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In this paper, we introduce the notion of tricomplex valued metric space and prove some common fixed point theorems. The
presented results generalize and expand some of the literature well-known results. We also explore some applications of our

key results.

1. Introduction

Fixed point theory plays an important role in applications
of many branches of mathematics. There has been a
number of generalizations of the usual notion of a metric
space (see [1-8] and the references therein). Serge [9] made
a pioneering attempt in the development of special alge-
bras. He conceptualized commutative generalization of
complex numbers as bicomplex numbers, tricomplex
numbers, and so on as elements of an infinite set of algebra.
Subsequently during the 1930s, other researchers also
contributed in this area [10-12]. However, unfortunately
the next fifty years failed to witness any advancement in this
field. Afterward, Price [13] developed the bicomplex al-
gebra and function theory. Recently renewed interest in
this subject finds some significant applications in different
fields of mathematical sciences as well as other branches of

science and technology. Also, one can see the attempts in
[14]. An impressive body of work has been developed by a
number of researchers. Among them, an important work
on elementary functions of bicomplex numbers has been
done by Luna-Elizarraras et al. [15]. Choi et al. [16] proved
some common fixed point theorems in connection with
two weakly compatible mappings in bicomplex valued
metric spaces. Jebril et al. [17] proved some common fixed
point theorems under rational contractions for a pair of
mappings in bicomplex valued metric spaces. In 2021, Beg
et al. [18] proved the following fixed point theorems on
bicomplex valued metric spaces.

Theorem 1. Let (%', ¢) be a complete bicomplex valued
metric  space  with  degenerated 1+ ¢(®,9) and
11+ ¢(@,N+0forall®,9e€ W and S,T: W —> W such
that



@, D)9 (9, T9)

= He
¢($@,T9)<; Ap(@,9) + 1+9(@,9)

> (D

forall®,9 € W', where A and y are nonnegative real numbers
with A+ \2u<1. Then, S and T have a unique common
fixed point.

In this paper, inspired by Theorem 1, we prove some
common fixed point theorems on tricomplex metric space
with applications.

2. Preliminaries

Throughout this paper, we denote the set of real, complex,
bicomplex, and tricomplex numbers, respectively, as C,, C,,
C,, and Cj. Price [13] defined the bicomplex number as
follows:

0= a, + ayi) + a3i, + a,ii,, (2)
where a;,a,,a5,a, € Cj, and independent units 7,7, are

such that i = i3 = -1 and i,i, = i,i;; we denote the set of
bicomplex numbers C, as follows:

C, ={0: 0 = a; + ayi; + a3i, + a,ijiy, a1, a5, 05,04 € Cyl,

(3)

ie.,
C, ={0: 0 =K, +i,ky, K, Ky € C,}, (4)
where x; =a; +a,i; € C, and «, = a3+ ayi, € C,. Price

[13] defined the tricomplex number as follows:
E=a, +ayi; +a50, + Ay +asiz + agj, +asj; +agiy,  (5)

where a,, a,, a5, a,, as,a4,a5, a5 € Cyand independent units
i1515, 055045 J15 o and]3 are such thati? = i2 = -1, 14 =ijy =
i) iyis, jo = iyiy = B30, j3 = 1, jy = i1iy = iyi), and ji = 15 we
denote the set of tricomplex numbers C; as follows:

c _{f: &=a; +ayi; +asi, + a,j; +agi3 + agj, + a5 +a3i4,}
3= ,

a;,ay, a3, 0,05, 06,0, a4 € C

(6)

ie.,
={& & =0, +1i305,0,,0, € Cy}, (7)
where o0, =« +K,i, €C, and o0, =K;+ x40, €C,. If

¢ =0,+i30, and 5=, +i;w, be any two tricomplex
numbers, then the sum is &+y= (0, +i30,)+
(w, +i3w,) =0, + W, +i3(0, + w,) and the product is
En = (o) +i30,) (W +i3m,) = (0,7 — 0,W,) +i5 (0w, +
0,,).

There are four idempotent elements in C;; they are
0,1,e; =1+ j3/2,e, =1— j;3/2 out of which ¢, and e, are
nontrivial such that ¢, +e, =1 and e e, =0. Every tri-
complex number o, +i;0, can be uniquely be expressed as
the combination of e, and e,, namely,
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& =0, +iy0, = (0, —iy0,)e; + (07 +1,0,)e,. (8)

This representation of & is known as the idempotent
representation of tricomplex number, and the complex
coefficients &, = (0, —i,0,) and &, = (0, +i,0,) are known
as idempotent components of the bicomplex number &.

