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1. Introduction

In [13], Hardy presented the discrete version.

Theorem 1.1. If {r(n)}∞n=0 is a nonnegative real sequence and l > 1, then
∞∑

n=1

(1
n

n∑
m=1

r(m)
)l

≤
( l
l − 1

)l
∞∑

n=1

rl(n). (1.1)

Also, Hardy [14] gave the continuous version of (1.1).
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Theorem 1.2. Let r > 0 be a continuous over [0,∞) and l > 1. Then∫ ∞

0

(1
x

∫ x

0
r(s)ds

)l

dx ≤
( l
l − 1

)l
∫ ∞

0
rl(x)dx. (1.2)

Copson [6] obtained a new version of inequality (1.1) by replacing the arithmetic mean of a sequence
by a weighted arithmetic mean in the following manner: Let b(m) > 0, η(m) > 0 for all m. If l > 1,
c > 1, then

∞∑
m=1

η(m)

[ξ(m)]c

( m∑
j=1

b( j)η( j)
)l

6
( l
c − 1

)l ∞∑
m=1

η(m)[ξ(m)]l−cbl(m), (1.3)

where ξ(m) =
∑m

j=1 η( j), and if 0 6 c < 1 < l, then

∞∑
m=1

η(m)

[ξ(m)]c

( ∞∑
j=1

b( j)η( j)
)l

6
( l
1 − c

)l ∞∑
m=1

η(m)[ξ(m)]l−cbl(m). (1.4)

The reverse versions of the inequalities (1.3) and (1.4), which have been derived by Bennett and
Leindler [4, 17], can be deduced for ξ(m) → ∞, b(m) > 0 and η(m) > 0 for all m that if 0 < l < 1 < c,
then

∞∑
m=1

η(m)

[ξ(m)]c

( m∑
j=1

b( j)η( j)
)l

>
( lL
c − 1

)l ∞∑
m=1

η(m)[ξ(m)]l−cbl(m), (1.5)

where L = inf ξ(m)
ξ(m+1)

, and if c 6 0 < l < 1, then

∞∑
m=1

η(m)

[ξ(m)]c

( ∞∑
j=1

b( j)η( j)
)l

>
( l
1 − c

)l ∞∑
m=1

η(m)[ξ(m)]l−cbl(m), (1.6)

respectively. Copson [7] gave the continuous version of the inequalities (1.5) and (1.6), respectively,
as follows: Let η and f be nonnegative functions and ξ(℘) =

∫ ℘

0
η(%)d%, B(℘) =

∫ ℘

0
η(%) f (%)d%,

B(℘) =
∫ ∞
℘
η(%) f (%)d%. If 0 < l 6 1 < c, a > 0 then∫ ∞

a

η(℘)

[ξ(℘)]c
[B(℘)]ldt >

( p
c − 1

)l ∫ ∞

a
η(℘)[ξ(℘)]l−c f l(℘)dt, (1.7)

and if 0 < l < 1, c < 1 then∫ ∞

a

η(℘)

[ξ(℘)]c
[B(℘)]ldt >

( l
1 − c

)l ∫ ∞

a
η(℘)[ξ(℘)]l−c f l(℘)dt. (1.8)

For further results on Hardy inequalities and other types see [1–3,5,8–10,12,15,18–21,23–27]. In [20]
the author proved the time scales version of (1.1) and (1.2).

∫ ∞

a

(∫ σ(℘)

a
η(%)∆%

σ(℘) − a

)l

∆℘ <
( l
l − 1

)l
∫ ∞

a
ηl(℘)∆℘, (1.9)

unless η ≡ 0.
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In [11] El-Deeb et al. extended (1.9)∫ ∞

a

λ̃(ς)Ψ̆p(ς)
Λ̃γ̂(ς)

∆ς ≥
p

γ̂ − 1

∫ ∞

a
λ̃(ς)Λ̃p−γ̂(ς)υp(ς)∆ς, (1.10)

where
Ψ̆(ς) =

∫ ς

a
λ̃(υ)υ(%)∆υ, and Λ̃(ς) =

∫ ς

a
λ̃(υ)∆υ.

In 2021 Kayar et al. [16], established the time scale version unification of discrete and continuous
Bennett-Leindler inequalities (1.5) and (1.7) as following theorem.

Theorem 1.3. Let λ, f be nonnegative, ld-continuous, ∇-differentiable and ∇-integrable functions on
[a,∞)T where a ∈ [0,∞)T. Define

ξ(℘) =

∫ ℘

a
λ(%)∇% B(℘) =

∫ ℘

a
λ(%) f (%)∇%.

If L = inf℘∈T
ξ
ρ
(℘)

ξ(℘)
> 0, 0 < p < 1 and c > 1, then∫ ∞

a

λ(℘)

[ξ
c
(℘)]

[B(℘)]p∇℘ >
( pLc

c − 1

)p ∫ ∞

a

λ(℘) f p(℘)(
ξ(℘)

)c−p ∇℘.

(1.11)

Lately, Zakarya et al. proved an α-conformable version of Hardy inequalities [22].

Theorem 1.4. Assume that T is a time scale with ω ∈ (0,∞)T. Let λ and ξ be rd-continuous and
α-fractional differentiable functions on [ω,∞)T. Define

χ(℘) =

∫ ∞

t
λ(%)∆α% and Θ(℘) =

∫ ℘

ω

λ(%)ξ(%)∆α%.

Then, for k 6 0 < h < 1, and α ∈ (0, 1], we have that∫ ∞

ω

λ(℘)
χk−α+1(℘)

(Θσ(℘))h∆α℘ >
( h
α − k

)h ∫ ∞

ω

λ(℘)ξh(℘)χh−k+α−1(℘)∆α℘.

We will need the following chain rule for γ-nabla derivative, integration by parts for γ-nabla
derivative [29] and generalized γ-nabla Hölder fractional inequality on timescales [28] respectively

∇γa($ ◦ ξ)(℘) = $′(ξ(c))∇γa(ξ(℘)). (1.12)

∫ b

d
$(℘)

[
∇γaξ(℘)

]
∇γa℘ =

[
$(℘)ξ(℘)

]b

d
−

∫ b

d

[
∇γa$(℘)

]
ξρ(℘)∇γa℘. (1.13)

∫ b

d
|$(℘)ξ(℘)|∇γa℘ ≤

( ∫ b

d
|$(℘)|p∇γa℘

)1/p( ∫ b

d
|ξ(℘)|q∇γa℘

)1/q

, (1.14)

where 1
p + 1

q = 1 and 0 < γ ≤ 1. Now, we start to state our main results.
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2. Main results

We focus in this section, on investigating corresponding results for γ-nabla conformable time scales.
Theorem 2.1. Let T be a time scale with r ∈ [0,∞)T, γ ∈ (0, 1] and ℘ > a. In addition, let ג and λ be
nonnegative ld-continuous and (γ, a)-nabla fractional differentiable functions on [r,∞)T where

Ω(℘) =

∫ ∞

℘

λ(%)∇γa% and Ψ(℘) =

∫ ℘

r
λ(%)ג(%)∇γa%, ℘ ∈ [r,∞)T.

