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Abstract: In this article, we investigate sufficient conditions for the existence, uniqueness and Ulam-
Hyers (UH) stability of solutions to a new system of nonlinear ABR fractional derivative of order
1 < % ≤ 2 subjected to multi-point sub-strip boundary conditions. We discuss the existence and
uniqueness of solutions with the assistance of Leray-Schauder alternative theorem and Banach’s
contraction principle. In addition, by using some mathematical techniques, we examine the stability
results of Ulam-Hyers (UH). Finally, we provide one example in order to show the validity of
our results.
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1. Introduction

For the last three decades, fractional calculus has caught importance and popularity among
researchers due to its applicability in modeling many phenomena of the real-world such as propagation
in complex mediums, polymers, biological tissues, earth sediments, etc. For more details about
applications of fractional calculus, we refer the reader to monographs of Podlubny [1], Samko [2],
Kilbas [3], Hilfer [4], and references therein. One of the features of fractional calculus is the fact there
are many types of derivatives and thus the researchers can use the most suitable fractional derivative
for the model they work on. Some of these researchers realized the need for fractional operators with
non-singular kernels in modeling some phenomena. Caputo and Fabrizio in [5] studied a new kind of
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fractional derivative with an exponential kernel. A new type and interesting fractional derivative with
Mittag-Leffler kernels were developed by Atangana and Baleanu in [6]. Abdeljawad in [7] extended
this fractional derivative from order between zero and one to higher arbitrary order and formulated their
associated integral operators. Atangana [8, 9] introduced some new types of fractional derivatives in
the form of power-law and generalized Mittag-Leffler. Many researchers have realized the importance
of these new fractional derivatives and applied them to study some properties of solutions for some
problems in different fields of science and engineering (see [10–14]). The famous kinds of stability
of fractional differential equations are Ulam, Ulam-Hyers, and Ulam-Hyers-Rassias stability. For
more details on kinds of stability, we refer the reader to monographs of Ulam [15], Hyers [16] and
Rassias [17].

Coupled systems of fractional differential equations appear in modeling many phenomena of
real-world problems. Ahmad et al. [18, 19] studied existence results for a coupled system of
Caputo type sequential fractional differential equations with nonlocal integral boundary conditions.
Recently, Almalahi et al. [20] studied the existence, uniqueness, and Ulam-Hyers stability results
for a coupled system of generalized Hilfer sequential fractional differential equations with two-
point boundary conditions by means of Leray-Schauder alternative and Banach fixed point theorem.
Almalahi et al. [21] studied stability results of positive solutions for a system of generalized Hilfer
fractional differential equations building upper and lower control functions and using some techniques
of nonlinear functional analysis. Utilizing the Banach and Krasnoselskii fixed point theorems. Alsaedi
et al. [22] studied the existence and uniqueness results for a nonlinear Caputo-Riemann-Liouville type
fractional integro-differential boundary value problem with multi-point sub-strip boundary conditions
in the form 

CD%ϑ(σ) +
∑k

i=1 I pigi(σ, ϑ(σ)) = f (σ, ϑ(σ)),
ϑ(0) = 0, ϑ′(0) = 0, ϑ′′(0) = 0, ....., ϑ(m−2)(0) = 0,
αϑ(1) + βϑ′(1) = $1

∫ τ

0
ϑ(s)ds +

∑p
i=1 µiϑ(ηi) +$2

∫ 1

τ
ϑ(s)ds,

where CD% represents the Caputo fractional derivative operator of order % ∈ (m − 1,m] ,m ∈ N,m ≥
2, pi > 0, 0 < τ, η1, η2, ..., ηp < 1, α, β,$1, $2 ∈ R, µi ∈ R, i = 1, 2, ...p and f , gi : [0, 1] × R → R, i =

1, 2, ...k are continuous functions.
In [23], Alsaedi et al. discussed the existence and uniqueness of solutions for the following coupled

system {
CD%1ϑ1(σ) +

∑k
i=1 I pigi(σ, ϑ1(σ), ϑ2(σ)) = f1(σ, ϑ1(σ), ϑ2(σ)),

CD%2ϑ1(σ) +
∑l

j=1 Iv jg j(σ, ϑ1(σ), ϑ2(σ)) = f1(σ, ϑ1(σ), ϑ2(σ)),

subjected to the conditions
ϑ1(0) = a1, ϑ2(0) = a2,

α1ϑ1(1) + β1ϑ
′
1(1) = $1

∫ τ

0
ϑ2(s)ds +

∑m
i=1 µiϑ2(ηi),

α2ϑ2(1) + β2ϑ
′
2(1) = $2

∫ τ

0
ϑ1(s)ds +

∑m
i=1 ξiϑ1(ηi),

where CD%1 ,C D%2 represents the Caputo fractional derivative of order %1, %2 ∈ (1, 2] .
Motivated by the novel advancements of Atangana-Baleanu and its applications and the above

argumentations, the intent of this work is to investigate the existence, uniqueness, and stability results
of a new coupled system under a new fractional derivative so-called ABR fractional derivative of order
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1 < %1, %2 ≤ 2 with multi-point sub-strip boundary conditions described by


ABR
0+ D%1ϑ1(σ) = f1(σ, ϑ1(σ), ϑ2(σ)), σ ∈ [0, 1] ,
ABR
0+ D%2ϑ2(σ) = f2(σ, ϑ1(σ), ϑ2(σ)) σ ∈ [0, 1] ,
α1ϑ1(1) = $1

∫ τ

0
ϑ2(s)ds +

∑m
i=1 µiϑ2(ηi),

α2ϑ2(1) = $2

∫ τ

0
ϑ1(s)ds +

∑m
i=1 ξiϑ1(ηi),

(1.1)

where
• ABRDp

a+ represents the Atangana-Baleanu-Riemann fractional derivative of order p = {%1, %2} ⊂

(1, 2].
• α1, α2, $1, $2, µi, ξi ∈ R, and ηi, τ ∈ (0, 1), i = 1, 2, , ...,m.
• f j : [0, 1] × R2 −→ R are continuous function, j = 1, 2.
In this work, we consider a new type of coupled system involving new fractional operators which

extended lately to higher-order by Abdeljawad [7]. We considered the system (1.1) with multipoint sub
strip conditions, which means our results yield some new results related to choosing the parameters,
if $1 = $2 = 0, then the system (1.1) reduce to the system with coupled multi-point boundary
conditions and if µi = ξi = 0, then the system (1.1) reduce to the system with coupled sub-strip
boundary conditions.

We investigated the existence and uniqueness of the solution as well as Ulam-Hyers and generalized
Ulam-Hyers stability of the proposed coupled system by using minimal conditions.

The main contribution of this work is to find an equivalent fractional integral equation for the
suggested system and to prove its existence, uniqueness, and Ulam-Hyers (UH) stability results for a
new system under a new fractional derivative. The fixed point theorems of Banach and Leray-Schauder
are used in our analysis. Despite the fact that we employ common methods to get our conclusions, the
application of it to the suggested system is novel. Furthermore, the results acquired in this study may
be extended to an n-tuple fractional system. Our results obtained include the results of Alsaedi et al.
in [22,23]. With regard to the boundary condition at the terminal position σ = 1 used in this work, the
linear combination of the unknown function and its derivative is associated with the contribution due
to sub-strip (0, τ) and finitely many nonlocal positions between them within the domain [0.1]. This
boundary condition covers many interesting situations, for example, it corresponds to the two-strip
aperture condition for all µi = ξi = 0, i = 1, 2, ....,m. By choosing $1 = $2 = 0, this condition reduces
to a multi-point nonlocal boundary condition. It’s worth noting that integral boundary conditions play
a critical role in the research of practical problems like blood flow problems [24] and bacterial self-
regularization [25], among others. For more applications about strip conditions in engineering and
real-world problems (see [26,27]). To the best of our knowledge, this is the first work dealing with the
ABR fractional derivative of order %1, %2 ∈ (1, 2] with multi-point sub-strip boundary conditions. In
consequence, the results of this work will be a useful contribution to the existing literature on this topic.

