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In this research paper, we consider a class of boundary value problems for a nonlinear Langevin equation involving two
generalized Hilfer fractional derivatives supplemented with nonlocal integral and infinite-point boundary conditions. At first,
we derive the equivalent solution to the proposed problem at hand by relying on the results and properties of the generalized
fractional calculus. Next, we investigate and develop sufficient conditions for the existence and uniqueness of solutions by
means of semigroups of operator approach and the Krasnoselskii fixed point theorems as well as Banach contraction principle.
Moreover, by means of Gronwall’s inequality lemma and mathematical techniques, we analyze Ulam-Hyers and Ulam-Hyers-
Rassias stability results. Eventually, we construct an illustrative example in order to show the applicability of key results.

1. Introduction

In recent decades, the subject of fractional calculus (FC)
becomes a very significant tool to characterize memory phe-
nomena in many branches of engineering and sciences.
Some properties of solutions like the existence and unique-
ness of solutions for fractional boundary value problems
(FBVPs) have been widely investigated [1-5], and a broad
rundown of references is given in that regard. The impor-
tance of FBVPs comes from their applicability in several
fields like science and engineering. Langevin [6] devised an
equation to describe the progression of physical processes
in fluctuating settings in 1908, which is known as the Lange-
vin equation. Mainardi and Pironi in 1990 [7] presented the
fractional Langevin equation (FLE). Yukunthorn et al. [8]
via Banach’s, Krasnoselskii’s, and Leray-Schauder’s nonlin-
ear alternative and Leray-Schauder studied the existence
and uniqueness of solution for a sequential nonlinear frac-
tional Caputo-Langevin equation. Baghani [9] discussed
the solvability of initial value problems for nonlinear Lange-

vin equation involving two fractional orders. Fazli and Nieto
[10] by means of coupled fixed point theorems for mixed
monotone mappings in partially ordered metric spaces
investigated the existence and uniqueness of solutions for
the nonlinear Langevin equation involving two fractional
orders with antiperiodic boundary conditions. Salem et al.
[11] studied the existence and uniqueness of solution for
fractional integrodifferential Langevin equation involving
two fractional orders with three-point multiterm fractional
integral boundary conditions. For further works on charac-
teristics of solutions, such as existence, uniqueness, and sta-
bility results for fractional Langevin equations (FLE), see
[12-15]. We also include some recent works on qualitative
analysis of similar situations with the generalized fractional
operators (see [16-20]). Samet et al. [21, 22] introduced a
new concept of fixed point theorems for mappings in com-
plete metric spaces. System stability is one of the most essen-
tial qualitative characteristics of solutions to FDEs. However,
there are few results of Ulam-Hyers (UH) and generalized
Ulam-Hyers (GUH) stability of solutions of FDEs in the



literature. On the other hand, Guo et al. [23] studied the
existence and Hyers-Ulam stability of the virtually periodic
solution to the fractional differential equation with impulse
and fractional Brownian motion under nonlocal conditions
via the semigroups of operator approach and the Monch
fixed point method. Li et al. [24] by using Krasnoselskii’s
fixed point method investigated the existence and Hyers-
Ulam stability of random impulsive stochastic functional
differential equations with finite delay. Shu and Shi [25]
studied the mild solution of impulsive fractional evolution
equations under Caputo fractional derivative.

Recently, Almalahi and Panchal [26] by means of some
fixed point theorems studied the qualitative properties of
solution for the following problem:

(HDEP;‘P - /3) () =f0ou(), oes=(ab],
u(a) Z KIoPu(r), 7€ (abl,

(1)

where 1 Dg}a;(’) is the ¢-Hilfer FD of order q € (1, 2) with type

6€el0,1], y=q+26—-qd, $<0, meN and If;f" is the ¢-RL
fractional integral of order (>0,Bk €R,
A< T STy<eee ooe <b, and @€ %'(F) is an increasing

function with ¢’ (x) #0, for all x € 7.

The recent works regarding of the FLE can be found in
[27-29]. Li et al. [27] via some fixed point techniques and
degree theory obtained some existence results of Caputo-
type Langevin FBVPs with infinite-point boundary condi-
tions

‘DY (DY ~ B)u(0) =06 u()), xe (0,1,

Z KCDqZ

1(0) = 0,'D 1 (0) =0, Dt 1t
)

where ‘D!, ‘Dg? are the Caputo FDs of order q, € (0,1], q,
€ (1,2]
Seemab et al. in [29] discussed the existence and unique-
ness of solution for the following problem:

{ DY (D~ B)u) = f (% u() D u () ), e (0,b),

1(0) =0, u(y) =0, u(b) = plg’u(x), u>0,

(3)

where ‘D”¥ denotes the ¢-Caputo FD of order to m € {q,,
a0}, 4, € (1,2], 95,0 € (0, 1].

Nuchpong et al. [28] by using Banach, Leray-Schauder,
and Krasnoselskii fixed point theorems discussed the exis-
tence and uniqueness results of ¢-Hilfer-type Langevin
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FBVP nonlocal integral boundary conditions

DR (DR - BYu(e) = fe u(), o€ = (@b,

w(a)=0,u(b ZK,IZ? € (a,b].

