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Abstract. In this paper, we state some results on the relationship between the convergence of the nonlinear
quasi-contractions and the convergence of their fixed point. The observed results certainly extend some
existing results on the topic in the literature, including the results of Nadler and Park. We also furnish an
illustrative example to demonstrate the validity of the results expressed.

1. Introduction

Let (f,) be a sequence of self-mappings over a metric space (X,d). Suppose that this sequence (f)
converges to a self-mapping f, defined on a metric space (X, d), in some sense. Itis a quite natural to ask the
relationship between the convergence of the sequence (f,;) and the convergence of their fixed point. This
question was considered and discussed first, by Nadler in [11]. Roughly speaking, Nadler considered two
distinct results: a sequence contraction mappings which converges uniformly and a sequence contraction
mappings that converges pointwise. This idea has been appreciated by a number of authors, see e.g.[5, 12].
In particular, Park [12] studied on the sequences in the form of quasi contractions. For some other approaches
and an extensions can be found in the survey of Rus ([15]).

In this paper, we aim to extend the existing results by considering the relationship between the con-
vergence of nonlinear of quasi contractions, almost contractions together with their fixed points. More
precisely, we combine the outstanding results of Park [12] with the result of Pacurar [10].

2. Preliminaries

Before stating the main results, we give some useful definitions, preliminaries which will be used in the
sequel. Set INg = IN U {0}, where N is the set of positive integers. We shall introduce the class of the control
functions (auxiliary functions) which have significant roles in the extension of the fixed point theory:

We say that @ = {@ : [0, +00) — [0, +00)} forms a the class of the control functions if the given properties
are fulfilled:
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(i) each ¢ is upper semicontinuous;

(ii) each ¢ is monotone non-decreasing;
(iii) limyeo(t — @(f)) = +00;
(iv) 0 < @(t) < tforallt > 0and ¢(0) = 0.

For the immediate elementary examples of such control function, consider the following:
p1(t) =kt, (0<k<1), @at) =In(1 +¢), witht > 0.
After a few simple steps, we conclude easily that ¢; € @ for everyi=1,2,3.

Definition 2.1. ([2]) Let (X, d) be ametricspace. Amapping T : X — Xissaid to be nonlinear quasi-contractive
on X if there exists ¢ € @ such that

d(Tx, Ty) < go(M(x, y))
for all x, y € X, where

M(x, y) = max{d(x, y),d(x, Tx),d(y, Ty),d(x, Ty), d(y, Tx)}.

If p(t) = ht with 0 < I < 1 then we arrive at a general type of contractions. It is usual to call quasi contraction
or Ciri¢’s contraction. Due to Rhoades [13], we can conclude that most of the well-known contractions are
followed from quasi contraction.

The following theorem were considered by two research teams, e.g. Arandelovic, Rajovic and Kilibarda
[2] and Di Bari and Vetro [4].

Theorem 2.2. ([2], [4]) Let (X, d) be a complete metric space. If T is a nonlinear quasi contraction then T has unique
fixed point.

In the corresponding literature, a number of extension has been expressed, in particular, Boyd and Wong
[3], Ciri¢ [5], Ivanov [8], Jeong [9].

Definition 2.3. ([1]) Let (X, d) be a metric space. Amap T : X — Xis called to be almost if there are 6 € (0, 1)
and L > 0 such that

d(Tx, Ty) < 6.d(x,y) + Ld(y, Tx), forallx,y € X. (1)

Theorem 2.4. ([1]) Let (X, d) be a complete space and T : X — X be an almost contraction with 6 € (0,1)and L > 0.
Then F(T) = {x € X : Tx = x} # 0, where F(T) is the set of fixed points of T.

Theorem 2.5. ([1]) Let (X, d) be a complete space and T : X — X be an almost contraction. Suppose that there exist
0 €(0,1) and Ly > 0 such that

d(Tx, Ty) < 0.d(x,y) + L1.d(x, Tx), forall x,y € X. 2)
Then T has unique fixed point.

We recall the concepts of convergence.

Definition 2.6. ([11]) Let (X, d) be a metric space and maps g, : X - X, ne€eN,and g: X = X.
1) The sequence (g,) converges pointwise to g as n — oo if for each x € X then lim d(g,x, gx) = 0.

2) The sequence (g,,) converges uniformly to g as n — oo if lim (supx€X d(gnx, gx)) =0.

It is easy to see that uniform convergence implies pointwise convergence. We need the following fact for
the class of functions ®. not origin.
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Lemma 2.7. Let (p,);", C D, ¢ € D. If ¢, converges pointwise to ¢ then lim @,(t,) < @(t) for every (t,) C [0, )
and t, — t.

