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Abstract: We established several novel inequalities of Gronwall-Pachpatte type on time scales. Our
results can be used as handy tools to study the qualitative and quantitative properties of the solutions
of the initial boundary value problem for a partial delay dynamic equation. The Leibniz integral
rule on time scales has been used in the technique of our proof. Symmetry plays an essential role in
determining the correct methods to solve dynamic inequalities.
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1. Introduction

Stefan Hilger initiated the theory of time scales in his PhD thesis [1] in order to unify
discrete and continuous analysis. Since then, this theory has received a lot of attention.
The basic notion is to establish a result for a dynamic equation or a dynamic inequality
where the domain of the unknown function is so-called time scale T, which is an arbitrary
closed subset of the reals R. The three most common examples of calculus on time scales
are continuous calculus, discrete calculus, and quantum calculus, i.e, when T =R, T = N
and T = g% = {4* : z € Z} U {0} where g > 1. The books due to Bohner and Peterson [2,3]
on the subject of time scales brief and organize much of time scales calculus.

Gronwall-Bellman-type inequalities, which have many applications in qualitative
and quantitative behavior, have been developed by many mathematicians and several
refinements and extensions have been made to the previous results. We refer the reader to
the works [4-14].

Anderson [15] presented the following result on time scales.

t poo
w(ult;s)) < alt,s) +elts) [ [l m)apwule,n) + bz Viar, 1)
0
where u, a, ¢, and d are non-negative continuous functions defined for (¢,s) € T x T and b
is a non-negative continuous function for (t,s) € [fo, ) X [tg, o)1, and w € C}(R4,R)

with w’ > 0 for u > 0.
In [16], the authors discussed the following results:

) ot
wt) < atn+ [ [ Sienlfenausn)

+/Og %z(x,n)w(u(x,v))dx] dndg,
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() o)
wet) < e+ [ [ Sienifematutenntdsn)
+/0€ %z(x,n)CD(u(x,n))dx} dndg,

and

(0 ro(t)
wut) < awn+ [ [ Sienlfemitus e n)
+ [ 2t )@t n)dx | dnde,

where u, f, 3 € C(I; x I,Ry) and a € C({, R, ) are nondecreasing functions, I1, I, € R,
0 € Cl(I;,I;) and ¢ € C!(I, I,) are nondecreasing with 8(¢) < £ on I, 9(t) < t on
I, 3,8 € C(GRy), and w, {, @ € C(R4,Ry) with {w,{,@}(u) > 0 for u > 0, and
lim w(u) = +o0.

U——+o00

In this paper, by applying Leibniz integral rule on time scales, see Theorem 1 (iii)
below, we established the delayed time scale version of the inequalities proved in [16].
Further, the results that are proved in this paper extended some known results in [17-19].
The paper is arranged as follows: In Section 2, we briefly presented the basic definitions
and concepts related to the calculus of time scales. In Section 3, we proved the auxiliary
results. In Section 4, we stated and proved the main results. In Section 5, we presented
an application to discuss the boundedness of the solutions of an initial boundary value
problem on time scales. In Section 6, we stated the conclusion. Symmetry plays an essential
role in determining the correct methods to solve dynamic inequalities.

2. Preliminaries

We begin with the definition of time scale.
Definition 1. A time scale T is an arbitrary nonempty closed subset of the set of all real numbers R.
Now, we define two operators playing a central role in the analysis on time scales.

Definition 2. If T is a time scale, then we define the forward jump operator o : T — T and the
backward jump operator p : T — T by

c(@)=inf{s € T:s > ¢},

and

p(g) =sup{s € T:s < }.

In the above definitions, we put inf @ = sup T (i.e., if ¢ is the maximum of T, then
(&) =¢)and sup@ = inf T (i.e., if ¢ is the minimum of T, then p(¢) = ¢), where @ is the
empty set.

IfT € {[a,b],[a,c0),(—o0,a], R}, then 0(&) = p(&) = . We note that 0(§) and p(&) in
T when ¢ € T because T is a closed nonempty subset of R.