(4)

Motivated by the aforementioned discussions, in this
research paper, we study the existence and uniqueness as
well as Ulam-Hyers stability results for Langevin-type
generalized FDEs with infinite-point boundary conditions
of the form

Hpoe (”Dgz"w - ﬁ) u(x) = f(u, u(x), Ig’:‘Pu(u),HDgr““‘*’u(u)), xe 7=(0,b],

1(0) =0, "DE**1(0) = 0, u (b

)= 2l ud)
(5)

where HDgi’al;‘P,HDgi’sz“P are the ¢-Hilfer FDs of order
q, €(0,1],q, € (1,2],2 < q, + q, <3 with type §,,9, €[0, 1]
and Ig’fp is a @-RL fractional integral of order k€ {6,0;}
such that 6,0,>0,B€Ry, €(0,1),0<A; <A,<---<1, and
@€ @' (F) is an increasing function with ¢'(x)#0, for
all xe 7, and f:(0,b] x R* — R is a given function.
Observe that the results that will be obtained according
to the problem (5) cover results of [27-29] as follows:

(i) Lietal. in [27] (for a=0,6, =0, =1, and ¢(x) = %)

(ii) Nuchpong et al. [28] results (for 6=0,i=1,2,..,n,
and 0<qy,q,<1)

(iii) Seemab et al., in [29] (for a=0,6,=6,=1, and 0
= 0’ i = 1’ }/I = [,l)

We anticipate that the results presented in this paper will
be groundbreaking and contribute to the existence of knowl-
edge on the Langevin equation. The results acquired in this
study are applicable to a wide range by choosing suitable
values of function ¢ and may be used to a variety of other
challenges.

The arrangement of this paper is as per the following. In
Section 2, we will give some definitions and lemmas to dem-
onstrate our primary outcomes. In Section 3, Krasnoselskii
and Banach fixed point techniques are used to acquire the
existence and uniqueness of solutions of the suggested prob-
lem (5). In Section 4, we analyze the stability results in
Ulam-Hyers sense. In the last section, we introduce a
numerical model to represent the fundamental results.

2. Auxiliary Results

In this section, to analyze our main results, we present here
some important definitions and auxiliary lemmas. Assume
that 7 :=[0,b] and €(7)=%¢(F,R) denote the Banach
space of all continuous functions defined from 7 into R
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with the norm ||u|| = sup {|u(x)|: x € Z}. Let p € €' (.7) be
an increasing function with ¢’ (%) # 0, for all x € 7.

Definition 1 (see [4]). Let >0 and g : [0,00) — R. Then,
the following representation

117 4() = ﬁj}p’(s) (000 - () a(5)ds  (6)

is called ¢-RL fractional integral of g of order q.

Definition 2 (see [31]). Let q € (n— 1, n], n € N, and the func-
tions g, ¢ € €"( 7). Then, the ¢-Hilfer FD of g with order q
and type 0 < <1 is defined by

10, 8(n=q)¢ _[n]+(1-6)(n—q),
H])g+ ¢g(%) — IOE q) ‘/’g([P]I(()+ )( Q)(Pg(%)
_ Iggn—q);tp g([Pn] 1,79 g(5) (7)

S(n—q); 3
=1 "D g(x),  y=q+d(n-aq),
where

g -8)(n-q);
D}’ a(x) = gl 15 " g (),
n 8
O (R ®)
P\ ()

Remark 3. In Definition 2, type 6 and function ¢ allow
HDg’fS’(P to interpolate continuously between the Riemann-
Liouville FD and the Caputo FD. More precisely, we have

the following:

(i) ¢-Hilfer FD corresponds to the Riemann-Liouville
FD for (6 = 0,p(x) =x), ie.,

HpE g () = gl g () = D" 1) g (%), #>0  (9)

(ii) p-Hilfer FD corresponds to the Caputo FD for
(6 =1Lp(x) =x), ie,

"Dg g () = 1g: 7 g g(3) = 1. D" g (),

"

x>0 (10)

(iii) @-Hilfer FD corresponds to the ¢-Riemann-Liou-
ville FD for § =0, i.e,

. 1od\" .
HD®OP 4 (30) = o100 (00) = [ —— 2| 1%7%g(x
o a(x) = a5 15 " a(x) o odx) b a(%)

=Dy I "g(x), x>0

(11)

(iv) @-Hilfer FD corresponds to the ¢-Caputo FD for &
=1,1ie,

1D pg(x) =15 " gy 9(0) = 1 (1 () (dldx))"
(%) =15, ""Dirg(5), x>0
Theorem 4 (see [4]). Let g € €(F) be a function. Then, Igfp
8(0) = lim 15¥g(x) = 0.

=l
u—>0"

Lemma 5 (see [4, 30]). Let q,8 > 0 and > 0. Then,

171)7g() = 13" g (),
13700100 - 9(0)" = 7 0100 - (0"
(12
HD336’¢(‘P(%) -9(0)""'=0,y=q+8(n-q). (13)

Lemma 6 (see [30]). If g€ €"(7).q€ (n—1,n), and 0<d
<1, then

4 i — ()™ 1 (1-6)(n-a);
[Hpase o _ oo Y (@00 ~ ¢ K (1-0)(n-a)sp

0 0 g(%) g(%) ];1 F(Y _ k+ 1) gq) a 9(0)’
DI (06) = a(x).