The paper is organized as follows: In Section 2, we present notations and some preliminary
facts used throughout the paper. Section 3 discusses the existence and uniqueness results for ABR-
System (1.1). The stability analysis in the frame of Ulam-Hyers has been discussed in Section 4.
Section 5 provides an example to illustrate the validity of our results. Concluding remarks about our
results in the last Section.
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2. Preliminaries

To achieve our main objectives, we present here some definitions and basic auxiliary results that
are required throughout the paper. Let J = [0, 1] ⊂ R and X = C (J ,R) be the space of continuous
functions ϑ : J → R equipped with the norm ‖ϑ‖ = supσ∈J |ϑ (σ)|. Evidently, (X, ‖·‖ ) is a Banach
space and hence the product space H := X × X is also a Banach space with the following norm
‖(ϑ1, ϑ2)‖ = ‖ϑ1‖ + ‖ϑ2‖.

Definition 2.1. [6] Let 0 < % ≤ 1 and ϑ ∈ H1 (J) . Then the left-sided ABR fractional derivative of
order % for a function ϑ with the lower limit zero is defined by

ABRD%
0+ϑ(σ) =

B(%)
1 − %

d
dσ

∫ σ

0
E%

(
%

% − 1
(σ − θ)%

)
ϑ′(θ)dθ, σ > a,

where B(%) =
%

2−% > 0 is the normalization function such that B(0) = B(1) = 1 and E% is the Mittag-
Leffler function defined by

E%(ϑ) =

∞∑
i=0

ϑi

Γ(i% + 1)
, Re(%) > 0, ϑ ∈ C.

The associated Atangana-Baleanu (AB) fractional integral is given by

ABI%0+ϑ(σ) =
1 − %
B(%)

ϑ(σ) +
%

B(%)Γ(%)

∫ σ

0
(σ − s)%−1ϑ(s)ds.

Definition 2.2. [7] The relation between the ABR and ABC fractional differential equations is given
by

ABCD%
a+ϑ(σ) = ABRD%

a+ϑ(σ) +
B(%)
1 − %

ϑ(a)E%

(
%

% − 1
(σ − a)%

)
.

Lemma 2.3. [6] Let ϑ > 0. Then ABI%0+ is bounded from X into X.

Definition 2.4. ( [7] Definition 3.1) Let n < % ≤ n + 1 and ϑ(n) ∈ H1 (0, 1) . Let β = % − n. Then,
0 < β ≤ 1 and the left-sided ABR fractional derivative of order % for a function ϑ with the lower limit
zero is defined by (

ABRD%
0+ϑ

)
(σ) =

(
ABRDβ

0+ϑ
(n)

)
(σ).

The correspondent fractional integral is given by(
ABI%0+ϑ

)
(σ) =

(
InAB
0+ Iβ0+ϑ

)
(σ) .

Lemma 2.5. ( [7] Proposition 3.1) Let ϑ(σ) be a function defined on [0, b] and n < % ≤ n + 1. Then,
for some n ∈ N0, we have

•
(

ABRD%AB
0+ I%0+ϑ

)
(σ) = ϑ(σ), .

•
(

ABI%ABR
0+ D%

0+ϑ
)

(σ) = ϑ(σ) −
n−1∑
i=0

ϑ(i)(0)
i!

σi.

•
(

ABI%ABC
0+ D%

0+ϑ
)

(σ) = ϑ(σ) −
n∑

i=0

ϑ(i)(0)
i!

σi.
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Lemma 2.6. ( [7] Theorem 4.2) Let % ∈ (1, 2] and ~i ∈ X, i = 1, 2. Then the solution of the following
problem

ABRD%
0+ϑ(σ) = ~(σ),
ϑ(a) = c,

is given by

ϑ(σ) = c +
2 − %

B(% − 1)

∫ σ

0
~(s)ds +

% − 1
B(% − 1)Γ(%)

∫ σ

0
(σ − s)%−1 ~(s)ds.

Theorem 2.7. [28] Let K be closed subset from a Banach space X, and G : K → K , be a strict
contraction i.e., ‖G(x) − G(y)‖ ≤ L ‖x − y‖ for some 0 < L < 1 and all x, y ∈ K . Then G has a fixed
point in K .

Lemma 2.8. [29] Let G : X → X be an operator satisfies
• The operator G is completely continuous,
• The set ξ(G) = {ϑ ∈ X : ϑ = δG(ϑ), δ ∈ [0, 1]} is bounded.
Then, G has at least one fixed point.

Theorem 2.9. Let %1, %2 ∈ (1, 2] ,Θ = α1α2 −
(
$1τ +

∑m
i=1 µiηi

) (
$2τ +

∑m
i=1 ξiηi

)
,

0, α1, α2, $1, $2, µi, ξi ∈ R, and ηi, τ ∈ (0, 1), i = 1, 2, , ...,m and ~1, ~2 ∈ X. The unique solution
(ϑ1, ϑ2) ∈ H of the following problem

ABRD%1
0+ϑ1(σ) = ~1(σ), σ ∈ [0, 1] ,

ABRD%2
0+ϑ2(σ) = ~2(σ) σ ∈ [0, 1] ,

α1ϑ1(1) −$1

∫ τ

0
ϑ2(s)ds =

∑m
i=1 µiϑ2(ηi),

α2ϑ2(1) −$2

∫ τ

0
ϑ1(s)ds =

∑m
i=1 ξiϑ1(ηi),

(2.1)

is given by

ϑ1(σ) =



1
Θ

[
α2$1(2−%2)

B(%2−1)

∫ τ

0

∫ s

0
~2(u)duds +

α2$1(%2−1)
B(%2−1)Γ(%2)

∫ τ

0

∫ s

0
(s − u)%2−1 ~2(u)duds

+
∑m

i=1 µi

(
α2(2−%2)
B(%2−1)

∫ ηi

0
~2(s)ds +

α2(%2−1)
B(%2−1)Γ(%2)

∫ ηi

0
(ηi − s)%2−1 ~2(s)ds

)
−
α2α1(2−%1)

B(%1−1)

∫ 1

0
~1(s)ds − α2α1(%1−1)

B(%1−1)Γ(%1)

∫ 1

0
(1 − s)%1−1 ~1(s)ds

+π1

∫ τ

0

∫ s

0
~1(u)duds + π2

Γ(%1)

∫ τ

0

∫ s

0
(s − u)%1−1 ~1(u)duds

+
∑m

i=1 ξi

(
π3

∫ ηi

0
~1(s)ds + π4

Γ(%1)

∫ ηi

0
(ηi − s)%1−1 ~1(s)ds

)
−π5

∫ 1

0
~2(s)ds − π6

Γ(%2)

∫ 1

0
(1 − s)%2−1 ~2(s)ds

]
+

2−%1
B(%1−1)

∫ σ

0
~1(s)ds +

%1−1
B(%1−1)Γ(%1)

∫ σ

0
(σ − s)%1−1 ~1(s)ds

(2.2)

and

ϑ2(σ) =



1
Θ

[
α1$2(2−%1)

B(%1−1)

∫ τ

0

∫ s

0
~1(u)duds +

α1$2(%1−1)
B(%1−1)Γ(%1)

∫ τ

0

∫ s

0
(s − u)%1−1 ~1(u)duds

+
∑m

i=1 ξi

(
α1(2−%1)
B(%1−1)

∫ ηi

0
~1(s)ds +

α1(%1−1)
B(%1−1)Γ(%1)

∫ ηi

0
(ηi − s)%1−1 ~1(s)ds

)
−
α2α1(2−%2)

B(%2−1)

∫ 1

0
~2(s)ds − α2α1(%2−1)

B(%2−1)Γ(%2)

∫ 1

0
(1 − s)%2−1 ~2(s)ds

+ψ1

∫ τ

0

∫ s

0
~2(u)duds +

ψ2
Γ(%2)

∫ τ

0

∫ s

0
(s − u)%2−1 ~2(u)duds

+
∑m

i=1 µi

(
ψ3

∫ ηi

0
~2(s)ds +

ψ4
Γ(%2)

