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1. Introduction
In [13], Hardy presented the discrete version.

Theorem 1.1. If {r(n)}, is a nonnegative real sequence and / > 1, then

(o)

o
Z(ZZ]’(’")) < (m)l;rl(n).

n=1 m=

Also, Hardy [14] gave the continuous version of (1.1).

(1.1)
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Theorem 1.2. Let r > 0 be a continuous over [0, c0) and / > 1. Then

fo m(i fo xr(s)ds)ldxs(%)l fo . (1.2)

Copson [6] obtained a new version of inequality (1.1) by replacing the arithmetic mean of a sequence
by a weighted arithmetic mean in the following manner: Let b(m) > 0, n(m) > O for all m. If [ > 1,

¢ > 1, then

> onm) (e C

mZ:; [g‘(m)]c( ]Z:; b(J)n(])) ( ) mz; U(m)[f(m) l bl(m) (1.3)
where &m) = Y, n(j), and if 0 < ¢ < 1 <, then

Z [g((m)) (Z P )) (1 i(;)IZ77("1)[g("fl)]l_cbl(m)' (1.4)

The reverse versions of the inequ_alities (1.3) and (1.4), which have been derived by Bennett and
Leindler [4, 17], can be deduced for &(m) — oo, b(m) > 0 and n(m) > 0 forall mthatif 0 </ < 1 < ¢,

then
Z[;(( " (Z bm(h) > (22} S nomEm1-<b/om). (1.5)
1 m=1
where L = inf §(m)) andif c <0 <1< 1, then
o 7(m) IS o
Y (Z bmh) > () 2. o E D), (1.6)

respectively. Copson [7] gave the continuous version of the inequalities (1.5) and (1.6), respectively,
as follows: Let n and f be nonnegative functions and &(p) = fogo n(o)do, B(p) = fop ne)f(o)do,

B(p) = f: n)f(e)do. 1f0 <1< 1< c,a> 0then

(%) } p o\ f °° = alec gl
= [B(p)]'dt > | —— n@IE@] " f(p)dt, (1.7)
fa [£(p)]° (C - 1) a
andif0 </ <1, c<1then
= n(p) I l lfm 2, Nil-c gl
————[B(p)l'dt > [—— IE@] f(p)dt. (1.8)
fa E)] (=) )

For further results on Hardy inequalities and other types see [1-3,5,8-10,12,15,18-21,23-27]. In [20]
the author proved the time scales version of (1.1) and (1.2).

o [T Aol .
j; (%)AW(%)I f 7'(9)Ap. (1.9)

unless n = 0.
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In [11] El-Deeb et al. extended (1.9)

[ A e Lo [ AR eons, (1.10)
a A)’(g) Y- 1 a
where

Y(¢) = f g;l(v)v(Q)Av, and  A(¢) = f g;l(U)AU.

In 2021 Kayar et al. [16], established the time scale version unification of discrete and continuous
Bennett-Leindler inequalities (1.5) and (1.7) as following theorem.

Theorem 1.3. Let A, f be nonnegative, Id-continuous, V-differentiable and V-integrable functions on
[a, co)T where a € [0, c0)T. Define

_ 4 9
E(p) = f AoVo  B(p) = f A0)f@)Ve.

a

IfL:infpeT&>O,0<p<1andc>1,then

&(p)
< Ap) pLEN [ Ap) fP(p)
S gorve > (25) [ T2y,
fa [€ (9)] (0—1) a (&)

(1.11)

Lately, Zakarya et al. proved an a@-conformable version of Hardy inequalities [22].

Theorem 1.4. Assume that T is a time scale with w € (0, c0)r. Let A and & be rd-continuous and
a-fractional differentiable functions on [w, o). Define

00 )
) = f A0)Avo and O(p) = f A0)E()A .

Then, fork <0< h < 1, and a € (0, 1], we have that
< Ap) A ( h

— (O Ao >
fw eI R e

We will need the following chain rule for y-nabla derivative, integration by parts for y-nabla
derivative [29] and generalized y-nabla Holder fractional inequality on timescales [28] respectively

h o
k) f APE" @) Agp.