(14)

Theorem 7 (see [31]) (Banach theorem). Let O be a closed
subset of Banach space ', and the operator @ : O — O be
a strict contraction that means ||@Q(n) — Q(v)|| < Z||lu —v||
for some 0< £ < 1, u,veO. Then, Q has a fixed point in O.

Theorem 8 (see [32]) (Krasnoselskii’s theorem). Let © be a
nonempty, closed, convex, and bounded subset from Banach
space . If there exist two operators @, @* such that (i) for
allw,veZ, imply Qu + Q*v € Z, (ii) @Q is compact and con-
tinuous, and (iii) @ is a contraction mapping, then there
exists a function z € O such that z= Qz + Q*z.

3. Equivalent Integral Equations for
Problem (5)

In order to convert the problem (5) into a fixed point
problem, we will present the following lemma with linear
function h(x).



Lemma 9. For j=1,2, let yj:qj+j8

i=4;0, q,€(0, 1], q, Taking again I>? taking into consideration that q, € (1
(1, 2],6]- €[0,1,he € (7). Then, the function ue E(F) , 2] on both sides of (20) and using Lemmas 6 and 5, we have
is a solution of the linear problem
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2! -1 ) -2
u(x n) —@(0))7 + %) — ¢(0))"
(9= 7 (90 ~9(0)"™ + 125 (9009 ~9(0)
Hprse (HDgz"*z;ﬂ”u(;{) - /a’u(u)) =h(x), x€(0,b], + 1577 Bu () + 13" 30).
(21)
u(0) = 0 DE* (0 Z 7157w (A
According to the condition u(0) =0, we obtain ¢, =0
(15) and hence, (21) reduces to
if and only if (%) F(C 5 (900 = 9(0))* + 152 Bu o) + 1™ *h().
Y2
u() = £0) =00 (22)
OI(y,)
© By replacing » with b in equation (22), we get
2 (T Bu(A) + T h(Ay)) ~ 15 Bu(b) = T Th(b)
i=1 c
T B+ T (B) = 7o (9(B) = 9(0)"™ + 15" Bu(b) + " *h(b)
2
(16) (23)
where
Replacing again » with A, in equation (22) with multipli-
b)—o(0))! X 1) — @(0))Y=*0! cation by Y nI0t¥ with the use of semigroup property
O= % - Zﬂi Gt }(y¢i ()7)) 0. defined in Lemma 5, we get
2 i=1 2T 0;
(17) .
Zﬂ,loi u(d ZW, P(Ai) — 9(0))"
Proof. Let u € () be a solution of the problem (15). Take
I)'? taking into consideration that q; € (0, 1] on both sides + Z ISP By Z ISP PR
of the following equation:
(24)
1013 20,5
Hp: “’(HD; P11 () - ﬁu(u)) —h(x). (18)

Now, by equations (23) and (24) and second condition
u(b) = Y2 nI"u(A,), we get
Using Lemma 6, we have
G
HDE1 () = P () + —2
ot =

0 (¢(b) — 9(0))""
) (@00) —p(0)" ' +1h(x),  T(r2)

[} . c
(19) = 2 ile’ w 1 o) -
i=1

Vz + anlq2+a (pﬁll
¥2)

A . =0 " Zrl’lqﬁqlm ‘Ph ).

and "D 1(0) =0, we obtain ¢,=0 and hence, (19)

reduces to

+ 177 Bu(b) + 1" "7h(b)

where ¢, is an arbitrary constant. By conditions 1t(0)
025

(25)
HDB 1 (50) = Bu () + T Ph(30). (20)

Hence,

Clzé z i(IgiM (P[Su( )+ 1427‘41*‘7 fﬂh( )) Iq”’ﬁu() I‘Iz*‘h‘l’h(b)
i=1

(26)
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Putting ¢, into (22), we get (16). Conversely, we assume
that the solution u satisfies (16). Then, one can get 1(0) =0
and HDSE’BN (0) = 0. Furthermore, applying I7:* on both
sides of (16) replacing » by A; and mult1ply1ng by Y1,
we get

< 0, S /\i — yyto-1
Dty = 3 PG

[0 00 ]
R B + Lm0 K Bu(e) - )

i=1

+

o e L (o) -y
;q,l“ Ru()) + ;;71“ WHPR(L) = @<T_®>

3

i=1

: Zqilgz“’vq’ﬁu(ai) + Y g IR - 10 Bu(b) — 13 h(b)

+ Zn,r‘z“’ ?Bu(),) + Zr,l“z*“'“’ Ph(},) = u(b).

i=1

(27)

Thus, all conditions are satisfied. Next, applying Dgi’é”(p
on both sides of (16), we have

Hiy 05 Ha i (9(%) = 9(0))!
D& u (%)= DR o1 (y,)

) {Z (7 Bu(X,) + I h(A,)) - 1527 Bu(b) — Igfq"["h(b)}
i=1

+HDP 18 Bu (50) +1DE 1% Ph 5).
(28)

g - P (y() {Z}ml“”"“’ﬁu

FI ue) + 1S (100, TP 60, "DE P u o) ).

i=1

In order to simplify our analysis, we will use the following
notation:

o (0(4) - 9(0)°

I'(B+1) (33)

where A€ {A,b} and Be {q,+0,4,4,+q,+0,,q9,+4q;}.