Next, we define the graininess functions as follows:

Definition 3.

(i) The forward graininess function y : T — [0, c0) is defined by
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(ii) The backward graininess function v : T — [0,00) is defined by
v(g) =¢—p(d)

With the operators defined above, we can begin to classify the points of any time scale
depending on the proximity of their neighboring points in the following manner.

Definition 4. Let T be a time scale. A point ¢ € T is said to be:

(1) Right-scattered if o(&) > &;
(2) Left-scattered if p() < &;
(3) Isolated if p(¢) < ¢ < 0 (§);
(4) Right-denseif o(&) = &;

(5) Lefi-dense if (&) = &

(6) Dense if (&) = & = o(2).

The closed interval on time scales is defined by
[a,blr = [a,b)NT={¢eT:a<&<b}

Open intervals and half-open intervals are defined similarly.

Two sets we need to consider are T* and T, which are defined as follows:
T* = T\ {M} if T has M as a left-scattered maximum and T* = T otherwise. Simi-
larly, T = T\ {m} if T has m as a right-scattered minimum and Ty = T otherwise. In fact,
we can write

T* _ T\ (o(supT),supT], if supT < oo,
T if supT = oo,

and

T _ {T\ [inf T,o(infT)), if infT > —co,
T, if infT = —oco0.
Definition 5. Let f : T — R be a function defined on a time scale T. Then we define the function
f7:T—Rby
fr@) = (feo)(&) =f(e(@), ¢eT,
and the function f° : T — R by

fP&) = (fep)(@) =f(o(&), ¢eT

Assume f : T — Ris a function and ¢ € T*. Then f2(¢) € R is said to be the delta
derivative of f at ¢ if for any &€ > 0 there exists a neighborhood U of ¢ such that, for every
s € U, we have

|[f(0()) = ()] = FA(@)[0(E) —s]| < elor() —sl.

Moreover, f is said to be delta differentiable on T if it is delta differentiable at every ¢ € T*.
Let f, ¢ : T — R be delta differentiable functions at { € T*. Then we have the
following:

@ (f+)2() = fA(2) +¢°(2);
@) (fe)*(2) = fA(2)e(C) + f(e(2)9*(8) = f(2)9*() + fFA () p(c(2));
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h(r1)
I

h(r1)
|:‘/u(71;

|

h(r1)

(1)

LI’(Vllfz)VVz]A = /u

i (£) o _ FA@0@) — F(@)9 (@)
i) (<p> 9 (&) (o (&) , @(&)e(o(S)) # 0.

A function ¢ : T — R is said to be right-dense continuous (rd-continuous) if ¢ is
continuous at the right-dense points in T and its left-sided limits exist at all left-dense
points in T.

We say that a function F : T — R is a delta antiderivative of f : T — Rif FA(&) = £(¢)
for all § € T*. In this case, the definite delta integral of f is given by

/gﬁf(‘g)A‘: =F(9)—F()  forall 0,0€T.

¢
If 9 € C,y(T) and &, &y € T, then the definite integral F({) := / ¢(s)As exists, and
%o
FA(Z) = ¢(¢) holds.

Letf,d,v € T,c € R, and f, ¢ be right-dense continuous functions on [0, d]1. Then

@ [y [F(©) +9@]Ag = [} F(Q)AE+ [} 9(8)AE;

@) [} cf(E)AE =c [} f(Z)AL

Gid) [} F()AE = [ F(@)AE+ [} f(£)AS

W0) [) QAT =~ [} F(@)AC

() fg (E)AE =

@i) if f(£) > ¢(Z) on [0, by, then [} F(Z)AZ > [} p(&)AL

We use the following crucial relations between calculus on time scales T and differen-
tial calculus on R and difference calculus on Z. Note that:

(@) I T =R, then
(@)=t 1O=0 LO=7@, [ fon=[ e

(ii) f T = Z, then

Q=+l W@ =1 Q) =fEH) @, [ 085 Zf ¥6

Theorem 1 ([10], Leibniz integral rule on time scales). In the following, by Y2 (rq,72) we mean
the delta derivative of ¥ (rq, rp) with respect to r1. Similarly, ¢V (r1,72) is understood. If ¥, yA
and ¥V are continuous and u,h : T — T are delta-differentiable functions, then the following
formulas hold Vry € T*:
@)

h(r1)