V(@ 0 £)(p) = @ E)IVIER)). (1.12)
b b b
fd T@VIEDIVp = [@(@)$)|, - fd (V@) (9) V0. (1.13)
b b 1/p b 1/q
f IV < f w)I'Vie) f EIvio) (1.14)
d d d

where % + é = 1land 0 < y < 1. Now, we start to state our main results.

AIMS Mathematics Volume 7, Issue 8, 14099-14116.
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2. Main results
We focus in this section, on investigating corresponding results for y-nabla conformable time scales.

Theorem 2.1. Let T be a time scale with r € [0, o)y, ¥ € (0, 1] and ¢ > a. In addition, let ] and A be
nonnegative ld-continuous and (y, a)-nabla fractional differentiable functions on [r, co)t where

) ©
) = [ 10T ad W)= [ AeiWe. pelnoon.
9 r

IfO<p<yandc <y-1,then

T A9 g poy+ DY [ ADP@I¥()]
I [m(p)]c_y_H [\P(SO)]I) Y VZ&O = ( y—c ) I (Qp(p))C—P—VH VZSO (21)

Proof. Using (1.13), with

Van(p) = Ap) /(L (17, &) = ¥,

we have

00 /-l . . ]
f M;%[‘P(p)]l’—wlﬂ@ = [U(KJ)\PP—G+1(80)L +f (= 7(@)VI(FP 7" () Vg,

where we assumed that .
n() = - f A9)/Q T (p)V2o. (2.2)
©
Using W(r) = 0 and n(c0) = 0, we get

< Ap)
, o [QP(p)]ert

Applying (1.12), then there exists d € [, p(¢)] such that

() VT = f L@V (). 2.3)

p—y+l1 (p—v+ DAP)Ap)
@ T )

VZ(le_y-H (80)) — (24)

Next note V,Q(p) = —A(p) < 0. By chain rule, we see that

! V2 Q(p)dh
(y - C) f c—a+1
o [AQp) + (1 — W (p)]

- -0 f Ap)dh
7 o [hQ(p) + (1 = ()]

o fl Ap)dh
o [hQ(p) + (1 = ()] !
Ap)
[ ()]

VI(Q(p))

Vv

= —(y-o
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This implies that

A(p) -1 y-e
> VI(Q , 2.5

and then, we have that

* /l(Q) -1 foo y—c

_ - M9 e, s L wio v

7 (9) fp i > =] Q) V2o
1

_ , 2.6

(y = o) (p)” 20

Using (2.4) and (2.6) in (2.3) yields

e R = (o o

(2.7)
Applying Holder inequality on the term

( f ) [ (\y(so));l(zfgj))(zii);)) p(y—0) ] : Vgﬁo)p,

with indices 1/p and 1/1 — p and

_ (@) (9)
(P(@)" ()"

( fr"" Frome) ([ m [(w(p))iifﬁ)(yssz;>)f’w>]Lm)p

AR\ -| f > ()AL @) ) P I()[()] 1P D
([Crs@vipy! L (W)™ (@)™

* A(p) v+l ol
X(f [y vio)

= AP (@[F(p)]' f T Ap) il p-l
= 2 — W) V) 2.8
([ Sl mppmtror o) 29
From (2.8) and (2.7) yields
( f w{p(%[w(p)]ﬁ“vzp) (2.9)
>(p—7+1))p( f T A@Y @I o, )( < Ap)
"\ oy-ec ro (@) T TN )

Ap)
[Q(p)]crH]

1-p
F(p) d lp) = ( ) [W(p)]!-PP-r+D

Vie

p—1
[P V)

Therefore,

< Ap)
» [QP(p)]erH!

my’ f‘” APV @Y1 o,

(@170 > y—c @y

O
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Remark 2.1. In Theorem 2, if we take y = 1 then inequality (2.1) reduces to

f - ﬂ(s@)‘l"’(s?)v >( P )f’ mﬂ(s@)J"(soc)V
r ((9) lL-c/ J. (¥(p)

)

where

© 00
W(p) = f A¥oVo  and  Qp) = f o)V,
r ©

which is Theorem 3.1 in [16].

