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1. Introduction

The Einstein’s special relativity plays a corner stone in mod-
ern physics. As stated in 1905 by Einstein, it is based on two
postulates. The first postulate is about the constancy of the
speed of light: the speed of light ¢ is the same in all iner-
tial frames of references. The second postulate is about the
invariance form of the laws of physics under Lorentz trans-
formations. As a consequence of this, any theory of space
and time should be compatible with the theory of special rel-
ativity. There are some other aspects that were studied af-
ter the emergence of theory of relativity [1.2]. In Ref. [3].
the Lorentz transformations were re-stated for an observer in
a refracting but non-dispersive medium was proposed. and
some physical consequences were discussed. In Ref. [4].
Laue and Rosen theories of dielectric special relativity were
derived, and argued that both are true but with different range
of applicability. In Ref. [5], the non-local special relativity
is introduced to overcome the difficulties accompanied the
non-local electrodynamics problems.

In the last two decades, the fractional calculus approach
to model or resolve various physical problems has attracted
many researchers. There are a number of definitions or senses
for fractional calculus such as Riemann-Liouville, Caputo,
Riesz and Weyl [6-9]. The most important definitions are
the Riemann-Liouville and Caputo definitions. These defini-
tions have many applications in various fields [10-17]. The
fractional derivative has lately been given a new definition.
This is the first definition to use the limits definition, and it
is called conformable fractional derivative (CFD) [18]. For a
given function f(¢) € [0,00) — R, the conformable deriva-
tive of f(#) of order «v, denoted as D' f(#) with 0 < o < 1,
is defined as [18]:

1—ex
Def(t) = i LEXED IO _pad iy )
e—l) s dt

This definition is simple in the sense that it meets the general
properties and rules of the traditional derivative, whereas the
other fractional derivatives do not satisfy them. From these
properties the Leibniz. chain rules, and derivative of the quo-
tient of two functions. Because of its ease of use. general
features. and preservation of general properties including the
locality property, the conformable derivative has a wide range
of applications in a variety of fields of science.

In Refs. [19,20], this CFD is re-investigated and new
properties similar to these in traditional calculus were derived
and discussed. The CFD has been used to study various phys-
ical problems with possible nonlinear or diffusive nature. In
Ref. [21]. the mass spectroscopy of heavy mesons were inves-
tigated within the frame of conformable derivative searching
for any ordering effect in their spectra that varies with the
fractional order. In Ref. [22]. the fractional dynamics of rela-
tivistic particles was studied, and it was found that fractional
dynamics of such particles are described as non-Hamiltonian
and dissipative. Possibility of being Hamiltonian system un-
der some conditions was also presented. In Ref. [23]. a new
conformable fractional mechanics using the fractional addi-
tion was proposed and new definitions for the fractional ve-
locity fractional acceleration are given. In Ref. [24]. defor-
mation of quantum mechanics due to the inclusion of con-
formable fractional derivative is presented and investigated
with some physical illustrative examples. Recently, Pawar
et.al. [25] introduced Riemannian geometry through us-
ing the conformable fractional derivative in Christoffel index
symbols of the first and second kind. The conformable cal-
culus has been used in making an extension of approxima-
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tion methods to become applicable to conformable quantum
mechanics [26-28], and to find solutions of related differen-
tial equations such as the conformable Laguerre and associ-
ated Laguerre equations [29]. In Ref. [30]. the Hamiltonian
for the conformable harmonic oscillator is constructed using
fractional operators termed cv-creation and a-annihilation op-
erators.

Later, in Ref. [31]. pointed out the conformable deriva-
tive is not fractional but it is an operator. Thus in the present
paper we call it conformable derivative.

The purpose of this paper is to investigate the deforma-
tion of the theory of special relativity within the frame of
conformable fractional derivative. This means that, we will
adopt a new set of a—Lorentz transformations and use them
to re-state the postulates of special relativity. and to verify the
validity of the invariance principle to various laws or equa-
tions of physics.

2. Theory

Deformation of Lorentz transformations using conformable
derivative is reported in Ref. [24].

