 4.2. Assuming that the conditions of Lemma 4.2
hold, we can conclude that the hybrid system of MABC-
FDEs given by (4.1) is stable. Alternatively, we can say that
the HU is stable.

Proof. Assuming that y; € C for i = 1,2, .. .with the property
(4.9), and let ¥ € C be the solution for the coupled-system
(4.1) satisfying (4.3). Then, we can conclude that

T (0) = T )] = (64 D %04 (0) + 525 15 0, ,0)
+ oy Jo (R() = RN ()75 (5 ()

~G4 Y G0, (0) + 52 7 (0,7 (0)
i=1

+ 5 o (R() = R(8)™ N ()77 (5, ] (s) ) s

<Y G =W+ 5 G = Vil + g G — Wi
i=1

For u; < 1, where ns are given by (4.4), for i =1,2,...,n. By
the (4.9), (4.10) and (4.11), consider the following norm
s = Wil = |l = T, + T, — ;|
< W = Tl + 1T — 5|
<A+l =il
where i = 1,2,...,m. Furthermore
A;
L —mn,

i — i1l <

with {; = ﬁ Therefore, we can conclude that the coupled sys-
tem (4.3) is stable, which further implies the stability of the

coupled hybrid MABC-FDEs system (4.1).

5. Conclusion

The FOs introduced in this are the extended forms of MAB
fractional integral and derivative in Caputo sense. The space
of these operators is more wider than Hoélder space. By using
these new operators, we established some differential equa-
tions and explored their solutions by using generalized Laplace
transform. Such differential equations are not solvable with
ABC fractional derivative. The defined operators are proved
bounded in X? with norm. The Laplace transform of both
the FOs is evaluated. The inverse property of the operators
exists with a condition f{0) =0. The existence, uniqueness
and stability in Hyers-Ulam sense for the Cauchy model
involving generalized MABC fractional derivative operator is
proved. The presented work proved the importance of the role
of space in fractional calculus. This work motivate the
researchers to explore such modified forms that are helpful
to model new differential equations and find out the ways to
explore their solutions.
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