Corollary 2.1. From Theorem 2, assume T = R, then (2.1) obtains

f (7)) Laany (%) p—v+ 1)” f < AP ()Y ()
r Q)T y=c 1 J Q)T

(p—a) 'dp > ( (p —a)'dt,

where

P(p) = f A0)Xo)(p —a)'do and Qp) = f A0)(p — a) " ds.

[

Corollary 2.2. From Theorem 2, assume T = hZ, then (2.1) get

i A(h) PP (hp)
= Qrtihg —hy
~h

-yt 1)” i A(hp)P (he)¥' 7 (9)

y—1 h (y-1) > (p y—1 h _\O-D
(0" (hp) - @), = T = ) =)

where

4 o0
Y(p)=h Z ﬂ(hQ)J(hQ)(pV—l(hQ) - a)ﬁz’_l) and Q(p) = h Z /l(hQ)(py_l(hQ) _ a)zy—l)‘

) _9
0=7 O=%

Corollary 2.3. From Corollary 2, assumer T = Z and & = 1, then (2.1) obtains

@) =),

o A()PP V”(hsO) | bty - (P =Y+ 1V 0 AP (@)Y 7 (p)
2 oy @@ -a" >(—y_c ) > .

p=r p=r

where

¥() = Y AN )~ )" and  Qp)=hY Aho)p" (ho) — ).

o=r 0=¢

Corollary 2.4. From Theorem 2, assume T = ¢", then (2.10) obtains

3 P! (9) —af APV () (P —y+ 1y » P(0" "\ (9) — ) APV (9)F' ¥ (p)

$€(r,00) Qe (p(@)) y-c PE(r,00) Qerl (p(p)) ’
where
¥(p) = (G-1) ) 0d@X)p" @-a) " and  Qp)=@G-1) ), oA} )-a)) ",
0€(r.9) 0€(,0)
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Theorem 2.2. Let T be a time scale with r € [0, )7, ¥ € (0, 1] and ¢ > a. In addition, let ] and A be
nonnegative ld-continuous and (y, a)-nabla fractional differentiable functions on [r, co)t where

Q(p) = f A0)Vio and ¥(p)= f A No)Vio, ¢ € [r,)r.
Y Y

If0 < p<yandc>vy,then

Y (%) B p—y+ Dy f“’ AP () [PP(p)]' ™
AN pN 77 povHlygrg > (2 2 V0.
e G e ey Y e

(2.10)
Proof. Using (1.13), with
Van(p) = Ap)/ 1 ()] 7, £(p) = [W(p)" 7,

we have

" A N7 —p—a+ o 0 s
f w%[‘l’p(p)]f’“”ww = [n(p)¥" 1(@)], +f V(=¥ 1(@))VZSO,

where we assumed that

n(p) = f AP/ )TV,

Using ¥(c0) = 0 and 5(r) = 0, we get

. B i -
f [Qwi%[w@)]m”%o = f V(=7 @)V, @.11)

Applying (1.12), then there exists d € [, p(¢)] such that

—p-y+1

V(-9

p-v+ 1VZ‘I’(50) S (P — v+ D))

2.12
Yr-r(d) W " ©) ( )

()

Next note V) Q(p) = —A(p) < 0. By chain rule, we see that

! V. Q(p)dh
(y -0 fo

VI(Q(p))
[hQ(p) + (1 — HQ(p)] !

) fl A(p)dh

0 [hQ(p) + (1 — ()] 7!
Ry (—

0 [h(p) + (1 — ()] "'

A(p)
[Qr ()]t

A\

= (c—-v)

This implies that
—A(p)
[ (p)]7!

