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Abstract

In the present article a modified decomposition method is implemented to solve
systems of partial differential equations of fractional-order derivatives. The derivatives
of fractional-order are expressed in terms of Caputo operator. The validity of the
proposed method is analyzed through illustrative examples. The solution graphs have
shown a close contact between the exact and LADM solutions. It is observed that the
solutions of fractional-order problems converge towards the solution of an
integer-order problem, which confirmed the reliability of the suggested technique.
Due to better accuracy and straightforward implementation, the extension of the
present method can be made to solve other fractional-order problems.

Keywords: Caputo operator; Adomian decomposition method; Laplace
transformation; Fractional systems of partial differential equations

1 Introduction

In the last decade, scientists and engineers have paid much attention towards nonlinear
equations, as the nonlinearity exists everywhere in most of the physical problems. The
nonlinear partial differential equations of fractional order (FPDEs) are the special case
of nonlinear equations that have many applications in science and technology, including
chemistry, biology, physics, vibration, acoustic, signals processing, electromagnetic, poly-
meric materials, and fluid dynamics, super conductivity, optics, and quantum mechanics
[1-4]. Due to frequent appearance of FPDEs in different disciplines of engineering and
science, the researchers have added a lot of research contribution to both theory of math-
ematical science and technology [5-9].

In mathematical analysis, the most frequent developing area is fractional-order calcu-
lus. In fact, many physical phenomena are dependent on time instant as well as at the
earlier history of time are modeled by using fractional-order ordinary differential equa-
tions (FODEs), and thus FDEs have attained their importance in many fields of applied
sciences. Due to the importance of FDEs, many researchers have made their focus on
the analytical solution as well as the numerical solutions of FDEs [10—12]. In this regard
numerous techniques have been discussed for the solutions of FPDEs such as homotopy
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analysis method (HAM), homotopy perturbation technique (HPM), Laplace transforma-
tion, variational technique with Pade approximation, corrected Fourier series, natural de-
composition method [13-16], and fractional complex transformation [17]. The optimal
q-HAM is discussed in [18] to solve FPDEs.

Numerical solution of FPDEs has been discussed in [19] efficiently by using Bernoulli
wavelets and collocation method. Auxiliary Laplace parameter method has been discussed
for the solution of FDEs [20]. Exact solution of Kodomtsev—Petviashvili (KP) equation is
obtained in [21] by using simple equation method. Modified variational iteration tech-
nique is developed in [2] for the result of nonlinear PDEs. The solution of linear and
nonlinear FPDEs has been studied in [22] by using iterative Laplace transform method.
Biological nonlinear phenomena like shallow water waves and multicellular biological dy-
namics can be modeled in terms of nonlinear PDEs of integer order [23]. Numerous FPDEs
do not have exact or analytical solution, so numerical methods are used as an alterna-
tive. In this regard, numerical solutions of FPDEs have been obtained in [24] by using
tau approximation. Discrete HAM is suggested to solve linear and nonlinear FPDEs [25-
27].

Laplace—Adomian decomposition method (LADM) is one of the effective and straight-
forward techniques to solve nonlinear FPDEs. LADM possesses the combined behavior of
Laplace transformation and Adomian decomposition method (ADM). It is observed that
the suggested method requires no predefined declaration size like RK4. LADM requires
fewer number of parameters, no discretization and linearization as compared to other an-
alytical techniques [28]. LADM is also compared with ADM to analyze the solution of
FPDEs given in [29]. The solution of Kundu-Eckhaus equation is discussed in [30] via
LADM. Multistep LADM is implemented to solve FPDEs in [31, 32]. LADM is also used
for the solution of fractional Navier—Stokes, Smoke models, and third-order dispersive
PDEs [33-35].

In the current study, we implement LADM for the solution of some nonlinear system
of FPDEs. The desired degree of accuracy is achieved. The procedure of the suggested
technique is very simple and straightforward. The accuracy is calculated in terms of ab-
solute error. The results have shown that the present method has the desired accuracy as

compared to other analytical techniques.

2 Definitions and preliminaries
Definition 2.1 The Riemann-Liouville definition of fractional integral of a function g
with order 8 > 0 can be expressed as [36, 37]

g(&) if =0,

1g(€) =
E g Jo € - vy lgw)dv if B >0,

where I' is denoted as

F(a)):/ooe’éé“’fldé weC.
0
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Definition 2.2 The Caputo definition of fractional derivative of order S is described as
(36, 37]

B _ 1 5 _ \ym=B-1_(m)
DLel®) = s [ (-0 P g dr,

form-1<B<mmeN,E>0,geC;, v >-1.

