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Abstract. The main objective of this paper is a further study of discrete Muckenhoupt and
Gehring weights. We first restate monotonicity properties of Muckenhoupt and Gehring classes
in terms of the corresponding norms. In addition, we establish some norm bounds for Muck-
enhoupt and Gehring weights. Next, we give a simple characterization of the weight belonging
to both Muckenhoupt and Gehring class. Finally, we show that the transition functions, aris-
ing from inclusion problems between Muckenhoupt and Gehring classes, are decreasing. As
an application, some particular examples of Muckenhoupt and Gehring power weights are also
considered.

1. Introduction

In 1972, Muckenhoupt [27], established a characterization of Muckenhoupt A,
class of weights in connection with the boundedness of the Hardy-Littlewood maximal
operator in the space L4 (R.), p > 1, where w is the corresponding weight. An-
other important class of weights, the Gehring class G, g > 1, has been introduced by
Gehring [14] in connection with local integrability properties of the gradient of quasi-
conformal mappings. Due to the importance of these two classes in mathematical and
harmonic analysis, their structure has been studied by numerous authors, and various
results regarding the relationship between them and their applications have been estab-
lished (see [2, 3, 9, 10, 12, 13, 14, 16, 17, 19, 20, 22, 23, 25, 27, 29, 30, 36] and the
references therein).

Nowadays, the study of discrete analogues in harmonic analysis is quite active
field of research. For example, the study of regularity and boundedness of discrete
operators on [P, higher summability theorems, as well as the study of structure of
discrete Muckenhoupt and Gehring classes are research topics of several authors (see
[4,5,6,7,8,24,31,32,34,37] and the references therein). Although some results from
Euclidean harmonic analysis admit an obvious variant in the discrete setting, others do
not. The main objective of this paper is a study of some new fundamental properties of
discrete Muckenhoupt and Gehring weights.

Throughout this paper, N stands for a set of positive integersi.e. N={1,2,...,n},
while / is an interval in N. By interval /, we mean finite subset of N consisting of
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consecutive integers, i.e. I ={a+1,a+2,...,.a+n}, ac€ NU{0}, n €N, and ||
stands for its cardinality. A discrete weight on N is a sequence u = {u(n)};_, of
nonnegative real numbers.

The weight u belongs to a discrete Muckenhoupt class «7,, p > 1, if there exist a
constant C > 1 such that the inequality

1 1 i vt
(V%“(ko <7|kelu Pl(k>> <C (1)

holds for every interval / C N. In addition, 7,(C) is a subclass of .7, consisting
of weights u satisfying (1) for a fixed constant C > 1. The .7),-norm of weight u is
defined by

1 1 | e
), (u) = sup <|I Zu(k)) (m Zuﬁ%k)) < oo,

ICN kel kel

Due to the Holder inequality, it follows that .27, (1) > 1. Moreover, if u € .27,(C), then
p(u) < C. A discrete weight u is said to belong to a discrete Muckenhoupt class .27 ,
if there exists a constant A > 1 such that the inequality

u(k) <Ainfu(k 2)
7] oyt (k) kel (k)

holds for every interval I C N. Similarly, 27| (A) is a subclass of <7 satisfying (2) with
a fixed constant A > 1. The 7] -norm of u € <7, is defined by

Sker (k) )
R4 = B 4= e S
1) fgg 1] (infkelu(k) =

A class 7%, consists of all weights u such that their 7. («)-norm is finite, i.e.

1
#eul) = ?‘é%(nk% )(“Pnk%,“g k))

It should be noticed here that lim ... 7,(u) = @ (u) and lim,_,;+ ) (u) = < (u),
due to the well-known limit value lim,_o (1+ )=,

Sometimes it is convenient to consider a symmetric form equivalent to (2). Namely,
a discrete weight u belongs to the discrete Muckenhoupt class % (A), A > 1, if the

inequality
Souk) Y u (k) <A1 3)
kel kel
holds for every subinterval I C N. This class has been used in harmonic analysis by
several authors. For example, Arilo and Muckenhoupt [1], proved that if « is nonin-
creasing and satisfies (3), then the space d (u‘q*/ 4 ¢*) is the dual space of the classical
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discrete Lorentz space

- 1/q
d(v,q) = x:|lx[l,, = (2 IX*(n)qu(n)> <o,
n=1

where x*(n) is the nonincreasing rearrangement of |x(n)| and ¢* is the conjugate of
q. In [28], Pavlov gave a full description of all complete interpolating sequences on the
real line by using the integral form of (3). In particular, he proved that the real sequence
A is a complete interpolating sequence if and only if the function w = |F (x + iy)[*,
x,y € R, satisfies the Muckenhoupt condition