> = VI (Q(p), (2.13)
c—vy

AIMS Mathematics Volume 7, Issue 8, 14099-14116.
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and thus, we get

) _ f‘” A©) f‘” ) f‘” A(©)
= | ==L vy = _ 20 g | 22y | 9y
) f e T @ T, e 7, e

-1 (™ . 1
— | viQ) Ve = .
c-Yy js; Q@) Ve (c =)

Substituting (2.13), (2.14) into (2.11) obtains

([ wippatPor ) (22 ([ [(qu(p))ﬁ(py(‘ppgzzz(ﬂ%))””‘”]l}%)p'

(2.15)

Applying Holder inequality on the term

> () (p) b\
(f [(@«o))"("")(m(go))””‘”] "iv).

with indices 1/p and 1/1 — p and

_ ()2 (p)
(@( go))p(y_p)(QP( S0))17(0—7) [Qp(go)]c—yﬂ

(f’m o) - (f °° [(\P<m)£5§)(gf;))”“-w] Vio)

. T Fexevie | f"" (@ADL @) 1) [T ()] 1P+
([Trviey L (Po(9)" (@ ()"

© AP o o Y]
| T r T vy)

(AT @F@I (A ]
(] @) 77 Vo) [ e T o) 2.16)

Substituting (2.16) into (2.15) yields

~

A(p)

I-p
F(p) and Xp) = ( ) [\Pp(s{))](l—l?)(l’—)’+l)

==

Vip

( < Ap)

. ()]

>(p—y+1>)f’( f‘” APF P o )( ©Ap)
c—y r Q) TP A ()]t

[Fo) V) 2.17)

p-1

@(p)}ﬂ”vz@)

Therefore,

< Ap)
, [QP(p)]erd

P-v+ 1))P f“ APF @IV ()] o,

T Ve > (P R

O

AIMS Mathematics Volume 7, Issue 8, 14099-14116.
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Remark 2.2. In Theorem 2, if we take y = 1 then inequality (2.10) reduces to

f"" A () > (2 © AT @)
r () c-1 ()"

where

(o)

Fp) = f ANV and  Qp) = f Ao)Vo.

9 9
which is Theorem 3.4 in [16].

Corollary 2.5. From Theorem 2, assume T = R, then (2.10) gets

f (7)) Laany (%) p—v+ 1)" f < AP)F ()Y ()
r Q) T c=y S Jr (@)

(9 —ay'dp > ( (9 —ay~dr,

where

¥(p) = f A0)Xo)(p —a)’'do and Q(p) = f A0)(p — a)’"ds.
v 9

Corollary 2.6. From Theorem 2, assume T = hZ, then (2.10) gets

i A" (hp)

(y b (P —-Y+ 1)” i ﬁ(hso)l”(hso)‘l’
— Qc—y+1(hp —h) >

c—vy — Qc—p—y+1(hp

“h

(7! o) - (K") " (hp) - )™,

where

¥(p) = hZﬂ(hg)J(hg)(py '(ho) - a)"" and Q(ga)—hZﬂ(hg)(py '(ho) — ™",

o= h Q_*

Corollary 2.7. From Corollary 2, assume T = Z, and & = 1, then (2.10) obtains

> ()P h Py +1V AR o

p=r

where

Flp) = Y 2N (ho) =)™ and Q) =h Y Ahe)p" " (he) - @) .

o= o=

Corollary 2.8. From Theorem 2, assume T = ¢", then (2.10) obtains

00~ AT 0)  poyrip ¢ 9@ @) - AP @F ()
Z Qr+1(p(p)) 2 ( c—y Z o) ,

PE(r,) PE(r,)
where
V(p)=@G-1) ), @@ @-a) " and  Qp)=@G-1) ). el @~ ",

0€(p,00) 0€(p,00)

AIMS Mathematics Volume 7, Issue 8, 14099-14116.
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Theorem 2.3. Let T be a time scale with r € [0, c0)r, ¥ € (0, 1] and ¢ > a. In addition, let ] and A be
nonnegative ld-continuous and (y, a)-nabla fractional differentiable functions on [r, co)t where

_ 9 . »
Q(p) = f AoVl and F(p) = f ANVIo, 9 € [r.oo)r.
r )
IfO<p<yandc <y-1,then
00 _ 00 N7 1—
[ =@ rive s (D) [ AZWEW e )
;) y=c ) ) T @y

Proof. Using (1.13), with

Vin(p) = Ap)/[Qp) 7, &) = [P()]P ),

we have
0 A — —p-a+ o0 0 —p—y+
f ﬁ[wp(s@ﬂp“”%@ = [n@)¥" " @) + f (=)@ )V,
where we assumed that

n(p) = f | AP)/1QP)] 7 V0.