A
‘P(rl,rz)Arz] = / ‘FA(rl,rz)Arz + hA(rl)‘I’(a(rl),h(rl)) - uA(rl)‘I’(U(rl),u(rl));

u(ry)

(ii)
h(ry)

¥y rora| = [ m)ar ) (p(), h(r0) = () (1) ()

(1)

(iii)
o) YA (r1,12)Vra + (1) ¥ (0 (1), h(r1)) = u® (1) ¥ (o (r1), u(r));

(1)
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(iv)

h(r1)
l:/ ‘P(T],Vz)vrz

(r1)

v "
—/uh( )‘I’V(’l'rZ)VTZ+hv(71)‘Y(P(V1),h(r1))—uv(rl)w(p(rl),u(rl))_

(1)

3. Auxiliary Result

We prove the following fundamental lemma that will be needed in our main results.

Lemma 1. Suppose Ty and Ty are two time scales and a € C(Q = T x Ty, R.) is nondecreasing
with respect to (o,t) € Q. Assume that T, x, f € C(Q,Ry), £; € CY(Ty,Ty), and £ €
CY(T,, T,) are nondecreasing functions with ¢1(0) < o on Ty and ¢(t) < t on T, . Furthermore,
suppose A, { € C(Ry,Ry) are nondecreasing functions with {A,{}(x) > 0 for x > 0 and
KEIEOOA(K) = +o0. If k(0, t) satisfies

1(e) pLa(t)
Aten) <alen+ [ [* e mrie it nsive @

for (o,t) € Q, then

41(0)

Qo

don<a v aeo+ [M [Meensenand )

for0 <o < g1and 0 <t < ty, where

, WAy T ©

= Ui 0 (Y ) =
YO = | gyt > oY) = |

and (01,t1) € Q) is chosen so that
ti(e) rba(t)
(Y@ + [ [ nien e nanac ) < Dom(x1).
0 0

Proof. Suppose that a(g,t) > 0. Fixing an arbitrary (oo, tp) € (), we define a positive and
nondecreasing function (o, t) by

t(e) a(t)
vl =ateo )+ [ [ wlen e mieie Ve ?

for0 <9 <gp<o1and 0 <t <ty <ty Then, P(0o,t) = P(0,to) = a(0o, tp) and

x(o,t) < A7 (y(o, ). ®)

Takingthe A-derivative for (7) with employing Theorem 1(iii), we have

2(t)
P = B [ @@ nEhe)n)sy

fo

2(t)
= glA(Q)/é T(41(0), ) f (41(0). MG (A (W (tr(e),m)) ) Ay

fo

2(t)
< (AT 60))RE [ @@ ©)

to

The inequality (9) can be written in the form

A (2(t)
el <) [ @ man (10)
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Taking the A-integral for inequality (10) we obtain
ti(e) la(t)
Yo n) < Yo+ [ [ xlemflenanag
Kl (@) rla(t)
< Yalooto)) + [ [ (e nftom)dnae
Since (0o, tp) € Q) is chosen arbitrarily,
te) rhalt
plot) <Y [ /Q / (e mflem)AnAg|. (11)
to

From (11) and (8), we obtain the desired result (5). We carry out the above procedure
with € > 0 instead of a(o, t) when a(o, t) = 0 and subsequently lete — 0. [

Remark 1. If we take T = R, o9 = 0, and ty = 0 in Lemma 1, then, inequality (4) becomes the
inequality obtained in ([16], Lemma 2.1).

4. Main Results

In the following theorems, with the help of the Leibniz integral rule on time scales
and Theorem 1 (item (iii)) and employing Lemma 1, we establish some new dynamic
inequalities of the Gronwall-Bellman—Pachpatte type of time scale.

