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Abstract: In this paper, we aim to generalize a fractional integro-differential operator in the open
unit disk utilizing Jackson calculus (quantum calculus or g-calculus). Next, by consuming the
generalized operator to define a formula of normalized analytic functions, we present a set of integral
inequalities using the concepts of subordination and superordination. In addition, as an application,
we determine the maximum and minimum solutions of the extended fractional 2D-shallow water

equation in a complex domain.

Keywords: quantum calculus; fractional calculus; analytic function; subordination; univalent function;
open unit disk; differential operator; convolution operator

1. Introduction

Elementary series and polynomials, particularly the Mittag—Leffler functions and
polynomials and their consequences, can be frequently seen in specific areas of number
theory, including the theory of partitions. These functions are valuable in an extensive
diversity of fields involving, for instance, finite vector spaces, combinator analysis, lie
theory, nonlinear electric circuit theory, particle physics, optical studies, fluid theory, me-
chanical engineering, quantum mechanics, cosmology, theory of thermal conduction and
measurements (see [1-6]). Quantum power series, especially the Mittag—Leffler functions,
are known to have common applications, specifically in numerous areas of function theory,
geometric function theory and others. As a substance of detail, g-Mittag—Leffler func-
tions are beneficial too in a extensive diversity of arenas. In our study, we employ the
definition of the q- Mittag—Leffler functions to modify a fractional integral operator of a
complex variable.

The 2D-shallow water equations (SWEs) are utilized to designate flow in precipitously
well mixed water figures where the straight length scales are much bigger than the fluid
depth (long wavelength phenomena) [7]. The SWEs are selected by supposing a hydro-
static pressure distribution and a uniform velocity profile in the vertical direction. The
SWESs can be used to study numerous physical phenomena of interest, such as storm surges,
tidal variations, tsunami waves, and forces performing on off-shore assemblies, and can
be joined to transport equations to formulate transport of chemical species. Most of these
equations are solved by numerical techniques [8,9]. Our study is based on an approximated
analytic solution given in the open unit disk.

In this study, we investigate a generalization of fractional integro-differential operators
in the open unit disk formulated by the g-calculus. We employ the g-operator to describe
a formulation of normalized analytic functions. We consider a set of integral inequalities
indicating the notion of differential subordination and superordination. In addition, as an
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application, we regulate the upper and lower bound solutions of the generalized fractional
2D-shallow water equation in a complex domain. In addition, as an application, we
compute the maximum and minimum solutions of the modified fractional 2D-shallow
water equation in a complex domain.

2. Methods

In this section, we deal with the techniques used in this study.

2.1. Geometric Presentations

In this presentation, we give some definitions based on the geometric function theory,
which are located in [10]

Definition 1. Define the set O := {x € C: |x| < 1}, which is the open unit disk. Two analytic
functions 01, 02 in @ are subordinated ( 01 < 02 or 01(x) < 02(x), x € Q) if an analytic function
w, |w| < |x| < 1occurs that fulfils

o1(x) = 2(w(x)), x€O.
Definition 2. A class of analytic functions of the power series
ox)=x+ Y, oux"x€O
n=2

denoted by A and known as the class of univalent functions which is called the normalized subclass
with the normalization equation 0(0) = ¢’(0) — 1 = 0.
Moreover, the normalized functions x,n € A are called convoluted ( x x 1) if

(kxm)(x) = <x+ imx”) * <x+ iwc”)

n=2 n=2

= X+ Z Kn 77an-
n=2

Definition 3. The generalized Mittag—Leffler function is powered as follows: [11]
[ee] Xn
; (vn + u) nt’

where (9), indicates the Pochhammer operator. Note that [6]

and

0 v (9)n X"
Ev,y(_xv> - 2(_1)nr nt "
2.2. ABC-Fractional Differential Operator

Atangana and Baleanu [12] presented a new fractional operator, which is extended to
the complex plane [13] :

0N = by s [ O8O, M)
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where B(v) is normalized by B(0) = (1) = 1 and &,(w) is the Mittag-Leffler function.
Additionally, they familiarized the succeeding fractional differential operator

Rah(n) = b [ O - 07, ®

(ﬂv: %,ve [O,l},ID):{X—krei”()(—t):0<r< 1})

Definition 4. Let ¢ € A. Then, the ABC-fractional operators of (1) and (2) are given by the next
integrals correspondingly

Cavo(x) = f% /OX 0" (0)Evv(—mC")Eu(—pv(x — 0)V)dC, ®3)
and
Ravo(x) = 15(_1/3, dic /OX 0(D)Ev,u(—=mC")Ev(—pv(x — §)¥)dE, 4)

where v designates the power of x. Furthermore, we ensure that ¢ is analytic in simply connected
region of the complex z-plane involving the origin, and the multiplicity of (x — {) is flouted by
representing log(x — ¢) as real when R(x — ¢) > 0.