Definition The a— Lorentz transformations between two
inertial frames S and S’ are defined as [24]:

' =To(x™ — v,t"), (2)
Ty o Vey el

Y =y, (4)

zf(] — z(]} (5}

where ', = 1/,/1 — (v2 /¢?*) is the a— deformed Lorentz

factor and v, is the a—relative velocity between the two
frames.

By adjusting the « values, we can see that the influence
of «v on the a-Lorentz factor has kept its behavior with the
gradient of its value and that this effect fades when o = 1.
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FIGURE 1. Plot of the relation between «-Lorentz factor and /3,
where v, = %™,

We now state the two postulates of conformable special
relativity as follows.

e Postulate 1(Constancy of the speed of light): The speed
of light is the same for all a—inertial frames of refer-
ences.

e Postulate 2(Invariance Principle): The laws of physics
are invariant under a—Lorentz transformations.

The following subsections purpose is to clarify theses two
postulates.

2.1. The a—velocity addition law

Following [23], we define the «w—velocity of an event with
respect to the S and S’ frames as

t dx
w = DY — (2 l—u_, 6
“ L (r) dt ©
t! dx’
_— D‘f’,”z — (. 1—(.1:_.| 7
u, o (:n’) i (7

respectively. To calculate the velocity using Egs. (2) and (3),
we have

’ I!)
dr'*  Ty(dz® —v,dt®) jj“ — V)
e o _ Uy ) v, dre)
dt L. (dt Sdr®) (1— 2o &2

By interpreting dz'* /dt'™ = u!, and dzr® /dt™ = u,,, we thus
obtain

’ (uu: _ 1!‘(1)
[ = e—— 8
Uy, - fﬂ‘f—:“u (8)
In case u, = ¢, we have
'I_" a—1 u! B ((%)u—lux o ,”u)
# &€ (1 . ﬁ%(%)(l_lum)
o ye—1
N C— 11
(3)" e~ va) o

T &G

where we have made use of Eqgs. (6) and (7). With the real-
ization x/t = cand z'/t' = ¢, we have

s (e va)
(1= ZEeie)

(e* — va) (e™ —vy)
= —— :u B E— ].0
(1 _ :}_:: ‘ (cu: - T"u:) . ( }
from which we obtain

— I
Ty = e

d—a o
" c %

— ol = =, (11)
or

ul = c. (12)

This verifies that the ov—Lorentz transformations proposed in
Eqgs. (2-5) leads to the constancy of the speed of light.
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2.2. Conformable wave equation

Here. we verify the covariance of the wave equation under the a— Lorentz transformation. The «— wave equation in 1 + 1
dimension is Ref. [24]

1
DoDIw — (Q—HD}"D?@ =0. (13)
Using the w—Laplacian [32]. then
2 1 o gy
\Y lll—cQ—MD,'DtlD:O, (14)

where V2* = D3 D¢ + Dg Dy + D¢ D2 Using of the chain rule [20]
DEW = 2o~ 1 D2 D& + £ DY DEW,
and then using the a—Lorentz transformations Eqgs. (2) and (3). ' = Ff,l/“}(:n”‘—v,zt‘*)(l/‘*), t = F,(_!U“)(t‘-‘—[v,_t/(_-.2‘*]:13"‘)“/‘-“},

we have

1 1 1
D;}:q) — (1’\;}_ (_']';”: o 'L‘atu)i )1’.!—]..,],:1—(1 ;_1";; (_']';”: o 'L‘atu)i D;z,lp
a.r

1
T’l’.'!

l_\% o Ve X é a—1 ]_—u:(_j‘l—\i £ L %Du:lp
FrEEe - tegeybytpime dpge ey,

1-1 -1 1—apil 11 a1
=Ta * (2" —vat") ez TE — (2% — vat") > ez DLW
o '

