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1. Introduction

Suppose the quasi-periodic linear system

d
d—): =A(wt,wst,...,wHX (1.1)
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in whicht € R, x € C", A(w1t, wat, . .., w,t) is quasi-periodic(g-p) time dependent r X r matrix and the
basic frequencies wy, ..., w, are rational independent.

The system (1.1) is said to be reducible, if there exists a so called quasi-periodic Lyapunov-Perron
(L-P) transformation x = P(wt,...,w,t)y, so that the transformed system is a linear system with
constant coefficients. We call the transformation x = P(wt,...,w,t)y is quasi-periodic L-P
transformation, if P(¢) is non singular and P, P! and P are quasi-periodic and are bounded in 7 € R.

Many researchers have discussed the reducibility problems for quasi-periodic linear systems. For
r = 1, 1.e., the periodic case, the well known Floquet theorem states that there always exists a periodic
change of variables x = P(w;t)y so that the system x = A(w;?)x is reducible to a constant coeflicient
system y = By, = w, where B is a constant matrix. For r > 1, i.e., quasi-periodic case, there is an
example in [1] which shows that the system (1.1) is not always reducible. Earlier for q-p case,
Coppel [2] proved that a linear differential equation with bounded coefficient matrix 1is
pseudo-autonomous if and only if it is almost reducible and Johnson and Sell [3] showed that if (1.1)
satisfies the full spectrum assumption, then there is a quasi-periodic linear change of variables
x = P(wit,...,w,t)y that transforms (1.1) to a constant coefficient system y = By, where B is a
constant matrix. Their results failed for the pure imaginary spectrum [4].

The first reducibility result by KAM method was given by Dinaburg and Sinai [5] who proved that
the linear Schrodinger equation % + g(wit, wat, ..., w,t)x = Ax is reducible for “most’ large enough
A in measure sense , where w is fixed satisfying the Diophantine condition: [k, w)| > %, 0#keZ,
where «, T are positive constants. See also Riissmann [6] for a refined result.

In 1992 Jorba and Sim6 [7] considered the following linear differential system

dx_

— (A+/lQ_+/12Q(w1t,...,w,t))x, xeRY, (1.2)

in which A, Q are constant diagonal matrices, and Q is an analytic gq-p matrix having r basic
frequencies, and with a small parameter A. Using the KAM method, They proved that there exists a
positive measure Cantor subset E C (0, 4dy), 49 < 1 such that for any 4 € E, the system (1.2) is
reducible, provided that the following non-degeneracy conditions

la;(1) — a ()] > 6 >0, I%(ai(/l) —a;(D))>x>0, VI<i<j<d (1.3)

where @;(1), 1 <i < m, are the eigenvalues of A = A + 10. In 1999, Xu [8] improved the result for the
weaker non-degeneracy conditions.
Eliasson [9] considered the following linear Shrodinger equation

d’x
W + (/l + Q((Ut)x =0.

For almost all A € (a, b), the full measure reducibility result is proved in a Lebesgue measure sense
provided that Q is small. On the other hand, Krikorian [10] generalized the work for linear systems
with coefficients in so(3). Then, Eliasson [11] discussed the full measure reducibility result for the
following parameter dependent systems

dx

i (A + Q(wit, ..., w,t, D)X, (1.4)
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in whicht € R, x € C¢, a constant matrix A of dimension d xd, the parameter A € (a, b), and an analytic
mapping Q : T" X (a, b) — gl(m, C), a Diophantine vector (w;, ..., w,) and for sufficiently small |Q].
He and You [12] proved the positive measure reducibility result for the following quasi-periodic
skew-product systems: % = (A1) + O(p, 1)x, ¢ = w, close to constant. The result is proved by using
KAM method, under weaker non-resonant conditions and non-degeneracy conditions.
All the above mentioned results only discuss the reducibility of linear systems with the Diophantine

condition ]

(k@) = G, 0%k ez, (1.5)
where @ > 1 and v > d - 1.
In our problem, we are going to focussed on the Brjuno-Riissmann condition (see [13, 14]) which is

slightly weaker than the Diophantine condition (1.5), if the frequencies w = (wy, .. ., wy) satisfy
-1

a
Kk, w)| > AGKD

0+#keZ, (1.6)
where @ > 1 and some Riissmann approximation function A. These are continuous, increasing and
unbounded functions A : [0, +00) — [1, +00) such that A(0) = 1 and

—+00
[0
1 r

Remark: 1f we have A(¢) = ¢, then the Brjuno-Riissmann conditions (1.6) becomes the Diophantine
conditions (1.5).