4. Existence and Uniqueness Solution

In this section, we will discuss the existence and uniqueness
of solutions for ¢-Hilfer FDE (5) by applying Theorems 8

5
Using Lemmas 5 and 6, we get
HDB 1 (50) - But(3¢) = T Ph(30). (29)
Applying HDgl’S';‘P on both sides of equation (29), we
have

"D} (DR u(o0) - Bu () )= "D I h(). (30)

Using Lemma 5, we get

15073 205
"D} (D u () - Bu)) =h(o).  (31)
The proof is completed. O

Lemma 10. For j=1,2, let y;=q;+j6; - q;6;, q;€(0,1],
4,€(1,2,8;€[0,1), and f: ] xR’ — R be a continuous
function. Then, the solution of the problem (5) is given
by

2+q, T0s 9 E 25 PRCIE 0, K
4 3 e f (A ) 1570 (0) DE P u(h) ) - 1 Bu () ~ 132" F (b, u(b), 157 u(b). "Dy "’u(b))]

(32)

and 7. To demonstrate our main results, the following
assumptions must be fulfilled.

(H,) f : # xR® — R is a continuous and there exists a
constant number 4, >0 such that

[f (% u,v,2) = f(0, 1, 9,2)]

Spflu-uf+v=v[+]z-Z[,xe Fu,1,v,7,2Z¢

(34)

(H,)) f: xR’ — R is continuous and there exists



wy € €(f) such that
|f (36 1(3), v(30), 2(x))| S wp (%), (36 1, v, 2) € F X R?, (35)

with sup|w,(%)| = w}.
suplay ()] =

Theorem 11. Assume that (H,;) and (H,) hold. Then, the
problem (5) has at least one solution, provided that M + 7
< 1, where

_ (p(b) - 9(0))™ 2+, 2
M = W;nilﬁlﬂi +|B|ITy,

_ (p(b) —9(0))"""" 1
ety 1o () O

(o)
q9,+q;+0; qx+4q;
: (Z 11} + 11} )

i=1

Proof. Consider the continuous operator @ : €( ) — 6(

((9(0) = p(0))" 1T (1) E2TIE ™ + (9(b) = (0))*"1OT (y) TE™™ + T )}
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J), which is defined by

(9(20) — (0))""!
OI(y,)

[ee) (&)
2+(7‘, Z+ 1+U,,
: {Z ’7i13+ “’/)’u()ti) + Z’L‘Ig+ ety

i=1 i=1

Q(u(x)) =

(A w4, 1670 (1) DY ()

u(b)."DY " u(b) )|

+ 137 Bu (o) + ITW0F (%, (%), Igfpu(u),HDgi’al“Pu(%))
(37)

29 PR IE 6.
—1%9Bu(b) - 1% “’f(b, u(b), 1%

Clearly, the fixed points of the operator @ defined by
(37) is a solution of the problem (5). Now, we will prove that
the operator @ has a fixed point by using Theorem 8. Let B,
be a closed ball defined by

B, ={ue@(f): [Ju]<r} (38)

with

r=

1= ((p(6) = 9(0))" 1O (1) SEAITE™™ + (9(b) = p(0))" 1O (1) IT} + IT} )

Let @', @* € B, be two operators such that @' + @* = @,
where

(39)

@' (0 =17 Bu() + I f (30 w0, 1 (0, DY P ),

(9 -

@) = (@ ®F(V

In order to achieve conditions of Theorem 8, the proof is
divided into the following steps.

H@luH =sup
ne f

< sup {13 |B|u (o) + 1
ne f

Jatu] < U PO

an‘“" “pu(), an‘”‘“*" f (Ao ud )Ig’f”u(/\f),”DSi"s‘;‘”u(Ai))IS%"”ﬁu(b)ISF“"“’f(b,u(b)»Igf”u(h),”DSi’a““’u(b))}'

(40)

Step 1. @€ B, for all ueB,. For any ueB,, x€ 7, we
have

13810 + 157 (3 10, 1060, DY ) )|

f(%, (), Igf”u(u),HDgi’a“"’u(%)) ‘} < |BITTE ||| + T},

(41)

lz (BT I ) T +wfn‘“““].
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Due to the fact that ¢(x) is an increasing function, we
have (¢(x) — (0))"™" < (¢(b) - ¢(0))">"" and hence,

b - 0 72*1 < 0; * (o * +
@b < POZPON [Z (BT T 4 B T8 0T . (12)
i=1

Thus,
1 _ Y2~
H@u” < H@luH + H@ZuH < ( Zq |/5H|u||n‘12+01 + ((P(b) (P(O)) an HQz*‘h*"
i=1 GF(YZ) i=1
(#(b) —¢(0)™" : )~ 9(0) 2 g
: an g + % W  |BIITE ] + 1T
e i (43)
(#(b) —9(0))" e, (90) =90 Loy
S|\——— v —H P+ I1 1
( ) Z orty) v+ 15 1Bl
(@(b) - (0))"" arao,  (P(0) —@(O)" 7 g, )
+ > Ty I 4 11 wi<r.
Or(y,) 5 Or(y,) ! ! !
Thus, @(B,) ¢ B,. Let u, be a sequence such that u, — u in B,. Then,

Step 2. @' is compact and continuous.

