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In this article, we develop a novel framework to study for a new class of preinvex functions depending on arbitrary nonnegative
function, which is called n-polynomial preinvex functions. We use the n-polynomial preinvex functions to develop q,4,
-analogues of the Ostrowski-type integral inequalities on coordinates. Different features and properties of excitement for
quantum calculus have been examined through a systematic way. We are discussing about the suggestions and different results
of the quantum inequalities of the Ostrowski-type by inferring a new identity for g,q,-differentiable function. However, the
problem has been proven to utilize the obtained identity, we give q,g,-analogues of the Ostrowski-type integrals inequalities
which are connected with the n-polynomial preinvex functions on coordinates. Our results are the generalizations of the results

in earlier papers.

1. Introduction

Calculus is an imperative study of the derivatives and inte-
grals. The classical derivative was convoluted with the
strength regulation kind kernel, and eventually, this gave
upward thrust to new calculus referred to as the quantum cal-
culus. In mathematics, quantum calculus (named g-calculus)
is the study of calculus without limits. The interest in this
subject has exploded, and the g-calculus has in the last twenty
years served as a bridge between mathematics and physics.
The g -calculus has numerous applications in various fields
of mathematics, for example, dynamical systems, number
theory, combinatorics, special functions, fractals, and also
for scientific problems in some applied areas such as com-
puter science, quantum mechanics, and quantum physics.

Jackson [1] defined the g-analogue of derivative and integral
operator as well as provided some of their applications. It is
imperative to mention that quantum integral inequalities
are more practical and informative than their classical coun-
terparts. It has been mainly due to the fact that quantum inte-
gral inequalities can describe the hereditary properties of the
processes and phenomena under investigation. Historically,
the subject of quantum calculus can be traced back to Euler
and Jacobi, but in recent decades, it has experienced a rapid
development. As a result, new generalizations of the classical
concepts of quantum calculus have been initiated and
reviewed in many literature. Tariboon and Ntouyas [2, 3]
proposed the quantum calculus concepts on finite intervals
and obtained several g-analogues of classical mathematical
objects, which inspired many other researchers to study the



subject in depth, and as a consequence, numerous novel
results concerning quantum analogues of classical mathe-
matical results have been launched. Noor et al. [4] obtained
new g-analogues of inequality utilizing the first-order g-dif-
ferentiable convex function.

Inequality plays an irreplaceable role in the development
of mathematics. Very recently, many new inequalities such as
the Hermite-Hadamard-type inequality [5-9], Petrovi¢-type
inequality [10], Pélya-Szegd and Cebysev-type inequalities
[11], Ostrowski-type inequality [12], reverse Minkowski
inequality [13], Jensen-type inequality [14-16], Bessel func-
tion inequality [17], trigonometric and hyperbolic functions
inequalities [18], fractional integral inequality [19-22], com-
plete and generalized elliptic integrals inequalities [23-28],
generalized convex function inequality [29-31], and mean
values inequality [32-34] have been discovered by many
researchers. While the concept of classical convexity has been
brought into a streamline by mathematical inequalities [35-
50]. In fact, convex function and its connection with mathe-
matical inequalities have wide applications in the estimation
of some parameters in scientific observations and calcula-
tions [51-65]. In recent years, the classical concept of con-
vexity has been extended and generalized in different
directions, one of the important generalization of convexity
is the invexity, which was studied by Hanson [66]; this work
has greatly expanded the role of invexity in optimization. In
[67, 68], the authors introduced a class of functions, which
is called preinvexity as a generalization of convex functions.

Now, we recall the classical and well-known Hermite-
Hadamard inequality [69], which can be stated as

& +&, < 1 & < D(§;) + ¢(8,)
(D( 2 > = 52_51 JEI(D(Y)dY_ f’ (1)

forall&,,&, eI if @ : I — R is a convex function.
Ostrowski [70] established an integral inequality for con-
tinuous and differentiable function as follows.

Theorem 1 (See [70]). Let @ : [£1,£2] — R be continuous

and differentiable on (&,,&,) such that |®'(y)| <M for all y
€ (&,,¢,). Then, one has

D(Q)

1 3
TEo Lfb(”dy

< 1 (Q_§1+£2/2)2 _
< |:4 + 4(52—51)2 :|(Ez &M,
(2)

forall g € [£,,&,] with the best possible constant 1/4.
The inequality (2) can be described in an identical kind as

&5
‘(D(Q) - 52 i 51 Jf (D(y)dy

.M =&+’
_62_51 2 .