Proof. Since ¢, € @ for each n, we have that ¢, is monotone non-decreasing and upper semi-continuous
for each n. Hence, for each ¢ > 0, we have

lim sup @, (t) < @,(c) @3)

t—ct

for each n € IN. By the other hand, since ¢, is monotone non-decreasing, we can deduce that
lim sup @, (t) < @u(c) 4)
t—c
for each n € N. Combining (3) and 4, we arrive at

lim sup @, (t) < @u(c) (5)

t—c
for each n. Suppose that () C [0, o0) and f;, — t. In view (5) we have
lim sup @, (t) < @a(t)
k—o0
for each n € IN. Since ¢, converges pointwise to ¢, we can conclude that

lim @, (t,) < limsup @,(t,) < limsup @,(t) < @a(t) = (1)
n—oo k—oo

foreacht>0. [

3. Sequence of nonlinear quasi contractions

We begin this section at stating the main result of the work.

Theorem 3.1. Let d,, be a metric on a set X for each n € Ny and {d,},, converges uniformly tod = dy. Suppose that
Jn is a nonlinear quasi contraction of (X, d,) with the control function @, for each n € IN and ¢,, converges pointwise
to @. Then, if g : (X,d) — (X, d) is pointwise limit of {g,} by the metric d then g is a nonlinear quasi contraction
with the control function ¢.

Moreover, if each g, has a fixed point u,(n € IN) and g has a fixed point u then {u,},_, converges to .

Proof. For each x,y € X, we have
d(gx, gy) < d(gx, gux) + d (gnx, guy) + d (G, 7y) -
Since d,, converges uniformly to d, for any ¢ > 0 there exists N > 0 such that for n > N, we have

ld, (x,y)—d(x,y)| < ¢ (6)

for every x,y € X. Hence, for each x,y € X and n > N, we have
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d(gx, gy) < d(g9x, gnx) + d (guX, gny) + € +d(guYy, gy)
< d(gx, gnx) +d (guy, gy) + €

+ max {@u(du (6, 1) ) @u(dn (5, 9%) ), @ (v, 9u1) )
(i (5, 909) ), u( i (v, %) )}

< d(gx, gux) +d (gny, gy) + €

+ max {(pn<dn (%) ), (Pn(dn (x, gnx) >, (Pn(dn (v, 9ny) )r
Pu(dn (. 90) ), (e (v, 92%) )}

< d (9%, 9ux) +d (gay, gy) + €

+ max {qj,,(d (x, y)+ s), qon(d (x, gnx) + e),
Puld (0, 9y) + €), @u(d (x, guy) + £), @u(d (¥, 97) + €)}.

Letting n — co. It follows from the Lemma 2.7 and the pointwise convergence of g, to g by the metric d, that

d(gx,gy) < € + max {(p(d(x, y)),(p(d(x, gx) + e),(p(d(y, gy) + e)),

8)
(d (x, gy) + ), p(d (v, 92) + £)}
Since ¢ > 0 is arbitrary, we obtain
d (g%, gy) < max {p(d(x, v)), p(d(x, %)), p(d(y, g))), o

o(d 9y o(d (.99 )}

This show that g is the nonlinear quasi contraction of (X, d,,) with the control function ¢.
Now, suppose that g, has a fixed point u, for each n € IN and g has a fixed point u. For eachn > N, we

have
d (uy, 1) < d (U, gout) + d (gau, u)

=d (gun, gntt) + d (gau, u)
= dn(gnun/ gnu) + d(gnu/ M) t+é
< d(gnu,u)+ ¢

+ max {@n(d (1, 1) ), @a(d (4, gu1) ), @u(d (Gt 1) ),
(Pn(dn (gnut, un) )/ ﬁon(dn (Gnttn, 1) )}
= d(g,u, u) + € + max {(p,,(dn (Un, 1) ), (pn<dn (1, guu) ), (pn(dn (ttn, gn1t) )}

< d(gnu,u)+ €
+ max {(pn(d (uy, u) + e), (pn(€>, (Pn(d(u/ Gult) + 6),

(pn(d (un, guu) + é)}
< d(gou,u)+ ¢

+ max {(pn(d (U, u) + e), qon(e), (pn(d(u, gnlt) + e),
(pn(d (tn, u) +d(u, gyu) + 8)}
=d(g,u,u)+ ¢+ (pn(d (un, u) +d(u, g,u) + e).
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It implies that
d(uy, u) + dp(gau, u) + € - (pn(d (p, u) +d(u, guu) + s) < 2(d(gnu,u) + ¢). (10)

If (d(u,,, u)) is unbounded then limsup,,_, . d(u,, u) = co. Invoking the condition lim;_,e (t - (pn(t)) = oo for

each nn and (10), we arrive at a contradiction if n sufficiently large. Hence (d(u,,, u)) a bounded sequence. Set
to = limsup,,_,  d(uy, u). Since ¢, is nondecreasing and 2.7, we infer from lim,, ., d(gu,, u) = 0 and (10) that

to < e+ @ty + ¢).