An element & = 0, +i;0, € C; is said to be invertible if
there exists another element 7 in C; such that £ = 1 and 7 is
said to be inverse (multiplicative) of £&. Consequently, ¢ is
said to be the inverse (multiplicative) of 7. An element which
has an inverse in C; is said to be the nonsingular element of
C; and an element which does not have an inverse in C; is
said to be the singular element of C;.

Anelement ¢ = 0, +iy0, € Cy is nonsingular ifand only
if |03 + 03| #0 and singular if and only if |07 + 03| =

The inverse of & is defined as

£lay=20 ©)
o]+ 0,

The norm |.|| of C; is a positive real valued function and

[.I: C; — Cj is defined by

181 =0, + iz = {lon|” +los"}

. 2172
+|(oy +iy0,)] (10)
2

_ |(01 - i202)|2

2 2 2 2 2 2 2 2 2\1/2
=(a1+az+al+a3+a4+a5+a6+a7+a8) ,

where E=a, +ayi) +a30, +a4j; +agiz +agj, +asj;+
agi, = 0y +i30, € C;.

The linear space C; with respect to defined norm is a
norm linear space; also C; is complete; therefore, C; is the
Banach space. If &, 51 € C5, then |5l < 2||€]l[l%]] holds instead
of [Exlll < &Nl therefore, C; is not the Banach algebra.
The partial order relation <; on C; is defined as follows: let
C; be the set of tricomplex numbers and & = 0, +i;0, and
1=, +i3w, € Cj, then {<, n if and only if 0;<; w; and
0,< W, ie, §<;n if one of the following conditions is
fulfilled:

(a) 0, =Wy, 0, =0,
(b) 01<;,wy, 0, =,
(c) 0, =y, 0,<;,0,

(d) 0,<;, W, 0,<; W,

In particular, we can write {5, 77 if §<; 7 and £+ 7, ie.,
one of (b), (c), and (d) is fulfilled and we w111 write £<; X if
only (d) is fulfilled.

For any two tricomplex numbers &, € C;, we can verify
the following:

(1) &< nif FIENN< 7l
() 1§ + 7l < MEN + linl
(3) llagll =

(4) €4l < 201E N7l and the equality holds only when at
least one of ¢ and # is nonsingular

lal[I€]l, where a is a nonnegative real number
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(5) 1§ "Il = g if € is a nonsingular
(©) 1€/ Nnl =

Now, let us recall some basic concepts and notations,
which will be used in the sequel.

IEN/1I%]l if % is a nonsingular

Definition 1. Let % be a
@: W x W — C, such that

(A1) 0<, 9 (@, ), forall®,9 € 7" and ¢ (@, 9)
onlyif®=19

(A2) p(@,9) =99, @) for all ®,9 € 7

(A3) 9(@,9)<;¢(®,0) +¢(0,9) for all @,9,0 € 7

nonempty set and

= 0ifand

Then, ¢ is called the tricomplex valued metric on %" and
(7, @) is called the tricomplex valued metric space.

Example 1. Let " = [0,1] and ¢: W x W — C; be de-
fined by ¢ (®,9) = |@ — Iliyi5. Then, (7, ¢) is a tricomplex
valued metric space.

Definition 2. Let (%, ¢) be a tricomplex valued metric
space. A sequence {@;} in 7" is said to be a convergent and
converges to @ € 7" if for every 0<; e € C;, there exists
£, € N such that ¢ (@, @)<; €, for all £ > £y, and it is denoted
by fli?loo (DF @.

Lemma 1. Let (W, ¢) be a tricomplex valued metric space. A
sequence  {@¢} € W convergess to ®€W  iff
Jim g (@, @)]| = 0.

Proof. Let {®¢} be a convergent sequence and converges to a
point @, and let € >0 be any real number. Suppose

L€ L€ e €
r= 13% + ]2% + ]3% + l4ﬁ.
(11)
Then, 0<; RS C5, and for this r, there exists £, € N such
that (p(COf,@)< t for all £>f;. Therefore,

o (@6 @) < |llell = & VE= £, (12)

i+ii+ii+'i+
NN RN ]1\/§

Hence, lim;_,[l¢ (@, @)[| = 0.