(3)
Latif et al. [71] generalized the Ostrowski inequality (2) to

the coordinated convex function by establishing an identity
as follows.
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Theorem 2 (See [71]). Let &, <&,,&,<&, and @ : [£},E&))
x [&5,&,] — R be continuous and differentiable on (£,,&,)

x (&5, &,) such that 3°®/0,0, € L[, &,] x [£5,&,]).
Then the identity

1 &5 (84
D, p) + J J D(u, v)dudv -y

(62-81)(84—85) Je, Je,
@& (b P
o=l | R
(2 + (1-2)¢, wp + (1 -w)&;)dzdw
(9_51)2(54‘@2 e o’
(&:-8)(84-85) Jo ozw azaw(D
(z0+ (1-2)¢, wp+ (I -w)&,)dzdw
(&, - Q)Z(P - 53)2 ! o’
€6 &) Jo), ™ o200
(zo+ (1-2)Ewp+ (1-w)é;)dzdw
(&~ Q)Z(E4 - P)Z ! o’
(52 - &1)(54 - 53) 0J ozw azawq)
(z0+ (1-2)&, wp + (1 -w)&,)dzdw,

[\

[

+

holds for all (@, p) € [£;,&,] x [£5,&,), where

1 54 1 Ez
y= P LS(D(Q’ v)dv + 752 s Lfb(u, p)du. (5)

Noor et al. [4] presented the Ostrowski-type inequality for
quantum calculus.

Theorem 3 (See [4]). Let g€ (0,1),&, <&, and @[, &)
—> R be continuous such that leq(D is integrable on (&,

&,). Then

1 & _‘I(Q_E1)2 !
*@ fz—aL]@(”)gldq”‘ = R
&-9)° [ (6)
((1-2)¢, +ZQ)0qu+ %L%chb

“((1-2)§,+20)0d,z.

The following quantum integral version of the Hermite-
Hadamard-type inequality for the coordinated convex func-
tion was proved by Alp and Sarikaya [72].

Theorem 4 (See [72]). Let q;,q, € (0,1), &, <&, &5 <&, and
O: N=[,E]x[E,8]— R be a coordinated convex
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function on . Then one has

@ 2,5 +8 4.8+8,
I1+gq, ’ I+gq,

13}
S£ 1 J @(Z, 4253"'54)5(1 2
2186-8 )¢, I+q, J> 4t
i
+ 1 J (D<‘11£1 52 )Ed w
53—54 I+q, 37g,
&y
D(z 4
- (53 .[ L3 W, a2, 0
Ez E J 3 £ d
D(z, z+ | D(z, 4
T+q,)( 52 ‘12 Je, 3)e, 9, LI (2:84)¢, g,

Ej 4
D& d w | PEnw d, w
et frnss)

‘11‘12 @, 53)+‘12 (§285) +9, P81, 8 + (52)54).
(I+q,)(1+4q;)

G
1
=3

(7)

Kalsoom et al. [73] found the quantum integral inequality
for two parameters function on the finite rectangle.

Next, we present the definitions of g,q,-derivative and
integral, and their two known results.

Definition 5. Let q,,q, € (0,1),&, <&,,&5 <&, and @ : [§}, &,
| x[&5,&,] — R be a continuous function. Then, the
partially g,-derivative, g,-derivative, and g,q,-derivative at

(z,w) € &), &,] x [&5,&,] for the function @ are defined by
‘51 a%(p(z’ w) — q)(z’ w) - (D(qlz+ (1 - ql)El’w)
(002 (-a)e-&)  Cro
Egaqzq)(z’ w) _D(zw) - D(z, qw+ (1-q,)&;5)
£ 0 f-g)w-g) 7%
51,53621)%@(2, w) _ 1
Elaq12€3aqzw - (I-q)(1-q,)(z=§)(w-§&3)
X [@(q,z + (1-4,)8), gw + (1-4,)85)
-O(qz+(1-q,)§,w)
- D(z, qw + (1 - q,)§3) + (z, w)]
(z#&,w#E;),

(8)

respectively. The function @ is said to be partially q,-, ¢,-,
and ¢, q,-differentiable on [§,,§,] x [£5,§,] if ¢ 0., (2, w)/¢,

aqlz, E]aqz(b(z, W)/E3aq2w, and 51)53621)‘12@(2, w)/£18q1253a 2'llJ
exist for all (z,w) € [£,,&,] x [£5,&,].

Definition 6. Let q,,q, € (0,1),&, <&,,&; <&, and @ : [£, ¢,
| % [&5,€,] — R be a continuous function. Then the ¢,q,

-integral of the function @ on [§;,&,] x [€5,&,] is defined by

JL ], otz dyo=0 - a0 -2
< 2. Y aiarolas (1= g+ (1))
< 3 S ot e (- kgt (-5
o o)
for (s, 1) € [£1, 6 x [0 &1

Theorem 7. Let &, < &,, ;<& and O : [£,,8)] x [€5,&,] —
R be a continuous function. Then, we have the identities

£ E afi 4 J~t JS
3 T2 D(z,w); d, zz d, w=D(s, 1)
> 9,%¢:%q >h P
Eza%sfsa‘bt &JE S ?