/ wi(t)dr / wl ()t < AT, 4)
1 1

for some constant A > 0, y # 0, and for all intervals I C N, where

. Z

Further, Lyubarskii and Seip [21], showed that condition (4) can be replaced by the
corresponding discrete version (3) and proved that the real sequence A, is a complete
interpolating sequence if and only if there is a relatively dense subsequence A,, such

that the numbers d (k) = |F ' (M) !2 satisfy the discrete Muckenhoupt condition

k)Y, (k) <A, )
kel kel
for some constant A > 0 and for all intervals 7 C N. It seems that checking the Muck-
enhoupt condition (4) for a function F given by an infinite product is quite hard. At the
first sight, condition (5) is easier to verify since it involves only countably many sets
I instead of all finite intervals. In addition, in the case of the Lorentz sequence spaces
d(v,q) one can have a better feeling of the behavior of multiplication, composition op-
erators and inducing sequences, than in the case of the classical Lorentz spaces L”9 as
well, as in Banach spaces (see, e. g. [18]).
These observations lead us to study the structure of the discrete Muckenhoupt
classes in [32], where we have proved that if v is a nonincreasing sequence satisfying
(2), then for p € [1, C/(C — 1)) the inequality

|1\ kel m kel

)4
L vl’(k><A<i v(k)) ©)

holds for every interval I C N. Relation (6) shows that any Muckenhoupt weight .7
belongs to certain Gehring classes of weights satisfying the reverse Holder inequality.
More precisely, the weight u belongs to a discrete Gehring class ¢,, g > 1, if there
exist a constant K > 1 such that the relation

1

(% Zuq(k)> < K%kelu(k) @)

kel
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is satisfied for any interval / C N. Moreover, ¢,(K) is a subclass of ¢, consisting of
weights u satisfying (7) with a fixed constant K > 1. The ¢, -norm of u € ¢, is defined
by

19 724

G, (u) = sup %(%zzﬂ(k)y < oo

1N | Zkertt kel
Due to Hélder’s inequality it follows that ¢, (u) > 1, while for u € ¢,(K) we have

() < K9/9-1  Finally, we give specific definitions of classes ¢, and %.. A discrete
class ¢ consists of all weights u with finite ¢ (1) -norm, i.e.

1 u(k u(k
% (u) = supexp <7| D %log %) < oo,
kel

ICN

where u; = (1/|1|) Yreru(k). Similarly, Gehring class %. consists of all weights with
finite %..(u)-norm, i.e.
- supc u(k)
1N 7 Sker u(k)
Recently, Saker et al. [34] (see also [32]), established several interesting properties of
discrete classes <7, and ¥, as well as some relationships between them. Those results
are discrete extensions of the previously known integral results established in the above

mentioned references. In particular, they proved that Muckenhoupt classes satisfy the
following properties:

(Al) @ C o) C oy C Hey 1 <p<gq,
(A2) oo =Upo1 ).
Similarly, they also proved the corresponding properties for the Gehring classes:
(Gl) Y%.C¥Y%,C% C%,1<p<gq,
(G2) %1=Uyg=19Y-

Saker et al. [35] proved the discrete result due to Korenovskii [19] and established
the so called self-improving property of Muckenhoupt weights. More precisely, they
proved that if u € <7,(A) C <7,, p>1, A> 1, then u € <, for q € [po,p), where pg
is the unique positive root of the equation

Apo)aT ((1=P0) — .
(Apo)? (q_1>

Similarly, Saker et al. [33] proved the discrete version of the results due to D’ Apuzzo
and Sbordone [1 1] and established the self-improving properties of the weighted Muck-
enhoupt and Gehring classes. In particular, they proved that if v € ¢,(K) C¥,, ¢ > 1,
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K > 1, is a nonincreasing sequence, then v € %, for p € [q,q"), where g* is a unique
positive solution of the equation

() () =

To prove the main results in [35] and [33] the authors used the assumptions and ter-
minologies used in the classical setting and proved some new discrete inequalities.
This has been done by applying some algebraic inequalities to overcome the nonex-
istence of the power rules as well as the chain rules which are the main tools used in the
proof of the classical results. For the reader’s convenience, properties (Al) and (G1)
will be referred to as monotonicity properties of Muckenhoupt and Gehring classes.
These classes of weights are closely connected. Namely, it has been proved in [34]
that %, = ¥4, so every Muckenhoupt class belongs to ¢, while every Gehring class
belongs to .o%.. Therefore, one of the most interesting problems in connection with
these classes is inclusion of Muckenhoupt classes into Gehring classes and vice versa.
Although there are lots of results for this topic in integral case (see, e.g. [22, 23]), such
problems are still unsolved in the discrete case, since techniques that have been used in
integral case do not have a discrete counterpart.