@, — @' u|| <TG Blu, (36) — u ()| + 137

(50 1,00 157,60, DE 1, 00)) = f (3 16 15060, DY o) )|

1
<IT%|u, - uf| + —7 <1+ )ngz*“l||u,,—u|—>0asun—>u.
1 -y roe+1)

(44)

That means @' is continuous. Moreover, the operator ~ bounded on B,. Next, we will prove that @' is equicontin-
@' is bounded on B, due to Step 1. Thus, @" is uniformly ~ uous. Let x;, %, € 7 such that », <x,. Then,

|@"u(0) - @'ua)| = |17 Bu ) ~ 1 Buloa) + T (33, 1062), 12 02). "D P 0,) ) =T (31, 1), Ty P r), DR ) )|
S [ @) [(90) - <s>)qf1—(so(m)—so(s))“flhu()\ds+F(ﬁz)j:d(s)(go(uz)—so(s))%*1|u(s>|ds+F(qﬁql)
J<P =P = (p0a) = 99T |F (50 KD () ds s
[ o000 -0t u<s>,I&“’u(s)ﬁvsr‘”’u(s)) 55 e (906 - 9(0) = (00) ~9(0)*]

+ F(if [(P(,) = 9(0))%7 = (9(31) - 9(0))*="].



For », — x, and continuity of ¢, we obtain

|@'1(36,) - @'u(3))| — Oasn, — ;. (46)

Hence, @' is equicontinuous. As a result of the Arzela-
Ascoli theorem, we deduce that the operator @' is compact
in B,. Thus, @' is completely continuous.

Step 3. @* is contraction mapping. For u,1i € B, and
€ 7, we obtain

2 2= b) - (0))"""
@ - @i < & )G)F‘fi)))

: {Z 1o Bl (d;) — w(hy)|
i=1

- Yoy
i=1

(a1 I3 Blu(b)
- ﬁ(b)|+IgE+q""" f(b, u(b), Ief”u(b),Hin‘é“"’u(b)>

S e

®F(Vz)
N quﬂr auf
|2 BT u\|+Zml
i=1 .uf

£(2 u(0), 1 u(2). D (L) )

17a(1). "D} 70 ()|

HDql 0 Pg

7%t

(e )

Uy 1
+1—/4f<1+F(6+1)

1+ = [|+ BITY |Ju - |

(47)

Thus, we conclude that @?* is a contraction.

According to the above steps and Theorem 8, we infer
that problem (5) has at least one solution on 7. O
Theorem 12. Assume that (H,) holds. If

_J(ob) -9(0))' § a0, M
Qz = { ®F(Y2) ;’71‘ [ﬁnx\, + 7f

i 1
> {ﬁng M (1 * r(6+1)>

(p(b) — 9(0))"="
! (1 ! Or(y,)

<1,

then the problem (5) has a unique solution on f.

Proof. We noted that the fixed points of the operator @
defined in (37) are a solution of problem (5). Define a closed
ball set B, as

B, = {1 € B(F): ||u| <o}, (49)

>17§?”“||u - ﬁl} (AT )| -],
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with @ > (Q,/(1-Q,)1 - Q,), where

0. <((P(b®F y2> ;m
) (50)
b) - S P
. <1+ Uk Fsgyw))) )ng >g)
and P =sup,. ;|f(s,0,0,0)|. O

First, we show that G(B,
(H,), we have

) ¢ B,. By (33) and condition

-,
) - o f <p’<s>(<p<a,-> ~ p(s)7 fu(s)jds
Blo(h) - 9(0)""
< PO =0 =

+q, 40,
Ig% LIRS

£ (A w0 1P u(0) D L) )|

= mjz‘(/),@)(q)(ld - (p(s))qzﬂ‘hwfl
o ([ (5 0 0D ) - £50.0,0) 1£(5,0,0,0) )

1 A 1
R WJO 9 (5)(9(A;) = p(s)) =9 ds

X ( by [Hu“ +Ig‘f"||u|\] +§/°> < IIPHT
1-u i
f

u 1
x L_f# (1 F(6+1)>|u||+9°]

(51)

Thus, for u € B,, we obtain

‘@u(%)‘ < M |:§ ,,Ii(Igi*"’vq’ﬁlu(/\i)‘

OI(y,) i=1

+ Iqiﬂ’h*"v‘/’
0

£ (2 (1), 15w (1), DY P u ()

)

+ 10 Blu(b)] + Igz“‘“‘” £ (b u(®), 15 u(b), "D (b)) H
7Bl o] + 1327 | (36 160, 170, DY P u o)) |

_ 71 [
s(go(b)@;fﬁf))) Sa(omm

.uf 1 q,+q,+0
_J 1 - 9 H2 1 i
* {1;5,( +F(9+1)>H"H+ } A
2 H 1 2 1
Bl + [l (1 e m]nz }

U 1 0+
+ f||u|[ I + <1+ 7>|\uH+9> I
b 1—Hf r@+1) b
(p(b

) 0) q,+0;
< W Z 7 {ﬁ@H

i=1
{ ~Hy

1+ 9 .l )w + 9’] H}f““w’]
_ ¥l
< , )90 : i ))) ) port® + <1 , (o(b) ~9(0)) )

