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1. Introduction

The celebrated Hardy-Hilbert’s integral inequality with powers p and ¢ [1] is

f f F(ﬁ)g(g) gssmLEU:OFP(ﬂ)dﬁ];[fomgq(g)dg];’ 0
p

where p > 1. Putting p = g = 2, we get:

1

f f F (ﬁ)g(g)dﬂdg < n[ fo ) Fz(ﬂ)dﬂﬁ fo ) gz(g)dg]z, (1.2)
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where the coeflicient 7 is best possible.

Pachpatte [2] proved the following two inequalities:

1

S o O m>‘P(b> £ Va,\2\}
Z Z a < M(k, r)( ;(k —m+ 1)(pmq>(pim) )

(S (r=n+ 1)@,&!(%)2)2,

n=1
e P, (PO
Mk, r) = (;( ))(;(7))
foﬁfog @(F(Z)l‘f’ég(s))d dS < L9, g) f(ﬂ \pls )(D( (()))2 )
f (G- 9) (S)W(gg)))ds)
where

wos=5( [ (e ([ Cgse)

Handley et al. [3], extended (1.3) and (1.4) as follows:
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(1.3)

(1.4)

(1.5)

(1.6)
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In 2006, Zhao and Cheung [4] gave the reverse versions of the above inequalities, which are more
extensive results for this type of inequalities.

9
f f f f q)f(Ff(Sf,Sf)) ~ds,dT, ...ds,dT, (L.7)

Zt’ 1 7g(st’5€))

G(ﬂlgla QI nyn)

n e Y4 D-D.F (s , ) y
X l;l (L ‘fo (e — so)(se — 55)(}75(&)%(30@{(W)) ds,dS, )

where

VST D(Po(se, T))\y Ve
G@i61s...,0yn) = - “ds;dS
@61 o) = f 1 f f P(se, Bp) ) 3 K)

and

Ry Se
Pe(se, B¢) = f f pe(&€)qe(Te)dédy. (1.8)
o Jo

In [5], Pachpatte established the following Hilbert type integral inequalities.

o 9 2 \3
f f F(s)G (S)d 49 < lhl(xy)i(f W — s)(Fh‘l(s)F(s)) ds)
2 0

s+ 3 . 5 1
{ [ =96 e@)as), 1.9)
and
[ [ oG g5 o[- ofpn{E2) )
0 0
f(g 3)(a3¥( gg;)) ) (1.10)
where . 1 ?  D(P(s)) Zd > P(0()) a9
®.¢) 2(fo( ) S)(fo( (%) ) )
and

fﬂ fg P(HQOPFEE)VGI)) |

s+ 3

sd9 < %(xy)%( fo "o s)(p(s)d)(F(s)))zds)é

x( fo (o - 5)(q(3)‘1’(g(5)))2d5);. (1.11)

.
f f f f [T7=1 @e(Fe(se, 34’)) ds,d3, ... ds,d3, (1.12)

yzg 1 1(&)(%))
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> L(%i61, .-, D)
n e s Fo(sp, ;) BL[
X 1;[ (fo f: (P — se)(se — 35)(1?5(55, SZ)QK(]?Z(SZ, SZ))) gng)

e s cbg(Pg(sg, 0) e
L(ﬂlgl,- .. nyn) - g ] f f P[(Sg, ) de[) .

Over the past decade, a great number of dynamic Hilbert type inequalities on time scales has been
established by many researchers who were motivated by some applications, see the papers [6—15,24—
27,40-43], see also, [16,18,22,23,28-32]. For more details on time scales calculus see [33].

In this paper, we extend some generalizations of the integral Hardy-Hilbert inequality to a general
time scale using conformable fractional. As special cases of our results, we will recover some integral
and discrete inequalities known in the literature. This article is arranged as follows: In Section 2, some
basic concepts of the calculus on time scales and useful lemmas are introduced. In Section 3, we state
and prove the main results. In Section 4, we state the conclusion.

where

2. Preliminary

A time scale T is an arbitrary nonempty closed subset of the real numbers. We define jump operators
forward and backward o : T — T and p : T :— T respectively by

o(J):=inf{se€T: s> T}, JeT,

p(3):=sup{seT:s< I}, JeT.

In the preceding two definitions, we set inf () = sup T (i.e., if 7 is the maximum of T, then o°(7) = 7)
and sup® = inf T (i.e., if 7 is the minimum of T, then p(7) = 7), where () denotes the empty set.

Recently, depending just on the basic limit definition of the derivative, Khalil et al. [34] proposed
the conformable derivative T,(f)(¢) (a € (0, 1]) of a function f : R* - R

fE+e™) = f©)

€

To(£)(6) = lim

for all &€ > 0, @ € (0,1]. The researchers in [34] also suggested a definition for the @-conformable
integral of a function 7 as follows:

b b
f N(€)d,é = f n(&é " dé.

After that, Abdeljawad [35] studied extensive research of the newly introduced conformable
calculus. In his work, he introduced a generalization of the conformable derivative TS(f)(£)
definition. Foré >aeR*as f: R* - R

f(§+ € -a)') —J&)

€

TN =
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Benkhettou et al. [36] introduced a conformable calculus on an arbitrary time scale, which is a natural
extension of the conformable calculus.

However, in the last few decades, many authors pointed out that derivatives and integrals of non-
integer order are very suitable for the description of properties of various real materials, e.g., polymers.
Fractional derivatives provides an excellent instrument for the description of memory and hereditary
properties of various materials and processes. This is the main advantages of fractional derivatives in
comparison with classical integer-order models.

In [37], the authors studied a version of the nabla conformable fractional derivative on arbitrary
time scales.