Therefore, we need a new approach to establish the corresponding discrete results.
In particular, it will be interesting to find indices s* = s*(p,C), r* = r*(q,K) and the
corresponding constants K; = K;(p,C), C, = Cr(q,K), such that the following inclu-
sions hold:

y(C) C 9(Ky), forall s < s,
4,(K) C o,(C,), forall r > r*.

The main objective of the present paper is a further study of discrete Muckenhoupt and
Gehring classes. We first restate monotonicity properties (Al) and (A2) in terms of
the corresponding norms. We will show that these norms show similar behavior as the
corresponding classes. Some particular examples of Muckenhoupt and Gehring power
weights are also considered to illustrate the difficulties arising from discrete setting,
since there are no power rules as in the integral case. Next, we establish some norm es-
timates for Muckenhoupt and Gehring weights. We also give a simple characterization
of the weight belonging to both classes .27, and ¢,. Finally, motivated by the above
inclusion problems, we define the so called transition functions between Muckenhoupt
and Gehring classes and show that they are decreasing.

2. Main results

The main tool in establishing our results will be the Holder and the Jensen inequal-
ities. Recall that the Holder inequality asserts that

w(k (k) < (2 u%k)) : (z v%k)) N ®)
k=1 k=1

»
I Mx
L
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where 1/p+1/g=1, p>1, and {u(k)};_,, {v(k)};_, are nonnegative sequences.
If 0 < p < 1, then the sign of inequality (8) is reversed. The Jensen inequality asserts
thatif f : [a,b] — R is a convex function and (py, p2,...,ps) is a nonnegative n-tuple
such that Y} | pr = 1, then the inequality

S (i kak> < i Pif () ©)
=1 =1

holds for any n-tuple (x1,x2,...,%,) € [a,b]". If f is concave function, then the sign
of (9) is reversed. An important consequence of the Jensen inequality is the generalized
mean inequality. Recall that a weighted power mean M, (x1,x2,...,x,) is defined by

1
r

n
Mr(xlaXZa"'axn): <2kalt> )
k=1

where ¥}, pr =1, px >0, and (x1,x2,...,x,) is a positive n-tuple. The nonweighted
means correspond to the setting py = 1/n, k=1,2,...,n. Recall that for p = 1,0,—1
we obtain respectively, the arithmetic, geometric and harmonic mean. In addition,
M_oo(X1,%2,. .., x,) = min{xy,x2,...,%,} and Meo(x1,X2,...,X,) = max{x;,x2,...,X,}.
The generalized mean inequality asserts that if < s, then

My (x1,X0, ... xn) < Ms(x1,X2,...,X). (10)

Inequality (10) is true for real values of r and s, as well as for positive and negative
infinity values. For more details about the Jensen inequality and means inequalities, the
reader is referred to [15, 26].

The results that follow can be considered as discrete versions of integral results
established in [10, 13, 30] with modifications in the proofs, in order to overcame the
lack of the appropriate tools on the discrete space like power rules, chain rules, etc.
Our first result refers to monotonicity properties (A1) and (G1) of Muckenhoupt and
Gehring classes. In fact, our intention is to restate these properties in terms of the
corresponding Muckenhoupt and Gehring norms. The following proposition asserts
that these norms show similar behavior as the corresponding classes.

PROPOSITION 1. Let u be a nonnegative weight and let 1 < r < p be real num-
bers.

(i) If u € o), then oo(u) < o (u) < o (u).
1 _1 _1
(ii) If u € 9,, then %1_7(u) < 541,1 "(u). In addition, if u € 4., then %pl P(u) <
G (u).

Proof. (i) Since u € </, we know that u € &/, C ... We consider two cases
depending on whether r > 1 or r = 1. If r > 1, then, utilizing the generalized mean
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inequality (10), it follows that

1 1-p 1 1—-r
1 1

TP ON N SN O I

<|I kel ) <|I kel

since —1/(p—1) > —1/(r—1), and consequently,

1 . p—1 | r—1
(g 7w) < (mgeme)

Therefore we obtain

1 1 o\
() = 52§<|1 kdu(k)> <|1 2. T (k)>

r—1
1 1
ISICJIET <|I kelu(k)> <|I ke]u = (k)> = szr(ll),

as claimed. The previous inequality also holds for » = 1. Namely, yet another use of
the generalized mean inequality implies