If 0 < p < γ and c 6 γ − 1, then∫ ∞

r

λ(℘)
[Ωρ(℘)]c−γ+1 [Ψ(℘)]p−γ+1∇γa℘ >

( p − γ + 1)
γ − c

)p ∫ ∞

r

λ(℘)גp(℘)[Ψ(℘)]1−γ(
Ωρ(℘)

)c−p−γ+1 ∇γa℘. (2.1)

Proof. Using (1.13), with

∇γaη(℘) = λ(℘)/[Ωρ(℘)]c−γ+1, ξ(℘) = [Ψ(℘)]p−γ+1,

we have∫ ∞

r

λ(℘)
[Ωρ(℘)]c−γ+1 [Ψ(℘)]p−α+1∇γa℘ =

[
η(℘)Ψp−α+1(℘)

]∞
r +

∫ ∞

r

(
− ηρ(℘)

)
∇γa

(
Ψp−γ+1(℘)

)
∇γa℘,

where we assumed that

η(℘) = −

∫ ∞

℘

λ(℘)/Ωc−γ+1(℘)∇γa%. (2.2)

Using Ψ(r) = 0 and η(∞) = 0, we get∫ ∞

r

λ(℘)
[Ωρ(℘)]c−γ+1 [Ψ(℘)]p−γ+1∇γa℘ =

∫ ∞

r
−ηρ(℘)∇γa

(
Ψp−γ+1(℘)

)
∇γa℘. (2.3)

Applying (1.12), then there exists d ∈ [℘, ρ(℘)] such that

∇γa
(
Ψp−γ+1(℘)

)
=

p − γ + 1
Ψγ−p(d)

∇γaΨ(℘) >
(p − γ + 1)λ(℘)ג(℘)

Ψγ−p(℘)
. (2.4)

Next note ∇γaΩ(℘) = −λ(℘) 6 0. By chain rule, we see that

∇γa
(
Ω(℘)

)γ−c
= (γ − c)

∫ 1

0

∇
γ
aΩ(℘)dh[

hΩ(℘) + (1 − h)Ωρ(℘)
]c−α+1

= −(γ − c)
∫ 1

0

λ(℘)dh[
hΩ(℘) + (1 − h)Ωρ(℘)

]c−γ+1

> −(γ − c)
∫ 1

0

λ(℘)dh[
hΩρ(℘) + (1 − h)Ωρ(℘)

]c−γ+1

= −(γ − c)
λ(℘)

[Ωρ(℘)]c−γ+1 .
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This implies that
λ(℘)

[Ωρ(℘)]c−γ+1 >
−1
γ − c

∇γa
(
Ω(℘)

)γ−c
, (2.5)

and then, we have that

−ηρ(℘) =

∫ ∞

ρ(℘)

λ(%)
[Ωρ(%)]c−γ+1∇

γ
a% >

−1
γ − c

∫ ∞

ρ(℘)
∇γa

(
Ω(%)

)γ−c
∇γa%

=
1

(γ − c)
(
Ωρ(℘)

)c−γ . (2.6)

Using (2.4) and (2.6) in (2.3) yields( ∫ ∞

r

λ(℘)
[Ωρ(℘)]c−γ+1 [Ψ(℘)]p−γ+1∇γa℘

)p

>
( p − γ + 1)

γ − c

)p( ∫ ∞

r

[
λp(℘)גp(℘)(

Ψ(℘)
)p(γ−p)(

Ωρ(℘)
)p(c−γ)

] 1
p

∇γa℘
)p

.

(2.7)

Applying Hölder inequality on the term( ∫ ∞

r

[
λp(℘)גp(℘)(

Ψ(℘)
)p(γ−p)(

Ωρ(℘)
)p(γ−c)

] 1
p

∇γa℘
)p

,

with indices 1/p and 1/1 − p and

F(℘) =
λp(℘)גp(℘)(

Ψ(℘)
)p(γ−p)(

Ωρ(℘)
)p(c−γ) and (℘)ג =

(
λ(℘)

[Ωρ(℘)]c−γ+1

)1−p

[Ψ(℘)](1−p)(p−γ+1)

( ∫ ∞

r
F1/p(℘)∇γa℘

)p

=

( ∫ ∞

r

[
λp(℘)גp(℘)(

Ψ(℘)
)p(γ−p)(

Ωρ(℘)
)p(c−γ)

] 1
p

∇γa℘
)p

>

∫ ∞
r

F(℘)ג(℘)∇γa℘( ∫ ∞
r
ג

1
1−p (℘)∇γa℘

)p−1
=

[ ∫ ∞

r

λp(℘)
(
λ(℘)[Ωρ(℘)]γ−c−1)1−p

)p(℘)[Ψ(℘)](1−p)(p−γ+1)ג
Ψ(℘)

)p(α−p)(
Ωρ(℘)

)p(c−α) ∇γa℘
]

×

( ∫ ∞

r

λ(℘)
[Ωρ(℘)]c−α+1 [Ψ(℘)]p−γ+1∇γa℘

)p−1

=

( ∫ ∞

a

λ(℘)גp(℘)[Ψ(℘)]1−γ(
Ωρ(℘)

)c−p−γ+1 ∇γa℘
)( ∫ ∞

r

λ(℘)
[Ωρ(℘)]c−γ+1 [Ψ(℘)]p−γ+1∇γa℘

)p−1

. (2.8)

From (2.8) and (2.7) yields( ∫ ∞

r

λ(℘)
[Ωρ(℘)]c−γ+1 [Ψ(℘)]p−γ+1∇γa℘

)p

(2.9)

>
( p − γ + 1)

γ − c

)p( ∫ ∞

r

λ(℘)גp(℘)[Ψ(℘)]1−γ(
Ωρ(℘)

)c−p−γ+1 ∇γa℘
)( ∫ ∞

r

λ(℘)
[Ωρ(℘)]c−γ+1 [Ψ(℘)]p−γ+1∇γa℘

)p−1

.