Since ¢ > 0 is arbitrary, we can deduce that
to < @(to).
It follows that ¢y = 0. This proves that u, — u by the metricd. O

We obtain the following corollaries.

Corollary 3.2. Let (X, d) be a complete metric space. Suppose g, be a nonlinear quasi contraction of (X, d) with the
control function @, foreachn = 0,1,2, ... Then, if g : (X,d) — (X, d) is pointwise limit of {g,} then g is a nonlinear
quasi contraction with the control function ¢.

Moreover, g, has unique fixed point u, for each n, g has unique fixed point u and {u,}, _, converges to u.

Proof. Sinced, = dfor all n, the uniformly convergence of (d,) is trivial. The result are derived from Theorem
31. O

In particular, we have got a version for nonlinear contractions.

Corollary 3.3. Let (X, d) be a complete metric space. Suppose g, be a nonlinear contraction of (X, d) with the control
function @, for each n = 0,1,2,.... Then, if g : (X,d) — (X, d) is pointwise limit of {g,} then g is a nonlinear
contraction with the control function ¢.

Moreover, g, has unique fixed point u, for each n, g has unique fixed point u and {u,}; _, converges to u.

In the Corollary 3.2 if we fix @,(t) = @(t) = gt with 0 < g < 1 then we arrive at the result of Ivanov (see
[8]). We also have got the main result of Park ([12]). We would like to emphasize that Park’s result seem to
be the best in “linear” contractions.

Corollary 3.4. ([12]) Let d,, be a metric on a set X for each n € Ny and {d,},., converges uniformly to d = d.
Suppose g, be a quasi contraction of (X, d,,) with constant control function a,, for eachn =0, 1,2, ... and o, converges
toa € (0,1). Then, if g : (X,d) — (X, d) is pointwise limit of {g,} by the metric d then g is a quasi contraction
with the constant control function a. Moreover, if each g, has a fixed point u, and g has a fixed point u then {u,}, _,
converges to u.

The following example state that our results are certainly extension of Park’s and some of the result are
previously mentioned.

Example 3.5. Let X = [0, o0) and d,, be the usual metric on X for all nn. Let f, : X — X define by

n 1

n+11n(1+£) ifo<x<?
fn(x)z n 1 ” 1

- > —

n+1n( + x) 1x_n.

It is easy to check that (f,) converges pointwise to

f(x) =In(1 + x),x € [0, )
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n 1
and f, have a unique fixed point u, = mln(l + E) on X for each n € IN and f has unique fixed point

u = 0. On the other hand u, — uasn — oo.
Suppose that there exists @ € (0, 1) such that

d(fx, fy) = aM(x, y)
for all x, y € X. We have

M(x, y) = max{lx = yl, Ix = fxl, ly = fyl, [x = fyl, ly = fxl}.
If 0 < x < 1and y = 0 then we obtain
M(x, 0) = max{|x|, [x = In(1 + x)|,10 = 0], [x], | In(1 + x)|} = ||
and d(fx, f0) = [In(1 + x)|. Hence
In(1 + x)| < ax

for all x > 0 and we arrive at a contradiction. This shows that we can not apply Corollary 3.4 for the
sequence (f).

Now, we shall show that (f,,) are satisfied our theorem. More precisely, we can apply Corollary 3.3 with
suitable nonlinear control functions (¢,). Indeed, let

t ifo<t<
ey =4+ 1 ;
11'1(1 +1) ift > Z

For each n € IN and for every x, y € X, we can reduce to consider cases:

1
i) Cases 1: If x, y < - then d(f.x, f,y) = 0 for all n. It follows that

d(fux, fuy) < Pu(d(x, y))

for all n.