2
: &5 a‘i:ﬂz(p(z’ UJ)

e 8d, zp d, w=D(s, t),
stjfl 518‘11253()%1"} e

t s .00 Dz
J J Mgld%z&d zw:(D(S’ t)_(D(S) tl)
tJs;

Ela 2,535 Zw
—D(s;, 1)+ D(s, t7),

(10)
for (s ty) € (§1,8) x (E4 1)

Theorem 8. Let a € R, &, <&,,<€; <&, and @, D, : [£,,&))
x [&5,&,] — R be continuous functions. Then, the identities

J; J; [D, (2,

t s t s
:J J @1(z,w)51dqlz£3dq2w+-[ J Dy (2, w)g dy 2z d, W,
E} El 53 EI

t s t s
J J a®(z’w)51d%253dqzw=aj J q)(z’w)Equlzfgdqzw’
&8 &JE,

(11)

w) + D,(z, w)]gl dqlz&dqzw

holds for (s, t) € [£,,&,] X [€5,&,].

Very recently, Toplu et al. [74] improved the Hermite-
Hadamard inequality (1) by investigating the n-polynomial
convexity. The main purpose of the article is to introduce
the notion of n-polynomial preinvex function, provide a
new generalized quantum integral identity, establish new
quantum analogues of Ostrowski-type inequalities for the n
-polynomial preinvex function on coordinates, and general-
ize and unify the previous known results.



2. Discussions and Main Results

In the beginning of this section, we introduce the definition
of n-polynomial prevexity.

Definition 9 (See [75]). Let (-, - ): R" x R" — R" be a con-
tinuous bi-function. Then, Q,7 c R" is said to be invex if

& +yn(§861)€Q, (12)
forall §;,&, € 2, and y € [0, 1].

Definition 10 (See [67]). The function @ : Q,cR"—Ris
said to be preinvex if

D&, +yn(861)) < (1~

forall §;,&, € 2, and y € [0, 1].

YD&) +vP (&), (13)

Definition 11. Let n € N. Then, the nonnegative function
@ : 09, cR"— R is said to be n-polynomial preinvex if

DE,+pn(Eny %Z (&)
y = (14)
+ Z; D(&,),

for all §;,¢, €, and y €0, 1].
Note that if # = 1, then the definition of n-polynomial pre-
invex function reduce to the definition of preinvex function.
If we take n =2, then we have 2-polynomial preinvex
function inequality

3y—y?

o) + 1 o,
(15)

D&, +y1(8,,8,)) <
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Proposition 12. Let &, > 0and @, : [£,, &, +n(E,, &) — R
be an arbitrary family of n -polynomial preinvex functions and
D(8) = sup Py (§)- If J,; ={u €[&, &, +n(E5 &) Du) <1}
is nonempty, then ], is an interval and @ is an n-polynomial
preinvex function on Ty

Proof. Let y €[0,1] and &;, &, +7(&,, ;) € J,. Then, we have

D&y +yn(8,€1)) = supPq (&) +1(82,81))

@ p=1 p=1
SISy swp &)+ 1Y (1) supo, &)
pe1 « = a
S LY (1= pF]PE) + 1 Y (1= P(E) <00
p=1 p=1

This completes the proof.

In order to establish new quantum analogues of the
Ostrowski-type inequalities on coordinates for the #n-poly-
nomial preinvex function, we need a key lemma, which we
present in this section.

Lemma 13. Let q,,q,€(0,1),&; <&, &5 <&, N =[E,,&,)] x
[&5,E,], 4, be the interior of W, and @ : /V—>]R be

mixed partial q,q,-differentiable on A" such that |(¢ ; 0 q @

/Elaqlzgjaqzw)@ is continuous and integrable on [£,,&, +1,

(€8x (8585 +m,(8085) <A™ for 1,(85,81), 1,84 85)

> 0. Then, we have the identity

01%[m (0 El)]z [, (p> 53)]2

Q081,85 85,8,) (D) =-

182801, (84 &3)

11 9*
| [ e SE g, 2, 0,80, B £
0J0

£,04,%¢,04,W

9

1% (@& &)

182801, (85 &3)

11 92
y j J cw I, + 21, (0, 61), € + iy (p 64))d,
0

0 Ela‘hzzwa

9

4 ZOd@z w

(17)

%M 2l n(p &)

182801, (84:85)

X[llew flfsa‘h‘b o))
JoJo ElaquEKa w

~adm s

a4

(8 +2m,(2:€2), &5 + wny(p: €3) )y, 20y, w

QP s p))

1,828,845 &3)