Definition 2.1. Let ¢ : T — R, 7 € T, and @ € (0, 1]. For 7 > 0, we define T2(€)(r) to be the number
(provided it exists) with the property that, given any € > 0, there is a §- neighbrhood U, c T of 7,
0 > 0, such that

€@ (7)) = E(s)]7' ™" = TRE®Ior(7) = 51| < elo() = s,

for all s € U,. We call T2(&)(7) the conformable derivative of & of order @ at 7, and we define
conformable derivative on T at 0, as T5(£)(0) = lim,_o, T2(&)(7).

Remark 2.1. If @ = 1 then we obtain from Definition 2.1 the delta derivative of time scales. The
conformable derivative of order zero is defined by the identity operator: TOA(g) =&

Remark 2.2. Along the work, we also use the notation (£)2(1) = T5(€)(7).

Theorem 2.1. Let a € (0,1] and T be a time scale. Assume & : T — R and 7 € TX. The following
properties hold.

(i) If ¢ is conformal differentiable of order a at T > 0, then £ is continuous at 7.
(i1) If £ is continuous at 7 and 7 is right-scattered, then £ is conformable differentiable of order @ at T

with
o) ~¢0) .,
u(7)
(i11) If 7 1s right-dense, then & is conformable differentiable of order « at 7 if and only if the limit

lim,_,, €0-€0) 1-a exigts as a finite number. In this case,

&) — &) 1,
—_—1 Y
T— 38

TAé)(T) =

T2(&)(t) = lim
(iv) If £ is differentiable of order « at 7, then

E(0 (1) = E@) + (DT TRE)(T).

Theorem 2.2. Assume &, @ : T — R are conformable differentiable of order « € (0, 1], then following
properties are hold:

(i) The sum & + @w : T — R is conformable differentiable with
Ty + @) = Tp) + T, (@).
(i1) For any k € R, k¢ : T — R is conformable differentiable with
T (ké) = kT(6).

AIMS Mathematics Volume 8, Issue 2, 3378-3402.
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(ii1) If € and @ are continuous, then the product éw : T — R is conformable differentiable with
Ty(¢w) = T, @ + T, (@) = T ()" + Ty ().
(iv) If € is continuous, then 1/¢ is conformable differentiable with

TA(l) RG]

\&)” ééoo)

valid at all points 7 € T* for which £(& o o) # 0.
(v) If € and @ are continuous, then &£/ is conformable differentiable with
TA( £ ) _ IR@©w —¢T(@)
a o

ww’

valid V1 € T, for which ww” # 0.

Definition 2.2. Let £ : T — R be regulated function. Then the a-conformable integral of £, 0 < @ < 1,

is defined by
f E(T)AT = f &)t AT,

Definition 2.3. Suppose £ : T — R is a regulated function. Denote the indefinite @-conformable

integral of £ of order a, a € (0, 1], as follows: F,(1) = f &(t)A,7. Then, for all a, b € T we define the
Cauchy a-conformable integral by

b
f E(MAT = Fo(D) - Fola).

Theorem 2.3. Let a € (0, 1]. Then, for any rd-continuous function ¢ : T — R, there exists a function
F, : T — R such that T2(F,)(t) = &(7) for all T € T*. Function F,, is said to be an a-antiderivative of
&
The conformable integral satisfying the next properties
Theorem 2.4. Let @ € (0,1],a,b,c € T, w € R, and &, @ be two rd-continuous functions. Then
o (b b b
() [[[6@) +@(D)]AT = [ E@AT + [ T(T)A,.
(i) [ w@AT = [ E@DA.
b a
(iiD) [ €@AT == [ E@)ALT.
. b c b
(V) [ E@AT = [ EDAT+ [ EDALT.
V) [ é@AT = 0.
(vi) If there exists & : T — R with |{(7)| < [£(7)| for all T € [a, b], then | fab (DA < fab E(DALT;
(vii) If & > 0 for all 7 € [a, b], then [ £(r)A,7 > 0.

We use the following crucial relations between calculus on time scales T and differential calculus
on R and difference calculus on Z. Note that:

(i) for any time scales T, we have
b b
& (1) = O D)7, f E(T)AT = f ) At
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(ii) If T = R, then

b b
oM =17 u@=0, fi@)=f), f f(AT = f f@ydr. 2.1)
(iii) If T = Z, then
b b-1
o=+l 0=l fO=A@. [ fose=Y o e

Next, we write Holder’s inequality and Jensen’s inequality on time scales.
Lemma 2.1. Suppose u, v € T with u < v. Assume F, g € CC}d([u, vlr X [u,v]t,R) be integrable
functions and % + }1 = 1 with p > 1 then

ff|F*(r*’S*)g*(r*’s*)lAar*AaS* < [ff|F*(l"*,5*)|pAwr*Awﬁ*]p
x[ f f Ig*(r*,5*)|qA"r*A"3*]q. 2.3)

This inequality is reversed if 0 < p < 1 and if p <O or ¢ < 0.
Lemma 2.2. Let r*, 3* € Rand —oco < m*,n* < 0. If F € CC}d(R, (m*,n*)). and ® : (m*,n*) — R is
convex then

(fuvf:F*(r*,S*)A‘l’r*Agﬁ*) _ Lo @ 3Amrazs
I A W T

This inequality is reversed if ¢ € C,,((c,d),R) is concave.

Theorem 2.5. (Chain rule on time scales [33]) Let g : R — R is continuous, g : T — R is A%
differentiable on 3%, and F : R — R is continuously differentiable. Then there exists ¢ € [J,0(J)]
with

(2.4)

(F o)™ (3) = F(g()(@)™ (9). (2.5
Definition 2.4. @ is called a supermultiplicative function on [0, co) if
D(xy) > O(HD(s), forall J,¢ > 0. (2.6)

Next, we write Fubini’s theorem on time scales.
Lemma 2.3. (Fubini’s Thoerem, see [38]) Assume that (%,Zi,us) and (g,2,,va) are two
finite-dimensional time scales measure spaces. Moreover, suppose that F : ¢ X ¢ — R is a delta
integrable function and define the functions

() = fﬁ F(3, ©)dua(¥), ¢e€g,

and

Y = fF(ﬂ, Q)dva(s), U €.
S

Then ¢ is delta integrable on ¢ and ¢ is delta integrable on ¢ and

j; dun(1) f F(@, ¢)dva(s) = f dva(s) j; F(@, §)dua(d).