∫ ηi

0
(ηi − s)%2−1 ~2(s)ds

)
−ψ5

∫ 1

0
~1(s)ds − ψ6

Γ(%1)

∫ 1

0
(1 − s)%1−1 ~1(s)ds

]
+

2−%2
B(%2−1)

∫ σ

0
~2(s)ds +

%2−1
B(%2−1)Γ(%2)

∫ σ

0
(σ − s)%2−1 ~2(s)ds,

(2.3)
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where 
π1 =

($1τ+
∑m

i=1 µiηi)$2(2−%1)
B(%1−1) , π2 =

($1τ+
∑m

i=1 µiηi)$2(%1−1)
B(%1−1) ,

π3 =
($1τ+

∑m
i=1 µiηi)(2−%1)

B(%1−1) , π4 =
($1τ+

∑m
i=1 µiηi)(%1−1)

B(%1−1) ,

π5 =
α2($1τ+

∑m
i=1 µiηi)(2−%2)

B(%2−1) , π6 =
α2($1τ+

∑m
i=1 µiηi)(%2−1)

B(%2−1)

and 
ψ1 =

$1($2τ+
∑m

i=1 ξiηi)(2−%2)
B(%2−1) , ψ2 =

$1($2τ+
∑m

i=1 ξiηi)(%2−1)
B(%2−1) ,

ψ3 =
($2τ+

∑m
i=1 ξiηi)(2−%2)

B(%2−1) , ψ4 =
($2τ+

∑m
i=1 ξiηi)(%2−1)

B(%2−1) ,

ψ5 =
α1($2τ+

∑m
i=1 ξiηi)(2−%1)

B(%1−1) , ψ6 =
α1($2τ+

∑m
i=1 ξiηi)(%1−1)

B(%1−1) .

Proof. Assume that (ϑ1, ϑ2) ∈ H is a solution of the following equations{
ABRD%1

0+ϑ1(σ) = ~1(σ), σ ∈ [0, 1] ,
ABRD%2

0+ϑ2(σ) = ~2(σ) σ ∈ [0, 1] .

Then, by Lemma 2.6, we get

ϑ1(σ) = c1 +
2 − %1

B(%1 − 1)

∫ σ

0
~1(s)ds +

%1 − 1
B(%1 − 1)Γ(%1)

∫ σ

0
(σ − s)%1−1 ~1(s)ds, (2.4)

ϑ2(σ) = c2 +
2 − %2

B(%2 − 1)

∫ σ

0
~2(s)ds +

%2 − 1
B(%2 − 1)Γ(%2)

∫ σ

0
(σ − s)%2−1 ~2(s)ds, (2.5)

where, c1, c2 are arbitrary constants. Applying the conditions (α1ϑ1(1)−$1

∫ τ

0
ϑ2(s)ds =

∑m
i=1 µiϑ2(ηi)

and α2ϑ2(1) −$2

∫ τ

0
ϑ1(s)ds =

∑m
i=1 ξiϑ1(ηi)), we obtain

α1

(
c1 +

2 − %1

B(%1 − 1)

∫ 1

0
~1(s)ds +

%1 − 1
B(%1 − 1)Γ(%1)

∫ 1

0
(1 − s)%1−1 ~1(s)ds

)
−$1

∫ τ

0

(
c2 +

2 − %2

B(%2 − 1)

∫ s

0
~2(u)du +

%2 − 1
B(%2 − 1)Γ(%2)

∫ s

0
(s − u)%2−1 ~2(u)du

)
ds

=

m∑
i=1

µi

(
c2 +

2 − %2

B(%2 − 1)

∫ ηi

0
~2(s)ds +

%2 − 1
B(%2 − 1)Γ(%2)

∫ ηi

0
(ηi − s)%2−1 ~2(s)ds

)
(2.6)

and

α2

(
c2 +

2 − %2

B(%2 − 1)

∫ 1

0
~2(s)ds +

%2 − 1
B(%2 − 1)Γ(%2)

∫ 1

0
(1 − s)%2−1 ~2(s)ds

)
−$2

∫ τ

0

(
c1 +

2 − %1

B(%1 − 1)

∫ s

0
~1(u)du +

%1 − 1
B(%1 − 1)Γ(%1)

∫ s

0
(s − u)%1−1 ~1(u)du

)
ds

=

m∑
i=1

ξi

(
c1 +

2 − %1

B(%1 − 1)

∫ ηi

0
~1(s)ds +

%1 − 1
B(%1 − 1)Γ(%1)

∫ ηi

0
(ηi − s)%1−1 ~1(s)ds

)
. (2.7)

Equations (2.6) and (2.7) can be written as the following system{
α1c1 −Z1c2 = P1,

−Z2c1 + α2c2 = P2,
(2.8)
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where

Z1 =

$1τ +

m∑
i=1

µi

 , Z2 =

$2τ +

m∑
i=1

ξi

 ,

P1 =


$1(2−%2)
B(%2−1)

∫ τ

0

∫ s

0
~2(u)duds +

$1(%2−1)
B(%2−1)Γ(%2)

∫ τ

0

∫ s

0
(s − u)%2−1 ~2(u)duds

+
∑m

i=1 µi

(
2−%2

B(%2−1)

∫ ηi

0
~2(s)ds +

%2−1
B(%2−1)Γ(%2)

∫ ηi

0
(ηi − s)%2−1 ~2(s)ds

)
−
α1(2−%1)
B(%1−1)

∫ 1

0
~1(s)ds − α1(%1−1)

B(%1−1)Γ(%1)

∫ 1

0
(1 − s)%1−1 ~1(s)ds

and

P2 =


$2(2−%1)
B(%1−1)

∫ τ

0

∫ s

0
~1(u)duds +

$2(%1−1)
B(%1−1)Γ(%1)

∫ τ

0

∫ s

0
(s − u)%1−1 ~1(u)duds

+
∑m

i=1 ξi

(
2−%1

B(%1−1)

∫ ηi

0
~1(s)ds +

%1−1
B(%1−1)Γ(%1)

∫ ηi

0
(ηi − s)%1−1 ~1(s)ds

)
−
α2(2−%2)
B(%2−1)

∫ 1

0
~2(s)ds − α2(%2−1)

B(%2−1)Γ(%2)

∫ 1

0
(1 − s)%2−1 ~2(s)ds.

Solving system (2.8) for c1 and c2, we obtain

c1 =
α2P1 +Z1P2

α1α2 −Z1Z2
and c2 =

Z2P1 + α1P2

α1α2 −Z1Z2
.

Substituting the values of c1 and c2 in (2.4) and (2.5) respectively, we get (2.2) and 2.3. Conversely,
apply the operators ABRD%1

0+ ,
ABR D%2

0+ on (2.2) and (2.3) respectively and making use the Lemma 2.5 and
note that ABRD%i

0+c =ABR Dβi
0+

d
dσc = 0, (βi = %i−n), i = 1, 2,we obtain (2.1). Hence, (ϑ1, ϑ2) satisfies (2.1)

if and only if it satisfies (2.2) and (2.3). The proof is completed. �

3. Existence and uniqueness of solutions for ABR-System (1.1)

In view of Lemma 2.9, we define an operator Υ : H → H by

Υ(ϑ1, ϑ2) = (Υ1(ϑ1, ϑ2),Υ2(ϑ1, ϑ2)) , (3.1)

where

Υ1(ϑ1, ϑ2) =



1
Θ

[
α2$1(2−%2)

B(%2−1)

∫ τ

0

∫ s

0
F2,ϑ(u)duds +

α2$1(%2−1)
B(%2−1)Γ(%2)

∫ τ

0

∫ s

0
(s − u)%2−1 F2,ϑ(u)duds

+
∑m

i=1 µi

(
α2(2−%2)
B(%2−1)

∫ ηi

0
F2,ϑ(s)ds +

α2(%2−1)
B(%2−1)Γ(%2)

∫ ηi

0
(ηi − s)%2−1 F2,ϑ(s)ds

)
−
α2α1(2−%1)

B(%1−1)

∫ 1

0
F1,ϑ(s)ds − α2α1(%1−1)

B(%1−1)Γ(%1)