Therefore, ∫ ∞

r

λ(℘)
[Ωρ(℘)]c−γ+1 [Ψ(℘)]p−γ+1∇γa℘ >

( p − γ + 1)
γ − c

)p ∫ ∞

r

λ(℘)גp(℘)[Ψ(℘)]1−γ(
Ωρ(℘)

)c−p−γ+1 ∇γa℘.

�
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Remark 2.1. In Theorem 2, if we take γ = 1 then inequality (2.1) reduces to∫ ∞

r

λ(℘)Ψp(℘)(
Ωρ(℘)

)c ∇℘ >
( p
1 − c

)p ∫ ∞

r

λ(℘)גp(℘)(
Ωρ(℘)

)c ∇℘,

where

Ψ(℘) =

∫ ℘

r
λ(%)ג(%)∇% and Ω(℘) =

∫ ∞

℘

λ(%)∇%,

which is Theorem 3.1 in [16].

Corollary 2.1. From Theorem 2, assume T = R, then (2.1) obtains∫ ∞

r

λ(℘)Ψp−γ+1(℘)(
Ω(℘)

)c−γ+1 (℘ − a)γ−1d℘ >
( p − γ + 1

γ − c

)p ∫ ∞

r

λ(℘)גp(℘)Ψ1−γ(℘)(
Ω(℘)

)c−γ+1 (℘ − a)γ−1dt,

where

Ψ(℘) =

∫ ℘

r
λ(%)ג(%)(℘ − a)γ−1d% and Ω(℘) =

∫ ∞

℘

λ(%)(℘ − a)γ−1ds.

Corollary 2.2. From Theorem 2, assume T = hZ, then (2.1) get

∞∑
℘= r

h

λ(h℘)Ψp−γ+1(h℘)
Ωc−γ+1(h℘ − h)

(ργ−1(h℘) − a)(γ−1)
h >

( p − γ + 1
γ − c

)p ∞∑
℘= r

h

λ(h℘)גp(h℘)Ψ1−γ(℘)
Ωc−γ+1(h℘ − h)

(ργ−1(h℘) − a)(γ−1)
h ,

where

Ψ(℘) = h
℘∑

%= ℘
h

λ(h%)ג(h%)(ργ−1(h%) − a)(γ−1)
h and Ω(℘) = h

∞∑
%= ℘

h

λ(h%)(ργ−1(h%) − a)(γ−1)
h .

Corollary 2.3. From Corollary 2, assumer T = Z and h = 1, then (2.1) obtains

∞∑
℘=r

λ(℘)Ψp−γ+1(h℘)
Ωc−γ+1(℘ − 1)

(ργ−1(℘) − a)(γ−1) >
( p − γ + 1

γ − c

)p ∞∑
℘=r

λ(℘)גp(℘)Ψ1−γ(℘)
Ωc−γ+1(℘ − 1)

(ργ−1(℘) − a)(γ−1),

where

Ψ(℘) =

℘∑
%=r

λ(%)ג(%)(ργ−1(h%) − a)(γ−1) and Ω(℘) = h
∞∑
%=℘

λ(h%)(ργ−1(h%) − a)(γ−1).

Corollary 2.4. From Theorem 2, assume T = qN0 , then (2.10) obtains

∑
℘∈(r,∞)

℘(ργ−1(℘) − a)(γ−1)
q̃ λ(℘)Ψp−γ+1(℘)

Ωc−γ+1(ρ(℘))
>

( p − γ + 1
γ − c

)p ∑
℘∈(r,∞)

℘(ργ−1(℘) − a)(γ−1)
q̃ λ(℘)גp(℘)Ψ1−γ(℘)

Ωc−γ+1(ρ(℘))
,

where

Ψ(℘) = (q̃−1)
∑
%∈(r,℘)

%λ(%)ג(%)(ργ−1(%)−a)(γ−1)
q̃ and Ω(℘) = (q̃−1)

∑
%∈(℘,∞)

%λ(%)(ργ−1(%)−a)(γ−1)
q̃ .

AIMS Mathematics Volume 7, Issue 8, 14099–14116.
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Theorem 2.2. Let T be a time scale with r ∈ [0,∞)T, γ ∈ (0, 1] and ℘ > a. In addition, let ג and λ be
nonnegative ld-continuous and (γ, a)-nabla fractional differentiable functions on [r,∞)T where

Ω(℘) =

∫ ∞

℘

λ(%)∇γa% and Ψ(℘) =

∫ ∞

℘

λ(%)ג(%)∇γa%, ℘ ∈ [r,∞)T.

If 0 < p < γ and c > γ, then∫ ∞

r

λ(℘)
[Ωρ(℘)]c−γ+1 [Ψρ(℘)]p−γ+1∇γa℘ >

( p − γ + 1)
γ − c

)p ∫ ∞

r

λ(℘)גp(℘)[Ψρ(℘)]1−γ(
Ωρ(℘)

)c−p−γ+1 ∇γa℘.

(2.10)

Proof. Using (1.13), with

∇γaη(℘) = λ(℘)/[Ωρ(℘)]c−γ+1, ξ(℘) = [Ψ(℘)]p−γ+1,

we have∫ ∞

r

λ(℘)
[Ωρ(℘)]c−γ+1 [Ψ

ρ
(℘)]p−α+1∇γa℘ =

[
η(℘)Ψ

p−α+1
(℘)

]∞
r +

∫ ∞

r

(
η(℘)

)
∇γa

(
− Ψ

p−γ+1
(℘)

)
∇γa℘,

where we assumed that

η(℘) =

∫ ℘

r
λ(℘)/[Ωρ(℘)]c−γ+1∇γa%.