Example 1. For instance, let o(x) = x,; then, from Theorem 2.4 [14] or Theorem 11.2 [15],
we arrange

8500 = (BW)/1=v) [ E=nE)E (= = 0))iE
= (BW)/1=v)x&EX o (=1 (X))
0o k
= (/1 —Vx & ey
((u)o =1, (W =u(u+1).(utn— 1))
Based on [14], Theorem 2.2, we obtain

K40 = (B)/1 =) [ & el =01 e

= (BW)/1—v) (P ("))
= (B)/1—v) (xE2(—m()")).

Obviously, we obtain
Cay(x) = Rak(x).

Generally, we obtain
AL = (B) /1 = vy (€21 (— (1)), =1,

AV (") = (BW)/1 = v)x" (€211 (=1 ()" )-
Next, we investigate some possessions of the exceeding operators.

Example 2. For a function ¢ € A, we have the following normalized operators

CAYo(x)

SEL (o) <

“Ave(x) =
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and X
Avo(x)

EL ()

RAYo(x) =

where b(v) := (B(v)/1—v).
Proof. For ¢ € A, a calculation gives
o)
(W)EFH (= (X)Y)
WER (= (0" x + T 0d (V)1 (€214, (—o(0)")) X
b(V)E7H (= (X))

e (8w,
_“,;f””( &2,(—p(0)") )"

CAvo(x) = ;

= AYo(x) € A.
Similarly, we have ®AYo(x) € A. O

Ern (=1 (0)")
Ena(=m(x)")

Note that, when ( ) ~ 1,, we obtain the formula

CAYo(x) = x+ Y onnx",
n=2

which for k-times ( CA}’C 5. k€ AYo(x)), we obtain the Salagean derivative operator [16].
2.3. Q-Calculus
For a number @ € C, the g-shifted factorials is formulated by the formal [17]
(-1
@) =T](1-q@), LeN (@qo=1 ©)
1=0

According to (5), and in terms of gamma function, we obtain the g-shifted formula

0. _ D@+ —q)f (@)1=t
(q /‘l)é = rq<(D) ’ Fq(‘o) - (q@, q)oo (6)
where o
T,(@+1) = D"(‘Ol)(_lq_q) g€ (0,1).
and
(@i ) = fyl ~fa). %

Jackson derivative is formulated in the following difference operator

h(x) —h(gx)
x(1—4q)

v 1—¢° v—
aq(X):(qu)X L

aq h(x) = (8)

such that
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Moreover, the notion of g-binomial formula achieves the equality
—v
(0 —v)y = ﬂb<l9/'4) : )
b

In [18], the authors presented the g-Mittag—Leffler function as follows:

[} 9. n
519 ; — (q ’q)n X 10
(6 7) n;) COMPCTE (10)

Based on g- Mittag-Leffler function, we have the g-ABC fractional operator acting on
0€EA

(V)E2, (—py (1)) X+ itz 0ab () Il (€21 (=10 ()% ) ) 1"

C AV _
el = b(V)ESH (—pv(X)":4)
_ - 53,1%(*%()()";0]) "
—xr pel ]q< £, (—m(0)":9) )X
=+ L el
= [QA}/(Q(X)]LJ €A,
where

T e LT & (= (X)";q)
[n]g = [Enlq = ( €2, (—p (00 ) g€ (0,1).

More investigations and applications of g-calculus can be located in [19-22].

3. Lemmas

The results of this investigation are based on the differential subordination theory via
the following preliminaries:

Lemma 1. [10] Let two analytic functions ¢(x) and p(x) be convex univalent defined in O such
that ¢(0) = 1(0). Moreover, for a constant t # 0, R(t) > 0, the subordination

e(x) + (1/8)¢" (x) < $(x)

implies that
e(x) < ¢(x)-

Lemma 2. [10] Define the general class of analytic functions
Ala,n] = {g:8(x) = a+anx" +apax" + -},
where a € C and n is a positive integer. If t € R, then

R{g(x) +txg' (D)} > 0= R(g(x)) > 0.

Moreover, ift > 0and g € A[1,n], then there are fixed numbers c; > 0 and c; > 0 such that
the inequality
1—}—)()C1

s+ 1 ) < (5

8(x) < (HX)CZ-

yields

1-x
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Lemma 3. (See [23].) Let h,p € Ala, n], where p is convex univalent in A and for ky,k, €
C,ky #£ 0; then,

kif(x) 4+ kox?' (x) < kip(x) +kax p'(x) = 2(x) < p(x).