Conversely, let lim¢_, [l¢ (@, @)[| = 0. Then, for each
0<;,t € C;, there exists a real number € >0 such that for all
£eC,,

€] < e=E<, x. (13)
Then, for this € >0, there exists £, € N such that
| (@6 @)| <& VE £, (14)
Therefore,
9 (@, @)<; v, VE2 £, (15)

Hence, {®;} converges to a point @. O

Definition 3. Let (%, ¢) be a tricomplex valued metric
space. A sequence {@;} in 7/ is said to be a Cauchy sequence
in (7, ¢) if for any 0<; € € C;, there exists § € N such that
¢ (®f, D¢, y)<; € for all £, m € Nand £, m>h.

Definition 4. Let (%', ¢) be a tricomplex valued metric
space. Let {®;} be any sequence in 7. Then, if every Cauchy
sequence in 7" is convergent in %, then (%', ¢) is said to be
a complete tricomplex valued metric space.

Lemma 2. Let (W, ¢) be a tricomplex valued metric space
and {®} be a sequence in W'". Then, {@} is a Cauchy sequence

in W iﬁ‘limf—»oo"(l)(@f’@ﬁm)” =0

Proof. Let {®;} is a Cauchy sequence in 7. Let € > 0 be any
real number. Suppose

r—i+ii+ii+'i+ii+'i+'i+ii
BV RGN ]1\/§ N Jz\/§ Ja\/g NG
(16)

Then, 0<; v € C;, and for this r, there exists £, € N such
that ¢ (@, @, )<, 1, for all £>¥,. Therefore,

||<p((0f,a)f+m)|| <t = forallt>¥,. (17)
And, this implies that

EEnOO”(P((DE’(DHm)" =0. (18)

Conversely, let limg |, ll@ (®f @g )|l = 0. Then, for
each 0<; € Cj, there exists a real number € > 0 such that for
all & € C*,

€1l < e=¢<; t. (19)

Then, for this € > 0, there exists a natural number £, € N
such that

| (@6 @¢,m)|| < & VE> . (20)
Therefore,

P (Dp, Dpy)<i, 1 VE> £, (21)
Hence, {@;} is a Cauchy sequence. O

Definition 5. Let & and 7 be self mappings of nonvoid set
W . A point ® € W' is called a common fixed point of & and
Tifto=80o=J0.

3. Main Result

In this section, we prove common fixed point theorem in a
tricomplex valued metric space using rational type con-
traction condition.

Theorem 2. If & and T are self mapping defined on a
complete tricomplex valued metric space (W', ¢) such that
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T9) +ye (9, SD)9 (@, TI)

1+ 9(a,9) ’ (22)

(S, TI)< iSAq)((D, 9) + wp (@, S@)p (9,

Proof. Let ®, be an arbitrary point in %" and define
Dapp1 = SDyp Dypyy = T Dypyy> £ =0,1,2,-- - Then,

for all ®,9 € W where A, u,y are nonnegative reals with
A+2u+2y<1, then 8 and I have a unique common fixed
point.

P (D041, Dyp42) = P (SDyps T Dpy1)< 1 AP (D5 Do)

23
N HP (D S22 )P (@415 T Dopi) + Y9 (@rs T @341 )P (@415 SDy) (23)

1+ ¢ (g Do)

Since |1 + @ (@, @yp Il = @ (@57, @y0,1)l; therefore,

|2 (@61 @at2) | <A@ (@65 @ )| + 268 @ (@415 Dot

Since  ®@,,,; = §®,, implies

therefore,

P (@yp11, SDy) = 0,

P (Dap11> D42)< 1 AP (D, D)

LHe (@26 D11) P (@ag11> Drer2) 24
1+ @ (@ap, Dygs1)
which implies that
"9" (@415 ®2f+2)|| < /1"90 (@, ®2f+1)||
N 2.”“?’ (@1 ‘Dzm)" "4’ (@at415 ‘Dznz)n
"1 + ¢ (@ ‘Dzm)"
(25)

‘P(‘DZHZ"DZHS) = (p(f7€025+1, J ®2f+2)

(26)

so that

A
"(P((’szu’@zﬂz)” Sm”q’(@zb@zm)"- (27)

Also,

= 9 (SDyr100 T Dips1)< i AP (@420 D)

Since @y, = T @ypyy implies @ (@pp15, T Dppyy) = 0,
therefore,

P (Dap12> Dg43)< 1 AP (D400 Dogy1)

n He (®2f+2’ 5‘32&2)?’ (®2f+1’ 9®2f+1)
1+ @ (@425 1)

(29)
which implies that

"‘P (@28425 ®2f+3)“ < /\"‘P (@425 Dsg41) ”

N 2/,¢||<p (@at425 ‘Dzm)” "S" (@at415 ‘Dzm)".
"1 + ¢ (D125 (Dzm)"