Now we are ready to state and prove our main results.

AIMS Mathematics Volume 8, Issue 2, 3378-3402.
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3. Main results

First, we enlist the following assumptions for the proofs of our main results:

(S1) T be time scales with 3¢, 3¢, 7, 5¢, I, €T, (L =1,...,n).

(S2) Fe(s¢, 3) are nonnegative, right-dense continuous functions defined on [J, 3,)r X [To, go)r (€ =
1,...,n). . .

(S3) Fe(se, 30) have a partial A%- derivatives F?’ (s¢, 3¢) and F?z(st», J,) with respect s, and I,
respectively.

(S4) Fe(se,3y) € Cfd [30, ) X [To,50)T, [0,00)) (€ = 1,...,n) are increasing.

(Ss) Fe(se, Be) € C2([Bo, F)r X [To, 60)r, [0, ) (£ = 1,...,n).

(S6) pe(&, T¢) are n positive right-dense continuous functions defined for &, € (I, s¢)r, ¢ € (B0, To)r.

(S7) pe(&) and g.(t,) are positive right-dense continuous functions defined for & € (I, s¢)r, ¢ €
(80, Bo)r.

(Sg) ©, (¢ =1,...,n) are n real-valued nonnegative concave and supermultiplicative functions defined
on (0, c0).

(S9) ¥, and g, are positive real numbers.

(S10) s¢ € [Bo, )1 and T, € [Ty, o)r.

(S11) Fggao, Jo) = Ff(SAf&go) =0,(t=1,...,n).

(S12) F,' 2 (e, Be) = F ;7 (50, Bo).

NP
(S13) Pe(se, 30 = Jg Jy, PeEqu(TA 6N T,
~ s¢ 3
(S14) Fe(se, 3p) = 3: 50[ Fe(&e, T)AE AT

se 3¢
(S15) Pe(se, Ie) = 5; 30[ pe(&e, T)AEA T,
~ se T
(S16) Felse, 30 = 577 5; 3()[ pe&e, TOF (e, TOAEA T

(S17) yee(l,00), v, =1—ye,y=2i Yoo andy' = 3, v, =n—y,((=1,...,n).
(S18) 0<B, < 1.
(S19) he > 2.
n 1 _ 1
(§20) Xp=1 5, = 5
(Sa1) he > 1.
(S2) Fe(&) € CL 30,9, (€ =1,...,n).
(S23) ¥ is positive real number.
(S24) Fe(se) = g: Fe(E)A",.
(S25) s¢ € [To, o).
(S26) pe(ér) are n positive functions.
(S2) Pe(se) = [y, peé)Aée.
(S28) Fe(so) = 515 ;: PENF(EDA"E,.
(S20) Fe(Jp) = 0.
Now, we are ready to state and prove the main results that extend several results in the literature.
Theorem 3.1. Let S, S5, So, S11, 57, 513,53, S 12, Sg and S 17 be satisfied. Then for S ;; we have that

el I s Ou(Fe(se, i)
2 -A%s ;AT . A, AT, 3.1
NI |

% D=1 Ye(se = Bo) (T — S‘o))

AIMS Mathematics Volume 8, Issue 2, 3378-3402.



3386

> G615 ﬁnyn)

xH( fs A 000~ 50p(60) ~ 3Pl T, -

A

ZAI(S& 30 A”s,ATT e
pe(s)qe(Te) )) {})

where

e St (D, (P ; Y,
G r61s- s Dy) = f f fl() ("S(S"’ "))) anszasg) ‘.
{ fa

Proof. From the hypotheses of Theorem 3.1, we obtain

Fo(se. 3¢) = fs fs FA8 (& 1A A, (32)

From (3.2) and Sg, it is easy to observe that

1)
P(se, f)f 5 pf(g[)qf(Te)(Pc(-’f/)q;(T;)

50 50 /pt’(é:t’)Qt’(Tf)Aa‘f[Aan

)AangaTg
Du(Fe(se, Bp)) = (DL’( )

(f TON A @ @
50 5 Pz(ff)CIf( f)(MTq;(T;)A & Té’)

50 % Y pUENqHTIATE AT,

> DuP(se, Sg»cbg( (3.3)

By using inverse Jensen’s dynamic inequality, we get that

D(Pe(se, Ie) v F?gAT(feaTe) oo
F(s. ) > = fs 0 fs 0 m(&)w(n)@(m)A E0TT. (34

Applying inverse Holder’s inequality on the right hand side of (3.4) with indices 1/y, and 1/y;, we
obtain

Ou(Py(sz, ,
s 500 > SR = S-S
. FEN oy v
><( j;o LO (Pf(ft’)%(‘l’[)q)f(m)) JARFIAN T[) . (3.5)

Using the following inequality on the term [(s, — Jo)(J, — 530)]72 where y;, < 0 and 4, > 0.

n , 1 n , ,y’
[T (—,( > yw)) . (3.6)
=1 Y =1

We obtain that

- 7 O(Pe(se, B (1 < 4
D(F(se, T, > —=| = (se—T)( T, - F
L—l[ e(Fe(se, Ie)) 2 l_[ Pr(s,.90) (7’ ;75(55 0)(J¢ 0))

AIMS Mathematics Volume 8, Issue 2, 3378-3402.
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(F a

v Nén o) wr ra VE
‘[30 f P{f(ff)CIf(Te)q)f(pe(&)qf(n) )) AN Tg) ) (3.7)

From (3.7), we have that
- D(Fe(se, Te))
1 4
=1 (7 D=1 Ye(se = Bo) (T - 50))