Using Ψ(∞) = 0 and η(r) = 0, we get∫ ∞

r

λ(℘)
[Ωρ(℘)]c−γ+1 [Ψρ(℘)]p−γ+1∇γa℘ =

∫ ∞

r
η(℘)∇γa

(
− Ψ

p−γ+1
(℘)

)
∇γa℘. (2.11)

Applying (1.12), then there exists d ∈ [℘, ρ(℘)] such that

∇γa
(
− Ψ

p−γ+1
(℘)

)
= −

p − γ + 1
Ψγ−p(d)

∇γaΨ(℘) >
(p − γ + 1)λ(℘)ג(℘)

Ψρ
γ−p

(℘)
. (2.12)

Next note ∇γaΩ(℘) = −λ(℘) 6 0. By chain rule, we see that

∇γa
(
Ω(℘)

)γ−c
= (γ − c)

∫ 1

0

∇
γ
aΩ(℘)dh[

hΩ(℘) + (1 − h)Ωρ(℘)
]c−α+1

= (c − γ)
∫ 1

0

λ(℘)dh[
hΩ(℘) + (1 − h)Ωρ(℘)

]c−γ+1

> (c − γ)
∫ 1

0

λ(℘)dh[
hΩρ(℘) + (1 − h)Ωρ(℘)

]c−γ+1

= (c − γ)
λ(℘)

[Ωρ(℘)]c−γ+1 .

This implies that
−λ(℘)

[Ωρ(℘)]c−γ+1 >
−1

c − γ
∇γa

(
Ω(℘)

)γ−c
, (2.13)

AIMS Mathematics Volume 7, Issue 8, 14099–14116.
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and thus, we get

η(℘) =

∫ ℘

r

λ(%)
[Ωρ(%)]c−γ+1∇

γ
a% =

∫ ∞

r

λ(%)
[Ωρ(%)]c−γ+1∇

γ
a% −

∫ ∞

℘

λ(%)
[Ωρ(%)]c−γ+1∇

γ
a% > −

∫ ∞

℘

λ(%)
[Ωρ(%)]c−γ+1∇

γ
a%

=
−1

c − γ

∫ ∞

℘

∇γa
(
Ω(%)

)γ−c
∇γa% =

1
(c − γ)

(
Ωρ(℘)

)γ−c . (2.14)

Substituting (2.13), (2.14) into (2.11) obtains( ∫ ∞

r

λ(℘)
[Ωρ(℘)]c−γ+1 [Ψρ(℘)]p−γ+1∇γa℘

)p

>
( p − γ + 1)

c − γ

)p( ∫ ∞

r

[
λp(℘)גp(℘)(

Ψρ(℘)
)p(γ−p)(

Ωρ(℘)
)p(c−γ)

] 1
p

∇γa℘
)p

.

(2.15)

Applying Hölder inequality on the term( ∫ ∞

r

[
λp(℘)גp(℘)(

Ψρ(℘)
)p(γ−p)(

Ωρ(℘)
)p(γ−c)

] 1
p

∇γa℘
)p

,

with indices 1/p and 1/1 − p and

F(℘) =
λp(℘)גp(℘)(

Ψρ(℘)
)p(γ−p)(

Ωρ(℘)
)p(c−γ) and (℘)ג =

(
λ(℘)

[Ωρ(℘)]c−γ+1

)1−p

[Ψρ(℘)](1−p)(p−γ+1)

( ∫ ∞

r
F1/p(℘)∇γa℘

)p

=

( ∫ ∞

r

[
λp(℘)גp(℘)(

Ψ(℘)
)p(γ−p)(

Ωρ(℘)
)p(c−γ)

] 1
p

∇γa℘
)p

>

∫ ∞
r

F(℘)ג(℘)∇γa℘( ∫ ∞
r
ג

1
1−p (℘)∇γa℘

)p−1
=

[ ∫ ∞

r

λp(℘)
(
λ(℘)[Ωρ(℘)]γ−c−1)1−p

)p(℘)[Ψρ(℘)](1−p)(p−γ+1)ג
Ψρ(℘)

)p(α−p)(
Ωρ(℘)

)p(c−α) ∇γa℘
]

×

( ∫ ∞

r

λ(℘)
[Ωρ(℘)]c−α+1 [Ψρ(℘)]p−γ+1∇γa℘

)p−1

=

( ∫ ∞

r

λ(℘)גp(℘)[Ψρ(℘)]1−γ(
Ωρ(℘)

)c−p−γ+1 ∇γa℘
)( ∫ ∞

r

λ(℘)
[Ωρ(℘)]c−γ+1 [Ψρ(℘)]p−γ+1∇γa℘

)p−1

. (2.16)

Substituting (2.16) into (2.15) yields( ∫ ∞

r

λ(℘)
[Ωρ(℘)]c−γ+1 [Ψρ(℘)]p−γ+1∇γa℘

)p

(2.17)

>
( p − γ + 1)

c − γ

)p( ∫ ∞

r

λ(℘)גp(℘)[Ψρ(℘)]1−γ(
Ωρ(℘)

)c−p−γ+1 ∇γa℘
)( ∫ ∞

r

λ(℘)
[Ωρ(℘)]c−γ+1 [Ψρ(℘)]p−γ+1∇γa℘

)p−1

.

Therefore, ∫ ∞

r

λ(℘)
[Ωρ(℘)]c−γ+1 [Ψρ(℘)]p−γ+1∇γa℘ >

( p − γ + 1)
c − γ

)p ∫ ∞

r

λ(℘)גp(℘)[Ψρ(℘)]1−γ(
Ωρ(℘)

)c−p−γ+1 ∇γa℘.

�

AIMS Mathematics Volume 7, Issue 8, 14099–14116.



14107

Remark 2.2. In Theorem 2, if we take γ = 1 then inequality (2.10) reduces to∫ ∞

r

λ(℘)Ψ
p
(℘)(

Ωρ(℘)
)c ∇℘ >

( p
c − 1

)p ∫ ∞

r

λ(℘)גp(℘)(
Ωρ(℘)

)c−p∇℘,

where
Ψ(℘) =

∫ ∞

℘

λ(%)ג(%)∇% and Ω(℘) =

∫ ∞

℘

λ(%)∇%,

which is Theorem 3.4 in [16].

Corollary 2.5. From Theorem 2, assume T = R, then (2.10) gets∫ ∞

r

λ(℘)Ψp−γ+1(℘)(
Ω(℘)

)c−γ+1 (℘ − a)γ−1d℘ >
( p − γ + 1

c − γ

)p ∫ ∞

r

λ(℘)גp(℘)Ψ1−γ(℘)(
Ω(℘)

)c−p−γ+1 (℘ − a)γ−1dt,

where
Ψ(℘) =

∫ ∞

℘

λ(%)ג(%)(℘ − a)γ−1d% and Ω(℘) =

∫ ∞

℘

λ(%)(℘ − a)γ−1ds.