1 p1 £ a
| ] 2w (e om0 ) £y w8 2
0

& qlzgwa

9
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where

Q4.4,(81,85,63,84) (@) =D(0, p)
1

. 1
1(8,€1) &

rsﬂvz(p«fa)

JEI +1,(e4))

Eaty (pLy)
D(o, v)odqzv + J

D(o, V)OquV]

J‘Ez*’?] ((233)

4

D(u, p)ody u+ D(u, p)yd,, v] - @,

2

1 JEI'HH(QE )‘[E3+VI2(P,53)(D( ) p p
- u,v u v
771 (EZ’ 51)’72(54,53) {1 53 07q,70%q,

1

1,(82, 82 (8485)
1

1,(82, €)1 (84 85)
1

182,812 (8483) )

Proof. Considering

11 92
IS 192
3| Jozwz,a‘z;aq P&, +21y(@:§1): & + 0y (P §3))ody 206w

0 q

J 3 53 ‘11 ge)

:0 ZE D& +21,(0:81), &4+ wiy (P §4)) oAy Zody w

£,04,2,0q,W Z&

1
ffz v

_[ w—= q L (8, + 217, (Q.8,), &4 + winy (s §4))ody, 20y, W,
Ela'hsz QZ

0

[J & 53 ‘11’11 (fz+Z’71(Q>fz):53+w”z(P>53))odq1Z0dqzw

(19)

it follows from the definitions of partial g, q,-derivative and
q,9,-integral that

11 02
§ds % a1,
Jojozwilaq.zaa zluq)(‘51 211 (Q81): 8 % iy (P §3))ody, 20y, w

1 11
et )06 e s

1
+w€2’72(P’Ez))odq,Zodq1w_J D& +2q,m,(0:81), 85
olo

11
sy (prE))ody 2oy w— UO@@ 2, (081, s+ w1 (9, E2))od 2ol 0

(1l 1
+ JOL‘D(El +2z,(0.81), &5 + wiy (p, E3)>0dq,z0dq2w:| = 1@ &)L &)

x [ > qi’q;’@(fl +q7,(0 81,85 + 45 (0 65)

m=0

B
il

M8
Ma 3

D&+ a7 (081, & + 4 (ps Ez))>

n=0 m=0

3
I

§1tm (081) (Eata(pLa)
D(u, v),dy ugdy v

& &
18
&t (8:) (S, (pts) ( )
D(u, 1/)0dq1 uod%v

& 13

&t (082) (Eata(pLa)
D(u, v),dg ugdy v.

& &

=Y Y BEOE +qim (&) &+ g n(p. &)

n=0 m=0

00 00

+ 0 G PE + a7 (0.8, & + a5y (p. &)

n=0 m=0

oo}

mz‘imzl%‘b G +dim(8).&+aam(p8s))

1

- m 03 P&+ qin,(0:81): & + 43y (p: &3))

DMz iMS

1
W 9195 P&, + g1, (2 §1). & + @y, (p §3))

1

3
ii

g ipv1e itMe sk

1 0

+ Wz Z N PE + a1, (0:61).8 + 43'1,(p &3))- (20)

n:() =0

Note that

mz Z,l 9195 P&, + g1, (0.§,), & + ar' 1, (. €3))

__ (0 p) 1
0,911 (0: )1, (p> &5) ‘11‘72’11(9 (P &) f Zq P+ dim(@5).p)

1
T S e E ) -

1
919,11, (0:§) (P> &5)

00 00

X DN Gy DE + i (0.6, & + @5 (p. &)
n=0 m=0
(21)

‘mz Z 3% P& + 911, (0:81), 85 + 4, (p €3))

m - %
Z P&+ 4,1 (p 55)) D (@ 81)112 (P2 €5)

x Z Z T OE, + i (0.6, & + @y (p: &),

n=0 m=0

g L

‘11’71(9 51) (P &3) 5

(22)



G+ aim (@81): 85+ 43y (. 63))

1
Z 99, @

_%’71(@:51) (P &) 22

! 1
WZ% E+ami@ &) -
33 BB + a0 5). &+ (e E))

n=0 m=0

(23)

9:1,(2 &), (P> &5)
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2
Jllew EI!ESaqlqu
0Jo fla’hzfsa‘hw

__ @(0. p) _ @(0. p)

D& +217,(0:85), &5 +wny(p, §3)) oy Z0d w0

E;‘rvz(afz)q)( od
,V v
09,11 (@ §1)115(p> &5) ‘11‘12’71(9”51)[’72(!’)53)]2'[53 & o
1 [fs“ﬁ(@il ( )d
_ v
ACRACID *