Do(Pe(se, sg» f f” P TNt o o Y
/1_[ Pu(s;, 5, Js (Pf(&)cbf(w) (p[(é:f)Q£(T[))) AYEN Tg) ) (3.8)

Integrating both sides of (3.8) over s;, I, from I, to ¢, g, (€ = 1,...,n), we get that

T s I s 2 D(Fe(se, 3y))
’ A% AT LAY, AT,
(A ik v

% 2= Ve(se = Bo) (T - 50))

(1(1

T RePe(se 30)) 5)) f fﬁf( YT v
> : 0)q(to)@ (—)) A“T) A%s ATy
l;l j;o fi; CPAse B0 \Js, s, pe&0aie pe(€e)qe(te) EATe o
(3.9
Applying inverse Holder’s inequality on the right hand side of (3.9) with indices 1/y, and 1/y;, we

obtain
i Sl I Sn 1 0} (F (s | ))
AURACYZIRE N
| | ,AaslAasl...AaSnAaSn
«fs‘o Lo LO ‘Lo =1 1 4

—, 2= Vi(se = Bo) (B — 50))

e s (Df(Pf(st” NP) vf o rac VO
f f i ) AYs,A S,;) (3.10)

x f ) f f fs ) (pf(ff)qu)@(—p;( &)(Z(:’)) )" argarr )arsiats )”

=1

~
S
—_ ]

By using Fubini’s theorem, we observe that

T Sl 19;1 Sn T (D‘,(F[(S[ S[))
’ -AYsi A3y AYs,AYT, (3.11)
fgo fﬂo fso ‘LO 1[_—][ 1 ’

(& 221 vt - 303 - 30))

2 G(ﬁlgla oo nyn)

AZA? [
X l_[ (f (195 —so)(se — z)(Pf(Sz)Qf(Sf)q)f(W)) As AT, )7 :

By using the fact ¢, > p(¥,), and ¢; > p(sr), we get that

Ul Sl U Sn N O,(F (s 55 ))
[AURACIER -S4
/Aa/SlAaSl ...AaSnAaSn
L() \LO jﬂ‘() fﬁ;o ];I 1 Y

(7 Die1 Ye(se = Bo) (T — S0))
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>G(ﬂ1§'1,--- nyn)

- '(Sf, Jv) Ot
x]—[( fs . (p(ﬁo—sg)(p(gf)—sf)(pfm)qf(sf)q»(m)) nsars)

This completes the proof. O

Remark 3.1. In Theorem 3.1, if T = Z, @ = 1 we get the result due to Zhao et al. [4, Theorem 1.5].
Remark 3.2. In Theorem 3.1, if we take T = R, @ = 1 we get inequality 1.7.

Remark 3.3. Let S, S5, So9, 811, S7, S13, S3 and § 1, be satisfied and let @, vy, v}, v, and y’ be as in
inequality 1.7. Similar to proof of Theorem 3.1, we have

ol Sl i Gn 1 (D (F (s S ))
AYRACIE R
-AYsiA“T . AT, AT,
«f;o LO LU ‘J;O l;l (L g
Y

=1 Ye(se = Bo)( B¢ — S0))

<SG (D61, .., 00y0)
A

ZAI(Sg, 5))) A”s,A7S, )w

n b e
<1 fs ((0) = se)(o(sy) - Sa(pe(sg)qg(m)cbg(m

=1 o Y3

e CD P y i
G* (ﬁlgla--- nyn) , f f f( [(S[’ f))) anS[Aagf) {.
)7 i Vs, P(se, 3

This is an inverse form of the inequality (3.1).

where

Corollary 2.1. Let S, S23, S25, S26, S27, S29, S 17 and S g be satisfied. Then we have that

f f O (F((sc)) A%y A", (3.12)
3o Yo é’ 1 Z?:l Y (se = So))

> G**(ﬁl,.. 0 )

X 1:[ ( (p(ﬂf) - S")(pf(sf)(l)g( fg(( ;’)) ))w A”sg)w_

where )
. - Y (Dy(P y Ve
G"(D,...,0,) = ]_[(f (—"( "(Sf’))) ‘A% ) :
=1 Jo P[(S[)

Remark 3.4. In Corollary 2.1, if we take T = Z, @ = 1 we get an inverse form of inequality (1.5),
which was given by Handley et al.
Remark 3.5. In Corollary 2.1, if we take T = R, @ = 1 we get an inverse form of inequality (1.6),
which was given by Handley et al.
Remark 3.6. In inequality (3.12) taking n = 2, y; = y, = 2, then y| = v, = —1,, we have

D b3 ”
f f @1 (F1(s1)) D1 (Fa(s2) A5 A%, (3.13)
Jo ¢=1 (S1 So) + (57 — SO))

AIMS Mathematics Volume 8, Issue 2, 3378-3402.
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o

R s it :((Sl‘)) ) A”sl)z

<[00l o]

oo =af (P2 o) () o)

0

> D, )

where

Remark 3.7. If we take T = Z, @ = 1 the inequality (3.13) is an inverse of inequality of (1.3), which
was given by Pachpatte.
Remark 3.8. If we take T = R, «
was given by Pachpatte.
Theorem 3.2. Let S, S4, So, and S 4 be satisfied. Then for S g, S 15, S 19 and S,y we have that

D S1 I S n Fhe , 5
f f f f et P s 30 AT AT L As,AT,,
g, J3 g, Jg y
v L (7 IV %,(Sf - Jo)( T, - i50))

n 1

hf[(ﬂf = Jo)se — 50)] i

=1

1 the inequality (3.13) is an inverse of inequality of (1.4), which

1

J¢ Sr Be A
x{ fg g (p(ﬁa—sf)(p(gf)—se)(ﬂ(hg, s, fm+F§ff“(sf,a<8g)>Fg(sg,85)) A“sgmg}ﬂ

where oF oF
H(he,&r.70) = (he — D} v - (55, )t
A€,

(e, o).