1-4 a3 Vo ayl—L1 1 L 1 a3 Ve ayL—1 Vex o—1 gyox
— Ty (" — —=x o I's—(t"— —x%)e"" —ax Do
( c2a ) (x( c2a ) 2o t
¥ Ve %
=T,Do v — F”(P_'* . (15)
Operating again on DSW by DS, yields
Ve % % Vo ¥
DYDYV = (T, D, — F,ITD,,)(R,D“.,Q —Ta—- V),
I X 4 4 I {43
2 2 Uy 2 'UQ
=0,D. D — 21 5 Dy, Dy +I‘u% p D, (16)
ce T [
From eqs. (4) and (5), it is clear that
d d
ym( _ yu: ., a_y!a—ldy-' _ ay(z—ldy ., yrl—u:_ _ ?}1_‘1_1
dy’ dy
and thus
= Dy (17)
Therefore,
Dy, Dy, = Dy Dy (18)
Same procedure yields,
o =D7, (19)
and
DS DS = DEDE. (20)
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For the ¢ dependence of Eq. (16). We implement the chain rule [20]:
D;zll[ _ .']’,‘HI_]'DE!:II;D;T; ) + t!u—l Dixtf ;'_1: ‘l’,

1 i 1
— (1’\;;_ (:Eu: o T;“Itu)é )f.}:—ltl—uér&( (.,],:a o TJ(xtu)%D:‘f: /]

1 1 )
+ (1—\‘,; (ta 1;! (1) )u: lf'l o 1—1(,; (tu o 12‘:; :E(ZJ%DEE‘:D
t (&

1—1 1—L 71— 1] 14 —1
= —To (2" —vat™) "ot Tl — (2% — vat™) =T auat™T DLW
o

+ Fl_l (ra Ve (x)l—lfl—(zrl ]' (fn’! Ve ——1 tu:—lD(xq)
a Y = —=—x af a—Ii" = x® ¥ 7
2 o 2 ¢
= v, D5V — T, D,
Thus,
DDV = (—v 0D — U D (0o Lo DS — T, D),
=022 D% DV — 20,12 DS DAV + T2 DA DEW.

Substituting Eqs. (16).(18).(20)and (22) in Eq. (14). we obtain

2
2D% DWW — 212 X Yo pa A R R Ya SDEY + Dy, Dy + DS DS,

x 2,,: @ ¥ A
1"‘2
2‘;1%9“r DW 4250 12D DEY — 2 DEDEY = 0.
Rearranging,
2 = r? v2
Iy, (1 — 2::) D3 D3 + Dy, Dy + D% DS — Za (1 - (:2“) GDSw = (.
Using I'2 (1 — [v2 /¢2“]) = 1, we finally obtain

or

, 1
VI — o DEDEY =0,

(21

(22)

which shows that the a— wave equation is invariant under the o«— Lorentz transformations. In the following three subsections,

we provide three examples that are in support of the second postulate.

2.3. Conformable Schrodinger equation

The conformable Schrédinger equation [24] is

2me

ﬁ2
(i + Vu(;f:a)) W = ih, D,
In 3 + 1-dimensions, we have

ﬁ‘Zu:

2 [DH:D(! + D(XD(I + D(ID(Z]‘:D + ” (Iu)ll[ — ?h(szxlll
me

(23)

(24)

where p* = —ih®V™ [24]. Applying the a— Lorentz transformation by substituting from Eqs. (16).(18).(20)and (21) in

Eq. (24), we obtain
h?f.}: 2

) v
I 1—\2 Dﬂ: D(l ‘1) 21—15! o ° :
Drnx 20 ' 4

= ih%[~vaTa DY — T, DSV,

Thus, the conformable Schrédinger equation is not invariant under the a— Lorentz transformations.
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2.4. Conformable Gordon-Klein equation

We firstly propose the following definition of conformable relativistic energy.
Definition The conformable relativistic energy is defined as

EQu _ p'Zu: (.:'20: + TTLQQ c:lu:‘ (25}
Quantization can be achieved by substituting for the conformable operators as £ = ih* Dy and p* = —ih®V™ [24]. The
conformable Klein-Gordon equation is then
1 € Jyx Dex ?.n'thc'th
cth Div -V ll'—l—WlP = 0. (26)
Substituting Egs. (16). (18).(20) and (22) in Eq. (26). we have
?";zz 2 o ¥ Vo 119 o o Fi o i 2 gy ¥
20 U, D Do — 2(:20‘ U DS DG + 2a D v+ T2 DY D
2 2ex L 2ex
2 Ve ¥ o 2 T’Tu o Yo ¥ o o e m-c _
+2r% 2a DDy — T e Dl o — J[)y,Dyr — DD + WQ = 0.
Then,
]'—“(21 ’”(21 (43 (43 2 1"3 (43 (43 (43 X X (43 m 2‘1 (:2‘1
(:2” (]. - (:2”:) I L.r':l' - F(}: ]. - (:2”: D.’L"D:L"ll[ — Dyr Dy: - Dza =z + Tw = 0.
Thus, we have
{43 (43 (43 (43 (43 (43 {43 Trer(x (:2(x
2a D ¥ — Dy D3 — Dy Dy — D3 D3+ W\l} =0, 27)
or,
2ex 2oy
r JyoE "2y o e m-=c
(:2—0 i yll'—v ll'—Dz,Dz,ll'—i—Wll':O (28}