∫ 1

0
(1 − s)%1−1 F1,ϑ(s)ds

+π1

∫ τ

0

∫ s

0
F1,ϑ(u)duds + π2

Γ(%1)

∫ τ

0

∫ s

0
(s − u)%1−1 F1,ϑ(u)duds

+
∑m

i=1 ξi

(
π3

∫ ηi

0
F1,ϑ(s)ds + π4

Γ(%1)

∫ ηi

0
(ηi − s)%1−1 F1,ϑ(s)ds

)
−π5

∫ 1

0
F2,ϑ(s)ds − π6

Γ(%2)

∫ 1

0
(1 − s)%2−1 F2,ϑ(s)ds

]
+

2−%1
B(%1−1)

∫ σ

0
F1,ϑ(s)ds +

%1−1
B(%1−1)Γ(%1)

∫ σ

0
(σ − s)%1−1 F1,ϑ(s)ds
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and

Υ2(ϑ1, ϑ2) =



1
Θ

[
α1$2(2−%1)

B(%1−1)

∫ τ

0

∫ s

0
F1,ϑ(u)duds +

α1$2(%1−1)
B(%1−1)Γ(%1)

∫ τ

0

∫ s

0
(s − u)%1−1 F1,ϑ(u)duds

+
∑m

i=1 ξi

(
α1(2−%1)
B(%1−1)

∫ ηi

0
F1,ϑ(s)ds +

α1(%1−1)
B(%1−1)Γ(%1)

∫ ηi

0
(ηi − s)%1−1 F1,ϑ(s)ds

)
−
α2α1(2−%2)

B(%2−1)

∫ 1

0
F2,ϑ(s)ds − α2α1(%2−1)

B(%2−1)Γ(%2)

∫ 1

0
(1 − s)%2−1 F2,ϑ(s)ds

+ψ1

∫ τ

0

∫ s

0
F2,ϑ(u)duds +

ψ2
Γ(%2)

∫ τ

0

∫ s

0
(s − u)%2−1 F2,ϑ(u)duds

+
∑m

i=1 µi

(
ψ3

∫ ηi

0
F2,ϑ(s)ds +

ψ4
Γ(%2)

∫ ηi

0
(ηi − s)%2−1 F2,ϑ(s)ds

)
−ψ5

∫ 1

0
F1,ϑ(s)ds − ψ6

Γ(%1)

∫ 1

0
(1 − s)%1−1 F1,ϑ(s)ds

]
+

2−%2
B(%2−1)

∫ σ

0
F2,ϑ(s)ds +

%2−1
B(%2−1)Γ(%2)

∫ σ

0
(σ − s)%2−1 F2,ϑ(s)ds,

such that, Fi,ϑ(s) = fi(s, ϑ1(s), ϑ2(s)), i = 1, 2. In the sequel, to simplify our analysis, we take the
following notations

Qπ =
α2$1 (2 − %2)
2ΘB(%2 − 1)

+
α2$1 (%2 − 1)

ΘB(%2 − 1)Γ(%2 + 2)
+
α2 (2 − %2)

∑m
i=1 µiηi

ΘB(%2 − 1)

+
α2 (%2 − 1)

∑m
i=1 µiηi

ΘB(%2 − 1)Γ(%2 + 2)
+
π5

Θ
+

π6

ΘΓ(%2 + 1)
,

Qψ =
α1$2 (2 − %1)
2ΘB(%1 − 1)

+
α1$2 (%1 − 1)

ΘB(%1 − 1)Γ(%1 + 2)
+
α1 (2 − %1)

∑m
i=1 µiηi

ΘB(%1 − 1)

+
α1 (%1 − 1)

∑m
i=1 µiηi

ΘB(%1 − 1)Γ(%1 + 2)
+
ψ5

Θ
+

ψ6

ΘΓ(%1 + 1)
,

Mπ =
π1

2Θ
+

π2

ΘΓ(%1 + 2)
+
α2α1 (2 − %1)
ΘB(%1 − 1)

+
α2α1 (%1 − 1)

ΘB(%1 − 1)Γ(%1 + 1)

+
π3

∑m
i=1 ξiηi

Θ
+
π4

∑m
i=1 ξiηi

ΘΓ(%1 + 2)
+

(2 − %1)
B(%1 − 1)

+
(%1 − 1)

B(%1 − 1)Γ(%1 + 1)

and

Mψ =
ψ1

2Θ
+

ψ2

ΘΓ(%2 + 2)
+
α2α1 (2 − %2)
ΘB(%2 − 1)

+
α2α1 (%2 − 1)

ΘB(%2 − 1)Γ(%2 + 1)

+
ψ3

∑m
i=1 ξiηi

Θ
+
ψ4

∑m
i=1 ξiηi

ΘΓ(%1 + 2)
+

(2 − %2)
B(%2 − 1)

+
(%2 − 1)

B(%2 − 1)Γ(%2 + 1)
.

In the forthcoming theorems, we will prove the existence and uniqueness of solutions for the ABR-
System (1.1) utilizing Leray-Schauder alternative and Banach contraction mapping principle.

Theorem 3.1. Let f1, f2 : [0, 1]×R×R→ R be are continuous functions. In addition, we assume that:
(H1) : | fi(σ, ϑ, v)| ≤ εi + θi |ϑ| + λi |v| , εi, θi, λi > 0, i = 1, 2.
Then, the ABR-System (1.1) has at least one solution, provided that Λ1 < 1, where

Λ1 = 2 max {(θ1 + θ2) , (λ1 + λ2)} .
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Proof. Notice that the ABR-System (1.1) has at least one solution (ϑ1, ϑ2) if the operator Υ defined
by (3.1) has a fixed point. For that, we shall divide the proof into the next steps:

Step 1: Υ is continuous. Since the functions f1 and f2 are continuous, we conclude that the operator
Υ is continuous too.

Step 2: Υ is compact.
Define a closed ball BR = {(ϑ1, ϑ2) ∈ H : ‖(ϑ1, ϑ2)‖ ≤ R} with

R ≥
Λ2

1 − Λ1
where Λ2 := ε2

(
Qπ + Qψ

)
+ ε1

(
Mπ + Mψ

)
. (3.2)

First, we show that Υ is uniformly bounded on BR. For each (ϑ1, ϑ2) ∈ BR, we have

‖Υ1(ϑ1, ϑ2)‖

≤
1
Θ

[
α2$1 (2 − %2)

B(%2 − 1)

∫ τ

0

∫ s

0

∣∣∣F2,ϑ(u)
∣∣∣ duds +

α2$1 (%2 − 1)
B(%2 − 1)Γ(%2)

∫ τ

0

∫ s

0
(s − u)%2−1

∣∣∣F2,ϑ(u)
∣∣∣ duds

+

m∑
i=1

µi

(
α2 (2 − %2)
B(%2 − 1)

∫ ηi

0

∣∣∣F2,ϑ(s)
∣∣∣ ds +

α2 (%2 − 1)
B(%2 − 1)Γ(%2)

∫ ηi

0
(ηi − s)%2−1

∣∣∣F2,ϑ(s)
∣∣∣ ds

)
+
α2α1 (2 − %1)

B(%1 − 1)

∫ 1

0

∣∣∣F1,ϑ(s)
∣∣∣ ds +

α2α1 (%1 − 1)
B(%1 − 1)Γ(%1)

∫ 1

0
(1 − s)%1−1

∣∣∣F1,ϑ(s)
∣∣∣ ds

+π1

∫ τ

0

∫ s

0

∣∣∣F1,ϑ(u)
∣∣∣ duds +

π2

Γ(%1)

∫ τ

0

∫ s

0
(s − u)%1−1

∣∣∣F1,ϑ(u)
∣∣∣ duds

+

m∑
i=1

ξi

(
π3

∫ ηi

0

∣∣∣F1,ϑ(s)
∣∣∣ ds +

π4

Γ(%1)

∫ ηi

0
(ηi − s)%1−1

∣∣∣F1,ϑ(s)
∣∣∣ ds

)
+π5

∫ 1

0

∣∣∣F2,ϑ(s)
∣∣∣ ds +

π6

Γ(%2)