Proof. From the hypotheses and by using the chain rule on time scales, we have that

2

ST (ff,m)A AT,

g
Fl(s¢, 3y fs f he H(hf,&,wF’"‘ (&, o (T0)).
g
= Iy fﬁ . H(hf,ff,n)+F;‘*‘l(&,v(n))Fg(ff,n))A“&A“n (3.14)

where oF oF
H(hg, &, 7¢) = (he — DFY €ty f(-fg, 77) éf@f,m

Applying inverse Holder’s inequality on the right hand side of (3.14) with indices y, and S, it is easy
to observe that

Fitse 30 > hol(se = So)(S¢ - To)] (3.15)

v he—1 Fe Be
L 5 (H(hf’ &, 1) +F (&, o(T))F e, T[)) AafanTf}
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Let us note the following means inequality
n n n 1 1
[ [m = (7 —mf)y (3.16)

we obtain that

H?:l FZ[(SK, J¢)

()’ D=1 %(S{f - 308, - 50));

1

n S¢ Ny Be B¢
ST [ [ (MO gero + P oo ienro) et G
=1 Jo YIo

Integrating both sides of (3.17) over s, 3, from 3 to ¥, ¢, (€ = 1,2, ...,n), we get that

P n s S "
f ff f et Fr(se, 30 A5 AT, A5, AT, > [ e
Jo Jo Jo Jo (

Y 2 %{(55 - 303, - 50)); =1

1

¢ St se I, . 5 s
X f f { f f (H(hf’ é‘:[, T[) + F/_ (é:f, U(T{))Fg(é:(, Tg)) Aaf[AaTg} AaSgAaSg,
o JIo Jo JJo
(3.18)

Applying inverse Holder’s inequality on the right hand side of (3.18) with indices y, and ,, it is easy
to observe that

19| Sl ﬂn n n_ Fh[ S ,S
f ff f e 7P 630 jegpos, . avsacs,
Iy JIo o JI ( Y

72?:1 %(Sf - 308, - S0))y

> ﬁ he[(ﬁf = To)(se - 50)];[

=1
e S S¢ Ny B i[
x{ f f { f f (H(hf,gf,Tz)+F?f1(65,0-(7-5))5(&,76)) Aa&AaTg}Aaszasf}ﬂ_
o JIo o JIo

By using Fubini’s theorem, we observe that

) Sl Gy Sn n Fh" Ky ,S
f ff f [ee) Py (e, 30 AT AT, LAY, AT,
Jo I Jo I ( Y

Y 21 yi[(sf - Jo)( T, - 30))7

= ﬁ he[(ﬂf = o) - 30)];6
(=1

de e he-1 B «. aa Be
X{fs (e — se)(se — 35)(H(hf, 56, 30) +F, 7 (50, (B )Fe(se 55)) A%seA 55} :

Jo
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3391

By using the fact ¢, > p(¥,), and ¢; > p(s¢), we get that

1 Sl Dy Sn n_ Fh[ S N S
f f f f e Py G5 30 “A%siAT . A, AT,
o JJo Jo I v

(7 2 %(Sé’ - Jo)( T, - 50))y
> l:[he[(ﬁf ~ To)sr - 50)];[

Y Se 1
x{ fg 00 = 5050 - f)(H(hf,sf, 30) + F' (50, (I )Fe(se. I ») A%s,A"S, }ﬂ

This completes the proof. O

As a special case of Theorem 3.2, when T = R, @ = 1 we have p(n) = n, we get the following result.
Corollary 3.2. Let F (&, 1,) € C*[(0, 19[) X (0,¢¢),(0,00)], £ = 1,...,n, where 9, and g, are positive

real numbers and define F(s;, 3,) = b F(&, T0)dédTy, for s, € (O %), 3, € (0,¢7). Then

" In F (s, 3 -
f f f HH ¢ (8630 _dsid3, ...ds,dS, > ]—[h{z[ﬁml’%
3 =1

’ Z{ 1 W(stt’))

1

e ﬁ[ 7
x{ f f (9 = 50060 ~ S0 Hhe 5,50 + Fi e, S0F s, 50)) dside)
0 0

where 9 9
H(h, &, 7¢) = (he — DFY? En o5 f(fc,re) ;(fm)

As a special case of Theorem 3.2, when T = Z, @ = 1 we have p(n) = n — 1, we get the following
result.

Corollary 3.3. Let {a,.5 (g ms, } (¢ = 1,...,n) be n sequences of nonnegative numbers defined for
=1,...,ky, and mg, = 1,. ., kg,, and deﬁne
ms, mg,
AS[,S[,mS[,mgf = aS(,S[,mse(,,m,][~
Mgy MM,
Then
ks, kg, ks, ks, H{) .

Z Z B Z Z - Sémv T > hlkgks)

m, gy, mg, msg, (»)/ ZZ:I #(mwms,))

A[ kg[,

Be i
x]_[(ZZ(kS, Oy, = Dlks, = ms, = D) Hos, + AYS) L g, ) )

ms, mg,

where

HS[,S[ = (he - I)A VIASg,S[,m_ng[VZAS(,ﬁg,mv

S¢, Sg My, msg, Mg,

AIMS Mathematics Volume 8, Issue 2, 3378-3402.
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VlASiﬂc,mwmsf = ASz’,Shmx(,msf - Ase,ﬁf,m.r,—l,msf'
V2AS[,S[J’”.¢[,mU[ = ASg,Sc,mxf,mw - ASeﬂz,mx,,,mss[—l :

Remark 3.9. Let Fy (&, 7,) and Fy(s;, 3¢) = ;{f ;;[ F (&, T0)A®E,A%T, change to Fy(&,) and Fy(s;) =

;f F(E)A“E,, respectively and with suitable changes, we have
Corollary 3.4. Let S,;, S, S»3 and S,4 be satisfied. Then S s, S5 and S,y we have that