Using @(oo) = 0 and n(r) = 0, we have that

® A — « —p—y+
| @@%[w@)vﬂ“% - [ now @ opwe. 2.19)

Applying (1.12), then there exists d € [, o(¢)] such that

g —rtlog — 7+ DA(p)]
V@) = —%W@Z(ﬁ Y+ DADI)

e (p)

(2.20)

Next note V2Q(p) = A(p) < 0. By chain rule, we see that

o) fl ViQp)dh
T ey - - w@ e

- o) fl Ap)dh
’ 0 [hQp) + (1 — W ()]

Vi(Q(p)

N

b0 fl A9y
o [hQ(p) + (1 — Q)"
A(p)
[Q(p)]e7+!

(y—o)

This implies that
A S
L T (221)
[Q(p)]cr+t Y —¢

AIMS Mathematics Volume 7, Issue 8, 14099-14116.
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and then, we have that

v Ao) f‘” A(0) f‘” A(0) f‘” A(0)
= —V’ = —VVo - —— Vo> - — \%24
77(80) I [Q(Q)]C—7+1 a@ , [Qp(g)]c—7+l a@ 0 [Q(Q)]C—y+l a€ 0 [Q(Q)]c—yﬂ a@

1 f“’ B 1
— | VIQ(0) Vi = —
y-cJy (y — Q)"

(2.22)
Substituting (2.21), (2.22) into (2.19) yields

([ o] > [ e sl ™)

(2.23)

Applying Holder inequality on the term

” AP ()P (p) ’ p
(j; [(\ITp(So))P(V—p)(ﬁ(KJ))p(y—c)] VZ:SO) >

with indices 1/p and 1/1 — p and

_ AP () (9)
()" Q)™

(fr“’ F1/p(go)VZ@)” = (frw [(@p(go);i&ol’)f(%s?;))p(c_y)];VZgo)p

s b F@X9Vip =[ f = (@A) TP (p)[ W ()] PPr+D
([T @iy L (P ()" P (QUp))

><( f T 4@ [‘17’(50)]”‘”1VZsO)p_1
;)

00 Uo 1— 00 —1

= f AZOTTOT oo f i) (2.24)
r (Qp) " ro [Q(p)]erH!

From (2.24) and (2.23) gets

( f m_ﬂ(;m[@w)]f’—y“vzp)p (2.25)
r [Q(p)]er!

S (P=y*+ DY f‘” ART P @] o, f“ N N
( c—Y )( , (ﬁ(p))C—P—y+l a&o)( . [5(80)]0—7+1[ (S/‘))] ago)

=

I-p __
F(g) IR

3 A(p)
= ([ﬁqmr-w

Vip

Therefore,

() N p-y+Dy f“’ AP ()PP ()]
———— [PVl > (——— — Vip.
f, [9(@)}6-7“[ @) ¥ ( y-c ) r Q) ! ¥

O

AIMS Mathematics Volume 7, Issue 8, 14099—-14116.
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Remark 2.3. In Theorem 2, if we take y = 1 then inequality (2.18) reduces to

f"" WF@I () f‘” A 0)
r Q@) I=c/ Jr (Qp)™"

\V2

where
0

Fp) = f ANoVo  and  Qlp) = f " Ao)Ve,

9] r

which is Theorem 3.9 in [16].

Corollary 2.9. From Theorem 2, assume T = R, then (2.18) gets

(p —a)"'dt,

f“’ AP " ()

p-y+ 1)1’ f“’ ADY@F ()
Q) ! r

(p — a)y_ld@ > ( - (ﬁ(go))c_p_7+1

where
0

) = f A9 —ay'do  and  Q(p) = f Ao)(p —a)’~'ds.
9 r
Remark 2.4. In Corollary 2, if we take y = 1 yields discrete Bennett-Leindler type inequality (1.8).

Corollary 2.10. From Theorem 2, assume T = hZ, then (2.18) gets

= Ay ® " (he - h)
Z —c—y+1

p=7 Q (he)

©) 1 () a7,

p—y+ 1\ & AP (h) ¥
) Z —c—p—y+l

@)= > (
y-c o=t Q (hg)

where

00 §
W(p) = h ) Aho)Xho)p" ™ (he) =)™ and Q) =h ) Aho)(p"" (ho) - @)} ".