1 J‘Ez*ﬂv(@»fz)l‘fl*’h@fﬂ ( ) d d
+ D(u, v)yd, tyd,, v
Wl @) &) e g o

From (20)-(23) we get (25)
J;j;zw% (&1 +211(@ 81 & + wiy (p &3) ) o g, Zodg,w Multiplying both sides of equality (25) by
__ D(e p) (= a)m(p, &)
(@& E) g9 (&) (e 53)2,;)% @5
Jrqm11 (P E ))7 (1 ql)’]l(Q El an(DE +q n (Q E ) ) qqu[l/ll (Q’El)]z[rh(P’ E3)]2 (26)
B N OR3P F= 1 (& &)1, (84 &3)
(1=40)(1= )0 (@ 8)1: (P 85) §* §* gmep e )L
@ &) (e &) ;J;oqlqz @)
+q;1,(p83)),
(24) leads to
9.9,1 (2. &) <p,£3>] J J 0
Zw e XD(E +zn,(0,&), & +w yEN A zod, w
111(52,{1)772( " ) 515 258 ( 1 ’71( 1) 3 772(P 3))0 q,0%q,
(e 8)m(p. &5) (&) r“’“("’f”
D(o, p) — D(,v),d, v (27)
’71(52’51)’72(54’53) ©7) 1182, €)1, (84 85) 13 @) o2
(p) 63) J‘£1+’71(Q)El) 1 JE3+W2(P’E3)
- D(u, p).d, u+ O(u,v).d_ u,d, v.
R ] MU LA v oy com- ) MR U
Similarly, we have
9.9, &) 1184 p)” J J %
zZw 72 O, +z1,(0, &), &, + 2 yEN)ed, zod w
1 E ), (En &) oo Elaqlzfaaqzw (81 +21,(Q:81) €4 + 215 (p> 4) )0 q,%0%,
Mm@ Enp) o mé) r“”z("’f”q)
- ,P) — QV)ed v
Gt P T E e ), T
1, (54, P) JEIer(Q)EI) 1 Jfﬁ’h(ggl)Jfﬂﬂz(Pfﬁ
+ D(u, p)od. u+ D(u, v)od  uyd_ v,
11082811, (84, €5) ) 4 P)o B (86 §)m (84 &5) & & e me (28)
2

031 (& QL (P, &) [ 4.4,
G e ELE) Uf“’aﬁ 2,0,,W
)

0 CP)

J53+’12(P’53)

X D(&; + 211, (@ &) + Wiy (ps §3))ody Zody, w

D(Q, v)od,, v

182> Q)1 (P, &5 ~ 1,(5,,0)
- 11 (82> &)1 ( 4’53)®(Q’P) 1, (828,845 &5) £
_ 1, (P) 53) &t (pS2) p
111(52,&1):72(54,53>L2 D(u, p)od, u+

1 rﬁm(efz) rsmz(P,Es)(D(
u,
(82,8115 (845 83) & &

V)od, tody, Vs
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J%*'lz(!’@)

0
zZw o x D&, +z1,(0,&,) + wn, (p, 53))0dq1z0dq2w

D(Q, v)od,, v (29)

0901 & Q) I (P &) J J ;
M8 E0ss)  Jolo g0, 2,0,,w
182 Q)1m,(p> &5) B (52, 0)
’71(52’51)’72(64353)®(Q’p) 182> 81)12 (84 85) £
B (p’f ) 52""71(9’52)
Mt )m(%%)]s Pt oty +

1 J‘Ez‘f’h(Qsz)Jfﬁ’?z(P»Es)@(
u,
M 81)m (84 85) £ g

JEN"YZ(P’EO

V)ody todg, Vs

D&, +21,(0: ), &4 + winy (P 84))ody 20dy,w

(@ v)od, v (30)

2

000 (Eep) [, %
11(8281)1,(84§3) Jojozwilaqlzfgazw
__ 11(82 Q)1 (84> P) B (52,0
MG EmEnE) P T G g )y
B ", (54’ p) &t (4,) J
(85 1)’72(54’53)L PPl att

Therefore, Lemma 13 follows from (19), (27), (28), (29),
and (30).

Theorem 14. Let q,,q,€(0,1), & <&, &<&,D: N C
R? — R be mixed partial q,q, differentiable on N° (the
interior of W) such that its mixed partial q,q,-deriva-
tives is continuous and integrable on [,,&, +1,(&,,&))]
X [85,85+1m,(8583)] N for 1,(85,8,),m,(84,85) > 0. If |
(EI,€3aél)q2/518qlzfsaq2w)(b| is an n-polynomial preinvex
function on the coordinates on [§;,&;+n,(&,,&,)] % [£5, &5
+1,(8483)]  and |(E1)53521,%/51aqufjaqzw)qj(Q) p)l<M
for o, pe N, then we have

1 JE2+”1(Q)£2)JE4+HZ(P’E4)
182> 81)12 (84 85) & &

D(u, v)od, uydq,v.