Lemma2.3 [fm—-1<B <mwithmeNandge C, with t > -1, then [36, 38]

Di1lg(&) = g(6),

6on r(A+1) pin i
s _7F(ﬂ+k+1)§ , B>0,A>-1,£>0,
k
DLE) =)~ Y g0(0) 5 fort >0
k=0 ’

Definition 2.4 The Laplace transform G(s) of g(t) is expressed as [30]

Gls) = L[g(r)] = /0 gt dt.

Definition 2.5 The Laplace transform of fractional derivative is [30]

m-1
‘C(ng(f)) =sPG(s) - Zsﬁ_l_kg(k)(O), m—-1<B<m.
k=0

3 LADM idea for FPDEs
Consider the following FPDE [30]:

DPu(g,7) + Lu(§, ) + Nu(§,7) = q(5,1), &1>0,m-1<B<m. (1)
The fractional derivative in equation (1) is expressed in the Caputo sense. The linear and

nonlinear terms are denoted by L and N respectively, and g(§, t) is the sources term with
the initial condition

u(§,0) =£(§). )
Applying the Laplace transform on both sides of equation (1), we get [30]

s’gﬁ[u(é, 1:)] —sPlu(g,0) = ﬁ[q(é,r)] - E[Lu(é,r) +Nu($,r)],

3)
K
[Z[u(é, r)] = @ - S%E[Lu(é, ) + Nu(g, t) + q(&, r)].
The ADM solution is
uE, 1) =y &), (4)

j=0
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The nonlinear term in the problem is expressed as

Nu(g, 1) =) A, (5)

j=0

where

i oo
A= |:d)d|: Z )‘]”l :|j| , j=0,1,2,..., ©)
Jj=0 2=0

are called Adomian polynomials.
Substituting equations (4) and (5) in equation (3), we get

[Z . >} S92 [LZM,ETHZAw@ r)}.

j=0

Applying the decomposition method, we get

£lute, 0] =72 )
and
L6 0] =~ L1, 0) + 47+ g0, j= 1 ®)
Using the inverse transform to equations (7) and (8), we have [30]
ol ) =f€),
©)

w1 (€,7) = —,c-l[siﬁ,c[Luj(s,r) +A,]].

4 Theorem

Here, we study the convergence analysis in the same manner as in [39] of the LADM ap-
plied to PDEs. Let us consider the Hilbert space H which may define by H = L?((«, 8)X[0,
T1]) the set of applications

u: (o, B)X[0, T] - with / u*(&,s)dsdo < +o0.
(a,8)X[0,T]

Now we consider the PDEs in the light of the above assumptions. Let us denote

’u

L) = —,
() =-—

then the fractional-order of PDEs becomes, in an operator form,

ov(&, 1) ov(¢, 1)

L(u)=¢ T -w Y

The LADM reaches convergence if the following two hypotheses are satisfied:
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(H1) (L(u) - L(v),u—v) > kllu—v||* k>0, Vu,veH.
(H2) Whatever may be M > 0, there exists a constant C(M) > 0 such that, for u, ve H with
lul| <M, ||v]|<M, we have (L(u) — L(v),u — v)<C(M)|lu — v|||w| for every weH.
Example 1 The system of fractional-order PDEs in [40]
ocP  'oE acon
3 n (10)
RLaY av  du v
_—U— + =
ath 0§ 9t dn
with the initial condition

u,n,0=6+n-1, v, n,0)=6-n+1. (11)

Taking the Laplace transform of equation (10), we have

B
E[a—u]:ﬁ[ 8u+ﬂ8_u+1 §+n+rj|,

oth 06 0t 0n

9Py v du dv
| V| Y e,
[arﬂ} [“ag oty 18T T}

Sﬁﬁ[u(é’mf)] —sﬂfl[u(f,r],())] = E[Vg + E% +1-E+n+ Ti|’

L[v(E, n,1)] =" v n,0)] = El:u£ "3t an +1-&-n- t].