Furthermore, in this article we will generalize the result of He and You [12] for quasi-periodic linear
systems using Brjuno-Riissmann non-resonant condition which is slightly weaker than the Diophantine
condition.

This article is organized as: at the end of Section 1, the statement of the main result is given and in
Section 2 proof of the main result is given.

To state our main result, we now give some definitions and results.

Definition 1.1. ( /15, 16])
A vector w € R? is Brjuno if the following condition is satisfied

[ee) 1 ‘
Z 2_”11’1(—) < 00, Qn = min |<C(), V)l
n=1 Qn veZd 0<|v|<2n

The set of Brjuno vectors is of full Lebesgue measure. In particular, it contains all Diophantine
vectors. Conversely, there are vectors that are Brjuno and are not Diophantine.

This article aims to discuss the positive measure reducibility for g-p linear systems like (1.4)
proposed by He and You [12]. The existed positive measure reducibility is discussed by using the
Diophantine conditions, but we will discuss the positive measure reducibility using the
Brjuno-Riissmann condition.

Equivalently, for the system (1.4), we suppose the following skew-product system

dx

7 = A+ Q@ )x, ¢ =w, (1.7)
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where x € C’, the parameter 4 € A = (a,b), A is a r X r constant matrix, and Q(¢, A1) is an analytic
mapping from T" X (a, b) to gl(m,C), (wy, wy, - ,w,) is a Brjuno vector and |Q| is sufficiently small.
In our discussion, we will use the following equivalent formulation of reducibility:
Consider

dz
— =b()Z 1.8
77 = b0 (1.8)
be an analytic g-p linear system. For the skew-product system, it can be rewritten as:
dzZ
— =B@Z, ¢=uw, 1.9
o —BWZ p=w (1.9)

where b, B are in the Lie algebra g = g(m,C) and their solutions have values in the Lie group G =
GL(m,C). For a complex neighbourhood W,(T") if B is an analytic on W,(T"), then we represent
B € C)(T', g). It is said that the analytic g-valued functions By, B, € C,)(T", g) are conjugated, if 1
a L-P transformation G-valued function P € C;’(T", G), s.t. for the solutions Z;, Z, corresponding to
By, B,, we have the following relation

Z, = P(p)Z,
and the conjugate relation can be denoted by:
B, = B,(modP).
It is easy to prove that B; = B,(modP) can equivalently be written in the form of following equality
B,=D,P-P '+ PB P, (1.10)

where D, = % - ¢ denotes the derivative in the direction of frequency vector w. B is known to be
reducible if it conjugates to a constant B;.

In our article, we shall prove that, for any 4 € A = (a,b), where A is the parameter and A is a
positive measure set,then 3 a L-P transformation P(¢), such that the system A + Q(¢) is transformed
into a constant system A*.

For the positive measure reducibility, we will use the non-degeneracy conditions (or the transverse
conditions as in Eliasson and Krikorian terminology) . Without loss of generality, let’s suppose a
block-diagonal matrix A(1) = diag(A;(4), - , Ay(1)) with

dist(o(A;),0(Aj)) > 0> 0, for i+ j,
where 0(A;) represents the eigenvalues set for A;. Let (see in [12] for definition)

Jijlk, ) = ik, )y, + (I, ® A () — AT (D ® 1),
Jk, ) = ik, w)p + (I, @ AL — AT(D) ® 1,),

dij(k, ) = det[ick, w)y, + (I, ® A () — AT (D) ® )]
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For the skew-product system (1.7), by using Lemmas 1.1 and 1.2 in [12], we set for ¥ (k, w) € R

Haqu—(Ai),ﬁ‘,e(r(Aj)(i<k’ w) — (@, (D) = B,(A), i#J;

ijlk, ) = ; .
§ J( ) { Hau,a‘,EO'(Ai),u¢v(l<ka w> - (a'u(/l) - a’v(/l))a 1=].