Thus, the conformable Klein-Gordon equation is invariant under the ov— Lorentz transformations.

2.5. Four vector in conformable form

We firstly present the definition of conformable position.
Definition.
1-The a—covariant notation for position x}; is defined as

RS S Y & S & S s T & S S G 4 14 1 st o o
T, = (77,77, 75,75) = ("%, —2%, -y, —2%). (29)
2- The a—contravariant notation for position z/ is defined as

e — (ml’l,u!ml,u! :L,'Z,u:..| :L,S_.f.t) _ (cutu:, :I:u:..| yu:..| za)' (30}

So, the relation between z; and z**“ is given by

¥ i,

E — p L JLL Y
Ty = GuuT or % = gy, (31)

where g,,,, is the metric tensor which is in cartesian coordinates given as [25]

1 0 0 0
o |0 -1 0 0
e =9 =10 0 -1 0
00 0 -1

Thus, the displacement in conformable four vector is given by
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1- The a—covariant displacement
d*z,, = (d"zo,d"r1,d" e, d"z3) = ("d™t, —d"z, —d"y, —d" z). (32)
2- The a—contravariant displacement
dozt = (d“2°,d*z?, d*2?,d“z3) = (¢“dt,d"z,d"y,d"2). (33)
The conformable differential line element is then given as
d“z,d*z" = ((:2"“ d**t, —d*>*z, —d*>*y, —dz“z). (34)

Secondly, we present the definition of operators in conformable four vector.
Definition. The dell operator in conformable four vector is defined as
1- The a—covariant dell operator is given by

143 patad 143 (43 {43 C “ 1 0(2 (43
9, = (9y, 01,0 aaz)zmz(cjmuav ) (35)
2- The a—contravariant dell operator is given by
™ 1 o”
GH -)U,(x 4}1_.0: :)2,(1 4}3,(: _ ¢ R Ve 36
C (( 5 € y € 5 € ) 0(:1:”)0 oo otu ? v ( }
Thus, the «— D’ Alembert operator is given by

Fata gaTIaY 1 82“ 2

()ﬂ [ — 2 gp2a AV (37)

So, using a— D’Alembert operator, the conformable wave equation and the conformable Klein-Gorden equation are

I w =0, (38)
e - m2x e
I:(—):-f(—)u,a + W] U =0, (39)

respectively. Thus, the energy-momentum four vector in conformable form can be obtained as follows:
1- In ev—covariant form

X o 183 o = J 1 0‘1 X
P = zﬁa(']p = ik, ((: pred v ) . (40)
2- In av—contravariant form
1 ‘)l’.'!
PR = 4ht o = ik (——,f ,—V”‘) . (41)
Y\ e Ot

In case independent time of the conformable Schrodinger equation [24], we get

(‘.)a

ihe U = E*, 42
Hrey e ( }
So. Egs. (40) and (41) become
E(!
IT: = (_1_}30:) 1 (43}
™
and
E(X
P = ( ,I'}u) ) (44)
c*
respectively, where p,, is called &«— momentum operator [24], in one dimension is p,, = —ihs DS and in 3-D is p,, = —ihL V™.
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2.6. The a-Lorentz transformation in Minkowski Space

Minkowski space is the most popular mathematical framework on which special relativity is formulated, and it is strongly
related with Einstein’s theories of special relativity and general relativity. It is also called Minkowski spacetime and it is a

combination of three dimensional Euclidean space and time into a four-dimensional manifold [33].
The a-Lorentz transformation in Minkowski Space is given by
1- In the ov—contravariant form