Using the inverse transformation, we get

e+ £ [HE2 Sel s ]|
O R et |
R L R |
R e R |

Using the ADM procedure, we get

Zuj(é,n,r):é +n—1+£1|:Siﬂ£|:ZA,~(v,u)+ZBi(v,u)+1—§ +n+rj|:|,

Jj=0 Jj=0 Jj=0

Zvj(f,n,f)zé—7]+1+E_1|:Siﬁ£|:zcj(u,v)—ZDj(u,v)+1—§—77—7.’:|:|,

Jj=0 Jj=0 Jj=0

Page 5 of 18
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where Adomian polynomial components A;(v, u), B;j(v,u), Cj(u,v), and D;(u,v) are given

as follows:
81/!0
A ) = P
o(v,u) = vy 35
( ) 814()
Vu)=vg— +V
Ar 08& 1= ot
0 d 0
Ary(v,u) = Voﬂ + vli + vzﬂ,
0§ 0 0§
vy 0
Bo(v,u) = 2220
9T 877
vy 0 vy 0
By < o3 i o
at dan at dn
3V0 8142 81/1 8u1 81/2 8u0
By(v,u) = + — + —
kI3 877 at 87] at 8;7
8V()
C ) = RS
o(u,v) = ug 08
0 )
Ci(u,v) :Moﬂ +Mlﬂ,
0§ i3
(12)
vy vy A
Cou,v) = ug—— + 1 —— + tp—,
0§ 0 0§
oug 0
DO(”: V) = uo VO
ot 877
doug 0 dup 9
Dyl y) = o1 1 0o
at dn It I
oug 0 oup d ouy 0
Dz(u, ) Lt() V2 i u V1 L2 Uy V()
ot 827 aT 87] at 817
uo(E,ﬂ,T)=$+77—1,
Vo(é:ﬁxf) =E-n+1,
uj(§,m,7) =L |: :ZA(V,M)+ZB(V,M)+1 §+n+r}:|
j=0
1 o0 o0
vin(€,m,7) = ﬁl[s—ﬂﬁ{zg(um) - ZD;(M,V) +1-&-n- f”
j=0 j=0
forj=0,1,2,...
1 8140 81/() 8140
1) —E ! _E e o 4 1- )
w60 = L7 {oas o $+n+f”
2 1 2¢h rh+l
b b =£ 1 = b
ui1(&,n,1) sB+1 Sﬂ+2i| rB+1) + I'(B+2) a3)

a& at dn

V}(E 7717:) ‘C’

vi(§,m ) =L" 1|:Slﬁ£{140%—%%+1—5§—7)—T”,

1 _Tﬂ+l
55*2:| T r(B+2)
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The subsequent terms are

MZ(S,U:T)
1 a d dvg 0 vy 0
=£71 _ﬁ V()ﬂ‘l'l/lﬂﬁ'ﬂﬂ‘l'lﬂ
sP JE 9E | T an  at oy
_p2B+1 728

TTQR+2) T(B+2)

VZ(%-’ m, t)

_pa|Lpl, 0v Ovo duo vy 9 Bvo
#7170 T e ot an at on

~ (2F(,B+2)—(,B+1)I"(,B+1)>T2ﬂ+ 72B+1 281 (B)r2!

r2B+1)Ir(B+2) r'28+2) T B+ (2B)

MS(S: m T)
_rt 1 r oy ouq dug 0vo duy 9dvy duy 0V dug (14)
LA FL I 20 = i e
3h+1 (21“(,3 +2)-(B+1)[(B+ 1)) 3 38
= Py —
r3p+2) rag+1)rp+2) r2pg+2)
28T (B)r*! ((2F(,3 +2)-(B+1)I(B + 1))2,3F(ﬂ)) 36-1
— + T
rp+1rep) rEgreg+nre+2)

_ (M)TB/‘J’—Z

repre+1)
Vs(fyﬂ,'t')
1 1 31/2 81/1 31/0 8140 31/2 8141 81/1 8142 81/0
=L =Llwo—+m—+Up— - —— - — — - — —
sP 0& o0& 0 9t dn A3t 9n It A7y

¥ . ((ﬁ +1)I(B+ 1)2'BF(2'B)>r3’31
T Ir(3B+2) \ TG B+2)r(B+2) '

The LADM solution for Example 1 is

u,n,t)=uoé,n,7)+u(&,n,7) +uz(§,m,v) +uz&, 1) + -+,

v, n,7)=vo&,n,T) +vil§,m, T) +val€mT) + w3 mT) + -0,
2¢F Al T2+l o
W) ==t L Y ) Tp+2) @A+ D)

b+l 2r(B+2)-(B+ DI (B+1)\ 3 3h
"TGB+2) " ( TG+ (B+2) )T "TeB+2)

_ 2T (B) ((ZF(ﬁ +2)—(B+DI'(B + 1))2;31"(/3))t3,31
r(g+1)I3p) r@pres+1re+2)

. (ﬂ)ﬁﬁﬂ
r@AT(B+1)

rh+l 2r(B+2)-(B+ DI (B+1)\ 4
_FW+%+< T@p+DI(B+2) )’

cey

vE,nt)=E-n+1
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Figure 1 The (a) exact and (b) LADM solutions graph of Example 1 of uat f=1and 7 =05
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Figure 2 The (c) exact and (d) LADM solution graph of Example 1 of vat B=1and T =05

12ﬂ+1

2/31“(,3)172/3‘1 36+1

"T0B+2) TB+)I(2B) T(+2)

. ((ﬂ + DI (B + 1)2ﬂr(2/s>)r3ﬁ_1 .