∫ 1

0
(1 − s)%2−1

∣∣∣F2,ϑ(s)
∣∣∣ ds

]
+

2 − %1

B(%1 − 1)

∫ σ

0

∣∣∣F1,ϑ(s)
∣∣∣ ds +

%1 − 1
B(%1 − 1)Γ(%1)

∫ σ

0
(σ − s)%1−1

∣∣∣F1,ϑ(s)
∣∣∣ ds

≤ (ε2 + θ2 ‖ϑ1‖ + λ2 ‖ϑ2‖)(
α2$1 (2 − %2) τ2

2ΘB(%2 − 1)
+

α2$1 (%2 − 1) τ%2+1

ΘB(%2 − 1)Γ(%2 + 2)
+
α2 (2 − %2)

∑m
i=1 µiηi

ΘB(%2 − 1)

+
α2 (%2 − 1)

∑m
i=1 µiηi

ΘB(%2 − 1)Γ(%2 + 2)
+
π5

Θ
+

π6

ΘΓ(%2 + 1)

)
+ (ε1 + θ1 ‖ϑ1‖ + λ1 ‖ϑ2‖)(
π1τ

2

2Θ
+

π2τ
%1+1

ΘΓ(%1 + 2)
+
α2α1 (2 − %1)
ΘB(%1 − 1)

+
α2α1 (%1 − 1)

ΘB(%1 − 1)Γ(%1 + 1)

+
π3

∑m
i=1 ξiηi

Θ
+
π4

∑m
i=1 ξiηi

ΘΓ(%1 + 2)
+

(2 − %1)σ
B(%1 − 1)

+
(%1 − 1)σ%1

B(%1 − 1)Γ(%1 + 1)

)
= (ε2 + θ2 ‖ϑ1‖ + λ2 ‖ϑ2‖) Qπ + (ε1 + θ1 ‖ϑ1‖ + λ1 ‖ϑ2‖) Mπ.

Similarly, we can find that

‖Υ2(ϑ1, ϑ2)‖ ≤ (ε2 + θ2 ‖ϑ1‖ + λ2 ‖ϑ2‖) Qψ + (ε1 + θ1 ‖ϑ1‖ + λ1 ‖ϑ2‖) Mψ.
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Consequently, we get

‖Υ (ϑ1, ϑ2)‖ ≤ ‖Υ1(ϑ1, ϑ2)‖ + ‖Υ2(ϑ1, ϑ2)‖
≤ ε2

(
Qπ + Qψ

)
+ ε1

(
Mπ + Mψ

)
+ 2 (θ1 + θ2) ‖ϑ1‖

+2 (λ1 + λ2) ‖ϑ2‖

≤ ε2

(
Qπ + Qψ

)
+ ε1

(
Mπ + Mψ

)
+2 max {(θ1 + θ2) , (λ1 + λ2)} (‖ϑ1‖ + ‖ϑ2‖)

= ε2

(
Qπ + Qψ

)
+ ε1

(
Mπ + Mψ

)
+2 max {(θ1 + θ2) , (λ1 + λ2)} (‖(ϑ1, ϑ2)‖)

= Λ2 + Λ1R ≤ R.

Hence Υ is uniformly bounded.
Next, we show that Υ is equicontinuous. Since BR ⊂ H is bounded. Then, for all (ϑ1, ϑ2) ∈ BR,

there exist constants ϕ1, ϕ2 > 0 such that
∣∣∣F1,ϑ(σ)

∣∣∣ ≤ ϕ1 and
∣∣∣F2,ϑ(σ)

∣∣∣ ≤ ϕ2. Let σ1, σ2 ∈ J such that
σ1 < σ2. Then, we have

‖Υ1(ϑ1(σ2), ϑ2(σ2)) − Υ1(ϑ1(σ1), ϑ2(σ1))‖

=

∣∣∣∣∣ 2 − %1

B(%1 − 1)

∫ σ2

0
F1,ϑ(s)ds −

2 − %1

B(%1 − 1)

∫ σ1

0
F1,ϑ(s)ds

+
%1 − 1

B(%1 − 1)Γ(%1)

∫ σ2

0
(σ2 − s)%1−1 F1,ϑ(s)ds

−
%1 − 1

B(%1 − 1)Γ(%1)

∫ σ1

0
(σ1 − s)%1−1 F1,ϑ(s)ds

∣∣∣∣∣
≤

(2 − %1)ϕ1

B(%1 − 1)
(σ2 − σ2) +

(%1 − 1)ϕ1

B(%1 − 1)Γ(%1)∫ σ1

0

(
(σ2 − s)%1−1

− (σ1 − s)%1−1
)

ds

+
(%1 − 1)ϕ1

B(%1 − 1)Γ(%1)

∫ σ2

σ1

(σ2 − s)%1−1 ds

≤
(2 − %1)ϕ1

B(%1 − 1)
(σ2 − σ2) +

(%1 − 1)ϕ1

B(%1 − 1)Γ(%1 + 1)[
− (σ2 − σ1)%1 + σ

%1
2 − σ

%1
1

]
.

Take σ2 → σ1, we get

‖Υ1(ϑ1(σ2), ϑ2(σ2)) − Υ1(ϑ1(σ1), ϑ2(σ1))‖ → 0 as σ2 → σ1.

In the same technique, we get

‖Υ2(ϑ1(σ2), ϑ2(σ2)) − Υ2(ϑ1(σ1), ϑ2(σ1))‖ → 0 as σ2 → σ1.

It follows that
‖Υ(ϑ1(σ2), ϑ2(σ2)) − Υ(ϑ1(σ1), ϑ2(σ1))‖ → 0 as σ2 → σ1.
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Hence Υ is equicontinuous. Due to the Arzelá-Ascoli theorem, we conclude that the operator Υ is
compact inH . Therefore, from the above steps, we deduce that Υ is completely continuous.

Step 3: In the last step, we show tht the set ξ(Υ) = {(ϑ1, ϑ2) ∈ H : (ϑ1, ϑ2) = βΥ (ϑ1, ϑ2) , β ∈ (0, 1)}
is bounded.

Let (ϑ1, ϑ2) ∈ ξ(Υ). Then (ϑ1, ϑ2) = βΥ (ϑ1, ϑ2) . Now, for σ ∈ J , we have ϑ1(σ) = βΥ1 (ϑ1, ϑ2)
and ϑ2(σ) = βΥ2 (ϑ1, ϑ2) . According to (H1) , we obtain

‖ϑ1‖ = sup
σ∈[0,1]

|βΥ1 (ϑ1, ϑ2) (σ)|

≤ ‖Υ1(ϑ1, ϑ2)‖
≤ ε2Qπ + ε1Mπ + (θ1 + θ2) ‖ϑ1‖

+ (λ1 + λ2) ‖ϑ2‖ .

By the same technique, we get

‖ϑ2‖ ≤ ε2Qψ + ε1Mψ + (θ1 + θ2) ‖ϑ1‖

+ (λ1 + λ2) ‖ϑ2‖ .

Then, we have

‖(ϑ1, ϑ2)‖ = ‖ϑ1‖ + ‖ϑ2‖

≤ ε2

(
Qπ + Qψ

)
+ ε1

(
Mπ + Mψ

)
+ 2 (θ1 + θ2) ‖ϑ1‖

+2 (λ1 + λ2) ‖ϑ2‖

= ε2

(
Qπ + Qψ

)
+ ε1

(
Mπ + Mψ

)
+2 max {(θ1 + θ2) , (λ1 + λ2)} (‖(ϑ1, ϑ2)‖)

= Λ2 + Λ1 ‖(ϑ1, ϑ2)‖ .

Since Λ1 < 1, therefore

‖(ϑ1, ϑ2)‖ ≤
Λ2

1 − Λ1
≤ R.