Theorem 2. Let «, a, f, {1, and ¢, be as in Lemma 1. Let also 171, € C(Q,Ry). If
K (o, t) satisfies

Lo (t)
Alx(et)) < M aemiseneen)
+/gTz(x,17)€( ()M))Ax] AV (12)
o

for (o0,t) € Q, then

x(ot) < Al{Y1< e /fz 17)A17A<;> } (13)

for0 <o <po1and 0 <t < ty, whereY is defined by (6) and
ti(e) la(t) G
plet) =Y(ale 1)) + . /t Tl(@rﬂ)(/g T2(Xf77)AX)A77VQ (14)
0 0 Q0
and (01,t1) € Q) is chosen so that

t(e) rtalt)
(P(Q:t) + / (e n)f (gfn)AnAg> < Dom(Y‘l)-
Q to

Proof. By the same steps of the proof of Lemma 1, we can obtain (13), with suitable changes. [

Remark 2. If we take 15(0,t) = 0, then Theorem 2 reduces to Lemma 1.
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Corollary 1. Let the functions x, f, 71, T2, a, {1, and £y be as in Theorem 2. Further, suppose that
g > p > Oare constants. If k(o, t) satisfies

t(e) rla(t)
1 /t < /t +L ’ 7 b 7
o) < alen+ [T [T anliene o)
9

+ ; (X, n)K” (X,’Y)AX] AnVg (15)
0
for (o,t) € Q, then
1
li(0) pla(t) 7
k(o t) < {P(e,t)+ \ /t Tl(g,n)f(g,n)AnAg} (16)
0 0

where

-p (o) realt) s
plen=Gale)T+ [ [T e (
Qo to o

0

(X n)Ax> AnVe.
Proof. Applying Theorem 2, by letting A(x) = «7 and {(x) = x”, we have

v Ag vAg q (qp '710)
Y(v) = 7:/—2 vi —ov, ), v>0v9>0
= T @) " ci 4P ° ’

and

1
r — q-p
Y_l(v)Z{voq +qqpv}
and we obtain the inequality (16). O

Theorem 3. Under the hypotheses of Theorem 2, suppose A, {, @ € C(Ry,R..) are nondecreasing
functions with {A\,{,@}(x) > 0 for k > 0 and x(o,t) satisfies

1(e) rla(t)
Axten) < aen+ [ [ aienlic et matcn)
+/g Tz(X/U)Q(K(XrU))AX} AV (17)
Qo

for (o,t) € Q. Then,
11 1 t1(0) pla(t)
o) <A Y (E o) + [ T [T aen e nanas (18)
0 0
for0 <o <o1and 0 <t <ty, whereY and p are as in (6) and (14), respectively, and

v Ag

F(v) = . w(A—l(Y—l(g)))'U >y >0, F(+00) = 400 (19)

and (01,t1) € Q) is chosen so that

{F(P(e,f))Jr/Q:l(g) /ez(t} Tl(G/W)f(QrU)AWAQ] eDom(Ffl).

to
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Proof. Assume thata(o,t) > 0. Fixing an arbitrary (0, o) € Q), we define a positive and
nondecreasing function (o, t) by

O (t
von = e+ [ [ MEle(em)e(x(c )
+/ Elve C(K(x,n))AX} ApVg (20)
Qo

for0 <9<y <o1,and0 <t <ty <t.Then, (0o, t) = (o, to) = a0, to) and

x(o,t) < A7 (y(ot)) (21)

Taking the A-derivative for (20) with employing Theorem 1 (7ii) gives

2(t)
pe(o,t) = £1(0) /tj t 71 (¢1(0), m)[f (4 (0), M) (x(t1(0),m))@(x(t1(0), 7))
£1(0)

+ A Tz(XrW)g(K(Xrﬂ))AX}A’?