FGAL(B+2)I(B+2)

When B = 1, then LADM solution is

u,nt)=E+n+17-1,

(15)

viE,nt)=E-n-1+1.

Example 2 The system of fractional-order PDEs in [40]

3fu ou

—V— +Uu—
0P Ot ot

3ty du v

aT 9

=-1+ésint,
(16)

— =-1-¢%sint, 0<B<1,

Page 8 of 18
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Figure 3 The plot of u solution of Example 1 at (e) 8 = 0.75 and (f) 0.50

9:.9.9.9.9.9,
9:9.9.9.0.9,

99,999,
QLK

o
o
AN
SSOeRS

\\::‘\:: STTN

NSSSST RN
NS
‘\\‘\\

“‘\\\\

Figure 4 The plot of v solution of Example 1 at (g) 8 = 0.75 and (h) 0.50

Table 1 LADM solutions of Example 1 at different fractional order 8 and its corresponding absolute
error (AE)of uatt =05

£ n AE (B =055) AE(B=075) AE[B=1(=5)] AE[B=1(=6)
0.1 0.1 1.639E-02 5.828E-03 1.000E-03 2.000E-04
02 02 3.278E-02 1.165E-02 2.000E-03 4.000E-04
03 03 4917E-02 1.748E-02 3.000E-03 6.000E-04
04 04 6.556E-02 2331E-02 4.000E-03 8.000E-04
0.5 05 8.196E-02 2914E-02 5.000E-03 1.000E-03
with the initial conditions
u(0,7) =sinrt, v(0,7) =cosT. 17)

Taking the Laplace transform of (16), we have

RLZ B B
,C[ u] =£[v—u —ua—: -1+¢€ sinr],

Fd dt

Page 9 of 18
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Table 2 LADM solutions of Example 1 at different fractional order 8 and its corresponding absolute
error (AE)of vatt =05

3 n AE(B=055) AE(B=0.75) AE[B=1(=5) AE[B=1(=6)]
0.1 0.1 1.484E-02 5.308E-03 9.949E-04 9.994E-05
0.2 0.2 2.969E-02 1.061E-02 1.989E-03 1.998E-04
03 0.3 4.454E-02 1.592E-02 2.984E-03 2.998E-04
04 04 5.938E-02 2.123E-02 3.979E-03 3.997E-04
0.5 0.5 7.423E-02 2.654E-02 4.974E-03 4.997E-04

P du d
E[—v] =£|:——M—V— v ou —l—e_ésinr:|,

0EP at 0§ dt d¢&
PLluE,v)] - [u0,7)] = [vg—Z - u% —1+ésin r],
sPL[vE, 7)) - [v0,7)] = E[—g—zg—; - s—:z—g —1-¢* sinri|.

Using the inverse transformation, we obtain

u(é,r)=£1[u(os’” + iﬁ{ du —us—v —1+é€ s1nr”

sP ot T
0, 1 du o av o
v(E, )= L7" ! T)+—£ U VO etsintl|.
s sP 0t 06 0t 0&

Using the ADM procedure, we get

ug(&,7)=L71 |:M(O T)] L |: ]:sinr,

vo(&,7)=L" 1|:v(0 ! :| L I[COST} =CosT,

L1 ou; av; 18
u(&,7)=L I[S_ﬂ['{"/ 8r] —u,—]—1+e s1nr}] (18)
1 ou; d av; 0
v, 1) =L =L 2% U g et sing ,
sP ot 06  dt 9f
j=0,1,2,...
forj=0

sint e P > gk
sﬂ(s_l)]_m”g kX_O:F(k+ﬂ+1)’
) (19)

-1 COST _B o _gk
- _ B
L 5’3(5+1)}_1‘(ﬂ+1) oS ;F(k+ﬁ+1)’
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2 Exact Solution—~— f
LADM Solution x x x *
8 /
7
7 #*
){}‘
6 )(x"
54 #