’
M — aAﬁ:IJU’a

where “AY is the a—tensor and defined as

, . —Tuf* 0 0

o O (L ) |-t . 000
Yoo a(zv)e o 0 0 1 0y’

0 0 01

. - - _ ’
where 3% = v*/c” and its inverse is ¥ = ( “A#) "ty #e,
2-The a—covariant form
’

s <Y WL
x, = “Njzy,

where “AJ is given by

, L. T.p8* 0
v (‘]a Ve B 1"”:‘80: 1"0‘ 0
0

M (‘}(:L-,u)u: I

- o O

0 0

Proof. Using

’ ’
e £ PR s
'I:;L - _f.}',;,,-;JJ ]

. L - - - .
we can write x *“ using The ov—Lorentz transformation in contravariant form as Eq. (45)

5,0 ap s 0o
o = TAgx™.
Substituting in Eq. (47). yields

e ap s 0o
T, = gus “Ngz".
Then, we can write 27 as

.'1’30’” b‘u: al

=9 I,
Substituting in Eq. (49), we obtain
:IJ;? = Gus f.tAngvTu

£y, -

Thus, g,,, “A7¢% is the multiplication of three matrices

1 0 0 0 . —I'.p* 0 0 1 0 0 0 I, r,gp«
aps B 0 -1 0 0 _F(x .'8”: ]-—‘0: 0 0 0 -1 0 0 o ]-—‘f.!ﬁu Fu
Gus D09 =1 0 -1 0 0 0o 1 o]lo o -1 o] | o 0
0 0 0 -1 0 0 0 1 0 0 0 -1 0 0
Taking the inverse of “A# yields
Ff.'! Ff.!ﬁ(z 0 0
r.m« I 0 0 )
g ppy—1 ot ¥ o ep s O g
( Au) - 0 0 1 0 - .q_u.-; A(}.q _ A;;
0 0 0 1

Therefore. Eq. (51) is equivalent to Eq. (46).
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2.7. Conformable Dirac Equation

In Mozaffari ef al., [34]. the Dirac equation using the con-
formable derivative is investigated and it is introduced as

0 — m* () =0, 53)

where +* are the famous ~ matrices of Dirac equation [35].
Similarly, the Dirac equation is Lorentz covariant, namely,

[iy"a" — m®| W' (") = 0. (54)

However, when we do a Lorentz transformation, the wave
function changes. Because the Dirac equation and Lorentz
transformation are linear, we require that the transformation
between ¥ and W’ be linear too:

(') = S¥(x®), (55)

where S denotes an x—independent matrix whose properties
must be found. The Dirac equation in Lorentz covariance in-
dicates that the  matrices are identical in both frames. Using

ay = “NO (56)

P

From Eq. (55) we found ¥(z®) = S—1W/(2/*) and substi-
tuting in Eq. (53), we obtain

[if}"‘(‘]}f —m*) ST (') = 0. (57)

Substituting from Eq. (56) and then multiply with S from the
left. vields

[iS77S™! AL — m| W (2/*) = 0. (58)

(T

Comparing Eq. (58) with Eq. (54). we obtain
SytSTh A =4~ (59)

So, y# “Aj, = S—14¥S. The inverse Lorentz transformation
must correspond to the inverse of S [36], namely.

,Y;.r.( f.!A;i)—l _ b",Yub'v—l' {60}

Therefore. we demonstrated that the conformable Dirac
equation is covariant in c-Lorentz transformation. For more
information on the S matrix. one can refer to [35.36].

3. Summary and conclusions

In this paper, we have investigated the deformation of Ein-
stein’s special relativity using the concept of conformable
derivative. Within this frame, the «-Lorentz transformations
were defined. and the two postulates of the theory were ex-
tended and re-stated. Then, the conformable addition of ve-
locity laws were derived and used to verify the constancy of
the speed of light for any fractional order «v. The invari-
ance principle of the laws of physics postulate was demon-
strated for some typical illustrative partial differential equa-
tions of interest, namely, the conformable wave equation. the
conformable Schrédinger equation., the conformable Klein-
Gordon equation, and conformable Dirac equation. For a
wave equation where time and space appeared with the same
av-order, it is found that it is invariant under a-Lorentz trans-
formations. Otherwise, it is not.
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