Or(y,)
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By 1 a,+q
d—2L 11 - I
{l—uf< +r<6+1>>‘°+9)] b

Hs 1 4+q
. H‘]z 1 I
{ﬁ b+1—,uf< +r(e+1)> b

+ <1+ %),@HZM‘ <Q@+Q,<a. (52)

Thus, @(B,) c B,.
Next, we prove that @ is contraction map. Indeed, for
u, i € B, and » € 7, we obtain

a < (2(6) —e(0)"
[|Qu - Q1| < T ery,)

W,Iq”” B (h) - m (L)

M8 ”M8

1; I"Iz*‘h*“’ P

£ (A w0), 1 u(1), DR P u ()

Il
—_

) TR DY) )| + 17 Blu(b)
|+Iq2+q'(p‘f<b,u 19<P Hinv 1?‘Pu(b)>
—f(bm() 95 (0)5 DY 75 (1)) ||+ 1Bl o)
— (o) + 12T ) f (u, (), 1090 (30),"DL? ‘;‘Pu(u))

~f (800,107 800, DR ()|

s%{;nﬁn““ﬂu s St

|
~
/—\ A

1 T = 2 5

(14 gy T - - )
Hy 1 9+q =

1 e u -
(1 )

P lbtf 1 q,+q -~
qu _ 1 %" _
el (1 g )

(53)

<Qflu-uf.

From (48), @ is a contraction map. Hence, in view of
Theorem 7, we conclude that the problem (5) has a unique
solution on £.

5. Stability Analysis

In 1940 [33], the problem of stability of functional equations
was created by Ulam’s question regarding the stability of
group homomorphisms. In the following year, Hyers [34]

gave a positive interpretation of the Ulam question within
the Banach spaces, and this was the first major advance
and a step towards more solutions in this field. Since then,
many papers have been published regarding various general-
izations of the Ulam problem and Hyers theory. In 1978,
Rassias [35] succeeded in extending Hyers” theory of map-
pings between Banach spaces. Rassias’s result attracted many
mathematicians around the world who began their investi-
gations of the problems of stability of functional equations.

In this regard, we discuss the stability results in the frame
of Ulam-Hyers- (UH-) Rassias (UHR). Let € > 0 and a con-
tinuous function o : 7 —> R" such that it satisfies the fol-

lowing inequalities:

DR (DR ) = B () ) - f (30 80, TR0 ADR PR ) | < €
(54)

‘Hng:"‘"‘f (HDSE’SZ“’ﬁ(u) - ﬁﬁ(n)) - f(n, (%), Iﬁz‘Pﬁ(u),HDgz’5“V’ﬁ(u)) ’ < eay(x).
(55)

Lemma 13 (see [36]). Let q > 0 and u, v be two nonnegative
functions locally integrable on JJ. Assume that g is nonnega-

tive and nondecreasing, and let ¢ € €'(F) be an increasing
function such that ¢ (t) #0 for all t € J. If

u(x) < v(x) + Q(t)J ¢'(5)(9() = @(s))u(s)ds, xe€.7,
0
(56)
then
w0 2w+ [ S 1) 900 - )it e 7
(57)

If v is a nondecreasing function on . then, we have

ne . (58)

u () <vO)E{a(0) I (p)(9(%) = 9(0))"},
Definition 14. We say that the problem (5) is UH stable if for
everyli € (7 )that satisfies an inequality (54) andu € €( %)
is a solution of the problem (5), there exists a constant num-
ber 0 < 7 € R such that
[i(x) - u(x)|<Te nef,e>0. (59)
Definition 15. We say that the problem (5) is UHR stable
with respect to nondecreasing function a () if for every 1
€ () that satisfies an inequality (55) and u € €(7) is a
solution of the problem (5), there exists 0 < /4" € R such that

[1(3) —u(x)| < Neag(n), xef,e>0. (60)

Remark 16. A function 1 € €(_7) satisfies an inequality (54)
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if and only if there exist a functions z € €(,7) such that

ne g,
Hpdie (HDgi’(Sz;(Pﬁ(%) - ﬁﬁ(x)) = f(n (), 17 (x), HDgi'a‘“”ﬁ(u)) +2(x).
(61)

|z(x)| <€,

Lemma 17. Let y;=q;+j8;-q;0,(j=12), q;€(0,1],
q,€(L,2], and 0<6;<1. If a function T € €(f) satisfies
(54), then 1 satisfies

(6) = ol = 1" (3,00, 166D 7000 ) | < P,
(62)

where

oy = (p( ) {Z 8 SR

+ Zml“”q”""’“’f (A 1), 1578 (1), "D PR () )

, PR IE = P =~ IEJEPN
~ 1 Ba(b) 1 0F (b, (0) 1P (), DY () ) |
+ 1027 Bii (%),

(p(b) - (0)) i sasa, . [(@(b) — p(0))P! 4+
P = ey ;quAx + (@F o 1>Hb :
(63)

Proof. By Remark 16, we have

() = (‘P(“@F o {,Z 1B (),

o Y (£ (1,500, 6, PPy ()

20 - (e - L

(5o, B 0 ) )

+ 107 B () + I“Z*q'“’(f(% 860, 15780, "D 0 () ) +206) )
(64)

i

Then, we get

- L Y 0, 0150 ~
8(0) ol = 12 (36800, 17860, DY a0 )|
((P(%) B ¢(0))y2_1 © Q4 +q,+0,,9 G+aL9
< PN g I ()| + 18?2 (b)
or(y) |2 )| I =(0)]
13200

(65)
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It follows that

‘ﬁ(u)—szfﬁ—Igf'ql"”f(u,ﬁ(u),lgf” (), DI 5 3¢ ))‘SS‘B.