1
ii) Cases 2: x > y > p We have

lx =yl
1+y

ﬂﬂ&ﬁﬁ)=;§THm1+x%Jm1+yﬂ:nn

1 In(1 +

)

Iflx — y| > 1 then
xX—y
Pn(dx, y)) =In(1 + [x —yl) > In(1 + m) > d(fux, fny)

for every x > y € X.
If [x — y| < 1 then

n n n Ix =yl
-yl > — —y|) >
+1|x yl_n+1ln(1+|x yl)_n+11n(1+1+y

Pu(d(x, y)) = ) = d(fuX, fuly).

n

1
iii) Cases 3: x > - > y. We have

d " ma I+ = " 11 + -
(an,fny)—|mn( +x) = In( +E)|_n+1 n( +1+

S

1
- x
Z)< nlln(1+
n

“n+ )
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1
It easy to see that d(x, y) =[x — y| > |x — E|' Since

t ifo<t<i
on(t) = n+1 .
In(l+6) ifx>-.

1 1
and the fact In(1 + |x — El) <l|x-— El) we arrive at

d(fux, fuy) < Pu(d(x, y))

for all n.
Hence, all conditions of Corollary 3.3 are fulfilled and the conclusion are derived.

4. Sequences of almost contractions

In this section, inspired Pacurar’s Theorem [10], we shall express a general theorem for sequences of
almost contractions.

Theorem 4.1. Let (X, d) be a metric space. Suppose that g,,,9: X — X, n € N are satisfied:
1) For each n € N, g,, are (a,, L,)-almost contradictions with a, € (0,1),L, > 0.
2) There exists, b, € (0,1),K,, > 0 such that
A(gnx, gny) < bud(x, y) + Kpd(x, g,x)), x,y € X

andn € N
3)a, »>a€(0,1),b, b, L, > Land K, —» Kasn — oo.
4) g, converges pointwise to g on X.
Then gy, has a unique fixed point x,(n € IN), g has a unique fixed point x* and x, — x* as n — oo.

Proof. Letting n — oo, it follows from 3) 4) and the continuity of the metric d that g is a (a,L)- almost
contradiction, and

d(gx, gy) < ad(x, y) + Ld(y, gx),
and
d(gx, gy) < bd(x,y) + Kd(x, gx),

for every x, y € X. Hence, g are satisfied the Theorem 2.5 and g has a unique fixed point x*. Moreover, g,
has a unique fixed point {x},} for each n € IN. For each n = 1,2, .. we have

d(x,, x*) = d(g,x;, gx*)
< d(gnx;,, gx,) + d(gnx", gx*)
< byd(x;,, x7) + Kpd(X),, gnx;,) + d(gnx’, gx*)
= b,d(x, x*) + d(gnx", gx").

Since b, < 1and lim b, = b <1 we obtain sup b, = < 1. It follows from

d(x, x*) < byd(x;, x7) + d(gax”, gx*)
that
(1= p)d(xy, x) < d(gnx", gx7)
for each n € IN. Since (g,,) converges pointwise to g, we can deduce that lim d(x}, x*) = 0. This means that

x, > x. O
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Remark 4.2. If we choose (a,), (b,), (L,) and (K;) are constant sequences then we get the main result of [10]
(Theorem 2.5).

We give some examples that to illustrate the previous theorem.

Example 4.3. Consider R endow with the usual metric and the sequence of maps g, : R — R defined by

n n
= +—, EN,V EIR
I =i T X

x
It is easy to see that g, converges pointwise to gx = 5t 1 and g has a unique fixed point x = 2. Moreover

2n? +n

J» has a unique fixed point x, = Clearly x,, converges to x = 2. We can not apply the classical

(n+1)%
Nadler’s theorem (see [11]) because that g, does not converges uniformly to g. Indeed,
sup |g,x — gx| = sup | al +L—1|>|4n+2+ ! -1 = " -1
R e Tl T 2 Thr1 T et
n
as 1 — oo. On the other hand, since g, = a1 is not a constant sequence, we can not apply the all results
of [10].
. o ) n 1 n 1
dI’cKls easy to check that g, are satisfied the Theorem 4.1 with a, = o - X L,=0,b, = 1 - 3
and K,, = 0.

The following example shows that we can not assume that a, — 1 in the Theorem 4.1.

Example 4.4. Consider R endow with the usual metric and the sequence of maps g, : R — R defined by

n
= — €
InX n+1x+1,n N
It is easy to see that g, converges pointwise to gx = x + 1 and g has not any fixed point. On the other hand

n
Jn has the unique fixed x, = n+1 and x, tend to 0. Since a,, = 1 — 1, we can deduce g, are not satisfied

Theorem 4.1. Moreover, it is not satisfied Nadler’s theorem. In fact g, does not converges uniformly g.
Indeed

| | | X 4 n 1|>|4n+2+ n 1 n 1
su X — gXx| = su _— = - = -
B S A e P S m+2 n+l n+1
as n — o0,
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