Remark: It is easily seen that if A € C“(A, g) and the division of 07(A) is sufficiently separated , then
all g;; are analytic functions of 4,V 1 <, j < s.

For the proof of this remark (see in [17]).

Thus, we assume the following:
Non-degeneracy Conditions: There exist an integer d > 0 and ¢ > 0 such that

[

max ﬁgij(k,/lﬂ >g¢, forall 1 <i,j<s (1.11)

uniformly hold V 4 € A and <k, w) € R.
Remark: The condition (1.11) will assure that the small denominator condition always holds for the
“most” parameter A. Here, we take only those k in which [(k, w)| < 26, because for the large enough
¢k, )|, we always see that the matrix ik, w)l;;, — (I;, ® A (1) — Al.T(/l) ® ;) is automatically non-
singular and the small denominator condition is satisfied. It can easily be seen that the condition (1.11)
is weaker than the non-degeneracy condition (1.3) used by Jorba and Simé.

Moreover, the property that g;;(k, 1) depends analytically on A can be preserved under small
perturbations, and at each iterative step, we will preserve the non-degeneracy conditions.

1.1. Statement of the main result

To state the main result, consider Q as an analytic g-valued function that can be defined on a complex
neighbourhood of T" X A:

Wi(T" x A) = {(9, 1) € C" x Aldist(9,T") < h},
where A € A = (a, b). Defined the norm of Q as:

0'0
IOl = max  sup | —|
0i<d (9 pyew,(Trxa) OA!

similarly

ANl = max sup | 24D
T ooty P I T

where || - || denotes the matrix norm.

Theorem 1.1. Consider the skew-product system (1.7) in which w is a fixed Brjuno vector and it
satisfies the Brjuno-Riissmann condition (1.6) and A(A) satisfies the non-degeneracy condition (1.11),
and there exists K > 0 such that ||A|| < K. Then there exist € > 0,h > 0, such that if ||QC, )|, = &1 <&,
the measure of the set of parameter A's for which the system (1.7) is non-reducible is no larger than
CL(10¢))¢, with some positive constants C, c, and L denotes the length of the parameter interval A.
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2. Proof of the Theorem 1.1

Theorem 1.1 will be proven by KAM iteration. At each iterative step, we have a L-P transformation
close to identity as

P(p) =1+ Z(p), (2.1)

where Z(¢) € C(T', g), P(¢) € C/’(T", G) and by using the L-P transformation (2.1), the quasi-periodic
system % = (A + Q)x is changed into

% =(D,P-P'+P(A+ Q)P Hx.

Since Z is very small and in the expansion form P~! can be written as:
Pl =1-Z+Z"+0(2P).
So, we have

D,P-P'+PA+ QP!
=D, ZU-Z+Z*+O0(1ZIP)) + I + Z)(A + Q)I - Z + Z* + O(|ZII>))

=A+D,Z+[Z,Al+Q—-D,Z-Z+|Z Q| +AZ* - ZAZ + O(||Z|]). (2.2)
In general, we have to find a small Z in which the transformed system is still of the form ‘jl—’; =
(A* + O")x, where A is block-diagonal as A and Q™ is much smaller than Q.
To do this, we have to calculate Z solving the following linearized equation
D,Z-1A,Z] = -0 (2.3)

where [A,Z] = AZ — ZA and to prove
Q" =-D,Z-Z+[Z, 0l+AZ> - ZAZ + O(|Z|]®)
is more smaller.

2.1. Solution of the linearized equation
In this subsection, we will solve the linearized equation, for this we need the following:
Definition: Let u = (uy,--- ,u,) € T". Its norm is denoted by ||u|| and is defined as:

llull = max fu].
1<i<m

Definition: For a m X m matrix S = (s;;), its operator norm is denoted by [|S|| and is equivalent to
m X max |s;|.