-9

=73 O=h
Corollary 2.11. For T = Z, we take h = 1 in Corollary 2. In this case, inequality (2.18) reduces to

o0 —p-y+1
Z ﬂ(so)E’c—y+l (80 ~ 1)(107_1(80) - a)(y_l) > (

p=r (9) y-¢ /o=

p—Yy + 1)1’ i /1(80)117(80)?1_)/(80) (p’y—l(so) _ a)(y—l)’
—Cc—p—v+
)

where

@(50) = Z A(Q)J(Q)(pY—l(hQ) _ a)(y—l) and 5(80) — hz ﬂ(l’lQ)(py_l(hQ) _ a)(y—l).

o= o=r

Remark 2.5. In Corollary 2, if we take y = 1 and r = 1, yields discrete Bennett-Leindler type
inequality (1.6), which is the converse of Copson inequality (1.4).

AIMS Mathematics Volume 7, Issue 8, 14099-14116.
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Corollary 2.12. From Theorem 2, assume T = ¢'', then (2.18) gets

b

—c—y+1 —c—p—y+1

5 0" () = @) AP oto)) (=22 'y P (9) - Y ADT T (9)

pE(eo) () YT o) Q (¥)
where
V(p)= @G- ) 0d@i@ @~y " and Q) =@G-1) ) o)’ @-a)] ",

0€(p,00) 0€(rp)

Theorem 2.4. Let T be a time scale with r € [0, c0)r, ¥ € (0, 1] and ¢ > a. In addition, let ] and A be
nonnegative ld-continuous and (y, a)-nabla fractional differentiable functions on [r, co)t where

Q)

_ 14 _ !
Q(p) = f A0)Vlo, Do) = o, V() = f ANV, ¢ € [r.oo)r.

—=p
IfL:infpeT%(—(;)))>0,O<p<yandc>7,then

T _A®) o (p—y+ DLy fw AP @)
—[¥ PoyHlygY gy > ) —
f, R i == Gy T

(2.26)
Proof. Using (1.13), with

Vin(p) = Ap)/[QP) 7, &) = [P()]P ™,

we have

00 /l - 00 8
f ﬁ[‘ﬂs@ﬂ”‘“”%sﬁ [P ()] + f (=P @)VLP" 7 ()Vip,

where we assumed that .
n(p) = — f AP)/ QP V2.
9]

Using W(r) = 0 and n(c0) = 0, we have that

(o) A 00
| [ﬁ(p()%[wnﬁ“vzw: [ —remer e @27)

Applying (1.12), then there exists d € [, p(¢)] such that

p—v+1

(p—vy+ DAUP)Ap)
Yr-r(d) '

V(¥ () = ()

VI¥(p) > (2.28)

Next note VZﬁ(go) = A(p) < 0. By chain rule, we see that

VI Q(p)dh
hQ(p) + (1 = QY ()] 7"

1
V@) = (-0 f
o [
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- ey fl A(p)dh
P )+ (- @ @)
: Ap)dh
=z —(c— — —
. wfo [ (p) + (1 = QY ()]
~ Ap) Ap) Q)
= ~(c-Y—=——=-(y-0)—=; -
[ (p)Jer+! [ )]+ [Q(p)]er+!
> —(c- /Eg)) )
Lc—y+1 [Q(p)]c—y+l

This implies that
pl _Lc—y+1 _ i
_1©) VI(@(p) (2.29)
[Q(@)]r Y

and then, we have that

c—y+1

00 /l 00 Lc—y+1 _ .
o= [ v s - [ VI (@) Vo =
p ()

o ¢ _ (O, 00)) ¢
o o) =7 @@y - @y

—y+1 —y+1
c=y —p Cc=y

. _ L
= Q)" >
c—vy c—vy

Substituting (2.30), (2.28) into (2.27) yields

) ity V(P =y DL f‘” (9)¥(9) re, VP
() S o) > () ( [(\P(p))””"”(ﬁ«o))"“‘”] ")

Q). (2.30)

2.31)

Applying Holder inequality on the term

I

with indices 1/p and 1/1 — p and

() ()
F = —
) (@) (Q(p))"

( f ) F””(p)VZgJ)p = ( f ) [ (¥( p))ﬂpfy(f»)zgg))m_w];Vzgo)p

ARG ([ V@A) P (@) ¥(p)] 07
(S @vipy L (P()" Q)

oo -1
[ =)
ro [Q(p)]eet!