A o an Fh[ ( Sg)
f f =1 ¢ lA"sl...Aasn
J g n Y
’ ’ ()’ D=1 i(é‘f - S0))
n 1 9
> [ o, -9 ]{

(=1 o

(p(zm—sf)(F’”‘ (sg)Ff(sg)) A sf} . (3.19)

Corollary 3.5. In Corollary 3.4, if we take n = 2, 5, = % then the inequality (3.19) changes to

R SORY () .
—————A"s1A%; > 4 [ — o), — Bo)] (3.20)

(s1+ 52)72
Up3 2 1

( 5 (p(ﬂo—s])(F’“ sbitsn) &%) ( [ - P st a7s:)

Yo

Remark 3.10. In Corollary 3.5, if we take T = R, then the inequality (3.20) changes to

91 Fhl th 8 5 1
f f (s(lsfsz)(?)dsldsz>4h1h2(ﬁ1ﬂ2)-‘( f @~ sn(Fi R (s0) d)

This is an inverse of the inequality (1.9) which was proved by Pachaptte [5].

02 - s2)(F&" (Sz)Fz(Sz)) ds.) . G2D

)

Corollary 3.6. In Corollary 3.4, if we take 5, = ’%1, the inequality (3.19) becomes

—n 1o n
Jo Jo =

Zf (8¢ — 0))

> nitt ]:1[ hl9 50]”_11{ (p(ﬁf) - so(Fi <sf)Ff<sf)) lA”sg}”f‘.

Theorem 3.3. Let S, S5, S14, S, S 5. and Sg be satisfied. Then for S 1, S 15 and S,y we have that

U Sl 3y Sn ”_ (D F ’S
f f f f 1 Qs I0)  jeg ey, AvAS,  (322)
9o JIo Jo JIo ¥

(7 21 )%[(St’ - 30T, - 50))

> L1, ..., D))
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Fe(se, 3O 0 wae
X | | f f (p(Fe) = se)(p(se) — 5)(P£(S€, St’)q)(( o, 35))) A%sA 5[)

where

S @y(P %
L(ﬂlgl’ R nyn) - f f i Z(SZ’ 5))) A” 5AQS )
f Vs, Jsg ((s¢, I

Proof. From the hypotheses of Theorem 3.3, S 14, S 5, and S, it is easy to observe that

pe(&e.Te)
30 5 Pc(fe,Tf)A“ffA"Tf
se 9 e @ o
o Jy, Peée TOCEEIDAE,A rf)

Pi(si, 30) [ 2 " D TO(HEEI A Ao,
OuFi(se30) = Of )

pe&este)

0 (3.23)
5, Jo, P& TOAEAT,

> Du(Pe(sy, 5{))(1){(

By using inverse Jensen dynamic inequality, we obtain that

Qc(Pe(se, B0) Je Fele, T\ var va
Dy(Fe(se, Tp)) > NXOSP R LO f pe(&e, Tf)q)f(p[(&, 5))A EAN T (3.24)

Applying inverse Holder’s inequality on the right hand side of (3.24) with indices vy, and §;, it is easy
to observe that

1

OFoe 50y > PP Dy, 53, - S fs 0 f S[ plée, o0 ) aogare)
(3.25)
By using inequality (3.16), on the term [(s; — Jo)(J; — Jo)]%, we get that
[Th, ®oFe(si, 30)
(r 520 L0~ 30 - 0]
12 L oG weaee)' 029

Integrating both sides of (3.26) over s;, J, from I, to ¥, ¢, (€ = 1,...,n), we obtain that

T Sl o Y ”_ O (F ,3
f f f f Heet @S0 30)  jog ang, . avg avg, (327)
Jo Jo Jo Jo Y

72?:1 L(se - 3o)(T, - 30))
T (" De(Pe(se, Ie) [)) % Fe(&e, 7o) @ pa B o A
> DLO f; Pr(se. Sg) fso f Pt’(ff,Tf)‘Df(pf(&’ [))) AE A Tg) A%s,A%S,.
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Applying inverse Holder’s inequality on the right hand side of (3.27) with indices y, and S, it is easy
to observe that

191 Sl ﬂn Sn n_ @ F ',5
f ff f e QP 3 jog avg, . avs,A09,
o o o o Y

72

"y Lo - TS, - 50))7

1

St (I)g(Pg(Sg, [)) N N e
:1 f fs Pi(ss, 3 ) s 5") (3.28)
n 9 g K
‘ " Fl&eTOW 10y v :
" =1 f f f f pf(&’n)@f(pf(ff,n))) A'EA T{)) "8 AT )

Using Fubini’s theorem, we observe that

U Sl Dy Sn n_ (I) F ’S
f f f f Lz @eFelse. o)) A AT LAY, AT,
o JIo Jo JIo v

(7 i1 %(Se - 3o)( T, - 50))y

> L(ﬂlgl’ ey 19nyn)
n e ? ¢ =
X 1—[ (f i P = se)(se — Sf)(Pf(Sf, Se)q)f(m))ﬁ Aaszasf)ﬁ[-

REAVATIVAN pe(se, Be)
By using the fact ¢, > p(¥,), and ¢; > p(sr), we get that

U Sl Dy Sn n_ (I) F , 5
f f cee f f H€_1 [( [(S[ [)) I A"slAaﬂl ce AaSnAasn
90 JJ 90 J3 Y

(7’ 21 )%(SZ - 3o)( T, - 5‘0))y

L(ﬂlgl’“- nyn)

¢
f f (o) = se)(p(se) — {’)(p{’(sf’ Sé’)q)f(

Fe(se, 3 5))) Aaszagg)M

pe(se; Be)
This completes the proof. O

Remark 3.11. In Theorem 3.3, if T = R, @ = 1 we get the result due to Zhao et al. [39, Theorem 2].
As a special case of Theorem 3.3, when T = Z, @ = 1 we have p(n) = n — 1, we get the following
result.