Notation: Let F € CY(T" x A,g) and its Fourier series is F = Y7 Fre* then the k™ Fourier
coefficients of F denoted by Fy, given by Fy = fp e RO F(p)de.

Remark 2.1. For F € C(T" X A, g), we have

|Fi| < |Flye™™,

AIMS Mathematics Volume 7, Issue 5, 9373-9388.
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Note. For k € Z¢, we denote |k| = ZZ:1 |k,|. Similarly, for a function f , its modulus is denoted by |f].
Throughout the discussion, to simplify notations, the letters ¢, C denote different positive constants.
By substituting the Fourier series expansions of Z, Q into the Eq (2.3), and then by equating the

corresponding Fourier coefficients on both sides, we obtain

ik, w)Z — (AZ — ZyA) = = Ok (2.4)
suppose that the eigenvalues of the linear operator i(k, w)I; + [A, -] in the left part are
ik,w) — (i —aj), 1<i,j<n, a,a;€oc(A).

The eigenvalues will be @; — «; for k = 0. As the considered matrix A = diag(A,,--- ,A;) is a
block-diagonal with different blocks A;, A; and each block have different eigenvalues, .i.e. a, # B, if
a, € A;,B, € Ajfori # j, from conclusions as seen from other researchers [12,17-20] , we see that the
matrix [;, ® A; - Al.T ® I;; is non-singular if i # j.

In block-diagonal form, let Oy can be written as (Qy;;), where Qy;; is a matrix of order /; X [;
,1 <, j < sand/;,[; are the orders of matrices A;, A; respectively.

Now, for k = 0, we solve the equation (2.4). Suppose

Qﬁ = (Qo11>"+ » Qoss)
and
Q) = Qo - Qf-
For k = 0, the equation (2.4) can be written as
AZy - ZpA = Qy (2.5)

Equation (2.5) can not be solved completely because the eigenvalues involved the multiplicity.
However, the following equation

AZO - ZoA = Qz()
has a solution Z, = (Z;;) with Z; = 0 and
AiZoij — ZoijA; = Quij» for i # j

has the unique solution Zy;;.
Moreover, we have the estimate [12]

150, Dl < max I, ® A1) ~ AT () @ 1,17

nK'ii

< et < C(o, n)K", (2.6)
o
and
. 9 adl;
{)rslgllﬁfij O, Dl = r@?ﬁ”ﬁ delfij)“

AIMS Mathematics Volume 7, Issue 5, 9373-9388.
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< C(o,n, K

as dist(c(A;(1)), 0 (A;(1))) > o > 0, for i # j. Moreover, we get

[

0
max || - Zo(Dll < CmaXII

EyT (J 10, D) - ||

Qo(/l)ll

oA oA

< C(o,n, NK™ max ||ﬁQo(/1)|| 2.7)

Now, we solve the Eq (2.4) for k # 0. From Lemma 3.2 as seen in [12], the solution of (2.4) is
equivalent to the solution of the following vector equation

J(k, DZ (D) = =0, (2.8)

By using corollaries [12], Eq (2.8) is solvable <= the matrix J(k, A) is invertible. Suppose
P =1+ ) 7 is a L-P transformation. Then by using the L-P transformation, the new system becomes

d
dx = (A* + 0")x
where
AT=A+Qf
Q" =-D,Z-Z"+(Z 01+ AZ* - ZAZ + O(||IZ|P) (2.9)

Since A and Qg are block-diagonal matrices, therefore A* is also a block-diagonal. Next, we will
show that in a smaller domain Q% is much smaller and the non-degeneracy condition is satisfied by A*.
Estimation of O™.

First of all, we estimate Z;. Actually, to control the solution of Z;, we need the following small
denominator condition, .i.e. if there exist N > O such that Vi, j
-1

N
ij(k, V)| > ,
lgij(k, )| = AGKD

1<i,j<s. (2.10)
where A is an approximation function as defined above.
In order to estimate Z;, we need to estimate the operator Jl.‘j1 (k, ) for k + 0.