(30)

As 11+ ¢ (@525 D)l = 9 (@42, D1, therefore,

" ue (‘DZHZ’ 6’@2“2)(,0 (@p41> *G]‘Dzm) +ve (‘Dzm) ‘Sozhz)‘P (e F]‘Dzm)

1+ ¢ (g2 Dopy1)

(28)
(@ag42> Dpgy3) < _L "G" (@at415 ‘Dzm)“- (31)
¢ 1-2u
Putting h = /1 — 2y, we have (for all £)
lo (@6 @e)]| < Bl (@1 @) < f]2”§0(®572> @) (32)
<... Sf)fnq)(@o,@l)".
Therefore, for any m > £, we have
9 (@ ) < 9 (@6 1) + |9 (@211 @) |
o (@e2: @e3)]| -+ 0 (@t @)
< [f)r + []“1 + f]m P hmfl]“q)(@o,wl)” (33)
£
b [i—f) lo (@0, @),
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which implies that

f)f
||90(@f)53m)|| < [m

+ A9 (L @y, ) +

In view of Lemma 2, the sequence {@;} is Cauchy. Since
W is complete, there exists some [ € 7" such that @y — [

+ A(P (I’ G)2)‘f+1) +

Also, for all £, we have

”q)(a)o,@l)” — 5 0asf — co. (34) as £ — o0o. On the contrary, let [#S8f so that
0<;0 = ¢(I, S¥), then
o=¢(l,8H< i3(P(I’ T @yp41) + @ (T Dppyy, SE)< i3‘P(I’ Dgt12)
49 (L, SH) (@y11> T Dsts1) + Y9 (Dot SE)@ (L, T D)
1@ (L @se45)
L+ (L 1) : (35)
HoQ (@15 T Do) + Y9 (@15 SE)@ (L T Dy,
1+ (L @yq)
As ¥ — oo, we get

llo (L, SH = 0. (37)

(L, 8t < ||‘P(I> ‘sz+2)|| + A"‘P (t ‘Dznl)ll

+ !40”90 (@415 ®2f+2)|l + ZV”‘P (@415 C9f)”l|§" (L ‘sz+2)”.
"1 + ¢ (L @y,,) |
(36)

Therefore, [ = §t. Similarly, we can derive that [ = JL.
Let I* (in 7°) be another common fixed point of & and 7,
ie, [" = 81" = F1". Then,

po (L SH (L, TL) +yp (1", SE)p (L, TLY)

P(LI) = (SETI)< Ap(LL7) +

- o Y (5 De(LLY)
_A¢(I,1)+—l+¢(l,1*) ,

which implies that

2yl (", D]l (1)

lo (L) <Aflo (1)) + o (L0)] (39)
Since |1+ (L, 1) > [lp (L, 1*)], therefore,
lo (LU < A+ 299 (1) (40)
Therefore, [ = [* (as A + 2y < 1). O
Remark 1 (see [13]). We have
Co<C,CC,CCs,. (41)

Example 2. Considering 7" = R, define a mapping ¢: %" x
W — C; by ¢ (®,9) = iyiz|@ - 9|, for all ®,9 € 7', where
.| is the usual real modulus. Then, (7, ¢) is a complete
tricomplex valued metric space. Every real number is a
tricomplex number but every tricomplex number is not
necessarily a real number. Therefore, (%', ¢) is not a metric

space. Now, we consider a self mapping 8,7 : W — W
defined by

L+ (L,1Y)
(38)
]
(42)
9
T(9) =2
J(9)—2,
for all ®,9 € 7. Then,
@ 9
T9) = ol 22
= iy, 9‘
=hlzl—— 3
4 2 (43)

212 b2

1

Thus, all the hypothesis of Theorem 2 are fulfilled with
A= (1/2)<land p =y =0. Hence, § and I have a unique
common fixed point.

Example 3. Considering %" = C;, define a mapping ¢: %" x
W — C; by ¢(@,9) = (1 +ii5)|@ -9, for all ®,9 € 7.
Then, (7, ¢) is a complete tricomplex valued metric space.
Every real number is a tricomplex number but every



tricomplex number is not necessarily a real number.
Therefore, (7', ¢) is not a metric space. Now, we consider a
self mappings &, 7 : W — W defined by

i113®
$(@) == »
T(9) = iyi39
=
for all ®,9 € #'. Then,
oy ((1is® iyisd
P (S@,T9) <p( YR
—(1+i0,) i@ 111239
(45)

1+1ii3)|®@ 1+
z%'i_g‘ﬂs%@_m
1

= E‘P(Q 9)

e (@, T@)¢ (9, 79) +y¢ (9, 7 @)¢ (@, 79)
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Every real number is a tricomplex number but every
tricomplex number is not necessarily a real number.
Therefore, we cannot find common fixed point for such
mappings on metric space. Thus, all the hypothesis of
Theorem 2 are fulfilled with A = (1/2)<1 and y=y =0.
Hence, & and J have a unique common fixed point.