E3t:(pds)

B ACED)
j D(Q, v)odq2v+J
3

1
‘(D(Q’ P) + ’12(54’ 51) |: :, Q(Q’ V)Od‘lzv:|

4

1 &+, (8)) d (52 (@85)
—_— D(u, u+ J
1(8281) .L, (tP)o @ i,

<q,9,M (szfql + 93%) (dqz . gng> {[’71 @&+ (Es Q)}z]

1,8 8))
[’72(P 53)] + 1,80 P)]
1,84 83) ’

D(u, pod,, u:| - Q‘

(31)
where Q is defined in Lemma 13.
Proof. It follows from (19) and the properties of the n

-polynomial preinvexity function of the function |(621’q2/
§,0,,2¢,0,,w)®| on coordinates that

o0, p) 1 rwﬂz(m%) Ped rwvz(;’«%)q) i 1 I\EX'HIL(QYEIJ(D J [Ez”h(%‘fz)q) J Q
 p) + ——— v+ X V| + ——— u+ u, ul -
(@p (&) Je, (@) 9, . (@ p)o 9, mEGE) Je (4 p)y q1 Je, (1 p)y q1
014 [m (. E)F [na(p. )1 J ey
< zw| 222 R P& +2z1,(0, &), & +w , & d z,d w
’71(‘525 ),12({453) Ela staqzw ( 1 7/1( 1) 3 ’72(P 3)) 0%g,%0%q,

L 9%l '5

m(8:€ £,94,2, 02w
4+ 1%l (Ez Q *Iny(
(8¢ (
(Ez Q
(8,8

Zg, 0w

s 4 [,

E

.
&Z;f P f
o
J

J z ‘slvfza%qu
0 0,,w
69,7 %2

453

fo
Sk Tavds D+ 21, (0:61), &y +wiy(p &y)) dqlzod‘izw (32)
2?2
J : SO, + 21, (0,8,), & + why(p ) o, oy, 0
1 4

D&, + 211, (@, §5) &4 + Wity (s €4)) oy, 20y, w-




Considering the first integral
11
[ [z
0Jo
1 1 1 n
SJ w J z —Z[l—(l—z)l’}
0 0 ”p:l
+ 1 i[l il
n

p=1

2
§ids a‘lqu [0))

00, 2.0, (&1 +21,(0:81) &5 +wry (P, €3)) ody, 20dg,w
1 41767 g

2
{lvE3aql'q2 [0))

¢, aqlzesaqzw (Q’ £3 +wr, (P’ 53))

:| Odql Z} 'Od‘hw’

(33)

aZ
18714
L (), :
60, 2,00 (&1 & +wmy(p, &3))

in view of the Definition 6 for k =1, 2, we get

o :li 1z[l—(l—z)l’] d z:;—(l_qk)iiqze(l—qe)"
ak =y 0% gk 1+4q, k k) >

p=1 =R
(34)
From (33) and computing the g, -integral, we get
11 Eg afl .
_oh g g JE), ) d z.d
JOJOZW £.0, 20w (81 +21m,(:81), &5 +wry(p, §3)) ody, Z0dg,w
6%
153 414> (o, ,
. @ Elaqlz{;aqzw (@& +wny(p:&3))
SJ w , o pw-
0 0
RN
112 @
+R,, s aql Z&aqzw (81> &5 +wny(p, &5))
(35)

Computing the g,-integral and utilizing the fact |(; ¢
8él,q2/516qlzaq2w)®(g, p)|<Mforg, pe N, inequality (35)
leads to the conclusion that

11 0>
EIJEEX 142
LLZW 54311 anqu D(&, +21,(Q81)> &3 + winy (P, €5)) [ody, Z0dg,w
< M(ﬂql + %ql> (ﬂqz + %’qz).
(36)

112(54,53) &

D(u, p)od, 1+

Jfl +1,(e81)
& &

J*fz*’h (@8,)

1 &3+, (pE5) &3+, (pE5)
D@ p) + —=—5~ J D(Q p)od,, v+ J
g

D(u, p)od,, u] -@
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Analogously, we also have

o1 pl az
5.8
_58 70 g JED, ) d, z,d
JoJozw E,aqlzfgaqzw (81 +21,(0:81), 84+ wn, (P> E4)) o q,%0%,W
< M<gqu + 93%> (dqz +%qz),
(37)
ok El,faaép’h (DE f E f d d
Jojozwm (82 +211(0.82), &5 + wn, (P, &5)) o 9, %0%,W
<M(dt, + B, ) (o, +,),
(38)
i Elsaaéqu
JoJozw W(D(EZ +211, (0 &3), &4 + wiy(p,§4)) Od‘hzod‘lzw

<M(dt, + B, )y, + B,,).
(39)

Making use of the inequalities (36), (37), (38), and (39)
and the fact that

[m (e 51)]2[’72(% 53)]2 + (e El)]z[’h(&p P)]Z
+ 1 G QL [12(p 85))7 + 11 (820 Q) 12 )
= (1@ &)F + [1(& 0F | [I1a(p &) + Ima(Esr )T
(40)

we get the desired inequality (31).