£ (0) / o) Wl<e>,n)@(A*<¢<el<e>,n)))w(A*(tp(fl(e),n)))

IN

Jr/(1 Ty ﬂ)))Ax}An (22)
fﬂe).@( (o), (1))
[ a@@m|fe@me (A we@m) + |

IN

41(0)

0

(X, U)AX] Ay

From (22), we have

e (o,t) f) -
ey <A@ [T @[ ene (A ge)m)
4(0)

+ i (X, U)AX] Ay. (23)

Taking the A-integral for (23) gives

Y < Ywwn+ [ [ aen[fene(rwen)

+/ T x,n)Ax] Anig
Q0

IN

t(e) ra(t)
Yateo )+ [ [ nen[fema(awic )
+ Qz Tz(Xrﬂ)AX]AUAQ-

Since (0o, o) € Q is chosen arbitrarily, the last inequality can be rewritten as

1(e) rl
Y0 <pen+ [ [ aenscne(awen)amse @
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Since p(o, t) is a nondecreasing function, an application of Lemma 1 to (24) gives us

1(e) 2(t)
lP(e,t)SYl(Fl [F(P(Q,t))Jr Qf ’ /tj T1(g,17)f(€ﬂ7)A17Ag]>' (25)

From (21) and (25), we obtain the desired inequality (18).

Suppose thata(o, t) = 0 for some (o,t) € Q. Letac(o,t) = a(o,t) + ¢, forall (o,t) € O,
where € > 0 be arbitrary. Then, ac(¢,t) > 0 and ac(o,t) € C(Q), R, ) are nondecreasing
with respect to (o,t) € Q). We carry out the above procedure with a.(o,t) > 0 instead of
a(o,t), and we obtain

x(o,t) < Al{Yl (P1 {F(r)e(e,t)) +/Qfl(g) /:(t) Tl(g,n)f@,n)AﬂA@D}

where o
o ( 9
pe(o t) = Y(ae(o,t) /t </ Tz(mn)Ax)AWg.
0

Letting € — 0", we obtain (18). The proof is complete. [

Remark 3. If we take T = R, 09 = 0, and ty = 0 in Theorem 3, then the inequality (17) becomes
the inequality obtained in ([16], Theorem 2.2(A_2)).

Corollary 2. Let the functions «, a, f, 71, T2, £1, and {3 be as in Theorem 2. Further suppose that
q, p, and r are constants with p > 0, > 0,and q > p +r. If x(o, t) satisfies

Lo (t)
k1(o,t) < a(ot) /to (6, mxP(g,mx" (¢, 1)
+ /Q ) Tz(X:’?)Kp(XI’?)AX] AyVg (26)

for (o,t) € Q, then

q-p—r —p—7p rhile) rhft) ==
wle.t) < {Ipte )77 + T=E=E [ [* 0w c st mnac ) @)
00 )
—r  g—p b () ¢
p(ot) = (alg,) 7 +1-F / 71(9,17)</ Tz()(/’?)A?C)A’?VG
q 00 to 00

Proof. An application of Theorem 3 with A(x) = 7, {(x) = ¥, and @(x) = «" yields the
desired inequality (27). O

Theorem 4. Under the hypotheses of Theorem 3, if k (o, t) satisfies
Lo(t)
Atet) < aen+ [ [ e irenze e
0

+/QO Tz(X/W)C(K(X/’?))‘D(K(X/’?))AX} AyVg (28)

for (o0,t) € Q, then

l1(0) pla(t
k(o t) < Al{Y1 ( [Po o t) ‘ /t U)AUAQ] ) } (29)
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for0 <o < g1and0 <t < ty, where

() pla(h)
po(ot) ZF(Y(a(Q,f)))fQ0 ‘ ./to t Tl(QIW)(/QETZ(X’W)A?C)AWVQ

and (01,t1) € Q) is chosen so that

[Po ot) /:2 q)AnAg} c Dom(F—l).