1 1 o
(— u 1 (k)) > infu(k),

|I\ i1 kel

where from we obtain

1 1 1 o
) = ;gg(,%u(k)) <7|k€,” »1(k>)

1 Zkelu(k) )
<sup (= 2™ _ gy,
sup ( M infcru(y ) = 0

It remains to prove that .o7.(u) < 7,(u). More precisely, applying (9) with n = |I|,
pr= 1ML, k= 1,200 1], £u) = expl(1/ (p— 1))u] and %, = log (1 /u(k), it fol-

lows that
1 1 P
exp log —
1] &% ulk)

ol (e
p—1 |1\ kel ”(k)

1 1

exp log ] u r- l(k),
S kel { u(k) 1] kel



8 S. H. SAKER, M. KRNIC AND D. BALEANU

and consequently,
1 1 1
oo (1) = sUp u(k) | exp log—
v\ 1115 11577 u(k)

1 1 | o
< sup <|I %M(’O) (Vkelu = (k)> = p(u),

which proves our assertion.

(ii) Let » > 1 and let u € ¢,. Then, u € ¥, so utilizing the generalized mean
inequality we obtain

~|—

%17%( ) = sup 7”( 3 (%2u’(k)>

ICN Xkerlt kel

N———
==
Il
'é&.—
==
—
N
—

< sup M (%Eu”(k)

1N Zeru(k) el

1—=
Obviously, the last inequality also holds for » = 1. It remains to prove that ¢, " (u) <

4..(u), provided that u € 4.,. Clearly, this also holds due to the weighted mean in-
equality since

l

: i
9, "(u) =sup uP(k
P ron Saeru(k) \ 1] g}
I k
< Sup M = gw(u) . |:|
1N Zgeru(k)
Now, our intention is to consider some particular examples of Muckenhoupt and

Gehring weights. In order to simplify our further discussion, from now on we study
classes .27, and ¢, for real indices p, ¢ > 1.

EXAMPLE 1. A bounded weight u such that 0 <m < u(k) < M, k € N, belongs

to every Muckenhoupt class <7,. Namely, utilizing the generalized mean inequality
(10), it follows that

p—1
1 1 L suppc u(k) M
_ _ =1 < T Tkel PV T
<|z kzg“(")) <|1 2 (")> S Tnfeutt) S m’

which implies that .o7,(u) < o. However, Muckenhoupt weight does not have to be
a bounded function. The weight u defined by u(n) = (n+a)* belongs to a class .27,
if -1 <o < p—1. Clearly, the case o = 0 is trivial. We will show that u € <7, for
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0 < o < p—1,the proof for —1 < o < 0 is similar and it is left to the reader. Hence,
let /={a+1,a+2,...,a+n},ac NU{0}, n €N, and let

n n

_ o -1
Ll(u):zz=1(a+k)a <Zﬁzl(a+k) rr)” |

Our aim is to find an upper bound for L;(u), not dependent on interval I. By the
generalized mean inequality we have

Yioila+k)”

, < (n+a)?.

On the other hand, con51der1ng Yieila+k)» 7°T as a lower Darboux sum of decreasing
function f(x) = (x+a)~ 7T on interval [0,n], we obtain the following estimate

d -2 n _ o p—1 p-l-a p-l-a
2 (a+k) T / (x4+a) Pldx ——— [(n—|—a) T —q T
k=1 0 p—1l—o

Therefore, the above two estimates provide the inequality

T p—1 n+a—a(t)rd
Ly (u) 1
p—1-a n
p—1 n+a—-a  p-—1
p—1—-« n o p—l-a’

p—1
and consequently, A, (u) = sup;y Ly(u) < ( pl ) <eo,ie. u€ ..

EXAMPLE 2. Similarly to Example 1, it is obvious that a bounded weight v such
that 0 <m < v(k) <M, k € N, belongs to every Gehring class ¥, . Further, the weight
v(n) = (n+a)P belongs to a class &, if B > —1/q. We will prove that v € ¥, for
—1/g < B <0, the rest is proved similarly and it is left to the reader. Therefore, let

1

_ n ZZZI(aJrk)ﬁq ‘
Li(v) = Y (a+k)P ( n ) ’

where I ={a+1l,a+2,....,a+n}, a € NU{0}, n € N. Now, since —1/¢ < f3 <0,
the generalized mean inequality yields

n

. r -B
SINCEAL <(n4a) P,

In addition, considering Y}_,(a+ k)ﬁq as a lower Darboux sum of decreasing function
f(x) = (x+a)P? on interval [0,n], we obtain

(n+a)Part— gPat1]

n n 1
a+k’3‘1</ a+x)Pdx =
; o( ) Bg+1
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Thus, combining the previous two estimates, we obtain

Ba
i) < L mrazalai)
1 S Bg+1 n
P 1 nt+a—a 1
S Bg+1  n Bg+1’

a_ i
and consequently, ¢,(v) = sup;cy L/ ' (v) < (Bg+1)T7 < oo, ie. vEY,.