By setting & =7 in Theorem 2, one deduces the
following.

Corollary 1. If 7: W — W is a self mapping defined on a
complete tricomplex valued metric space (W', ¢) such that

P(T@,TN<; Ap(@,9) +

for all ®,9 € W', where A,pu,y are nonnegative reals with
A+2u+2y<1, then T has a unique fixed point.

T+9(@9) ’ (46)

Theorem 3. Let (%', ¢) be a complete tricomplex valued

metric space and the mappings S, T : W — W such that

9 (@, SD)(9,T9) + ¢ (9, S)p (@, T I)

[ 10(@,9) +

>

P(SD,®) +¢(79,9)

. 9@, D) (D, TI) + ¢ (9, S@)p (9, TI)

9(S@,T9<; 1

0,

forall ®,9 € W', where D = ¢ (S®,®) + ¢ (T 9,9) and D, =
@ (S®,9) + (T9,®) and A, u,y are nonnegative reals with
A+2u+y<1. Then, 8, T have a unique common fixed point.

if D40, D, #0,

Lif 92=00r9, =0,

P(SD,9) + 9 (T9,®) ’

(47)

Proof. Let @, be an arbitrary point in 7%'. Define @,,,, =

Sy, and @y, = T Dy, £=0,1,2,... Now, we distin-

guish two cases. First, if (for £ =0,1,2,...) ¢(S@,, @p) +
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P(T Doy, Dppy) #0 and @ (S Dy, Dgyy) +9 (T gy
@,¢) #0, then

P (Dap41> Dapsz) = @(SDyp, T Dopy1)< 1 AP (D Dipyy) + 4

P (D25 SDp )P (38415 T Dopy1) + P (@1, D)@ (Do, T D)

P(SDyp Drp) + ¢ (T D1, Dopsr)

y P (Do, S )9 (D36 T D) + 9 (D41, St )P (D115 T D)

P(SDaps Dagyy) + @ (T Dapyy D)

Since @,,,; = §®,, and @,,,, = T D,,,,, therefore,

P (@1, Daps)< A (@26, Dog11)

OF @ (@41> Dyps2)< 1 AP (D> Dogyy) +

which implies that

H‘P (‘szﬂ’ (’DZHZ)" < )L"q) ((‘)2{’ (DZEH)" +2u I

iy P (@36 D41)P (D36 Drer2) + @ (D15 Das1)P (D415 Do)

P (D115 D) + @ (D425 D)

@ (@26 D341)9 (V341> Digs) i ? (D> D19 (@6 Dsg4s2)

P (@1, Dap) + @ (D425 Digsr) @ (@425 D)

"(P (@5 ‘Dzm)“ “G" (@15 ‘Dzm)"
|¢ (@ag1> Dae) + @ (@340 (D2f+1)l|

+ Y"‘P (@ap5 QZHI)“'

Since
9 (@¢41> D2e) + (D12, Do)l > 9 (@115 D),
therefore,
”9" (@415 ®2f+2)" < A"S" (@ap5 ®2f+1)" + 2/‘”? (@415 ‘sz+2)" + V”ﬁ" (@yp5 ‘sz+1)">
so that Also,
A
"(P (@415 ‘Dzm)“ < % ”G" (@ap ®2f+1)||~ (53)

P (Dap12> Dgy3) = @ (SDopi2, T Dipy)< i AP (D400 Dogy1)

U

Ty

P (D120 SD42)P (D415 T Do) + P (D1 S D2 )P (@20 T Dopsy)
P(SDat12> Dagsn) + (T Dapyr> Dagyr)

P (D12 SD2p12)P (@120 T 1) + @ (Dgps1> SD2 )P (Dopr1 T Digrn)

P(SDpp12 Dygs1) + 9 (T 1> D)

>

(48)

(49)

(50)

(51)

(52)

(54)



Since @y¢,3 = SDyp,, and Dyp,y = T Dy, We get

@ (D342, Dp143)< A (Dop12> Do)

Daps1> D2e43) P (@2p42> Doern)

‘DZHI’ (DZHZ )
Dgpr2> Does1)
)
)