Corollary 2.6. From Theorem 2, assume T = hZ, then (2.10) gets

∞∑
℘= r

h

λ(h℘)Ψ
p−γ+1

(h℘)
Ωc−γ+1(h℘ − h)

(ργ−1(h℘) − a)(γ−1)
h >

( p − γ + 1
c − γ

)p ∞∑
℘= r

h

λ(h℘)גp(h℘)Ψ
1−γ

(℘)
Ωc−p−γ+1(h℘ − h)

(ργ−1(h℘) − a)(γ−1)
h ,

where

Ψ(℘) = h
∞∑
%= ℘

h

λ(h%)ג(h%)(ργ−1(h%) − a)(γ−1)
h and Ω(℘) = h

∞∑
%= ℘

h

λ(h%)(ργ−1(h%) − a)(γ−1)
h .

Corollary 2.7. From Corollary 2, assume T = Z, and h = 1, then (2.10) obtains

∞∑
℘=r

λ(℘)Ψ
p−γ+1

(h℘)
Ωc−p−γ+1(℘ − 1)

(ργ−1(℘) − a)(γ−1) >
( p − γ + 1

c − γ

)p ∞∑
℘=r

λ(℘)גp(℘)Ψ
1−γ

(℘)
Ωc−p−γ+1(℘ − 1)

(ργ−1(℘) − a)(γ−1),

where

Ψ(℘) =

∞∑
%=℘

λ(%)ג(%)(ργ−1(h%) − a)(γ−1) and Ω(℘) = h
∞∑
%=℘

λ(h%)(ργ−1(h%) − a)(γ−1).

Corollary 2.8. From Theorem 2, assume T = qN0 , then (2.10) obtains

∑
℘∈(r,∞)

℘(ργ−1(℘) − a)(γ−1)
q̃ λ(℘)Ψ

p−γ+1
(℘)

Ωc−γ+1(ρ(℘))
>

( p − γ + 1
c − γ

)p ∑
℘∈(r,∞)

℘(ργ−1(℘) − a)(γ−1)
q̃ λ(℘)גp(℘)Ψ

1−γ
(℘)

Ωc−p−γ+1(ρ(℘))
,

where

Ψ(℘) = (q̃−1)
∑

%∈(℘,∞)

%λ(%)ג(%)(ργ−1(%)−a)(γ−1)
q̃ and Ω(℘) = (q̃−1)

∑
%∈(℘,∞)

%λ(%)(ργ−1(%)−a)(γ−1)
q̃ .

AIMS Mathematics Volume 7, Issue 8, 14099–14116.



14108

Theorem 2.3. Let T be a time scale with r ∈ [0,∞)T, γ ∈ (0, 1] and ℘ > a. In addition, let ג and λ be
nonnegative ld-continuous and (γ, a)-nabla fractional differentiable functions on [r,∞)T where

Ω(℘) =

∫ ℘

r
λ(%)∇γa% and Ψ(℘) =

∫ ∞

℘

λ(%)ג(%)∇γa%, ℘ ∈ [r,∞)T.

If 0 < p < γ and c 6 γ − 1, then∫ ∞

r

λ(℘)

[Ω(℘)]c−γ+1
[Ψρ(℘)]p−γ+1∇γa℘ >

( p − γ + 1)
γ − c

)p ∫ ∞

r

λ(℘)גp(℘)[Ψρ(℘)]1−γ(
Ω(℘)

)c−p−γ+1 ∇γa℘. (2.18)

Proof. Using (1.13), with

∇γaη(℘) = λ(℘)/[Ω(℘)]c−γ+1, ξ(℘) = [Ψ(℘)]p−γ+1,

we have∫ ∞

r

λ(℘)

[Ω(℘)]c−γ+1
[Ψ

ρ
(℘)]p−α+1∇γa℘ =

[
η(℘)Ψ

p−α+1
(℘)

]∞
r +

∫ ∞

r

(
− η(℘)

)
∇γa

(
Ψ

p−γ+1
(℘)

)
∇γa℘,

where we assumed that

η(℘) =

∫ ℘

r
λ(℘)/[Ω(℘)]c−γ+1∇γa%.

Using Ψ(∞) = 0 and η(r) = 0, we have that∫ ∞

r

λ(℘)

[Ω(℘)]c−γ+1
[Ψρ(℘)]p−γ+1∇γa℘ =

∫ ∞

r
−η(℘)∇γa

(
Ψ

p−γ+1
(℘)

)
∇γa℘. (2.19)

Applying (1.12), then there exists d ∈ [℘, ρ(℘)] such that

−∇γa
(
Ψ

p−γ+1
(℘)

)
= −

p − γ + 1

Ψ
γ−p

(d)
∇γaΨ(℘) >

(p − γ + 1)λ(℘)ג(℘)

Ψρ
γ−p

(℘)
. (2.20)

Next note ∇γaΩ(℘) = λ(℘) 6 0. By chain rule, we see that

∇γa
(
Ω(℘)

)γ−c
= (γ − c)

∫ 1

0

∇
γ
aΩ(℘)dh[

hΩ(℘) + (1 − h)Ω
ρ
(℘)

]c−γ+1

= (γ − c)
∫ 1

0

λ(℘)dh[
hΩ(℘) + (1 − h)Ωρ(℘)

]c−γ+1

6 (γ − c)
∫ 1

0

λ(℘)dh[
hΩ(℘) + (1 − h)Ω(℘)

]c−γ+1

= (γ − c)
λ(℘)

[Ω(℘)]c−γ+1
.

This implies that
λ(℘)

[Ω(℘)]c−γ+1
>
−1
γ − c

∇γa
(
Ω(℘)

)γ−c
, (2.21)
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and then, we have that

η(℘) =

∫ ℘

r

λ(%)

[Ω(%)]c−γ+1
∇γa% =

∫ ∞

r

λ(%)
[Ωρ(%)]c−γ+1∇

γ
a% −

∫ ∞

℘

λ(%)

[Ω(%)]c−γ+1
∇γa% > −

∫ ∞

℘

λ(%)

[Ω(%)]c−γ+1
∇γa%

=
1

γ − c

∫ ∞

℘

∇γa
(
Ω(%)

)γ−c
∇γa% =

1

(γ − c)
(
Ω(℘)

)c−γ . (2.22)

Substituting (2.21), (2.22) into (2.19) yields( ∫ ∞

r

λ(℘)

[Ω(℘)]c−γ+1
[Ψρ(℘)]p−γ+1∇γa℘

)p

>
( p − γ + 1)

c − γ

)p( ∫ ∞

r

[
λp(℘)גp(℘)(

Ψρ(℘)
)p(γ−p)(

Ω(℘)
)p(c−γ)

] 1
p

∇γa℘
)p

.