Theorem 15. Let y,,y,>1 with (1/y,)+ (1ly;,)=1,49;,9,
€(0,1), and ®: N/ <R?— R be mixed partial q,q,
-differentiable on N° such that its mixed partial q,q,
-derivative is continuous and integrable on [&,,&, +n,(&,,

ENI %8285+ 1,(80 5) <A™ for 1, (8,8,),m, (84,85) > 0.
If |(5153821,%/5’aqlzgsaqzw)cbpz is an n-polynomial preinvex
function on the coordinates on [£,&, +n,(&,,&,)] x[£;5,&;
+1, (84 &5)] and |(51,535;1,%/5,aqlzzjaqzw)q’(@) p)| < M for
0, p, €N, then we have

1

®@””Wnga>

3,9,M Y\/ (fgql + 9%) (‘ng + ,ozqz)
<

) Vv 1, I+ 1,

1,(8,€1)

1,(8483)

mwaﬁ+M@&WL{mm§W+M@wW} (a1)
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where @ is defined in Lemma 13.

Proof. It follows from (19), the Holder inequality and the
property of n-polynomial preinvexity of the function
|afh, 0, 1810, z, E)q2w|yz on coordinates that

Q)( ) 1 J‘EJ*U:(P:E})(D( )d
p)t —— Qv v
PG e

Sattly (pts)
+ J D(Q, v)od,, v
54

1
+

& (@8))
11(82:€1) J

D(u, p)od, u

&

& (8))
+ j D(u, p)od, u] - @
13

11 iy
< Y
< (.[ojoz w Odqlzodqlw>

T AUACE NN
1182, €1)1,(845§3)

o1l L 9? Y2 1y
: (IOL %(p(fl +zn(€1). & +wn,(p §3)) odqlzodqzw>
1 497874

. ql‘iz[’h(Qs51)]2[’72(5343)]2
(82§01, (84 83)

Lt e g 92 V2 Uy,
. 1,53 419>
(JUL 571 9, 7,0 w(D(El +217,(:81) &4 + wiy (P, §4)) Odqlzodqzw>

9

L 1%l G P (e &)
1,82 &)1, (845 &5)

,JIJ1MQ)(E+Z(5)§+W(€))
0Joje, 9, s T

2,05, w

N ‘11‘12[’71(52)Q)]z[ﬂz(‘f@f’)]z
11828101284 83)

11 92 Y2 2
61,67,
: (JOJO ﬁ(p(zz +21,(@6,), &4 + wiy(p 84)) odqlzodq2w> :|’
1076 T

for all g, p € N.
From the n-polynomial preinvexity of the function
2 Y2
|(51,E3 a‘h"h/gl a‘hZ% aqzw)(p| » we get

101 aZ Y2
51,53 112
JO L anzﬁ@(fl +21,(0:€1), &5 +wny(p, &3)) Odqledqzw
J 1 4787
1 1 & £ & 9 Y2
< Y [1-(1-2)P] |22 _P(g, &, +wr,(p, &
JO{JO |:l’l};[ ( ) } Ela%ZEJa%w ( ’ 2( 3))

aZ
&89
3 vl p(E, ;
Elaqlzf3aq2w (61 E3+w1’]2(P E3))

1 n
+- ) [1-2

Y2
:|0dqlz}0dqzw‘

(43)

Computing the g,-integral on the right-hand side of (43),

6 aZ Y2
1,53 41y [0)) odqlzodqzw

we have
00,20, (&1 +21,(:81), &5 +wny (P, €5))

[z
SJI [%i[l—(l—z)l’}

Iz
+ %Zn:[l o

2 Y2
EI.Elaql’qZ )

(@& +wny(p&5))
& a‘hzfa aqzw ’

Y2

lod. z.

aZ
fl £3 142
—2 A (& +wiy(p.85)) a

Ela%zfs a‘izw

(44)

In view of the Definition 6 for k =1, 2, we obtain

p=1 p=1e=0
1 1 1 1 q
D, =- J[l—z"]dz-l—f k
9 nPZl 0%g, le 1 _qi+2
(45)
Therefore, we get
- - az Y2
[ [l +on(e ). + wny(p &) od, ady0
0J0]¢,%q,%8;,%,
. e az Y2
< € 1,53 41492 D(o, X
J0|: o Elaqlzfsaqzw (Q Es +w’12(P 53))
az Y2
+ D, |2 (E E s wn,(p,Ey))| Jod, w.
4 Elaqlz%aqzw Po3 2 } M
(46)

Similarly, computing the g,-integral and utilizing the fact
(%3 afh,qz/fl 04,204, w)P(Q, p)| < M for g, p € / on the right-
hand side of (46), one has

i)

<M (6, +2,)(%,+2,).