Lemma 2.1. For k # 0 and the small denominator conditions (2.10) are satisfied by all parameters A,
then we have

IIJ{jl(k, Dl < cK"INAKD), i+ j, (2.11)
17 (&, DI < cK™ " N™ (A(k])", (2.12)

6 n* 2" ar2'n? 27n?
max |2~ Wk, D) < cK™ ¥ " N¥" (A(K]))? ™. (2.13)

where ¢ denotes constant.

AIMS Mathematics Volume 7, Issue 5, 9373-9388.
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Proof. Since J;; is a non-singular matrix, so its inverse is defined as Jl.‘j1 = adJ;j/detJ;;. By the small
denominator conditions (2.10), we have

1

|J(k, DI = ik, w2 + (I, ® A() — AT(D) ® )] > (N‘l)”z(AaT_kl))"

and

a—l

ks D1 = 1liCk, @)y, + (1, @ ALD = AT ) @ I = (VDM (Fre

)

using the definition of the norm ||J;;|| and the small denominator condition (2.10), the estimate (2.11)can
be found easily. Also as detJ = [],; j<, detJ;;, similarly we can calculate the estimations (2.12) and
(2.13).

For k # 0, from Eq (2.8), we have

Z() = =J7(k, ) Q) (2.14)

as Z,’(, Q;c are the transpose of Z; and Q; respectively, therefore it is easy to prove ||Z|| = ||Z,’(||, 1Ol =
10, Il (see in [12] for the proof).

In our article, we represent F'(1) a A-dependent matrix as:
d'F()
oAl

Since Q € C}/(T" X A, g), then by the Remark 2.1, we have

|F (D] = max|| .
0<i<r

10l < 1Q1e ™.
As aresult, for k # 0 and for any 0 < h < h, we have
Z(D| < 1T (k, VIO
< CK" " N*" (A(KDY " |Qlye ™"
or

Z(D)] < CK" 2" N> (A(IK[))> ™" | Qe Mt g W, (2.15)

In particular, take an approximation function A(¢) = ¢’,6 < 1, which satisfy the Brjuno-Riissmann
.. . . 51 7 . rp2 -
condition (1.6), since the function ¢'2" - ="~ has the maximal value at 7 = (%)?}', one has

4 r r.2 ro2, 27028 _T(;_ 27026 _Tl —h _lklh
Z()] < CK™ o N7 |Qlyel2 (it ™ (5 =T ol i
|Q|h _ |Q|h ]e_|k|/'1
- 2o T\ 0 :
(h-h=r  (h=h)#

< C(n,1,6,0)K" N*"[ (2.16)

Consider

Z(t, Q) = Z Z(D)eikD

kezZr

AIMS Mathematics Volume 7, Issue 5, 9373-9388.
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choose i : 0 <h <hst ifh—h =h—h < 1.So, using the Lemma 4 in [7], we obtain

21y < )" 1Zide

kezZr

19l 1Ol ]Z oGt K

< CK™|Qyl + CK"' N[ L L
(h—h)T (h—h)+T G

S CKn4N2rn2[ |Q|]’l2 |Q_|]1 . ]( _ 2 )me(/_zfizl m
(h - h) (h—h)r] h—Hn
1 1

< C(n,r,6,a,mK" N[ 11015

&

(h— )5 (= Iy

Lets =2 —+m we get

1 1
7|, < CK" N?" _ 110l
12, =y~ oy

similarly, we can find

1 1

D.Z|; < CK"N*" -
| i [(h — )+ (h— h’)s’+1

110l

1 1

D,Z-Z|, < CK" N?™ _
| |h [(h _ h’)2s+l (h _ h/)Zs,+1

1ol

1

AZ2|, = |ZAZ|, < CK" N*™[ I :
AZ2), = |ZAZ), TRy

1o

4 r,2 1
. n* a72'n
IIZ, Oll,y <2|Zly - 10ln < CK" N [(h By OTRTRRY )s 11013

Hence, from Eq (2.9), we get

1 B 1
(h—H)>t (b - h')23/+1

4 r+l,2
|0"]y < CK*"HIN*" | 11015

Verification of the non-degeneracy conditions for A*.
Since

A" = A+ Q8 = diag(A; + Qoi1, -+ »Ag + Qoss)-

Let

Dk, ) = det[iCk, )y, + (I, ® (A () + Qoj;(D) = (A] () + Qg(D) ® I))].