(66)
O
Theorem 18. Let us assume that (H,) holds. Then,
Hngi""“" (HDgf’sz;(pu(%) - ﬁu(%))
(67)

- £ (e 000, 170 DY )
is UH stable.

Proof. Let € >0 and 1 € €(#) be a function that satisfies an
inequality (54) and let 1 € €(_7) be a solution of

Hph o (“Dgi"‘z;“’u(u) - ﬁu(%)) = f(x, u(x), Ig’ffu(u),”ngr‘"”’u(u)) L€ (0,b],
1(0) = 1(0) =0, "D%**11(0) = FD% 5 (0) = 0,

u(b) =1(b 27110 P (Ad).

i=1

(68)
Then, by using Theorem 12, we have
w() = o + 1B (%,u( ) 0 (5), HDgi’B‘;(Pu(x)),
(69)
where

o = 909 —9(0)"

v OI(y,)
|:z ;711‘12#7 (P/.))u Z mI‘lz*‘h*”h‘Pf

(A0 u(1), 1570 (1), DY () )
—I“%""ﬁu(b) -1 (b u(B), (), MDY () )]

157 Bu ().
(70)
O
Since
u(0) = (0) =0, "D ***u(0) = "D ¥ (0) = 0,
= Z 1w (A,
(71)

we can easily prove that &/, = &/;. Hence, according to (H,)
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and Lemma 17, then for each x € 7,

50 - u ()| = )A(x) -l =13 (36 00, 1P ), DY ) )
qu+m¢f< 9¢A(%) HD4151¢A( )> +qu+q|,¢f

( (), 1201 (30), 'DI 1 () )’ i

- (800,137, "D} P00 ) | + “”“‘“’If

-(u,ﬁ(%),l‘;*““ ), I 4 (30) > ( ), 1991 (30), T DI (u))‘
<Pe + 15| (50 00, 10 >,HD31 T

~ £ (3 w60, 570, "D o)) | < Pe
)10 - o),

Yy 1
1
* 1—,4f< TTE+)

Thus, by Lemma 13, we get

[T (2) —u(s)| < Pe+ J:

o [ugt (1w ) 1+ ur@+1))]"
. (Zl [ ' ( ;[)n(q2+ql)] ] 9 () (9(0) = (s))" =) )‘Bsds

<WeF, L”—fm (1+ 57y (o) - <P(0))“2*“‘} .
(73)

It follows that
[T(s) —u(x)| < Te. (74)

where T =PEg,.q /(1= ) (1 + (1/T(6+1)))
(¢(b) — ¢(0))*=""]. Hence, the problem (5) is UH stable.

Corollary 19. Under the assumptions of Theorem 18, if there
exists a function ¢; € €(7), then the problem (5) is general-

ized UH stable.

In the forthcoming theorem, we discuss Ulam-Hyers-
Rassias stability. For that, the following hypothesis must be
satisfied.

(H;) There exists an increasing function a, € €(.f), and

there exists & > 0 such that for any n € ¢,
T ol as() < Rag(%), (75)

where £ € {q; +q, 9, +q;, +0,}.

Remark 20. A function 1 € €(7) satisfies an inequality (55)
if and only if there exist a functions z € €(,7) such that

|2(x)| < eag(x), x€f,

HD‘h 1¢(HD42 z‘PA( %) - Bii (x ))

. (76)
=1 (36 860, 157500, "D 1)) + 200
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Lemma 21. Let y;=q;+j6;-q;0,(j=12), q,€(0,1],
q,€(1,2], and 0<6;<1. If a function W e G(f) satisfies
(55), then 1i satisfies

’ﬁ(%) — g —1f (%, (), 1991 (), HDgi"‘l“”ﬁ(x)) ‘
<P, Ray(x),
(77)

where
(909~ g(0))"
Y e
. |:§: ’,’inz*" ‘Pﬁu Z },Illqz“h*" ‘Pf
(A B 1P, "D (L) ) - 13 Bab)
-1 (b, (), 170 (6), "D (b)) + 1B o),

(i”i’Ll) +1. (78)

Proof. Indeed, by Remark 20 and Theorem 12, one can easily
prove that

(@(b) —@(0))"

B OI'(y,)

50 - g T (36 T, 10500, "D 75 ) )|
<P, Ray(x).
| (79)

Theorem 22. Assume that (H;) and (H;) hold. Then,

"D} (D 5e) - u o)

80
- f(%,u(%),IZ;‘Pu(u),HDgi’S’;(Pu(%)), 0

is UHR and generalized UHR stable.

Proof. By the same technique in Theorem 18, one can prove
that

[ () — 1 ()] < ’ﬁ(u) —dly - Igz*“l"”f(u, (), 1292 (), " DY ”"ﬁ(n)) ’
+ Igz*“l'“" f (x, 00), 5 (), ”Dgi’5"¢ﬁ(n))
- f(u, u (), L u (), HDgi"‘““’u(%)) ‘
f(u, (), L5 (%), HDQ':“’&(@)
- f(k, (), U u (), “Dgi’**““’u(u)) ‘ < e3P, Faty (%)

Ky 1 G+ = _
+q<1+r(9+1)>10‘ [T () — u(x))|.