Proof. Assume thata(o,t) > 0. Fixing an arbitrary (oo, tp) € (), we define a positive and
nondecreasing function ¢ (o, t) by

won = o+ [ [ aenise i malcn)

9
* [, 2me i m)a@ (o m)dx | AnVe
€0
for0< o<y <o and0 <t <ty <t Then, ¥(00,t) = ¥(0,to) = a(0o, tp), and

x(o,t) < AN (y(o,t)). (30)

By the same steps as in the proof of Theorem 3, we obtain

¥ot) < Yl{Y(a(go,to))+ le(e) /tjz(t)fl(glﬂ) {f(gfﬂ)w(A’l(tp(g,q)»
-l-/Qsz(X/’?)(D(A1(¢(X’;7)))Ax} AiyAg},

We define a non-negative and nondecreasing function v(o, t) by

o) = Yateot)+ [ [ uen|[fene(a )
+ gTz(XrW)@(A_ (w(x,n)))Ax}AWg
Q0
Then, v(0o, ) = v(o, to) = Y(a(oo,t0)),

p(o,t) <Y 'o(o,1)] (31)

and then, employing Theorem 1 (iii), we have

s < d [ at@m[faemne(a (Y ee.n))

fo
£1(0)

+ [ miome (a7 (Y b)) Jax o

Q0

2(t)
(A (Y0, 60))) [ @ i@,

to
41(0)

+ . Tz()c,n)Ax] Ay
0

IN
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or
AQ(Q t) 0]
i < o / 0(0), ) If (4 (o),
L’D(A_l(Y_l(’O(Q,t)))) = 1(Q) fo Tl( 1(@) U)[f( 1(@) 77)
ti(o)
+/Q Tz(X,U)AX} AvR
0
Taking the A-integral for the above inequality gives
ti(e) rla(t) G
F(v(o,1)) < F(v(eo,t) /t T (s n { 9177)+/Q Tz(x,n)Ax] AnAg
0 0
or
71 52
o) < P frvateon + [ [ aeniren
0
S
+ /Q Tz(X:’?)AX]AWAQ} (32)
0

From (30)—(32), and since (0o, tp) € Q is chosen arbitrarily, we obtain the desired
inequality (29). If a(o, t) = 0, we carry out the above procedure with € > 0 instead of a(o, t)
and subsequently let € — 0. The proof is complete. [J

Remark 4. If we take T = R and 9o = 0 and ty = 0 in Theorem 4, then, inequality (28) becomes
the inequality obtained in ([16], Theorem 2.2(A3)).

Corollary 3. Under the hypotheses of Corollary 2, if k(o, t) satisfies

Ly(t
e < aen+ [ [ anienendion
+/Qg Tz(X/U)Kp(X/’ﬂKV(XrU)AX} AyVg (33)

for (o,t) € Q, then

1

—p— t(0) fla(t) T
k(o t) < {po(@,t) + w/ / Tl(g,n)f(g,ﬂ)AnAg} (34)
q Q0 to

where

q—p-r —p—r rhle) rba(t) o
po(ot) = (alg,t)) 7 +1—P—T / / Tl(Q/’?)(/ Tz(Xf’?)AX)AWVQ
q 700 Jtg )

Proof. An application of Theorem 4 with A(x) = 7, {(x) = ¥, and @(x) = «” yields the
desired inequality (34). O

Theorem 5. Under the hypotheses of Theorem 3, if (o, t) satisfies

1(e) rha(t)
Al < alet+ [ [ nemeten) x

to

[f(m)@(x(g,n)) + [ n)Ax] ApVe @)
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for (o0,t) € Q, then

K(Q,f)SA‘l{Y (P [Fl(m o t) /tjz AWAQD} (36)

for0 <o < gpand 0 <t <ty where

. 14 Z&g o) — +oo ng _ o
N0 = [ oy z > 0Nt = [ oS = @)
14 Ag
Fi(v) = ,0> 109> 0,F(400) =—+o0 (38)
A A
Lo(t)
p(et) = /t ( / Tz()c,n)Ax) AV (39)
and (03,t2) € Q) is chosen so that
Lo (t
[Fl (p1(o,t)) /t flg,m A;yAg} € Dom(Fl_l).