The new determinant lefj is analytic with respect to 4 as well.

(2.17)

(2.18)

(2.19)

AIMS Mathematics Volume 7, Issue 5, 9373-9388.
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The above determinant can be rewritten as
D}k, 2) = Dyj(k, A) + Yij(k, D).
where D;(k, 1) = det[ik, w)};, + (I, ® Aj(A) — AT () ® 1))] and Y;;(k, A) is a summary of 2/ — 1
determinants denoted by y,(k, 1)(1 < t < 2% — 1). Furthermore, there exist at least one column in each
determinant y, such that the entries in this column are either O or of the form ¢ — d, where ¢ and d are

entries of Qy;; and Qy; respectively.
As |Q4ln < 10ln < &, we get

al
|ﬁD+(k D < ClAle,for 1 <I<r.
similarly,
al
|ﬁ(g2—j(ka ) - gijtk, )| < ClAle,for 1 <1< (2.20)
So, we have
I A,g,,(k, D >¢—ClAle>¢-CKe=¢ for 1<I<r (2.21)

The proof is obvious. Note that, here we only need to choose such k’s so that |(k, 1)| is not large
enough, .i.e., |(k, 1)| < CK,where |A| < K, because for large enough |(k, 1)|, the matrix J(k, 1) becomes
automatically non-singular. So, when |(k, 1)| has large values , then J*(k, 1) becomes naturally non-
singular and no need to preserve non-degenerate property.

Alternatively, we know from the perturbation theory of matrices that the continuous change of
eigenvalues depends on the entries, and by Ostrowski theorem (see [21]), the distance between
eigenvalues of any two blocks can be estimated as

min dist(e(47), o(4})) = 0" > 0 - cen.
i#]

Now, we summarize the above discussions in the following conclusion.
Conclusion 1.

Consider A subset of (a,b) be some parameter segment, a one parameter family of constant elements
A € C”(A, g), and Q € C’(T" X A, g) be the perturbation. Suppose that there exist K, &, N > 0 s.t.

e A|<K, |QIh<e,
e forall 1 € A, the non-degeneracy conditions (1.11) and the small denominator conditions (2.10)
hold.

Then,d 4 > 0and a map Z € CZ)’ (T" x A, g), and
AT e CY(A\, g)
Q" e CZ’, (T"x A, g),
such that

1)A+ A+Q0, A++Q+_A+Q
2) We have the estimation (2.19), .i.e. |Q*|, < C K2 N2

_ 2
(h h)25+| (/’l h)23 +1]|Q| .

3) We have preserved the non-degeneracy conditions .i.e., Mmaxoc<, | S gtk D] > .

a/llgu
4) o* >Q—C$n,K+ <K+e
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2.2. Iteration

In this subsection, we will prove that the perturbation Q goes to zero very quickly provided that the
small divisor conditions hold.
First of all, consider the following two iterative sequences:

1 1
hy = (5 + ﬁ)hl, (2.22)
(g m o 1 6 1
Ny = (———L2) = () 772" ()" + =) 2.2
m (hm—l_hm (1) ((5) +77) (2.23)

where y > r is a constant, and 1 will be considered as in the following lemma
Lemma 2.2. There exist positive constants n < 1, b, s.t., if &1 is sufficiently small, then ¥ m > 1

_(6\ym
en < nle” 5",

K, <2"'K,.
Proof. Suppose that if we do this up to m” step, we have
(Onln, < & < 1f'e™3"
and
Ky < Kpi +&m1 <2 K.
By induction, we need to prove that

6
_(g)erl

1Qmstlh, < 1€ (2.24)

and
K1 <2"K;. (2.25)
Indeed Eq (2.25) is satisfied as
Kyt < K+ 6n < Ky + 178" < K,y +1<2K,, <2-2"'K, = 2"K,.