‘u @ (Dap42> Dae3)

+¢
Dap13Dppin) + @

Datr1> Dt43) P (Qapr1> Qorr2)
®2f+2> ®2f+2

9( )
9( )

P (@ap12> @ae43) P (@12 Dopin) +
9( )

+y "

>

®2f+3’ ‘szﬂ
(55)

or ¢ (g2 Dp.3)< 1, AP (@425 Dopr)
@ (36420 D2143) P (@z41> Dt s2)
@ (@43 Dapi2) + 9 (@op12> D) (56)
P (Dap41> Dap43)P (@a41> Do)

+ bl
v 9 (®2f+1 > ®2f+3)

which implies that

"‘P (@at425 ®2r+3)” < A“‘P (@at425 ‘Dzm)"

”4’ (@425 ‘Dzm)" "‘P (@415 ‘Dzm)n
"4’ (@2643 Daes2) + 9 (D2 ®2f+1)"

+ V"‘P (@at415 ®2f+2)"-
(57)

lo (@ @) < o (@6 @r,)|

t
o (@e, @)+ +]o (@1 @) < [0+ 57+ 5" llp (@0, @) < [ !

and henceforth

'
1-h

||‘P(®(>>®1)|| —0asf — oco. (62)

looraul<|
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Since

9 (@243 Das2) + @ (Dap125 Do)l > 19 (@115 gyl
therefore,

”ﬁ" (@at425 ‘sz+3)" < A”S" (@642 D41) "

||€0 (@425 (Dzm)" "90 (@at41> Dags) ”
"‘P (‘Dzhz’ (Y ) ”

+2u

+ Y”ﬁ" (@at415 ‘sz+2)")
(58)

A
oo @ @) <7y o @@l 59

1-2
Now, with § = A + p/1 — 2y, we have (for all f)
lo (@ @e.1) | < Bl @ (@¢1> @) < - SI)E"QD(‘DO’@J”- (60)

So, for any m > £, we have

(61)

“G"(‘Do’ ‘31)"’

1-h

On using Lemma 2, we conclude that {@} is a Cauchy
sequence. Since 7 is a complete, then there exists [ € 7%~
such that @, — [ as £ — co. Now, we assert that [ = §t;
otherwise, 0<; 0 = ¢ (I, ST) and we have

0=¢(LENO< (LT Dyy) + (T Dyyr, SE)< ;9 (L Dopip) + A9 (L, Dppy)

‘u @ (L, SH)P (D115 T Dy1) + 9 (41> SE)@ (L T Dpy,y)
¢(SED) + ¢ (T D115 D) (63)

N yq’(I’ SO (LT Dppy1) + ¢ (D115 SE)@ (D15 T D)
@ (St Dyp,1) + @ (D4 1)

>
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which implies that
ol =llg (L SO <o (L @es)| + A9 (L @)

‘7"‘/’ (@at415 (D2f+2)” + 2||‘P (@at415 ’Sf)" "‘P (L ®2f+2)"
||(p(<§’f, D)+ ¢ (@ge426 ‘Dzm)”

tu

‘7“§0 (L ®2f+2)" + 2”?’ (@415 Cs)f)” ”‘/’ (@415 G32&2)"_
”‘P (SE Dypy1) + 9 (D105 I)"

(64)

Therefore, |lo]l = lo (L, SE)| =0, ie., I = SE. Similarly,
we can derive that [ = (. Assume that [* in 7 is an
another common fixed point of & and J. Then,

SU=g1" =1". (65)
Since D = ¢ (SE L) + ¢ (T17,17) =0, then
o(L1") = p(SETL) = 0. (66)

Hence, [ = I".

Second, we consider that the case
(@ (SDops Dap) + P (T Qa1 Dogy1)) X (@(S Dy D) +
O (T Dyp,> D)) =0 (for any f) implies
@ (SDyp, T Dpp,y) = 0. Now, if @ (SDyp, Dyp)+
P (T Dppy15 Do) =0, then @y = SOy = Dpeyy = T Dy
= Dy¢,,. Thus, we have @,¢, | = SD,¢ = Dy, so there exist £,
and m, such that £, = §m; = m,. Similarly, we can derive
that there exist ¥, and m, such that f, = Im, =m,. As
o(Smy, m)+ (I m,, m,) =0 (due to definition), it im-
plies ¢(Sm,;,9m,) =0, so that {;, =Sm; =Im, =¥,

pp (@, T@)p (9, T9) +y9 (9, T @) (@, T V)

which in turn yields that £, = §m, = §t,. Similarly, one can
also have f, = 7f,. As £, =£,, it implies §t, = T, =£;
therefore, , = £,, is a common fixed point of & and 7.
Assume that £} in 7 is an another common fixed point of §
and 7. Then,