< &P, Ray () + 1377

(81)
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Thus, by (H;) and Lemma 13, we have

(/{101

- ) (L+ (ur@+ 1))

Journal of Function Spaces

|8 () — 1 (x)| < P, Rary () + esplger (Z

0\ n=1

Hy
L=y

Mg

<P, Ragy () ll +

I
—_

n

It follows that

(%) = u(30)] < Neay(x). (83)
where N=P,R1+>72,
[(p/ (L= pp) 1 =) (L + (L0 +1)))%]"].  Hence,  the
problem (5) is UHR stable as well as generalized UHR stable.

|

6. An Example

Consider the Langevin-type fractional integrodifferential
equation

HpQ o (HDgi’Swu(u) - ﬁu(u)) = f<u, (), 100 u (), HDgi"s“q)u(u)>,
u(0)=0,"DE*"u(0) =0, u(b) = Y 15 u(Ai),
i=1
(84)

such that q, =1/2,8,=1/3,q,=3/2,8,=1/3,y,=5/3,0=1
12, 3=1/10,b=1,A; = 1/2i,1, = 2/8i, 0;=2/(2i + 1), ¢(x) =
u, and

f(n, w (), I (), HDgi’él;(”u(%))
_ n
50 +x

1/5 Hy~ 172,113 (85)
(u(n)+10+’”u(%)+ D,

u(%)).

Clearly, for each 1, ii € €(7), we have

‘ f (%, (), I (), ”Déﬁz"“;"u(x)) - f<u, (), 170 (), HD;?’”S;"ﬁ(n)) ‘
1

< = [u () = B0o)| + [P 1 () - TP R ()|
. ‘HD(l]iz'mwu(%) _ HD(])?J/M&(%)H ,
(86)

with y; =1/50. By the given data, we can get ©®~0.89#0

and hence, Q; =0.2148 < 1. Thus, all assumptions in Theo-
rem 12 hold. Then, problem (84) has a unique solution.
Moreover, we have

1 (0,100, ¥(30),2(00)| € 25— =0y (x),

forall (s, u,v) € 7 x R%.

(87)

I'ln(q, +q)]

(1+ rs 1>)‘%] ] |

9’ (5)(p(x) - fP(S))”“‘”q‘)_l) ag(s)ds

(82)

Thus, all the assumptions in Theorem 11 hold. Then,
problem (84) has at least one solution. Furthermore, for €
>0, we find that

DR (MDY ) ~ B ) ) - (6 6 1R G0), DY ) | <

(88)

is satisfied. Then, equation (67) is Ulam-Hyers stable with

[Ti(%) —u()| < Te, (89)

where
*<PEPE, ., L ffﬂf (1 " F(61+ 1)) (p(b) = 9"(0>)q2+q’] >0,
(90)

and Ay = 0.042 < 1. Finally, we consider a, (%) = ¢(3) — (0
), for % € 0, 1]. Then, ay [0, 1] — R is nondecreasing con-
tinuous function. Hence, by Lemma 5, we get

170, (0) =17 [9(0) - 9(0)] = 157 () — 9(0)"!

rQ2 +1 - ¢(0))*
_ 4
< w%(u) :,%%(u), forallx € ¢,
(91)

where & =[p(1) - (p(O)]E/F(ﬁ +2)>0for&e{q, +qq, +
q, +0,;} and @(x) =x. Therefore, Theorem 22 applicable.
Furthermore, for € >0 and a continuous function ay F

— R", we find that

‘HDgi’a‘;“’ ("D 0 oe) - Bﬁ(n)) - f(;{, (), 105 (%), HDgi’a‘;“’ﬁ(u)) ‘
<eay(x)

(92)
is satisfied. Then, equation (80) is UHR stable with

|11 (2) — u(x)] < Neay(x), (93)
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where

[oe) 1 n
/V=’~I31<%ll+ z [1?‘“}( (1+F(9+1)>%] ] >0.

7. Conclusion

Because the idea of fractional operators in the context of ¢-
Hilfer is innovative and important, several academics have
explored and established various qualitative features of
FDE solutions incorporating such operators. To extend these
qualitative features, we developed and investigated sufficient
conditions for the existence and uniqueness of solutions, as
well as Ulam-Hyers stability results for a nonlinear fractional
integrodifferential Langevin equation involving ¢-Hilfer FD
with respect to an increasing function, for a nonlinear frac-
tional integrodifferential Langevin equation involving ¢-Hil-
fer FD.

Our technique was based on reducing the problem (5) to
a fractional integral equation and using certain conventional
Banach-type and Krasnoselskii-type fixed point theorems.
Furthermore, we investigated the stability data in the
Ulam-Hyers sense using mathematical analytic tools. To
support the main results, an example was given.

In fact, our outcomes generalize those in [26-29] and
cover many results not study yet. Due to the wide recent
investigations and applications of the Langevin equation,
we believe that acquired results here will be important for
future investigations on the theory of fractional calculus.
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