And from Eq (2.19), we have

" 1 1
< CK2”4+1N2 n? _ 2
Em+l = m m [(hm — Typey )25t (h,, — hm+1)2s'+1 1€,
To prove Eq (2.24), we need
CK2n4+1N2r+ln2[ 1 _ 1 ]nzbe_(g)2m S nhe_(g)erl )

(hm - hm+1 )ZSH (l’Lm - hm+1)2‘yl+1
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Then by using Eqgs (2.22) and (2.25), we have
C K12n4+1 hl—(2S+l)2m(2n4+1)+(m+1)(2s+1) Nr2n”1n2772b o~ 45" <1. (2.26)
Let R,,(n) = N>"'" =1 if we choose
b>2"nty +1, (2.27)

then by Eq (2.23) we see that for smaller value of 7, the value of R,, also goes smaller. Now, firstly we
setn =ny < 1. As the sequence

oMt 1) +(m+1)(2s+ 1) +mr R, (o) o4 ’

is bounded from above,let’s denote its maximum by £. In order to satisfy Eq (2.26), it is enough to
choose 7 s.t.

Cvl(12n4+lhl—(zs‘*'l)lg77 <1.
Thus, define
n < min{CKl_(2"4+1)hf”1B_l, 70},

and so we obtained the Eq (2.26). If we choose 7 = (10g;)!/?, then it is enough to take

—b(ont
CKl b(2n +1)h117(2s+1)

T e 3). (2.28)

&1 < min{

Hence, the proof of lemma is finished.

From Eq (2.18), it can be seen that the sequence |Z,|,, converges to 0 with super-exponential
velocity, then by the transformation P, = I + Z,, we have P,, — I, and so the composition of
transformations P,, o P,,_; o --- o Py will also be convergent. On the other hand, from conclusion 1,
we have

Sm > Sm—1— Cngma
SO

Gn2s-C Y Kz % (2.29)

I<i<m—1

for small enough &;. Thus, the preservation of the non-degeneracy conditions is proved. By the way,
for small enough £, we also have the estimate

1
onz0-C Y s,-"zg. (2.30)

1<i<m-—1
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2.3. Measure of the removed set

In this subsection, we will show that the set of parameters satisfying the small denominator
conditions is of the large Lebesgue measure. In the end, we estimate the measure of the removed
parameter set. At the m'h step, for Vi, j, 1 < i, j < s, we denote the removed set as:

N—l
Ry =1 lglik, Dl < —=—}

A(|k])
and consider
R = | ) Ry,
1<i,j<s
R"= | ] Ry
0#keZr

To calculate the estimate for the measure of RZJ., the following lemma is needed:

Lemma 2.3. Consider g(x) is a CM function on the closure I, where I € R' is an interval of length L.
Let I, = {x : |g(x)| < h,h > O}. If for some constant r > 0,|g™(x)| > r for Vx € I, then |I,| < cLh'/™,
where |1,| denotes the Lebesgue measure of I, and constant ¢ =22 +3 +---+ M +r7").

For the proof, see [22].
Then, let L denotes the length of the parameter interval A, and using above Lemma 2.3, we obtain

-1

mes(R;:;) < cL(N—m)”’
/ A(Ikl)

where c =2Q2 +3+---+r+2/g), as g;?;(k, A) € C"(A) and using the non-degeneracy conditions and
Eq (2.30). Thus,
1

1/r
AGRD

1
mes(R™) < Cn®LN,,’ Z (
0#kezZr
For A(Ik]) = ¢, < 1, we have
_1
mes(R™) < Cn’LN,,’ Z e Wi
0#keZr

<C(n,r,0,5)LN,, .
By Eq (2.23), N,, > 2;7"77, we have

Therefore, for n = (1081)% and y > r, one has

mes(O R™) < CLy’ i 27 < CLy*

m=1 m=1

<C(n,1,90,6,%,0)L(10g)", where, ¢ = bl
.

Hence, the proof of the main result is completed.
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3. Conclusions

In this article, we discussed the positive measure reducibility for quasi-periodic linear systems and
proved that the system (1.7) is reduced to a constant coefficient system. The result was proved for a
Brjuno vector w and small parameter A by using the KAM method, Brjuno-Riissmann condition and
non-degeneracy condition.
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