2
885 a‘h»‘iz

& aql Zfs aqzw

Y2

D&, +211,(:61), &5 +wiy (P, §3)) | ody 2odg,w

(47)
Analogously, we also can get

1

<M"(%,+9,)(%,+9,),

aZ Y2
_5&Tane, ] odq, zodqzw,

& a‘h 253 a‘hw

(&1 +2m,(0:81), &4 +wny(p: 84))

(48)
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[ R AT ST R
<M (%ql + 9q1> (% + 942),
(49)
11 Iy a; . V2
|| O @ B w(p )| od,
<M (%ql + 9q1> (%qz + 9%) .
(50)

Therefore, the desired inequality (41) follows from (47),
(48), (49), and (50) and the fact that

l

where [y, + 1], and [y, + 1] , are the g, - and g,-analogues of

1

v ———
& [yl + 1]q1 [YI + l]qz

.6

1
iV
Joz whod, zod

y, + 1 and y, + 1, respectively.

Theorem 16. Let q;,q,€ (0,1),y>1and®: ¥/ CR*— R
be mixed partial q,q,-differentiable over /° such that its partial
4,4, -derivative is continuous and integrable on [§, &, +1,(&,,
forall o, p€eN.

1

1,(84€3)

1
+

1(8,€1)

&ty (pE)
D0, p) + J

D(o, p)odqzv +
g

4

stmz(mfs)
&
D(u, p)od, u+

J‘fl“ﬁ (e€1) sz*"h(Q”Ez)
& &

<

D, v)

D(u,
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ENI X [85 85+ my(E &5)] € A" forn (§2.8,),1m,(84 §5) > 0. If
|(5L5362Pq2/51 0,,2¢,04,w)®| is an n-polynomial preinvex func-
tion on the coordinates on [£, &, +1,(8,,&,)] x [£5, &5 +1,(&E,

&) and | (51153821)%/51 04,2¢,04,w) P (0 p)| <M for g, p €N,
then we have the inequality

1

J‘Ei*"lz(F‘“fj) ( ) d Es+11,(pds)
D(o, v v+ J
1,(8585) & ot &

1 Jiﬁm(oaf;) (1, p)od o+, (@42)
+ D(u, p u+ J
m(Ex80) [Je, B 13

qlsz{/ (et + B, ) (e, + 3,)
T et

« 1,2 &) + 1,62 0| [n2(p: 6)) + [, (80 p))
1(8281) (84 83) ’

‘d’(a, p)+ (e V)odqz"}

D(u, p)od, u} - @‘

(52)

where Q is defined in Lemma 13.
Proof. It follows from (19), the power mean inequality and

the property of n-polynomial preinvexity of the function
le, e, 821’%@/5] 0,,2¢,04, w| on coordinates that
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—
—
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—
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Odqlzodqzw>
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0dqlzodqzw> ,
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By similar argument as in Theorem 14, we can prove that

L 3 ¥
£18:79,.9,
J J 2w ﬁﬂﬁ +21,(Q81), &5 + Wiy (. §3))| ody Zody,w
0J0 §%a,78 %,
sMy<sziq1 +%ql) (ﬂqz +%q2),
(54)
o1l iy afi . Y
[ [ 2w s a8, By w0 | o 2oy
0J0 §%a,78 %,
SMV<sziq1 +%ql) (sziqz +%q2),
(55)
11 Iy a; . Y
J J zw ﬁq}(fz +211,(:62)s & + Wiy (p: &5)) | 0dg Zodg,w
0Jo §%q,°8 g,
<M (ﬂ‘h + Q%) (MQZ + gng)’
(56)
11 b 2* v
[ [zl 5o g, v, (0.8 £+ w0 ody 0
0Jo & %0,°6 %,
<MY (dql +L%>ql) (qu +93q2).
(57)

Now by making use of the inequalities (54), (55), (56),
and (57) and the fact that

11
1
zwyd, zgd, W= —— | 58
JJ etz = sy 69

we get the desired inequality (52).

3. Conclusion

In the article, we have introduced a new class of preinvex
functions which is named n-polynomial preinvex functions
and discovered a new quantum integral identity involving
second-order mixed partial differentiable function. By using
the obtained quantum integral identity as an auxiliary result,
we have established several g, q,-Ostrowski-type inequalities
for the class of n-polynomial preinvex functions on coordi-
nates, which have improved and unified many previously
known results. Our given ideas and approaches may lead to
a lot of follow-up research for the interested readers.
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