St =9 =t. (67)
Since D = ¢ (S, E) + (T, E]) = 0, then
ot E) = 9(SE,TE) = 0. (68)
This implies that £} = ;.
If @(SDy Dyp,q) + 9 (T Dppyy, Dpe) =0 implies that

@ (SDyp, T Dyg,1) = 0, then also proof can be completed on
the preceding lines. O

Example 4. Considering % = [0,00), define a mapping
0 W xW — C; by ¢(@,9) = (1+i)@-9, for all
®,9 € W', where |.| is the usual real modulus. Then, (7, ¢) is
a complete tricomplex valued metric space. Now, we con-
sider a self mapping I: #" — % defined by
(O]
T () = o Vo e (69)
LetA=1/6,y=0and A =0, then A + 2y + 2y = 1/6 < L.
Let @,9 € 7, then

0(T0,T9) = % @ - 9< i}%@ —9.  (70)

Therefore,

(T, 979)<,»3)L(p(60, 9) +

Hence, the conditions of Corollary 1 are fulfilled.
Therefore, 0 is the unique fixed point of 7.

Example 5. Let W = %(0,q), q> 1, for all ®,9 € 7. Define
©: W xW — C; by

e[ o)

_b
p@M.9®) =2 ) === | =

2

_s
21

=p(@(t),a(t)) + ¢ (a(t),9(t)).

JE¥_1E$+IE@_JE@<i3;—Sﬂ

1+ 9(@9) 71

o (@(1),9(1)) = 21_2

where & is a closed path in 7" containing a zero. Then,
then we prove that (7, ¢) is a complete tricomplex valued
metric space. We have

[e® (o) b

o(t) 9(t) (73)
E t E t 2n J —_J. Tt

E t E t
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Now, we define the mapping 8,5 : # — W by
So(t)=1,79(t) =e' - 1. (74)

Using the Cauchy integral formula when the mappings
& and 7 are analytic, we get

j t‘J et -1
«t ¢ t

p(Sa(t), TI(1) =

i3
21
= O’

P (@(1),9(1) = >

p@(1), S0 (1) =

_s

21

0 (9(1), TH(1)) = 2’—;

J
J
J
J
sl
J
J
J
J

(75)

P (@(1), $9(1) = >

b

21

(@ (1), T(1)) = 2’—3”

&

21

Clearly,

T +yp I, S@)p (@, TI)

o up (, S@)¢ (9,
(S, T9<, Mg (@,9) + o)

(76)

for all ®,9 € 7', where A, u,y are nonnegative reals with
A+ 2p + 2y < 1. Therefore, all the conditions of Theorem 2
are fulfilled, then the mappings & and I have a unique
common fixed point in %".

Definition 6 (see [19]). Two self mappings I and & of a
metric space (%, ¢) are said to be commuting iff 7S® =
ST for all ® in 7.

Example 6. Considering %" = R, define a mapping ¢: %" x
W — C; by ¢(@,9) = (1+i3)|@-9|, for all @,9¢ 7,
where || is the usual real modulus. Then, (7', ¢) is a
complete tricomplex valued metric space. Now, we consider
a self mappings 7,8 W — W defined by

Mathematical Problems in Engineering

T (@) =70,
(77)
§(9) =119.
Then,
T($(@)=9(110) =11 (70) = S(70) = S (T (®)).
(78)
So, I and & are commute. Now,
P(T0,79) =9(7@,79) =7(1 +i5)|l@ - 9|, (79)

P(SD,89) = ¢(110,119) = 11 (1 +i)sl@ - 9. (80)

Therefore,
2 2
0(T0, T, p(5@,59) = A(: 5>¢(Jo, $9).  (81)
However,
9(T@,79) =7(1+i3)l@ - 9z M@ - II. (82)

Thus, ¢ is not a contraction. Hence,  and & have a
unique common fixed point.

We can prove that common fixed point theorems on
tricomplex valued metric space under commuting
mappings.

Definition 7 (see [19]). Two self mappings  and § of a
metric space (7, ¢) are said to be weakly compatible if the
mappings commute at their coincidence points, i.e., T® =
S® for some @ € 7 implies TS = ST @.

We can prove common fixed point theorems on tri-
complex valued metric space under weakly compatible
mappings.