Proof. Suppose that a(g,t) > 0. Fixing an arbitrary (0o, tp) € (2, we define a positive and
nondecreasing function (o, t) by

Lo (t
vlot) = alooto) + /to <o m)If (& mE(x(en))
+/ T x,n)Ax} AnVg
Qo
for0< o<y <opand 0 <t <ty < t). Then, ¢(Q0, f) = #J(Q, to) = a(Qo, to), and
K(o,t) < AN (gl 1), (40)

Employing Theorem 1 (ii7),

[z(t)
pr(ot) < 4?(@)/t

0

7 (4a(0) ) [A (9t (o), )| [£( (@), mE (A (w(t1(0),m)

0

41(0) 1
+/ © (X, 1)Bx| Ay
4 i

2(t)
< An[aT W), L0)] [ é "o [z (A @) m)

41(e) 1
+/Q © (X, 1)Bx| Ay
0 J

Then,

Ag 2(t)
Al < /tjtTl(fl(e)fﬂ)[f(«’ﬁ(@)r77)@(1\‘1(#?(51(@),17)))
41(0)

+ . Tz(Xﬂ?)AX] Ay.
0
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Taking the A-integral for the above inequality gives

e < vieon+ [ [ aen[fend(a o)
+ Qi Tz(x,n)Ax] AnAg

Then,

Yiwen) < o)+ [ [ aen[fene(a wen)

9
+ i Tz(X/’?)AX} AnAcg.
0

Since (0o, tp) € Q) is chosen arbitrarily, the last inequality can be restated as

byt
Yi($(eh) < plet) /to FlemZ (A7 (e m))Anag  (a1)

It is easy to observe that p;(o,t) be a positive and nondecreasing function for all
(0,t) € Q. Then, an application of Lemma 1 to (41) yields the inequality

v <Y (K Anen) /f Hemonse|). @)

From (42) and (40), we obtain the desired inequality (36).
If a(o,t) = 0, we carry out the above procedure with € > 0 instead of a(o, ) and
subsequently let € — 0. The proof is complete. [

Remark 5. If we take T = R and o9 = 0 and ty = 0 in Theorem 5, then, inequality (35) becomes
the inequality obtained in ([16], Theorem 2.7).

Theorem 6. Under the hypotheses of Theorem 3, let p be a non-negative constant. If ko, t) satisfies

Aot < aen+ [ [ aeneen -
{f(g,n)Z(K(gfﬂ))Jr/QO Tz(Xﬂ?)AX} AyVg (43)

for (o,t) € Q, then

b (t
k(e t) < Al{Yl <F [Fl(Pl (01) /t W)AUAQ} > } (44)
for0 <o < gpand 0 <t < ty, where
[T Ag o) — T Ag e
Yi(0) = /UO (g 2 70> 0 V(hee) = /UO TSEa (45)

and Fy and py are as in Theorem 5 and (02, t2) € Q is chosen so that

Ly (t
[Fl(m ot) /t U)A;yAg} c Dom(Ffl).
0

Proof. An application of Theorem 5, with @ (x) = «?, yields the desired inequality (44). O
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Remark 6. TukeT = R, the inequality established in Theorem 6 generalizes ([18], Theorem 1)
(with p = 1, a(e,t) = ble) +c(t), 00 = 0 to = 0 nulemflcn) = hlcn)
and 71 (c, 1) (S5, 200 1)8x) = 8(6,m)-

Corollary 4. Under the hypotheses of Theorem 6, let g > p > 0 be constants. If k(o, t) satisfies

(o,t) ne e Pl ) %
k1(o,t) < , / / )xP (g,
0 Q P q Joo to (61

{f(g,ﬂ)C(K(gfﬂ)) + /QO Tz(X/U)AX] AyVg (46)

for (o,t) € Q, then

Oy (t Lﬂ
k(o t) < {F [Fl(m (0,1) /to n)AnVs‘H (47)

for0 <o < gpand 0 <t <ty where

pilot) = [alo,t)] T +/j1(g) /m) Tl(m)(/: Tz(X:’?)AX>A77V€

0 to 0

and Fy is defined in Theorem 5.