Hence, the set ξ(Υ) is bounded. Due to the above steps with Theorem 2.8, we deduce that Υ has at
least one fixed point. Consequently, the ABR-System (1.1) has at least one solution. �

Theorem 3.2. Let f1, f2 : [0, 1]×R×R→ R be are continuous functions. In addition, we assume that:
(H2) : | fi(σ, ϑ1, v1) − fi(σ, ϑ2, v2)| ≤ Li (|ϑ1 − ϑ2| + |v1 − v2|) , Li > 0, i = 1, 2.
Then, the system (2.1) has a unique solution, provided that σ < 1, where

σ = L2

(
Qπ + Qψ

)
+ L1

(
Mπ + Mψ

)
.

Proof. Let us consider a closed ball set BR defined in Theorem 3.1. In order to apply Theorem 2.7, we
will divide the proof into the following steps:

Step (1): We show that Υ(BR) ⊂ BR. By the second step in Theorem 3.1, we have Υ(BR) ⊂ BR.

Step (1): We need to prove that Υ is a contraction map. Let (ϑ1, ϑ2), (x1, x2) ∈ H and σ ∈ J . Then,
we obtain

‖Υ1(ϑ1, ϑ2) − Υ1(x1, x2)‖
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≤ sup
σ∈[0,1]

1
|Θ|

[
α2$1 (2 − %2)

B(%2 − 1)

∫ τ

0

∫ s

0

∣∣∣F2,ϑ(u) − F2,x(u)
∣∣∣ duds

+
α2$1 (%2 − 1)
B(%2 − 1)Γ(%2)

∫ τ

0

∫ s

0
(s − u)%2−1

∣∣∣F2,ϑ(u) − F2,x(u)
∣∣∣ duds

+
α2 (2 − %2)
B(%2 − 1)

m∑
i=1

µi

∫ ηi

0

∣∣∣F2,ϑ(s) − F2,x(s)
∣∣∣ ds

+
α2 (%2 − 1)

B(%2 − 1)Γ(%2)

m∑
i=1

µi

∫ ηi

0
(ηi − s)%2−1

∣∣∣F2,ϑ(s) − F2,x(s)
∣∣∣ ds

+
α2α1 (2 − %1)

B(%1 − 1)

∫ 1

0

∣∣∣F1,ϑ(s) − F1,x(s)
∣∣∣ ds

+
α2α1 (%1 − 1)

B(%1 − 1)Γ(%1)

∫ 1

0
(1 − s)%1−1

∣∣∣F1,ϑ(s) − F1,x(s)
∣∣∣ ds + π1

∫ τ

0

∫ s

0

∣∣∣F1,ϑ(u) − F1,x(u)
∣∣∣ duds

+
π2

Γ(%1)

∫ τ

0

∫ s

0
(s − u)%1−1

∣∣∣F1,ϑ(u) − F1,x(u)
∣∣∣ duds + |π3|

m∑
i=1

ξi

∫ ηi

0

∣∣∣F1,ϑ(s) − F1,x(s)
∣∣∣ ds

+
π4

Γ(%1)

m∑
i=1

ξi

∫ ηi

0
(ηi − s)%1−1

∣∣∣F1,ϑ(s) − F1,x(s)
∣∣∣ ds

+π5

∫ 1

0

∣∣∣F2,ϑ(s) − F2,x(s)
∣∣∣ ds +

π6

Γ(%2)

∫ 1

0
(1 − s)%2−1

∣∣∣F2,ϑ(s) − F2,x(s)
∣∣∣ ds

]
+

2 − %1

B(%1 − 1)

∫ σ

0

∣∣∣F1,ϑ(s) − F1,x(s)
∣∣∣ ds

+
%1 − 1

B(%1 − 1)Γ(%1)

∫ σ

0
(σ − s)%1−1

∣∣∣F1,ϑ(s) − F1,x(s)
∣∣∣ ds

≤ (L2Qπ + L1Mπ) (‖ϑ1 − x1‖ + ‖ϑ2 − x2‖) ,

and consequently, we obtain

‖Υ1(ϑ1, ϑ2) − Υ1(x1, x2)‖
≤ (L2Qπ + L1Mπ) (‖ϑ1 − x1‖ + ‖ϑ2 − x2‖) . (3.3)

By the same way, one can obtain

‖Υ1(ϑ1, ϑ2) − Υ1(x1, x2)‖
≤

(
L2Qψ + L1Mψ

)
(‖ϑ1 − x1‖ + ‖ϑ2 − x2‖) . (3.4)

It follows from (3.3) and (3.4) that

‖Υ(ϑ1, ϑ2) − Υ(x1, x2)‖
= ‖Υ1(ϑ1, ϑ2) − Υ1(x1, x2)‖ + ‖Υ1(ϑ1, ϑ2) − Υ1(x1, x2)‖
≤ L2

(
Qπ + Qψ

)
+ L1

(
Mπ + Mψ

)
(‖ϑ1 − x1‖ + ‖ϑ2 − x2‖)

≤ σ (‖ϑ1 − x1‖ + ‖ϑ2 − x2‖)

Due to σ < 1, we conclude that the operator Υ is a contraction. Hence, by Theorem 2.7, the ABR-
System (1.1) has a unique solution. �
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4. Ulam-Hyers stability

In this section, we shall discuss the Ulam-Hyers (UH) stability of the ABR-System (1.1).

Remark 4.1. [20] A function
(
ϑ̂1, ϑ̂2

)
∈ H satisfies the following inequalities


∣∣∣∣ABRD%1

0+ϑ̂1(σ) − F1,ϑ̂(σ)
∣∣∣∣ ≤ ε1,∣∣∣∣ABRD%2

0+ϑ̂2(σ) − F2,ϑ̂(σ)
∣∣∣∣ ≤ ε2,

(4.1)

if and only if there exists a functions κ1, κ2 ∈ D such that

(i)
{
|κ1(σ)| ≤ ε1,

|κ2(σ)| ≤ ε2 .

(ii)

 ABRD%1
0+ϑ̂1(σ) = F1,ϑ̂(σ) + κ1(σ),

ABRD%2
0+ϑ̂2(σ) = F2,ϑ̂(σ) + κ2(σ).

.

Definition 4.2. [20] The ABR-System (1.1) is UH stable if there exists M > 0 such that, for each
ε = max{ε1, ε2} > 0 and each solution

(
ϑ̂1, ϑ̂2

)
∈ H of the inequalities (4.1), there exists a solution

(ϑ1, ϑ2) ∈ H of the ABR-System (1.1) with

∥∥∥∥(ϑ̂1, ϑ̂2

)
− (ϑ1, ϑ2)

∥∥∥∥ ≤ Mε, σ ∈ J

Lemma 4.3. Let %1, %2 ∈ (1, 2) . If a function
(
ϑ̂1, ϑ̂2

)
∈ H satisfies the inequalities (4.1), then

(
ϑ̂1, ϑ̂2

)
satisfies the following integral inequalities

∣∣∣∣ϑ̂1(σ) − Rϑ̂1
−

2−%1
B(%1−1)

∫ σ

0
F1,ϑ̂(s)ds − %1−1

B(%1−1)Γ(%1)

∫ σ

0
(σ − s)%1−1 F1,ϑ̂(s)ds

∣∣∣∣
≤ ε2Qπ + ε1Mπ,∣∣∣∣ϑ̂2(σ) − Rϑ̂2
−

2−%2
B(%2−1)

∫ σ

0
F2,ϑ̂(s)ds − %2−1

B(%2−1)Γ(%2)

∫ σ

0
(σ − s)%2−1 F2,ϑ̂(s)ds

∣∣∣∣
≤ ε2Qψ + ε1Mψ,

where

Rϑ̂1
=



1
Θ

[
α2$1(2−%2)

B(%2−1)

∫ τ

0

∫ s

0
F2,ϑ̂(u)duds +

α2$1(%2−1)
B(%2−1)Γ(%2)

∫ τ

0

∫ s

0
(s − u)%2−1 F2,ϑ̂(u)duds

+
∑m

i=1 µi

(
α2(2−%2)
B(%2−1)

∫ ηi

0
F2,ϑ̂(s)ds +

α2(%2−1)
B(%2−1)Γ(%2)