Corollary 3.6. Let {a%ghmw,ng[} and { psbg,,mjpmgz}, (¢ = 1,...,n) be n sequences of nonnegative
numbers defined for m,, = 1,...,k,,, and mg, = 1,...,ky,, and define

m, msg,
ASzgsz,msts[ = s, 3 me,my,
mg, my,
ms, mg,
PS[,Sf,mW,mgé = § § DPse.3emg,my, - (3.29)
m‘f[ m,,[
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Then
ki ki ki % H?Zl (DK(AS[,Sf,mSPmS[)
e .
Msy M Mgy M n Y
sy My n M3y ('y Zle )%(ms[msi))
> C(kslk519~- ks kg )
kS( kg[, ) ) |
S¢, Sg My mg 4 Be
" 1—[ ( Z Z(kS[ (mw 1))(]{8[ (mgl - 1))( se:Jemsyms, (PS[ I, m[ Jmg )) )
mA[ Mg[ " [
where

bt bty = ][5 35 (M)

s g s, im
mg, mg, £,9¢5 I,

Remark 3.12. Let F(&r, 1), pe(ée,7¢), Pe(&e,Te), and Fo(&r, 7¢) change to Fi(&,), pe(&r), Pe(se) and
F(s¢), respectively and with suitable changes, we have
Corollary 3.7. Let S, S23, S24, S26, S27 and Sg be satisfied. Then for S g, S, and S5 we have that

fﬁl f Hg 1(D€(Ft’(st’) A%, ... A% (3.30)
Jo Jo Zf | W(Sf _ 30))

st [ 00 (C2) s

where
n

L'9,,....0,) = D(Li‘ (%)H@S[)@

Corollary 3.8. In Corollary 3.7, if we take n = 2, 8, = % then the inequality (3.30) changes to

o F ®,(F 3 F 2 %
f f D, (F1(s51))D2(F2(s2)) AT\ ATs, > L**(ﬁl,ﬁz)( () - S1)(p1(S1)<D( 1(51))) A"sl)
g ((s1 — Fo

To) + (52— Jo)) pi(s1)
’ Fas)\WV o \2
><( . (p(92) — sZ)(pz(sz)‘I’(p2 (Sz))) A s2)3.31)

where

o= [ (3] ) ([ (55 o)

0

Remark 3.13. In Corollary 3.8, if we take T = R, then the inequality (3.31) changes to

T D (F(51)Da(Fa(s2)) " g Fi(sDW . \?
fo fo S dsds: > L (ﬂl,ﬂz)( fo (ﬁl‘sl)(pl“l)@(m(sl))) dsl)
x( 0

F1(s>)
AIMS Mathematics Volume 8, Issue 2, 3378-3402.
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where

oo [ () o) (] (P ae)

This is an inverse of the inequality (1.10) which was proved by Pachaptte [5].
Corollary 3.9. In Corollary 3.7, if we take 8, = % the inequality (3.30) becomes

—A%s; ... A"%s,

fﬂl__. I Ty ©e(Felse)
mo (z';=1<sf—so>)"‘

n

F.(s =
> L., f (000 = s0 et fisg)) As)
where
o T( (PP =Dy
L', ...,0,) = ni'T (f (M) A“s5) .
=1 Jo P[(Sg)
Theorem 3.4. Let S, S5, S6, So, S15, and S 16 be satisfied. Then for S 19, S 15 and S,y we have that
< P O (F (s,
f f f H[ L Pe(se, o) De(Fe(se é’)) s AT, .. ATs ACS, (3.33)
g 9, J9
R (5 VI TCER G so>)
[(195 - Jo)(se — S0) w f f (0(9¢) = 50)(0(50) = (et F)P(F (5, T0))) A%s,A*T )
=1

Proof. From the hypotheses of Theorem 3.4, and by using inverse Jensen dynamic inequality, we have

Ny
DOc(Fe(se, 30) = (Df(P[(Sf f f pe(&e, TF (&4, T[)A”&A”n’)

Ny
f f P06, TO)DP(Fe(ée, T0))AYE AT (3.34)
P f(Sf,

Applying inverse Holder’s inequality on the right hand side of (3.34) with indices vy, and 3, it is easy
to observe that

N

1 1 S 3
O(Fe(se, 30)) > ——[(s¢ — Bo)(T¢ - 50)]”(f (P&, TODF (& 7o) AafanTf) .
P(s¢, 3p) 9

Jo

By using the inequality (3.16), on the term [(s, — Jo)(J, — 50)]717 we get that

S¢ Ny 5
Pt’(Sf, Sé’)(D[(F{’(S[, Sf)) - > (L . (p"(é_‘[’ Tf)q)[(Ff(é‘:[, T[)))ﬂanéngaTg)ﬁe (335)
(v Sy e - 900 - 50))’ T

AIMS Mathematics Volume 8, Issue 2, 3378-3402.



3397

Integrating both sides of (3.35) over s,, J, from Iy to ¥, ¢, (€ = 1,...,n), we get that

fﬁl f fﬁ o Hz 1 Pe(se, B)@e(Fe(se, 3 f)) T AT, ... AT AT
’ o 25:1 - (se = Bo)(Te - 50))

LY . )
= l_l f f f f (Pf('ft’, Tf)ch(Ft’(éjg, T[))Yngaa_[AaTg)ﬁ[ .
t=1 Y30 Yo 5, J9,

Applying inverse Holder’s inequality on the right hand side of (3.36) with indices y, and §;, it is easy
to observe that

1 n S n
f f f 11 Pe(se, 3@ (F (s, 3 e)) AT, . A%s AT, (3.36)
’ " Z?:] %{,(SZ — Jo) (T - 50))

n 717 Je  rse I, i[
> [(19[ - Jo)(se — Sj0)] (L ‘fg L f (P&, TODF (&, 7o) A A T A 5, AT )

=1

By using Fubini’s theorem, we observe that

fﬁlf f Sn H€ 1P¢7(S€, (’)(D[(F[(s[’ f)) Aagl A% Aas
Jo Jo g 15 (Sé’ — S())(S[ - 30))

n e S i
> [(ﬂe — Jo)(se - %)]”( fg ¢ = s0)(st = I)(Pe(se, IDF (e, Sa)ffA“szase)ﬁ‘.