[,

034 Exact Solution———— 034
)&X&LADM Solution x x x
02+ &X 02
X,
X,
X,
0.1 Xx -
X
X
X
0 % od
%
%
XX
-014 ‘ o1
XX
X,
X
-02 4 X)\K& _024
B )Xs‘ -034
o
T ] . ‘ ‘ ‘
0 1 T 2 3 0 1 @r

Figure 6 (c) Exact and (d) LADM solution of v for different values of B of Example 2

The subsequent terms are

ol 7) = ﬁ-l[iﬂz{m
S

8141 8u0 81/1 31/0
— VI — —Upg— — U —
ot at ot at
[o¢] [o¢]
Z %-2/3+k Z ( g)2ﬁ+k %-2/3
= —-COST————,
2B +k+1) r2g+k+1) reg+1)

k=0 k=0
1 dug oV ouy v, vy ou vy ou

= [Lef et _sudn_min_now)]
s

dt 0 9t 0F 0t 0& 9t 0f

52/3—1 0 ( E)2ﬂ+k 1 €2ﬁ+k—1

=COST

The obtained result for Example 2 is as follows:

ul,v) =uo&, ) + ur(§,7) + (&, 7) +us(§,7) + - - -,
viE, ) =vo&, 1) + i, T) + e, T) +vaE,T) + -,

2
rep) T Z ropen T Z r@p+k)

(20)

Page 11 0f 18



Khan et al. Advances in Difference Equations (2020) 2020:375 Page 12 0f 18

k °° E2/3+k

u(&,7) =sint +sinr&” Z k+,3+1) ZF(2I3+/<+1)

00 £)2B+k £26
gr(zmku) CTTresn
B > _Sk ézﬂ_l
= - _ B
v(E,T)=costT F+0) costé gf(k+,8+l)+cosr1“(2,3)
€)2ﬂ+k 1 0 €2ﬁ+k—1

+cos’t T —_ 4.,
DA D ppaa®
When 8 = 1, then LADM solution is

u(€,7) =€ sint,

(21)
v(E,7) =€ cost.
Example 3 The system of inhomogeneous fractional-order nonlinear PDEs in [40]
Fu dwdv 19wdu
e | T
atf  9& 9t 2 9T 0&2
fv  owd’u
a4 —6r, 22
9cfF ot oer F @2)
Fw  8%u v ow
L T 4gr-2t-2, 0<p<1
ath  09&2  9& Ot
with the initial conditions
u,00=6+1, w0 =£"-1, w0 =£-1 (23)

Taking the Laplace transform of (22), we get

L[] fowar towetu 9
| aT# 05 0t 20T 0&2

[ 0P aw 3%u
o| S | 2R 6 ,
| 9th ot 0&2

[ 9P 92 av o
E—W =L —u+—v—w+4§r—2r—2,
| 9th T

o _p[wav Lowotu ]
L[u(&,t)] s [M(fro)]‘ﬁ[ag 9t 291 0E?2 ol

2
ﬁﬁ[v(%’,f)] _Sﬂ—l[v(é‘,())] = E[z—:/g—; + 6T:|,
2
sﬂﬁ[w(é,r)] —sﬂ’l[w(é,O)] = E[g—; + 2—;3—2} +4&t - 21 —2:|

Using the inverse transformation, we have

2
u(s,r)=L-1[”(S’0)+; [8w8v 10w d%u H

) i A A
s 08 0t 2 01 0&2 i
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v(E,T) = 5—{@ + iﬁ[a_waz_” +6t]i|,
s sP

dt 02
_a[wE0) 1 T8 ovow
w§,t)=L |: . + s_ﬂ£|:8§2 35 e 4§T_2T_2i|i|

Using the ADM procedure, we get
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The obtained result for Example 3
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Figure 7 (a) Exact and (b) LADM solution for Example 3 of u at different values of 8
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Figure 8 (c) Exact and (d) LADM solution for Example 3 of v at different values of 8
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When B = 1, then LADM solution is
ulE,r)=2-1%2+1,
v, 1) =82+ 121, (28)

wE,T)=£2-12-1.

5 Conclusion

In this research paper, a powerful analytical technique, called LADM, is applied to find the

solution of some important system of fractional-order partial differential equations. The

obtained results are interesting and also in good agreement towards the exact solutions.
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Figure 9 (e) Exact and (f) LADM solution for Example 3 of w at different values of 8

The behavior and validity of the present method is checked by taking some numerical
examples. The procedure and results of LADM have shown higher accuracy of the cur-
rent method as compared to other methods in literature. The convergence of fractional-

order solutions towards integer-order solution can be observed from the graphs in the
paper.
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