∫ ηi

0
(ηi − s)%2−1 F2,ϑ̂(s)ds

)
−
α2α1(2−%1)

B(%1−1)

∫ 1

0
F1,ϑ̂(s)ds − α2α1(%1−1)

B(%1−1)Γ(%1)

∫ 1

0
(1 − s)%1−1 F1,ϑ̂(s)ds

+π1

∫ τ

0

∫ s

0
F1,ϑ̂(u)duds + π2

Γ(%1)

∫ τ

0

∫ s

0
(s − u)%1−1 F1,ϑ̂(u)duds

+
∑m

i=1 ξi

(
π3

∫ ηi

0
F1,ϑ̂(s)ds + π4

Γ(%1)

∫ ηi

0
(ηi − s)%1−1 F1,ϑ̂(s)ds

)
−π5

∫ 1

0
F2,ϑ̂(s)ds − π6

Γ(%2)

∫ 1

0
(1 − s)%2−1 F2,ϑ̂(s)ds

]
,
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and

Rϑ̂2
=



1
Θ

[
α1$2(2−%1)

B(%1−1)

∫ τ

0

∫ s

0
F1,ϑ̂(u)duds +

α1$2(%1−1)
B(%1−1)Γ(%1)

∫ τ

0

∫ s

0
(s − u)%1−1 F1,ϑ̂(u)duds

+
∑m

i=1 ξi

(
α1(2−%1)
B(%1−1)

∫ ηi

0
F1,ϑ̂(s)ds +

α1(%1−1)
B(%1−1)Γ(%1)

∫ ηi

0
(ηi − s)%1−1 F1,ϑ̂(s)ds

)
−
α2α1(2−%2)

B(%2−1)

∫ 1

0
F2,ϑ̂(s)ds − α2α1(%2−1)

B(%2−1)Γ(%2)

∫ 1

0
(1 − s)%2−1 F2,ϑ̂(s)ds

+ψ1

∫ τ

0

∫ s

0
F2,ϑ̂(u)duds +

ψ2
Γ(%2)

∫ τ

0

∫ s

0
(s − u)%2−1 F2,ϑ̂(u)duds

+
∑m

i=1 µi

(
ψ3

∫ ηi

0
F2,ϑ̂(s)ds +

ψ4
Γ(%2)

∫ ηi

0
(ηi − s)%2−1 F2,ϑ̂(s)ds

)
−ψ5

∫ 1

0
F1,ϑ̂((s)ds − ψ6

Γ(%1)

∫ 1

0
(1 − s)%1−1 F1,ϑ̂((s)ds

]
.

Proof. By Remark 4.1, we have

ABRD%1
0+ϑ̂1(σ) = F1,ϑ̂(σ) + κ1(σ).

Then, in view of Theorem 2.9 and Lemma 4.3, we get∣∣∣∣∣ϑ̂1(σ) − Rϑ̂1
−

2 − %1

B(%1 − 1)

∫ σ

0
F1,ϑ̂(s)ds −

%1 − 1
B(%1 − 1)Γ(%1)

∫ σ

0
(σ − s)%1−1 F1,ϑ̂(s)ds

∣∣∣∣∣
≤

1
Θ

[
α2$1 (2 − %2)

B(%2 − 1)

∫ τ

0

∫ s

0
κ2(u)duds +

α2$1 (%2 − 1)
B(%2 − 1)Γ(%2)

∫ τ

0

∫ s

0
(s − u)%2−1 κ2(u)duds

+

m∑
i=1

µi

(
α2 (2 − %2)
B(%2 − 1)

∫ ηi

0
κ2(s)ds +

α2 (%2 − 1)
B(%2 − 1)Γ(%2)

∫ ηi

0
(ηi − s)%2−1 κ2(s)ds

)
−
α2α1 (2 − %1)

B(%1 − 1)

∫ 1

0
κ1(s)ds −

α2α1 (%1 − 1)
B(%1 − 1)Γ(%1)

∫ 1

0
(1 − s)%1−1 κ1(s)ds

+π1

∫ τ

0

∫ s

0
κ1(u)duds +

π2

Γ(%1)

∫ τ

0

∫ s

0
(s − u)%1−1 κ1(u)duds

+

m∑
i=1

ξi

(
π3

∫ ηi

0
κ1(s)ds +

π4

Γ(%1)

∫ ηi

0
(ηi − s)%1−1 κ1(s)ds

)
−π5

∫ 1

0
κ2(s)ds −

π6

Γ(%2)

∫ 1

0
(1 − s)%2−1 κ2(s)ds

]
+

2 − %1

B(%1 − 1)

∫ σ

0
κ1(s)ds +

%1 − 1
B(%1 − 1)Γ(%1)

∫ σ

0
(σ − s)%1−1 κ1(s)ds

≤ ε2Qπ + ε1Mπ .

In the same way, one can obtain∣∣∣∣∣ϑ̂2(σ) − Rϑ̂2
−

2 − %2

B(%2 − 1)

∫ σ

0
F2(s)ds −

%2 − 1
B(%2 − 1)Γ(%2)

∫ σ

0
(σ − s)%2−1 F2(s)ds

∣∣∣∣∣
≤ ε2Qψ + ε1Mψ.

�

Theorem 4.4. Assume that (H2) hold. If

Ω = max
{

L1

(
2 − %1

B(%1 − 1)
+

(%1 − 1)
B(%1 − 1)Γ(%1 + 1)

)
, L2

(
2 − %2

B(%2 − 1)
+

(%2 − 1)
B(%2 − 1)Γ(%2 + 1)

)}
< 1.
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Then
ABRD%1

0+ϑ̂2(σ) = F1,ϑ̂(σ),
ABRD%2

0+ϑ̂2(σ) = F2,ϑ̂(σ),
(4.2)

are Ulam-Hyers stable.

Proof. Let ε = max{ε1, ε2} > 0 and
(
ϑ̂1, ϑ̂2

)
∈ H be a function that satisfying the inequalities 4.1 and

let (ϑ1, ϑ2) ∈ H be the unique solution of the following system
ABR
0+ D%1ϑ1(σ) = F1,ϑ(σ), σ ∈ [0, 1] , % ∈ (1, 2] ,

ABR
0+ D%2ϑ2(σ) = F2,ϑ(σ) σ ∈ [0, 1] , % ∈ (1, 2] ,

α1ϑ1(1) = α1ϑ̂1(1) = $1

∫ τ

0
ϑ̂2(s)ds +

∑m
i=1 µiϑ̂2(ηi),

α2ϑ2(1) = α2ϑ̂2(1) = $2

∫ τ

0
ϑ̂1(s)ds +

∑m
i=1 ξiϑ̂1(ηi)

.

Now, by Theorem 2.9, we have ϑ1(σ) = Rϑ1 +
2−%1

B(%1−1)

∫ σ

0
F1,ϑ(s)ds +

%1−1
B(%1−1)Γ(%1)

∫ σ

0
(σ − s)%1−1 F1,ϑ(s)ds,

ϑ2(σ) = Rϑ2 +
2−%2

B(%2−1)

∫ σ

0
F2,ϑ(s)ds +

%2−1
B(%2−1)Γ(%2)

∫ σ

0
(σ − s)%2−1 F2,ϑ(s)ds.