It should be noticed here that Muckenhoupt and Gehring power weights discussed
in the previous two examples are in accordance to monotonicity properties and Propo-
sition 1.

Our next result provides a characterization of a nonnegative weight belonging to
both Muckenhoupt and Gehring classes szp and ¥;. We show that such weight can be
characterized via the corresponding Muckenhoupt class.

THEOREM 1. Let u be a nonnegative weight and let p,q,s be real numbers such
that p, s > 1 and g =s(p—1)+1. Then, u € o/, N9, if and only if u* € <7,.

Proof. We first prove that if u € <7, "%, then u* € .27,. Namely, since u € <7, N
9, then there exist positive constants A,B > 1 such that

1 1 | e

1 ; 1,
(7%;14 (k)) <B<|I 2 (k)).

Now, since g — 1 = s(p — 1), the first inequality yields

and

1
(ﬁ Zkelu(k)>“

1

1 ot
<7|Z<uf>w <k>) <a

kel

while from the second one we obtain

ﬁzm(k) <B (i u(k)> .

it =

Clearly, by multiplying the last two inequalities, we have

1 1 ! !
(V%M“(k)> (V%(u“) a-T (k)>

1 1
<AB |~ u(k)) @By,
( U= <ﬁ kel ”(k)>



DISCRETE MUCKENHOUPT AND GEHRING WEIGHTS 11

which implies that u* € o7,. It remains to prove the opposite direction. Since u® € .27,
there exist a constant D > 0 such that

o, 1 o\
2@ 2T w ) <D,

kel kel

and consequently,

1 e | o
<|7 Zus(k>> <7| uf’l(k)) <Dy, (11)
kel kel

since ¢ — 1 =s(p — 1). In addition, due to the generalized mean inequality we have
1
1 ; : 1
w2 (k) | = Y uk),
‘I | kel |I ‘ kel

which together with (11) yields

1 1 | o
(v%u(k)> <7|k61u p=T (k)) < Ds.

Clearly, the last relation implies that u € <7,. On the other hand, yet another application
of the generalized mean inequality yields relation

1 e IR
<7|k611/t(k)> < <7|k€1u I’l(k)> s

which together with (11) implies

1 1
1 1 s : 1

1
s

1 s ' NS ;
(ﬂke,” “") <P (n “")'

Finally, the last inequality implies that u € ¢;. Hence, we have u € 27, N%, and the
proof is complete. [

respectively,

The above theorem will be utilized in establishing some norm estimates for Muck-
enhoupt and Gehring weights. In particular, we obtain mutual bounds for the norm of
Gehring weight u € ¥, , expressed in terms of suitable Muckenhoupt norms.
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THEOREM 2. Let u be nonnegative weight and let p,q > 1. If u € Agp-1 NG,
P
then u? € a7, and

P
A |haga()]| < B < hun) 1)
Ifue%andu_l_if €%+%,thenu6£fpand
et
) < ) |y (07| (13)
.

Proof. We prove (12) first. Since u € y+)-1 NY,, we conclude by Theorem 1

P
that u” € o7,. Furthermore, taking into account definition of ¢, (u), it follows that

1 P p—1 1 !
mZu (k) < [“p(w)] o 2 ulk) |

kel

and so,

M

— G [ Su® | (=S )
| ‘ kel m kel

This means that .27, (u”) < [%p(u)]pfl [4:p1(u)]”, i.e. we obtain the first inequality
in (12). On the other hand, applying the gengralized mean inequality, it follows that

C uf%0p<%ihﬂwﬁii‘““

&
1 1 s o
(V%W‘)) <|7 ' (">> -

and consequently,
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Therefore we have

zuf’<k>> !