(2.23)

Applying Hölder inequality on the term( ∫ ∞

r

[
λp(℘)גp(℘)(

Ψρ(℘)
)p(γ−p)(

Ω(℘)
)p(γ−c)

] 1
p

∇γa℘
)p

,

with indices 1/p and 1/1 − p and

F(℘) =
λp(℘)גp(℘)(

Ψρ(℘)
)p(γ−p)(

Ω(℘)
)p(c−γ) and (℘)ג =

(
λ(℘)

[Ω(℘)]c−γ+1

)1−p

[Ψρ(℘)](1−p)(p−γ+1)

( ∫ ∞

r
F1/p(℘)∇γa℘

)p

=

( ∫ ∞

r

[
λp(℘)גp(℘)(

Ψ
ρ
(℘)

)p(γ−p)(
Ω(℘)

)p(c−γ)

] 1
p

∇γa℘
)p

>

∫ ∞
r

F(℘)ג(℘)∇γa℘( ∫ ∞
r
ג

1
1−p (℘)∇γa℘

)p−1
=

[ ∫ ∞

r

λp(℘)
(
λ(℘)[Ω(℘)]γ−c−1)1−p

)p(℘)[Ψρ(℘)](1−p)(p−γ+1)ג
Ψρ(℘)

)p(α−p)(
Ω(℘)

)p(c−α) ∇γa℘
]

×

( ∫ ∞

r

λ(℘)

[Ω(℘)]c−α+1
[Ψρ(℘)]p−γ+1∇γa℘

)p−1

=

( ∫ ∞

r

λ(℘)גp(℘)[Ψρ(℘)]1−γ(
Ω(℘)

)c−p−γ+1 ∇γa℘
)( ∫ ∞

r

λ(℘)

[Ω(℘)]c−γ+1
[Ψρ(℘)]p−γ+1∇γa℘

)p−1

. (2.24)

From (2.24) and (2.23) gets( ∫ ∞

r

λ(℘)

[Ω(℘)]c−γ+1
[Ψρ(℘)]p−γ+1∇γa℘

)p

(2.25)

>
( p − γ + 1)

c − γ

)p( ∫ ∞

r

λ(℘)גp(℘)[Ψρ(℘)]1−γ(
Ω(℘)

)c−p−γ+1 ∇γa℘
)( ∫ ∞

r

λ(℘)

[Ω(℘)]c−γ+1
[Ψρ(℘)]p−γ+1∇γa℘

)p−1

.

Therefore, ∫ ∞

r

λ(℘)

[Ω(℘)]c−γ+1
[Ψρ(℘)]p−γ+1∇γa℘ >

( p − γ + 1)
γ − c

)p ∫ ∞

r

λ(℘)גp(℘)[Ψρ(℘)]1−γ(
Ω(℘)

)c−p−γ+1 ∇γa℘.

�
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Remark 2.3. In Theorem 2, if we take γ = 1 then inequality (2.18) reduces to∫ ∞

r

λ(℘)[Ψρ(℘)]p(
Ω(℘)

)c ∇℘ >
( p
1 − c

)p ∫ ∞

r

λ(℘)גp(℘)(
Ω(℘)

)c−p∇℘,

where

Ψ(℘) =

∫ ∞

℘

λ(%)ג(%)∇% and Ω(℘) =

∫ ℘

r
λ(%)∇%,

which is Theorem 3.9 in [16].

Corollary 2.9. From Theorem 2, assume T = R, then (2.18) gets∫ ∞

r

λ(℘)Ψ
p−γ+1

(℘)(
Ω(℘)

)c−γ+1 (℘ − a)γ−1d℘ >
( p − γ + 1

γ − c

)p ∫ ∞

r

λ(℘)גp(℘)Ψ
1−γ

(℘)(
Ω(℘)

)c−p−γ+1 (℘ − a)γ−1dt,

where

Ψ(℘) =

∫ ∞

℘

λ(%)ג(%)(℘ − a)γ−1d% and Ω(℘) =

∫ ℘

r
λ(%)(℘ − a)γ−1ds.

Remark 2.4. In Corollary 2, if we take γ = 1 yields discrete Bennett-Leindler type inequality (1.8).

Corollary 2.10. From Theorem 2, assume T = hZ, then (2.18) gets

∞∑
℘= r

h

λ(h℘)Ψ
p−γ+1

(h℘ − h)

Ω
c−γ+1

(h℘)
(ργ−1(h℘)−a)(γ−1)

h >
( p − γ + 1

γ − c

)p ∞∑
℘= r

h

λ(h℘)גp(h℘)Ψ
1−γ

(℘)

Ω
c−p−γ+1

(h℘)
(ργ−1(h℘)−a)(γ−1)

h ,

where

Ψ(℘) = h
∞∑
%= ℘

h

λ(h%)ג(h%)(ργ−1(h%) − a)(γ−1)
h and Ω(℘) = h

℘∑
%= r

h

λ(h%)(ργ−1(h%) − a)(γ−1)
h .

Corollary 2.11. For T = Z, we take h = 1 in Corollary 2. In this case, inequality (2.18) reduces to

∞∑
℘=r

λ(℘)Ψ
p−γ+1

(℘ − 1)

Ω
c−γ+1

(℘)
(ργ−1(℘) − a)(γ−1) >

( p − γ + 1
γ − c

)p ∞∑
℘=r

λ(℘)גp(℘)Ψ
1−γ

(℘)

Ω
c−p−γ+1

(℘)
(ργ−1(℘) − a)(γ−1),

where

Ψ(℘) =

∞∑
%=℘

λ(%)ג(%)(ργ−1(h%) − a)(γ−1) and Ω(℘) = h
℘∑
%=r

λ(h%)(ργ−1(h%) − a)(γ−1).

Remark 2.5. In Corollary 2, if we take γ = 1 and r = 1, yields discrete Bennett-Leindler type
inequality (1.6), which is the converse of Copson inequality (1.4).
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Corollary 2.12. From Theorem 2, assume T = qN0 , then (2.18) gets

∑
℘∈(r,∞)

℘(ργ−1(℘) − a)(γ−1)
q̃ λ(℘)Ψ

p−γ+1
(ρ(℘))

Ω
c−γ+1

(℘)
>

( p − γ + 1
γ − c

)p ∑
℘∈(r,∞)

℘(ργ−1(℘) − a)(γ−1)
q̃ λ(℘)גp(℘)Ψ

1−γ
(℘)

Ω
c−p−γ+1

(℘)
,

where

Ψ(℘) = (q̃−1)
∑

%∈(℘,∞)

%λ(%)ג(%)(ργ−1(%)−a)(γ−1)
q̃ and Ω(℘) = (q̃−1)

∑
%∈(r,℘)

%λ(%)(ργ−1(%)−a)(γ−1)
q̃ .