Lemma 4. (See [24].) Let g, p € Ala, n], where p is convex univalent in A such that g(x) +
kxg' (x) is univalent; then,

p(x) +kxp' (x) < g(x) +kxg'(x) = px) < gx)

Lemma 5. (See[25].) Let 1, h, g € Ala, n) and g is convex univalent in Q such that h < g and
h < g; then,
khn+(1-kh<g kel01].

4. Results
Our investigation is about the following class:

Definition 5. A function ¢ € A is called in the class [Zy (p)], if it satisfies the inequality

l-o C AV AV l _ax +1
(F57) (8%l + o [Eatetol; < plx) = 1. an
()( €e0v,oe0,1],-1<b<a< 1),
where p is convex univalent in Q.
For example,
_ax+1
P00 = g1~ Yar (),
which is univalent convex in O and it is the extreme function in the set
Pi={pe0:p(x)=1+} pix"}
n=1
Define a functional ¥ : O — O, as follows:
Y(y) = l-0 CAV C AV / 12
(x) = < A% e(X)]q +o["8Ye(X)]; (12)
Shortly, by Definition 5, we have the following inequality
_ax+1
Theorem 1. Suppose that o € [Z(p)lq. If
R{YOO} = R{1+ X [owsln + 1]y [Ensaly(1+ om)x"]}
n=1

=R{1+ ) ¥} >0
n=1
then the coefficient bounds of ¥ satisfy the inequality

271 ,
|II;”‘ S/ |Eim9’d9ﬁ(9),
0
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where A0 is a probability measure. Additionally, if
?R(e”‘l’(x)) >0, x€0,0€eR

ax +1 .
then, ¢ € [zg<bx+ 1)],7 that is

Proof. By the assumption, we have

R(¥(x)) = §R<1 + i ‘an") >0

n=1
Thus, the Carathéodory positivist method implies
ol <2 [ e am(o),
where d9)1 is a probability measure. In addition, if
%(e’”‘?(;{)) >0, x€0, ®€R

then according to [26], Theorem 1.6, and for fixed ¢ € R, we have

ax+1
bx+1’

Y(x) = px) = x €0.

ax+1
Hence, ¢ € [Zg(b)ﬁ_l)]q.

The next outcomes indicate the sufficient and necessary conditions for the sandwich
behavior of the functional ¥ ().

Theorem 2. Let the following assumptions hold

ax[CAYe ()] +[SAYe (1) < p2(x) + xP2(X), (13)

where p2(0) = 1 and convex in Q. Moreover, let ¥ (x) be univalent in Q such that ¥ €
H[p1(0),1] N Q,, where Q represents the set of all (1-1) analytic functions f with lim,cyo f # coand

p1(x) + x P (x) < ox[*ALe (0] + [CAYe(X)]5- (14)

Then,
p1(x) < ¥(x) < p2(x)

and py(x) is the best sub-dominant and py(x) is the best dominant.

Proof. Since,
¥ () = (1)() €A% on)]g + o [EAY ()],
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then a computation yields

Y(x)+xY' (x) = ol Ave(0)];

+(X( X[ A%e(0)]f — (0 = 1)[*A%e(x)]y) + (¢ = D[ Afe(x)]y)
X

((1—0)[*A%e(X)]y)
X
X[ A e(0)]g + [FAYe (V)]

As a consequence, we obtain the next double inequality

+

p1(x) + xpi(x) < ¥() +x¥' (x) < p2(x) + xpa(x)-

Thus, Lemmas 3 and 4 imply the desired assertion. [J

Theorem 3. Let p be a univalent convex function in Q such that v(0) = 0 and

[Far000l; < v(0),  P'aje(x)ly < v(v)-

Then,
k [*Ave(0)lg + (1—k) [MAYe(x)]ly < v(x), ke [01].

Proof. By the definition of [Q"*({)] and [L£™*¢(])], clearly we have
k [A%e(0)y + (1 —k) PAve(x)ly € A
Hence, a direct application of Lemma 5, we obtain the result. [

Theorem 4. Let 0p < 09 < 0and ¢ € A. Then

2, (P)lg € [Z6, (P)]g-

Proof. Let ¢ € [Z¢,(p)]4- Define the analytic function in ©, as follows:

_ 830
$(x) = f’

satisfying ¢(0) = 1. A computation implies that
(T) [€8%0(x0)]g + (€A% 00T, = ¢(x) + a2 (x ¢ (x))- 5)

This leads to
ax+1

bx+1

P(x)+ 2 (x¢'(x)) <

Applying Lemma 1 with oo > 0 gives

ax+1
by +1

P(x) < (16)
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ax+1

Since 0 < 071/0> < 1 and by 1

is convex univalent in O, we obtain

(1;‘7) €AY (0l + A [EAY ()],
= (1—a)¢(x) + o [*Ave(X)];
= (- o) + o1 (L8 (0 + 900)s
— a=ep00 + a0 (0) +900) + (900 - L)