1 1
ﬁ Sieru(k) \ M| &
_pP_

[(% Zkel”p(k)> (ﬁ Zkeru 1

(FrZkeru)) (g Shere 71 (0)

1 1 7%1 qg—=1|r %

which implies that [%,(u)]” 1<, (uP), as claimed.
It remains to prove (13). Let ¢* =¢q/(¢—1) and p* =p/(p—

identity
Lsuw) (Lsuw
12 12
— (LS uw)) [ St @) .
1 1] &

kel
1-p* 1 1—q"
w P (k) u
1l i

1
U=

Further, employing the Cauchy-Schwarz inequality, we have

|I2=<z(u1—q*(k))l/2(ul—q*(k) ) (k%ul a )(gluq—l

kel
1q g1
1 g R 1 o R
2u (k) < Sul (k) :
|1\ kel m kel

since p,q > 1. Now, the previous inequality implies the following relation:
1-p* 1 1- m
w P (k) u' = (k)
=

~ p—1
1
( U=
q—17

= -

)"
07

l—q
-1

ﬁ

and consequently,

-]
-]

1-g A

~

N
~

)

13

1). Then holds the

(14)
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_ g-1p—1
- (ng, p(">> <|1,<2€,< ’) (k>>

: .
s (L (o )
) _(nk% p(">> <|1k§,< ) <">>

Finally, since 1 — p* = —1/(p— 1), taking into account the last inequality and (14), we

obtain
) -

(2o (12
(vkez )('Ikefulq )

i u'” u'~ H a
: <1|k€, g )(ilke, p> )
_ iZu(k)

(72w (7

I <1+ij>7l p-l
1 lfp* 1 lfp* 1+Z:i ~1
(ﬂzu <k>) (Vz[u (] { >)

kel kel
< )| g )]

1

which means that u € </, and /), (u) < o, (u) [, (u 1 )]IFI . The proof is now

1+

_

P—

I

|

complete. [
Now, we consider a nonnegative weight of the form u = u?ué_e, 0<0O6<1,

where u; and u, are arbitrary Muckenhoupt weights. We will show that u also belongs
to appropriate Muckenhoupt class and we will establish an upper bound for its norm.

THEOREM 3. Let p1,p2 > 1 be real numbers and let uy € o)p,, uy € 9y, be
nonnegative weights. If 0 < 0 < 1, then u1 u2 = <y, and

Ao uub=0) < (A, (u1))? (e, (u2))' 7, (15)

where pg = 0p1+ (1 —0)ps.
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Proof. Let

1\ Pel
L=<i u?<k>u5-9<k>> (%2@?(@”&-9(1«)] )

‘I | kel kel

-1
1 0 1-6 1 ’v%l ’r’le%el "
=\ gy &R k) ) {2 (R (K) :

kel kel

Applying the Holder inequality to the first factor of the previous expression, we have

0 1-6
2ui’(k>ué"(k><<zu1<k>> <2u2(k>> :

kel kel kel

Similarly, since pg = 0p;+(1—0)p2 > min{py, pa} > 1, applying the Holder inequal-
ity with parameters (pg — 1) /[0 (p1 —1)] > 1 and (pg—1)/[(1—=0)(p2—1)] > 1,t0
the second factor of L, we have

-0 ,Lf’l)
Nouy O (kyuy " (k)
kel
9([)171) (179)(/7271)

< <2u1ml(k)> v <2u2f’21(k)> v
kel kel

Therefore, utilizing the previous two estimates, as well as the fact that u; € /), , up €
<), , we obtain the following upper bound for L:

X o/ 1-0
L< (F%ul(k)> <|7k61u2(k)>

6(p-1) (1-0)(pp-1) \ Po~!

X (1 umll(k)> " (1 upzll(k)>Tl_

|I‘ kel : |I‘ kel ?

| 0 | 1-6
=<|7%M1(k)> (V%biz(k)>

1 1 0(p1—1) 1 1 (1-6)(p2—1)
1< m 1w
" (n P (">> (u & “")
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1 i p1—1
- (WZ )(|,2 )
1 1 _ﬁ p2—1
; (ﬂ%um) (7' <k>)

< [y (1)) [ (12)] 7.

Consequently, ”1 é b ¢ %PG and (15) holds, as claimed. [

1-6

REMARK 1. In particular, if u;,us € 47,, then Theorem 3 implies that the weight
u=u%ul"% 0< 6 <1, also belongs to a class «7,. Moreover, since <7,(1) = 1, it
follows by Theorem 3 that if u € «7,, then u® € <), for 0 < 0 < 1. In addition, due to
(15), we obtain the following estimate: <7, (u%) < (%p(u))e, 0<06<1.

We have already discussed that every Muckenhoupt class belongs to ¢ since
Ao =4 . In the same way, every Gehring class belongs to ... Therefore, taking into
account monotonicity properties (A1) and (G1), it turns out that the following functions
are well defined for p > 1:

o(p)=sup{o>1:4,CY},

16
0(p)= inf{0>1:9, C ). (10

The above functions ¢ and 0 are referred to as transition functions between Mucken-
houpt and Gehring classes, and vice versa. Our last result shows that o(p) and 6(p)
are decreasing functions with respect to argument p > 1.