Theorem 2.4. Let T be a time scale with r ∈ [0,∞)T, γ ∈ (0, 1] and ℘ > a. In addition, let ג and λ be
nonnegative ld-continuous and (γ, a)-nabla fractional differentiable functions on [r,∞)T where

Ω(℘) =

∫ ℘

r
λ(%)∇γa%, Ω(∞) = ∞, Ψ(℘) =

∫ ℘

r
λ(%)ג(%)∇γa%, ℘ ∈ [r,∞)T.

If L = inf℘∈T
Ω
ρ
(℘)

Ω(℘)
> 0, 0 < p < γ and c > γ, then∫ ∞

r

λ(℘)

[Ω(℘)]c−γ+1
[Ψ(℘)]p−γ+1∇γa℘ >

( (p − γ + 1)Lc−γ+1

c − γ

)p ∫ ∞

r

λ(℘)גp(℘)[Ψ(℘)]1−γ(
Ω(℘)

)c−p−γ+1 ∇γa℘.

(2.26)

Proof. Using (1.13), with

∇γaη(℘) = λ(℘)/[Ω(℘)]c−γ+1, ξ(℘) = [Ψ(℘)]p−γ+1,

we have∫ ∞

r

λ(℘)

[Ω(℘)]c−γ+1
[Ψ(℘)]p−α+1∇γa℘ =

[
η(℘)Ψp−α+1(℘)

]∞
r +

∫ ∞

r

(
− ηρ(℘)

)
∇γa

(
Ψp−γ+1(℘)

)
∇γa℘,

where we assumed that
η(℘) = −

∫ ∞

℘

λ(℘)/[Ω(℘)]c−γ+1∇γa%.

Using Ψ(r) = 0 and η(∞) = 0, we have that∫ ∞

r

λ(℘)

[Ω(℘)]c−γ+1
[Ψ(℘)]p−γ+1∇γa℘ =

∫ ∞

r
−ηρ(℘)∇γa

(
Ψp−γ+1(℘)

)
∇γa℘. (2.27)

Applying (1.12), then there exists d ∈ [℘, ρ(℘)] such that

∇γa
(
Ψp−γ+1(℘)

)
=

p − γ + 1
Ψγ−p(d)

∇γaΨ(℘) >
(p − γ + 1)λ(℘)ג(℘)

Ψγ−p(℘)
. (2.28)

Next note ∇γaΩ(℘) = λ(℘) 6 0. By chain rule, we see that

∇γa
(
Ω(℘)

)γ−c
= (γ − c)

∫ 1

0

∇
γ
aΩ(℘)dh[

hΩ(℘) + (1 − h)Ω
ρ
(℘)

]c−γ+1
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= −(c − γ)
∫ 1

0

λ(℘)dh[
hΩ(℘) + (1 − h)Ω

ρ
(℘)

]c−γ+1

> −(c − γ)
∫ 1

0

λ(℘)dh[
hΩ

ρ
(℘) + (1 − h)Ω

ρ
(℘)

]c−γ+1

= −(c − γ)
λ(℘)

[Ω
ρ
(℘)]c−γ+1

= −(γ − c)
λ(℘)

[Ω
ρ
(℘)]c−γ+1

[Ω(℘)]c−γ+1

[Ω(℘)]c−γ+1

> −(c − γ)
λ(℘)

Lc−γ+1[Ω(℘)]c−γ+1
.

This implies that
λ(℘)

[Ω(℘)]c−γ+1
>
−Lc−γ+1

c − γ
∇γa

(
Ω(℘)

)γ−c (2.29)

and then, we have that

−ηρ(℘) =

∫ ∞

ρ(℘)

λ(%)

[Ω(%)]c−γ+1
∇γa% > −

∫ ∞

ρ(℘)

Lc−γ+1

c − γ
∇γa

(
Ω(℘)

)γ−c
∇γa% =

Lc−γ+1

c − γ

{(
Ω
ρ
(℘)

)γ−c
−

(
Ω(∞)

)γ−c
}

=
Lc−γ+1

c − γ
(Ω

ρ
(℘)

)γ−c >
Lc−γ+1

c − γ
(Ω(℘)

)γ−c
. (2.30)

Substituting (2.30), (2.28) into (2.27) yields( ∫ ∞

r

λ(℘)

[Ω(℘)]c−γ+1
[Ψ(℘)]p−γ+1∇γa℘

)p

>
( p − γ + 1)Lc−γ+1

c − γ

)p( ∫ ∞

r

[
λp(℘)גp(℘)(

Ψ(℘)
)p(γ−p)(

Ω(℘)
)p(c−γ)

] 1
p

∇γa℘
)p

.

(2.31)

Applying Hölder inequality on the term( ∫ ∞

r

[
λp(℘)גp(℘)(

Ψ(℘)
)p(γ−p)(

Ω(℘)
)p(γ−c)

] 1
p

∇γa℘
)p

,

with indices 1/p and 1/1 − p and

F(℘) =
λp(℘)גp(℘)(

Ψ(℘)
)p(γ−p)(

Ω(℘)
)p(c−γ) and (℘)ג =

(
λ(℘)

[Ω(℘)]c−γ+1

)1−p

[Ψ(℘)](1−p)(p−γ+1)

( ∫ ∞

r
F1/p(℘)∇γa℘

)p

=

( ∫ ∞

r

[
λp(℘)גp(℘)(

Ψ(℘)
)p(γ−p)(

Ω(℘)
)p(c−γ)

] 1
p

∇γa℘
)p

>

∫ ∞
r

F(℘)ג(℘)∇γa℘( ∫ ∞
r
ג

1
1−p (℘)∇γa℘

)p−1
=

[ ∫ ∞

r

λp(℘)
(
λ(℘)[Ω(℘)]γ−c−1)1−p

)p(℘)[Ψ(℘)](1−p)(p−γ+1)ג
Ψ(℘)

)p(α−p)(
Ω(℘)