Proof. An application of Theorem 6 with A(x(g,t)) = «? to (46) yields the inequality (47);
to save space we omit the details. [

Remark 7. Tuking T =R, 090 =0,ty =0, a(o,t) = b(o) +c(t), (s, 1) f(c,n) = h(c, 1), and
(6, 1) ( ng Tz()(,n)A)(> = ¢(¢, 1) in Corollary 4, we obtain ([20], Theorem 1).

l’

Remark 8. Taking T = R, o9 = 0, tg = 0, a(o,t) = ¢ 1, 1y(c,n)f(c,n) = h(y), and
Tl(g,ry)( o T (x, 1) 7() = ¢(n) and keeping t fixed in Corollary4, we obtain ([21], Theorem 2.1).

5. Application

In the following, we discuss the boundedness of the solutions of the initial boundary
value problem for a partial delay dynamic equation of the form

@4 (e1) = 4ot e~ in(e) £ (e, [

Q0

B(e,t,E(c — In(c), t>>Ag) 48)

E(o,to) = a1(e),E(eo, t) = a2(t),a1(0o0) = a1, (0) =0
for (o,t) € Q, where E,b € C(Q,R;),A € C(Q x R%,R),B € C(xR,R),and hy €
CY(Ty,R4) and hy € C'(T,, Ry ) are nondecreasing functions such that h;(¢) < ¢ on Ty,
hy(t) < ton Ty, and h¥(0) < 1and hy(t) < 1.
Theorem 7. Assume that the functions a1, ay, A, and B in (48) satisfy the conditions
la1(0) +az(t)| < a(ot), (49)

w(s,n) [f(smIEF + [x[], (50)

- q
Ag,n,8,x)| <
|A(g, 1, E,%)| P

1BOu1.E) < m(xn)EL, (51)
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where a(o,t), (¢, 1), f(g, 1), and ©a(x, 1) are as in Theorem 2 and q > p > 0 are constants. If
E(o,t) satisfies (48), then

_ li(0) rla(t) — - LP
o0l < {plen+mmm [ [ a@nienosc)’ 2
where
q-r
ple,t) = (a(ot)) 7
L1(e) pla(t) _ ¢ _
+M M, / / 71(9177)<M1 / Tz(Xﬂ?)AX) AnVg
00 to 00
and ,
M; = Max———— My, = Max—————
LT e 1- 1M o) 2T T WA (r)

and T(7,8) = uly+m(g),E+hn),nwe) = wlwé+h(), ad f(y,E) =
fly+h(g), ¢+ ha(n)).

Proof. If E(p,t) is any solution of (48), then
E(o,t) = a1(0) + az(t)
o rt ¢
+ /Q /t A <<;, 1,2(¢ —hi(g), 1 — hz(’?))r/g B(x, 1, E(x —h (xM))M) AnVg.  (53)
0 0 0
Using the conditions (49)—(51) in (53), we obtain
2o, t)]7 < T ” E(c—h — ()|
[Z(0,t)] a(o,t) T1 o) f(en)|E(¢ —hi(g),n —ha(n))]
+f Tz(X,W)IE(x,ﬂ)"AX] AV 64
0

Now, making a change in variables on the right side of (54), ¢ — h1(g) = v, —ha(y7) = ¢,
0—hy(0) = 41(0) for 0 € Ty, and t — hy(t) = ¢5(t) for t € T». We obtain the inequality

t1(0) /2(1‘
el < a0+ Emm [ [ a0 | fonole e P
My / (1 €) 2 (um) by 82 )

We can rewrite the inequality (55) as follows:

l (o b(t) _ —
Bt < o+ 1= E(c, )|
Benl < aen+ S Lams [ [ 5o FeniEen
s — - p
+My /Q () IEQ )] AX} AnAg. (56)
0

As an application of Corollary 1 to (56) with x(o,t) = |Z(o,t)|, we obtain the desired
inequality (52). O

6. Conclusions

In this work, by employing the Leibniz integral rule on time scales, we studied further
extensions of the delay dynamic inequalities proved in [15,16] and generalized a few of
those inequalities to a generic time scale. We also looked at the qualitative characteristics of
various different dynamic equations” time scale solutions. Furthermore, as future work,
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we intend to give more generalizations of these results in other directions by using the
(9, w)-Hahn difference operator.
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