4. Applications

In this section, we give applications using Theorem 2 and
Corollary 1.

Let % =C[»;,»,] be a set of all real continuous
functions on [»,»,] equipped with metric ¢(®,9) = (1 +
i) (Jo (U) = 9(w)]) for all @,9 € C[x;,x,] and Ll € [}, %],
where || is the usual real modulus. Then, (7, ¢) is a
complete tricomplex valued metric space. Now, we consider
the system of nonlinear Fredholm integral equation as
follows:

D) = (L) + — rﬁl(u,g,m(g))dg, (83)
NN

27 M
1 »2
@ () =o(U)+ N J K,(U,8,0(8))ds, (84)
2771 I
where U, 8 € [, ] Assume that
SL8: DX Dy x# — R and

b: [»;,%,] — R are continuous, where v (L) is a given
function in 77". We define a partial order L; in C; as @U; 9iff
<9
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Theorem 4. Suppose that (W', ¢) is a complete tricomplex
valued — metric  space  equipped  with  metric
9(@,9) = 1Q+i)(oW)-9W))) for all @9,
Ue [x,»]and S, T W — W be continuous operator on
W defined by

So(U) =vo(U)+

JM ], (L,3,0(3)d3,  (85)

ol

2 1

Jo)=o(U)+

szﬁz(u,é,m(é))dé. (86)

2 1

(1+i;)(|S@(U) - T9(W))) = (1+1,) <

11

If there exists A < 1 such that for all ®,9 € 7" with ® #9
and 8,U € [, »,] satisfying the following inequality:

|$§1 (U, 8,@(s)) - &, (L, 8, 9(%))| <Mo(w) -9W)l,  (87)

then the integral operators defined by (85) and (86) have a
unique common solution.

Proof. Consider

r K, (U, 3,0 (8))d3 J 8, (U, g,S(g))ng

|>\2 - >\1| | x
(88)
» 1+i u) - 9(u »
S [“a+iew _9(uyide AL BIRW) =S [ as
SN N =N N
b, =0a,,®, +a,@, +...+a;D
Therefore,
by = a,@; + a0, +...+ aydy,
(S, T9) <Ap(@,9). (89) ) (92)

Hence, all the hypothesis of Theorem 2 are fulfilled with
A<1and g =y =0, and so the integral operators & and 7
defined by (85) and (86) have a unique common
solution. O

Theorem 5 Let % = C' be a complete tricomplex valued
metric space with the metric

t
¢(@9) =) (|@; - 9l +isl@; - 9,]), (90)
i=1

where @,9 € W'. If

t
> '/\ij|<i3)t< 1, foralli=1,2,...% (91)
j=1

then the linear system

£ f
0T @, T (9 = Y [(@; =) + Ay (@, = 9))|<0 X IM|<
Jj=1 j=1

=1p(@,9)

=lp(®,9) +

by =ap®; + ap®, + ... + aidy,

of ¥ linear equations with ¥ unknowns has a unique solution.

Proof. Define : W — W by

T (@) =dd+Db, (93)
where @ = (®@,,@,,®3,...,@) € C', b= (b,b,,...,
b,) € C, and
Ay Ay ... Qg
a a R §
a= 7T (94)
Ay afz (Iff
Now,

£
=

J

(@;-9,)] +i3K®f_9j)|>

(95)

e (@, T @) (9, T9) +ye (9, T @) (®,TY)

1+¢(®,9)
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Hence, all the conditions of Corollary 1 are satisfied with
A=1/6, 4=0,y=0,and A +2u +2y<1 and so the linear
system of equation has a unique solution. O

5. Conclusion and Future Work

In this paper, we introduce the notion of tricomplex valued
metric space and proved some common fixed point theo-
rems on tricomplex valued metric space. An illustrative
example and applications on tricomplex valued metric space
is given. In 2013, Patel et al. [20] proved common fixed
points for a pair of maps on metric space. It is an interesting
open problem to study the tricomplex valued metric space
instead of metric space and obtain common fixed points for
a pair of maps on tricomplex valued metric space. In 2013,
Rouzkard et al. [21] proved existence and uniqueness the-
orems on ordered metric spaces via generalized distances. It
is an interesting open problem to study the ordered tri-
complex valued metric space instead of ordered metric space
and obtain fixed point theorems on ordered tricomplex
valued metric space. Recently, Altun et al. [22, 23] proved the
best proximity point theorems on complete metric space. It
is an interesting open problem to study the best proximity
theorems on tricomplex valued metric space instead of best
proximity point theorems on complete metric space.
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