)p(c−α) ∇γa℘
]

×

( ∫ ∞

r

λ(℘)

[Ω(℘)]c−α+1
[Ψ(℘)]p−γ+1∇γa℘

)p−1
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=

( ∫ ∞

r

λ(℘)גp(℘)[Ψρ(℘)]1−γ(
Ω(℘)

)c−p−γ+1 ∇γa℘
)( ∫ ∞

r

λ(℘)

[Ω(℘)]c−γ+1
[Ψ(℘)]p−γ+1∇γa℘

)p−1

. (2.32)

From (2.32) and (2.31) gets( ∫ ∞

r

λ(℘)

[Ω(℘)]c−γ+1
[Ψ(℘)]p−γ+1∇γa℘

)p

(2.33)

>
( p − γ + 1)

c − γ

)p( ∫ ∞

r

λ(℘)גp(℘)[Ψρ(℘)]1−γ(
Ω(℘)

)c−p−γ+1 ∇γa℘
)( ∫ ∞

r

λ(℘)

[Ω(℘)]c−γ+1
[Ψ(℘)]p−γ+1∇γa℘

)p−1

.

Therefore,∫ ∞

r

λ(℘)

[Ω(℘)]c−γ+1
[Ψ(℘)]p−γ+1∇γa℘ >

( (p − γ + 1)Lc−γ+1

c − γ

)p ∫ ∞

r

λ(℘)גp(℘)[Ψ(℘)]1−γ(
Ω(℘)

)c−p−γ+1 ∇γa℘.

�

Remark 2.6. In Theorem 2, if we take γ = 1 then we get Theorem 1.

Corollary 2.13. From Theorem 2, assume T = R, then (2.26) gets∫ ∞

r

λ(℘)Ψp−γ+1(℘)(
Ω(℘)

)c−γ+1 (℘ − a)γ−1d℘ >
( (p − γ + 1)Lc−γ+1

c − γ

)p ∫ ∞

r

λ(℘)גp(℘)Ψ1−γ(℘)(
Ω(℘)

)c−p−γ+1 (℘ − a)γ−1dt,

where

Ψ(℘) =

∫ ℘

r
λ(%)ג(%)(℘ − a)γ−1d% and Ω(℘) =

∫ ℘

r
λ(%)(℘ − a)γ−1ds.

Remark 2.7. In Corollary 2, if we take L = γ = 1 yields continuous variant of Bennett-Leindler type
inequality (1.7).

Corollary 2.14. From Theorem 2, assume T = hZ, then (2.26) gets

∞∑
℘= r

h

λ(h℘)Ψp−γ+1(h℘)
Ωc−γ+1(h℘)

(ργ−1(h℘)−a)(γ−1)
h >

( (p − γ + 1)Lc−γ+1

c − γ

)p ∞∑
℘= r

h

λ(h℘)גp(h℘)Ψ1−γ(℘)

Ω
c−p−γ+1

(h℘)
(ργ−1(h℘)−a)(γ−1)

h ,

where

Ψ(℘) = h
℘∑
%= r

h

λ(h%)ג(h%)(ργ−1(h%) − a)(γ−1)
h and Ω(℘) = h

℘∑
%= r

h

λ(h%)(ργ−1(h%) − a)(γ−1)
h .

Corollary 2.15. For T = Z, we take h = 1 in Corollary 2. In this case, inequality (2.26) reduces to

∞∑
℘=r

λ(℘)Ψp−γ+1(h℘)

Ω
c−p−γ+1

(℘)
(ργ−1(℘) − a)(γ−1) >

( (p − γ + 1)Lc−γ+1

c − γ

)p ∞∑
℘=r

λ(℘)גp(℘)Ψ1−γ(℘)

Ω
c−p−γ+1

(℘)
(ργ−1(℘) − a)(γ−1),
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where

Ψ(℘) =

℘∑
%=r

λ(%)ג(%)(ργ−1(h%) − a)(γ−1) and Ω(℘) = h
℘∑
%=r

λ(h%)(ργ−1(h%) − a)(γ−1).

Remark 2.8. In Corollary 2, if we take γ = 1 and r = 1, yields discrete Bennett-Leindler type
inequality (1.5), which is the converse of Copson inequality (1.3).

Corollary 2.16. From Theorem 2, assume T = qN0 , then (2.26) gets

∑
℘∈(r,∞)

℘(ργ−1(℘) − a)(γ−1)
q̃ λ(℘)Ψp−γ+1(℘)

Ω
c−γ+1

(ρ(℘))
>

( (p − γ + 1)Lc−γ+1

c − γ

)p ∑
℘∈(r,∞)

℘(ργ−1(℘) − a)(γ−1)
q̃ λ(℘)גp(℘)Ψ1−γ(℘)

Ω
c−p−γ+1

(℘)
,

where

Ψ(℘) = (q̃−1)
∑
%∈(r,℘)

%λ(%)ג(%)(ργ−1(%)−a)(γ−1)
q̃ and Ω(℘) = (q̃−1)

∑
%∈(r,℘)

%λ(%)(ργ−1(%)−a)(γ−1)
q̃ .

3. Conclusions

In this paper, with the help of a simple consequence of Keller’s chain rule and Hölder inequality for
the (γ, a)-nabla-fractional derivative on time scales, we generalized a number of Bennett and Leindler
Hardy-type inequalities to a general time scale. Besides that, in order to obtain some new inequalities
as special cases, we also extended our inequalities to discrete and continuous calculus. In order to
illustrate the theorems for each type of inequality applied to various time scales such as R, hZ, qZ and
Z as a sub case of hZ. For future studies researchers may obtain some different generalizations for
dynamic Hardy inequality and its companion inequalities by using the results presented in this paper.
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16. Z. Kayar, B. Kaymakçalan, N. N. Pelen, Bennett-Leindler type inequalities for nabla time scale
calculus, Mediterr. J. Math., 18 (2021), 1–18. https://doi.org/10.1007/s00009-020-01674-5

17. L. Leindler, Some inequalities pertaining to bennett’s results, Acta Sci. Math., 58 (1994), 261–280.

18. J. A. Oguntuase, L. E. Persson, Time scales Hardy-type inequalities via superquadracity, Ann.
Funct. Anal., 5 (2014), 61–73. https://doi.org/10.15352/afa/1396833503

19. U. M. Ozkan, H. Yildirim, Hardy-Knopp-type inequalities on time scales, Dynam. Syst. Appl., 17
(2008), 477–486.
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