=1 0 Jo

By using the fact ¢, > p(¥,), and ¢; > p(sr), we get that

| | 1 t I 1 1. n
80 SO

25:1 ;(Sf - 308, - 30))

n ¢

[(ﬂf—sox;g o>] ( fs S (0000 = 50((50) = 3 (pelses SODF (50, S0V A”s, AT, )"

=1
This completes the proof. O

Remark 3.14. In Theorem 3.4, if T = R, @ = 1 we get the result due to Zhao et al. [39, Theorem 3].
As a special case of Theorem 3.4, when T = Z, @ = 1 we have p(n) = n — 1, we get the following

result.

Corollary 3.10. Let {asi,sbms[,msf} and {pshg[,mwmg{/}, (¢ = 1,...,n) be n sequences of nonnegative

numbers defined for m,, = 1,...,k,,, and mg, = 1, ..., ky,, and define

1 mg, ms,
Aw,ﬁf,m.yf,m:;[ P E E s, Samg, my, Pse3eme, my, s
se;Bemsgms, o
e e
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ms, mg,
Ps;,ﬁ‘f,mv,mg[ = ZZPW,S[,mQ,m,,(,- (3.37)
m§[ mW
Then
s kg s,k n
Zz zi t=1 Pse.30mg,mg, Pe(As, 50m,,ms,)
T
mg, m mg, mg, n 1 4
8RS g o)
ke k
n PR J¢ Be /%[
> [ tkako ) ( 3 D ks = Oy, = Dks, = s, = D) Py, @l sc8,mms )| )
=1 ms, mg,

Remark 3.15. Let F (&, 7¢), pe(ée, Te), Pe(ér, T¢) and

g
Fe(se, B¢) = Prss. D g)f; f pe&e, TOF ((E0, TOA A T,

changes to F/(&,), pe(&c), Pe(s¢), and

S¢

. Pe(EF ((E)A"E,

Flso =560

respectively and with suitable changes, we have
Corollary 3.11. Let S, S23, S26, S27 and S,g be satisfied. Then for S g, S 9 and S ,5 we have that

A . n_ P 1)) F
f oo [ Hemt Pels) @ [(Si)A"sl...A"sn (3.38)

" ' (7 p #(Se - 50))7
> ﬁ(ﬁf - 30)’15( 19[(10(195) - Sf)(Pf(Sf)q)e(Ff(S[))) Aasf)ﬁlf-
(=1

Corollary 3.12. In Corollary 3.11, if we take n = 2, 5, = % then the inequality (3.30) changes to

fﬁl fz% Pl(sl)Pz(Sz)(DI(Fl(sl))q)2(F2(s2)) siA%s, > 4[(191 — I - 50)]_1 (3.39)

((s1 = o) + (52— Tp))
:t S " () - ity (F1<s1>)) A"sl)z(

i

5 (p(D) — Sz)(l?z(Sz)q)z(Fz(Sz)))zAaSz)é-

Remark 3.16. In Corollary 3.12, if we take T = R, then the inequality (3.39) changes to

dsids, > 4[] (3.40)

fﬂl fﬂl P](S])P2(32)(D1(Fl(sl))q)Z(FQ(SZ))

(s1+ 52)72

( "o, s(pi(s), (Fl(sl))) dsl)( Oﬂz(ﬂz - Sz)(Pz(Sz)(Dz(Fz(Sz)))zdsz)z-
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This is an inverse of the inequality (1.11) which was proved by Pachaptte [5].
Corollary 3.13. In Corollary 3.12, let p;(s;) = p2(s2) = 1, then Pi(s;) = s1, P2(s2) = s,. Therefore
the inequality (3.39) change to

“1((s1 = To) + (52 — Fo))
e

Al 9
f f D (F1(51)D2(F2(s52)) A5 A5y > 4]0, — Bo)h — So)]”! (341
9 JI (5152)
3 2 2 i
t ) - so(@Fs) a%s ) | 0:) - s2)(@s(Fao2))) A%s2)

Remark 3.17. In Corollary 3.13, if we take T = R, then the inequality (3.41) change to

fﬁl fﬁl (D](Fl(sl))q)Z(FZ(SZ))dsldsz > 4[9,0,]
0 0

(s152)71(s1 + 52)_2

><( ‘foﬂl(ﬂl - Sl)(q)l(Fl(Sl)))zdﬁ);(foﬁz(ﬁz - Sz)(q)z(Fz(Sz)))zdSz)%.

This is an inverse inequality of the following inequality which was proved by Pachpatte [39].

7S DF(s)P(G(D)) 1 L
fo fo 591+ 9) dsd3 < E[ﬂg]

><( fo "o - sl)((D(F(s)))zds)é( fo - 5)(‘{’(g(5)))2d5)£.

Corollary 3.14. In Corollary 3.11, if we take 8, = ”n;l (¢ =1,...,n) the inequality (3.38)

a
1A Sn

fﬂl'-. " 1Ty Pf(sf)q)f(Ff(Sf)Aas
Ty Jo (ZZZI(S[ _ 50))711

n—1 n

> nit ]:lwg - 397 :(pw{») = sopso®eFecse)) " A%se)

4. Conclusions

In this manuscript, by employing the conformable fractional Holder inequalities and conformable
fractional Jensen’s inequalities on time scales, several generalizations of the conformable fractional
Hardy-Hilbert inequality on time scales are introduced. Beside that, we also apply our inequalities to
discrete and continuous calculus to obtain some new inequalities as special cases.
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