Ap)
[Q(p))!

1-p
d Ap) = ( ) (¥ ()] -PP-7+D)

\§4%

AIMS Mathematics Volume 7, Issue 8, 14099-14116.



14113
= N7 - = -1
— (f ﬂ(@)z’(@)[\f’p_(so)] yVZS{))(f _ /1(80) [\P(go)]p—'y+lvgl/80)p . (232)
r Q)T [ Q)]
From (2.32) and (2.31) gets

( f w_ﬂi[w»]f’—y”vzp)p (233)
;)

( c—y )( , Q)" a@)( r [5(80)]6_7“[ (2] a@)

Therefore,

T Ap) el (p—y+ DL f © AP ()P ()]
— ¥ PYRINVY O > — Vio.
f, Sy O ( c-y ) SN CT0) A

Remark 2.6. In Theorem 2, if we take y = 1 then we get Theorem 1.

Corollary 2.13. From Theorem 2, assume T = R, then (2.26) gets

f (7)) Laani (%)

— (p —a)'dt,
(Q(p) "

(p—vy+ DL )” f < AP ()P ()

(p — a)y_ldﬁo > ( c—y (ﬁ(p))c—p—yﬂ

where

9 B o
Y(p) = f A0)Ne)p —a)'do  and  Qp) = f o) — a)~\ds.

Remark 2.7. In Corollary 2, if we take L = y = 1 yields continuous variant of Bennett-Leindler type
inequality (1.7).

Corollary 2.14. From Theorem 2, assume T = hZ, then (2.26) gets

(o)

Z A(hp)PP " (hy)
Qv+ (h)

(" (hp)=a)] ",

(p—y+ DL )” i A(h) (hp)¥' 7 ()
—c—-p—y+1

@ thp)-a > (
A = A D)

_r
9=

where

9 ¥
W(p) =h ) AhNho) " (o) —a)) ™" and  Qlp)=h ) Aho)p" ' (ho) - )"

o=+ o=j

Corollary 2.15. For T = Z, we take h = 1 in Corollary 2. In this case, inequality (2.26) reduces to

U0 PPY (R — DL S Ap) P ()P
D A R ) - ) > (PR AR W) - )

p=r Q) () €Y p=r Q ()
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where

9 0
Y(p) = Z /l(Q)J(Q)(pY—l(hQ) —a) D and ﬁ(p) — hz ﬂ(hQ)(py_l(hg) —a),

o=r o=r

Remark 2.8. In Corollary 2, if we take v = 1 and r = 1, yields discrete Bennett-Leindler type
inequality (1.5), which is the converse of Copson inequality (1.3).

Corollary 2.16. From Theorem 2, assume T = ¢'', then (2.26) gets

3 P! (9) —af APV () (<p —y+ DLy 3 (" (9) = ) APV (¥ ()

—c—y+1 c—vy

©e(r,0) Q (9(80))

where

b

—c—p—y+1

©e(r,0) Q (SO)

B(p) = G-1 ), AN @-af "’ ad  Qp)=@G-1 ) e @-a] .

0€(r,) 0€(r,p)

3. Conclusions

In this paper, with the help of a simple consequence of Keller’s chain rule and Holder inequality for
the (y, a)-nabla-fractional derivative on time scales, we generalized a number of Bennett and Leindler
Hardy-type inequalities to a general time scale. Besides that, in order to obtain some new inequalities
as special cases, we also extended our inequalities to discrete and continuous calculus. In order to
illustrate the theorems for each type of inequality applied to various time scales such as R, hZ, g% and
Z as a sub case of hZ. For future studies researchers may obtain some different generalizations for
dynamic Hardy inequality and its companion inequalities by using the results presented in this paper.
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