Since α1ϑ1(1) = α1ϑ̂1(1) and α2ϑ2(1) = α2ϑ̂2(1), we can proof that Rϑ1 = Rϑ̂1
and Rϑ2 = Rϑ̂2

. Hence,
from (H2) with Lemma 4.3, and for each σ ∈ [0, 1] , we have∣∣∣∣ϑ̂1(σ) − ϑ1(σ)

∣∣∣∣ ≤ ∣∣∣∣∣ϑ̂1(σ) − Rϑ̂1
−

2 − %1

B(%1 − 1)

∫ σ

0
F1,ϑ̂(s)ds −

%1 − 1
B(%1 − 1)Γ(%1)

∫ σ

0
(σ − s)%1−1 F1,ϑ̂(s)ds

∣∣∣∣∣
+

2 − %1

B(%1 − 1)

∫ σ

0

∣∣∣F1,ϑ̂(s) − F1,ϑ(s)
∣∣∣ ds

+
%1 − 1

B(%1 − 1)Γ(%1)

∫ σ

0
(σ − s)%1−1

∣∣∣F1,ϑ̂(s) − F1,ϑ(s)
∣∣∣ ds

≤ ε2Qπ + ε1Mπ + L1

(∥∥∥∥ϑ̂1 − ϑ1

∥∥∥∥ +
∥∥∥∥ϑ̂2 − ϑ2

∥∥∥∥) ( 2 − %1

B(%1 − 1)
+

(%1 − 1)
B(%1 − 1)Γ(%1 + 1)

)
. (4.3)

Hence∥∥∥∥ϑ̂1 − ϑ1

∥∥∥∥ ≤ ε2Qπ + ε1Mπ + L1

(∥∥∥∥ϑ̂1 − ϑ1

∥∥∥∥ +
∥∥∥∥ϑ̂2 − ϑ2

∥∥∥∥) ( 2 − %1

B(%1 − 1)
+

(%1 − 1)
B(%1 − 1)Γ(%1 + 1)

)
. (4.4)

By the same technique, we get∥∥∥∥ϑ̂2 − ϑ2

∥∥∥∥ ≤ ε2Qψ + ε1Mψ + L2

(∥∥∥∥ϑ̂1 − ϑ1

∥∥∥∥ +
∥∥∥∥ϑ̂2 − ϑ2

∥∥∥∥) ( 2 − %2

B(%2 − 1)
+

(%2 − 1)
B(%2 − 1)Γ(%2 + 1)

)
. (4.5)

Thus ∥∥∥∥(ϑ̂1, ϑ̂2

)
− (ϑ1, ϑ2)

∥∥∥∥
≤

∥∥∥∥ϑ̂1 − ϑ1

∥∥∥∥ +
∥∥∥∥ϑ̂2 − ϑ2

∥∥∥∥
≤ ε2Qπ + ε1Mπ + L1

(∥∥∥∥ϑ̂1 − ϑ1

∥∥∥∥ +
∥∥∥∥ϑ̂2 − ϑ2

∥∥∥∥) ( 2 − %1

B(%1 − 1)
+

(%1 − 1)
B(%1 − 1)Γ(%1 + 1)

)
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+ε2Qψ + ε1Mψ + L2

(∥∥∥∥ϑ̂1 − ϑ1

∥∥∥∥ +
∥∥∥∥ϑ̂2 − ϑ2

∥∥∥∥) ( 2 − %2

B(%2 − 1)
+

(%2 − 1)
B(%2 − 1)Γ(%2 + 1)

)
≤

((
Mπ + Mψ

)
ε1 +

(
Qπ + Qψ

)
ε2

)
+ max

{
L1

(
2 − %1

B(%1 − 1)
+

(%1 − 1)
B(%1 − 1)Γ(%1 + 1)

)
, L2

(
2 − %2

B(%2 − 1)
+

(%2 − 1)
B(%2 − 1)Γ(%2 + 1)

)}
∥∥∥∥(ϑ̂1, ϑ̂2

)
− (ϑ1, ϑ2)

∥∥∥∥
≤

((
Mπ + Mψ

)
ε1 +

(
Qπ + Qψ

)
ε2

)
+ Ω

∥∥∥∥(ϑ̂1, ϑ̂2

)
− (ϑ1, ϑ2)

∥∥∥∥
≤ εK , (4.6)

where ε = max{ε1, ε2} and

K =
Mπ + Mψ + Qπ + Qψ

1 −Ω
.

Hence, from (4.6) and Definition 4.2, we deduce that the coupled system (4.2) is Ulam-Hyers
(UH) stable. �

5. An example

In this section, we will demonstrate the applicability of our main results through the
following example.

Example 5.1. Consider the following system
ABR
0+ D 3

2ϑ1(σ) = f1(σ, ϑ1(σ), ϑ2(σ)), σ ∈ [0, 1] ,
ABR
0+ D 5

4ϑ2(σ) = f2(σ, ϑ1(σ), ϑ2(σ)) σ ∈ [0, 1] ,
1
4ϑ1(1) =

∫ 1
7

0
ϑ2(s)ds + 1

2ϑ2(1
5 ) + 3

4ϑ2(2
5 ) + ϑ2(3

5 ),
1
2ϑ2(1) =

∫ 1
7

0
ϑ1(s)ds + 1

3ϑ2(1
5 ) + 2

3ϑ2(2
5 ) + ϑ2(3

5 ).

(5.1)

Here %1 = 3
2 , %2 = 5

4 , α1 = 1
4 , α2 = 1

2 , τ = 1
7 , $1 = $2 = 1,m = 3, µ1 = 1

2 , µ2 = 3
4 , µ3 = ξ3 = 1,

ξi = i
3 , (i = 1, 2), ηi = i

5 , (i = 1, 2, 3) and

f1(σ, ϑ1(σ), ϑ2(σ)) =
σ

18(169 + σ4)
1
2

(
|ϑ1(σ)|

1 + |ϑ1(σ)|
+
|ϑ2(σ)|

1 + |ϑ2(σ)|
+ cosσ

)
,

f2(σ, ϑ1(σ), ϑ2(σ)) =
σ

8(30 + σ2)

(
|ϑ1(σ)|

1 + |ϑ1(σ)|
+ tan−1 ϑ2(σ) +

1
1 + σ2

)
.

Clearly, for each ϑi, vi ∈ R, i = 1, 2, we have

| f1(t, ϑ1, v1) − f1(t, ϑ2, v2)| ≤
1

234
(|ϑ1 − ϑ2| + |v1 − v2|)

and

| f2(t, ϑ1, v1) − f2(t, v2, v2)| ≤
1

240
(|ϑ1 − ϑ2| + |v1 − v2|) ,
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with L1 = 1
234 and L2 = 1

240 . By the given data, we get Qψ ' 5.7,Qπ ' 1.8,Mπ ' 1.7,Mψ ' 0.3 and
σ ' 0.04 < 1. Then, all conditions in Theorem 3.2 are hold. Consequently, the coupled system (5.1)
has a unique solution. On the other hand, by simple calculation, we get Λ1 ' 0.02 < 1 and hence
all hypothesis in Theorem 3.1 are satisfied. Thus, the coupled system (5.1) has at least one solution in
[0, 1] . For every ε = max{ε1, ε2} > 0 and each

(
ϑ̂1, ϑ̂2

)
∈ H satisfies

∣∣∣∣ABR
0+ D%1

1 ϑ̂(σ) − F1,ϑ̂(σ)
∣∣∣∣ ≤ ε1∣∣∣∣ABR

0+ D%2
2 ϑ̂(σ) − F2,ϑ̂(σ)

∣∣∣∣ ≤ ε2
,

there exists a solution (ϑ1, ϑ2) ∈ H of the coupled system (5.1) with∥∥∥∥(ϑ̂1, ϑ̂2

)
− (ϑ1, ϑ2)

∥∥∥∥ ≤ Kε, σ ∈ J
where

K =
Mπ + Mψ + Qπ + Qψ

1 −Ω
' 9 > 0.

and

Ω = max

 1
234

1.6 +
1.6

Γ( 3
2 + 1)

 , 1
240

5 +
1.7

Γ(5
4 + 1)

 ' 0.02 < 1.

Therefore, all conditions in Theorem 4.4 are satisfied and hence the coupled system 4.2 is UH stable
and GUH.

6. Conclusions

In recent years, the subject of fractional operators involving nonsingular kernels is novel and has
very important significance in modeling many phenomena in the real world, thus there is interest from
some researchers to study some qualitative properties of FDEs. In this paper, we have discussed a
new system of the nonlinear fractional operators with nonsingular Mittag-Leffler function kernels from
order 1 < %1, %2 ≤ 2 with multipoint sub-strip boundary conditions. The results obtained in this work
are new and cover some new results by choices of the parameters. We proved the existence, uniqueness,
and UH, GUH results by means of the Banach fixed point theorem for initial value problems in the
frame of ABR derivatives.
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