THEOREM 4. Let o(p) and 0(p) be defined by (16). If py < pa, then o(p1) >
o(p2) and 6(p1) = 6(p2).

Proof. Let us denote S, = {G 1:97,C 5%} Now, let p; < py and let oy €
Sp,. This means that .27,, C Y, . Further due to monotonicity property of Muck-
enhoupt classes, we have .27, C .4,,, which implies that &7, C ¥,, i.e 0p € S, .
Therefore, S, C §), and consequently,

o(p2) =supS,, <supS,, =o(p1),

as claimed.

Similarly, let 7, = {6 > 1:%, C %} andlet 6, € T,, . Then, &, C g, . More-
over, since py > py, it follows that ¢, C ¥, C @, ,i.e. 6y € T, . Finally, T, C T},
and

o(p1) =infT, > infT,, = 6(p»),

which completes the proof. [

Acknowledgement. The authors would like to thank the referees for some valuable
comments and useful suggestions.



[1]
[2]
[3]
[4]
[5]
[6]
[7]
[8]
[9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]

[27]

DISCRETE MUCKENHOUPT AND GEHRING WEIGHTS 17

REFERENCES

M. A. ARINO, B. MUCKENHOUPT, A characterization of the dual of the classical Lorentz sequence
space d(w,q), Proc. Amer. Math. Soc. 112 (1991), 87-89.

L. BASILE, L. D’ APUZZ0, M. SQUILLANTE, The limit class of Gehring type G.., Boll. dell’Unione
Mat. Italiana 11 (1997), 871-884.

B. BOJARSKI, C. SBORDON, I. WIK, The Muckenhoupt class A;(0), Studia Math. 101 (1992), 155-
163.

J. BOBER, E. CARNEIRO, K. HUGHES, L. B. PIERCE, On a discrete version of Tanaka’s theorem for
maximal functions, Proc. Amer. Math. Soc. 140 (2012), 1669-1680.

A. BOTTCHER, 1. SPITKOVSKY, Wiener-Hopf integral operators with PC symbols on spaces with
Muckenhoupt weight, Revista Mat. Iber. 9 (1993), 257-279.

A. BOTTCHER, M. SEYBOLD, Wackelsatz and Stechkin’s inequality for discrete Muckenhoupt
weights, Preprint no. 99-7, TU Chemnitz, (1999).

A. BOTTCHER, M. SEYBOLD, Discrete Wiener-Hopf operators on spaces with Muckenhoupt weight,
Studia Math. 143 (2000), 121-144.

A. BOTTCHER, M. SEYBOLD, Discrete one-dimensional zero-order pseudodifferential operators on
spaces with Muckenhoupt weight, Algebra i Analiz 13 (2001), 116-129.

R. R. COIFMAN, C. FEFFERMAN, Weighted norm inequalities for maximal functions and singular
integrals, Studia Math. 51 (1974), 241-250.

D. CrUZ-URIBE, C. J. NEUGEBAUER, The structure of the reverse Holder classes, Trans. Amer.
Math. Soc. 347 (1995), 2941-2960.

L. D’APuUzz0 AND C. SBORDONE, Reverse Holder inequalities, A sharp result, Rend. di Mate. Ser.
VII 10 (1990), 357-366.

M. DINDOS, T. WALL, The sharp AP constant for weights in a reverse Holder class, Revista Mat.
Iber. 25 (2009), 559-594.

J. GARCIA-CUERVA, J. L. RUBIO DE FRANCIA, Weighted Norm Inequalities and Related Topics,
North-Holland Mathematics Studies, 116, Amsterdam (1985).

F. W. GEHRING, The L7 -integrability of the partial derivatives of a quasiconformal mapping, Bull.
Amer. Math. Soc. 97 (1973), 465-466.

G. H. HARDY, J. E. LITTLEWOOD, G. POLYA, Inequalities, 2"¢ edition, Cambridge Univ. Press
1952.

R. HUNT, B. MUCKENHOUPT, R. WHEEDEN, Weighted norm inequalities for the conjugate function
and Hilbert transform, Trans. Amer. Math. Soc. 176 (1973), 227-251.

R. JOHNSON, C. J. NEUGEBAUER, Homeomorphisms preserving A, Revista Mat. Iber. 3 (1987),
249-273.

H. HUDZIK, R. KUNAR, R. KUMAR, Matrix multiplication operators on Banach function spaces,
Proc. Indian Acad. Sci. (Math. Sci.) 116 (2006), 71-81.

A. A. KORENOVSKII, The exact continuation of a reverse Héolder inequality and Muckenhoupt’s con-
ditions, Math. Notes 52 (1992), 1192-1201.