%] %]

= 21— +ealed 0+ o) + (1 2 ol

= % $ ;(72) [“A%e(x)]g + Uz[EA;Q(x)};] - (1 - 2)47(;()
ax+1

= by + 1 = P(X)~

Hence, by Definition 5, we conclude that ¢ € [Zf, (p)];- O

Theorem 5. Let )
y(g) = ;") €A o()]y + o [CALan)],

then

C AV / 1 o
Mﬁl + [CA%0(X)]g[l + 3ha] + ox [CAY 0 (X)) < (+X>

1—x
1+ x\2
‘If v
- <x><<1_x)

wherecy > 0,cp >0,y =1—0, hip =0 > 0.

Proof. A calculation implies that

Y+t = LD a0l +o Ak,
+ (U Eagetol, + o agetoly)
- Whl + 282000yl + 3] + hax (€A% ()1
ey

According to Lemma 2 with t = 1, we obtain

O

5. Application

By employing the concept of fractional calculus, we formulate the fractional 2D-
shallow water equation in view of the suggested operator g-operator [CA}“(Q( X)]q, which is

formulated in the class [Zf (11—;) |- We investigate the upper bound of the 2D-shallow
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water equation of diffusive wave (this equation is measured at the level of the water). The
formula is simply given as follows:

1—0
X

,_ax+1

( T by +1’

) [€830(0]g + o [FATe(x)] (17)

(a5 =0, 9 € (0,1), € [0,1], x € O)

where ¢ is the height deviation of the horizontal pressure surface at two-dimensional
position x = « + i f and [*A}0(x)]; represents the bed slope. We have the following result
describing the solution of (17).

‘ . . 1
Theorem 6. Consider the class of analytic functions [L 11_7;
of the differential equation corresponding to this class is

)]q, o € (0,1]. Then, the solution

(18)

2X 211(111 112 1/)()
C AV e o
A ~ +1

where o F1(a, b, c; x) represents the hypergeometric function.

Proof. Suppose that ¢ € [Zf (i;) ]g- Then, it yields the differential equation
L0\ repw N ) wx)+1
(=5 a0y + o (*Ake(0ly = T2,

where w(0) = 0 and |w| < |x| < 1. This implies the integral equation

[EA}/(Q(X)]LJ = X(Ufl)/g /OX —z!/le=1) (Ua}((zz)—i_ll))dz.

To find the upper solution, we let w(x) = x. Thus, we have the differential equation

(1-0)
X

; x+1
71—y

[“A%e(0)]g + ol Axe(x)]

Rewrite the above equation as follows:

atels+ 2 Eagel = () (155)

Multiplying the above equation by the functional

w0 = e[ 1= Cax),

then, we obtain

(€AY o(x)]q( (1 —0a)x!/ 72 1/o-1
X ARy~ — q(a )_<Xa )Gfg)

Hence, it yields solution (18). O
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Re(z{1.33333z,F (1, 3: 4 2)+1)) (where z=x+iy)
x

5 =3

Example 3. For, 0 = 0.5, and in view of Theorem 6, we have the solution (see Figure 1)

[A3000)]; ~ X(

2x 2B (L1+4 g=,2+ g2, X)

1
05+ 1 * )

= x +1.33333x% 4+ x> + 0.8x* 4 0.666667x> + 0.571429x° + O(x7),

5

ﬂ

4 |

"

o

Figure 1. The plot of the solution of Equation (17) when ¢ = 0.5.

Re(z(1.33333z5F1(1. 3: 4 2)+1)) (where z=x4+iy)

o n
— x 133332 3 A DnBhn
n=0

5 =3

4k

n!(4)y,

5

Im{z{1.33333 z5F (1, 3; 4 z)+1)) (where z= x+iy)
x
.0

Im(z(1.33333 z5F (1, 3; 4; 2)+1)) (where z = x+iy)

6. Conclusions

Xl <1

The above investigation shows the extension of the ABC-fractional operator in the
open unit disk and its generalization by using Jackson calculus. We expressed it in
a linear convolution operator acting on a normalized analytic function. A class of
analytic functions is studied involving the suggested operator. As an application, we
consider the 2D-shallow water differential equation. We discovered its solution in
terms of a special function-type hypergeometric function. Moreover, we indicated

that the solution is also in the class of normalized analytic functions.

For future works, we suggest modifying the operator acting on different classes
of holomorphic functions including the multi-valent, meromorphic and harmonic
functions in the open unit disk.
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