A. A. KORENOVSKIL, V. V. FOMICHEYV, Self-improvement of summability factors of functions satis-

fying the reverse Holder inequality in limit cases, Ukrainian Math. J. 62 (2010), 552-563.

Y. I. LYUBARSKIL, K. SEIP, Complete interpolating sequences for Paley—Wiener spaces and Muck-
enhoupt’s Ap condition, Rev. Mat. Iberoamericana 13 (1997), 361-376.

N. A. MALAKSIANO, The exact inclusion of Gehring classes in Muckenhoupt classes, Mat. Zametki
70 (2001), 742-750 (in Russian), English translation in Mathematical Notes, 70 (2001), 673-681.

N. A. MALAKSIANO, The precise embeddings of one-dimensional Muckenhoupt classes in Gehring
classes, Acta Sci. Math. 68 (2002), 237-248.

J. MADRID, Sharp inequalities for the variation of the discrete maximal function, Bull. Austr. Math.
Soc. 95 (2017), 94-107.

A.MAGYAR, E. M. STEIN, S. WAINGER, Discrete analogues in harmonic analysis: Spherical aver-
ages, Annals of Math. 155 (2002) 189-208.

D. S. MITRINOVIC, J. E. PECARIC AND A. M. FINK, Classical and New Inequalities in Analysis,
Kluwer Academic Publishers, Dordrecht/Boston/London, 1993.

B. MUCHEKNHOUPT, Weighted norm inequalities for the Hardy maximal function, Trans. Amer.
Math. Soc. 165 (1972), 207-226.



18

[28]
[29]

[30]
[31]

[32]
[33]

[34]

[35]
[36]

[37]

S. H. SAKER, M. KRNIC AND D. BALEANU

B. S. PAVLOV, Basicity of an exponential system and Muckenhoupt’s condition, Dokl. Akad. Nauk
SSSR 247 (1979), 37-40; English translation in Sov. Math. Dokl. 20 (1979), 655-659.

A. POPOLI, Sharp integrability exponents and constants for Muckenhoupt and Gehring weights as
solutions to a unique equation, Annales Acad. Scien. Fen. Math. 43 (2018), 785-805.

A. POPOLI, Limits of the A, -constants, J. Math. Anal. Appl. 478 (2019), 1218-1229.

S. H. SAKER, M. KRNIC, J. PECARIC, Higher summability theorems from the weighted reverse
discrete inequalities, Appl. Anal. Discr. Math. 13 (2019), 423-439.

S. H. SAKER, 1. KUBIACZYK, Higher summability and discrete weighted Muckenhoupt and Gehring
type inequalities, Proc. Edinb. Math. Soc. 62 (2019), 949-973.

S. H. SAKER, M. KRNIC, The weighted discrete Gehring classes, Muckenhoupt classes and their
basic properties, Proc. Amer. Math. Soc. 149 (2021), 231-243

S. H. SAKER, S. S. RABIE, J. O. ALZABUT, D. O’REGAN, R. P. AGARWAL, Some basic properties
and fundamental relations for discrete Muckenhoupt and Gehring classes, Adv. Differ. Equ. 2021, 8
(2021), https://doi.org/10.1186/s13662-020-03105-x.

S. H. SAKER, D. O’REGAN, R. P. AGARWAL, Self-improving properties of discrete Muckenhoupt
weights, Analysis 41 (2021), 169-178.

S. H. SAKER, D. O’REGAN, R. P. AGARWAL, A higher integrability theorem from a reverse weighted
inequality, Bull. London Math. Soc. 51 (2019), 967-977.

E. M. STEIN, S. WAINGER, Discrete analogues in harmonic analysis I: 1* -estimates for singular
Radon transforms, Amer. J. Math. 121 (1999), 1291-1336.

(Received May 10, 2020) Samir H. Saker

Department of Mathematics

Faculty of Sciences, Mansoura University
Mansoura 35516, Egypt

e-mail: shsaker@mans.edu.eg

and

Department of Mathematics

Faculty of Science, New Mansoura University
New Mansoura City, Egypt

e-mail: shsaker@nmu.edu.eg

Mario Krni¢

University of Zagreb

Faculty of Electrical Engineering and Computing
Unska 3, 10000 Zagreb, Croatia

e-mail: mario.krnic@fer.hr

Dumitru Baleanu

Department of Mathematics
Cankaya University

Ankara, Turkey

Institute of Space Sciences
Magurele-Bucharest, Romania
e-mail: dumitru@cankaya.edu.tr

Journal of Mathematical Inequalities

v.ele-math.com

jmi@ele-math.com


https://doi.org/10.1186/s13662-020-03105-x

