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Abstract. The aim of this paper is to present existence, Ulam-Hyers-Rassias

stability and continuous dependence on initial conditions for the mild solution
of impulsive integro-differential systems via resolvent operators. Our analysis

is based on fixed point theorem with generalized measures of noncompactness,

this approach is combined with the technique that uses convergence to zero
matrices in generalized Banach spaces. An example is presented to illustrate

the efficiency of the result obtained.

1. Introduction. Milman and Myshkis [27] considered differential equations with
impulses for the first time, which was followed by a period of active research cul-
minating in the monograph by Halanay and Wexler [20]. Many phenomena and
evolution processes in physics, chemical technology, population dynamics, and nat-
ural sciences can change state abruptly or be perturbed in the short term. These
disturbances can be viewed as impulses. In addition to communications, mechan-
ics (jump discontinuities in velocity), electrical engineering, medicine, and biology,
impulsive problems arise in a variety of other applications. [1, 2, 6, 19, 40, 7, 21],
and its references include current results for impulsive evolution equations.

In 1930, Kuratowski [22] proposed the concept of a measure of noncompactness.
This concept is extremely useful in functional analysis, such as metric fixed point
theory and operator equation theory in Banach spaces. This concept is also used to
investigate the existence of solutions for ordinary and partial differential equations,
as well as integral and integro-differential equations. In 1955, Darbo [11], an Italian
mathematician, used the Kuratowski measure to investigate a class of operators
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(condensing operators) whose properties are intermediate between contraction and
compact mappings. Darbo’s fixed point theorem can be used to prove the existence
result of various classes of operator equations. For more recent works on the subject,
see [12].

In 2009, Precup [32] showed the importance of vector-valued metric convergence
in the study of semilinear operator systems. Many authors have studied the exis-
tence of solutions for systems of differential equations using the vector version fixed
point theorem in recent years (see, [10, 15, 29, 33]).

Recently, many authors combined the concept of a measure of noncompactness
and matrices that converge to zero, R. Graef et al. in [15] gave the vector versions
of Sadovskii’s fixed point theorem. In [23], N. Laksaci et al. generalized Darbo’s
fixed point theorem for iterated Operators.

Another important aspect of the research that drew the attention of the re-
searchers was Ulam stability and its many kinds, See ([25, 42, 24, 34, 35, 36]) for
further information on recent developments in the Ulam type stability of differential
equations.

Motivated by works [9, 15, 23], we will investigate the existence and stability
of mild solutions for impulsive integro-differential system via resolvent operators of
the form: 

ξ′(θ) = A1ξ(θ) + f1 (θ, ξ(θ), φ(θ), H1(ξ(θ), φ(θ)))

+

∫ θ

0

B1(θ − s)ξ(s)ds, for θ ∈ Θ̃,

φ′(θ) = A2φ(θ) + f2 (θ, ξ(θ), φ(θ), H1(ξ(θ), φ(θ)))

+

∫ θ

0

B2(θ − s)φ(s)ds, for θ ∈ Θ̃,

ξ(θ+k )− ξ(θ−k ) = ℵk(ξ(θ
−
k ), φ(θ

−
k )), k = 1, . . . ,m,

φ(θ+k )− φ(θ−k ) = ℵ̃k(ξ(θ
−
k ), φ(θ

−
k )), k = 1, . . . ,m,

(ξ(0), φ(0)) = (ξ0, φ0),

(1)

where Θ = [0, T ], Θ̂m = {θ1, . . . , θm}, Θ̃ = Θ\Θ̂m with θ0 = 0 < θ1 < θ2 <
. . . < θm < . . . < θm+1 = T , and for i = 1, 2, (E, ∥ · ∥) is a Banach space, Ai :
D(Ai) ⊂ E → E are the infinitesimal generators of a strongly continuous semigroup
{Si(θ)}θ≥0, Bi(θ) are a closed linear operator with domain D(Ai) ⊂ D(Bi(θ)),

ℵk, ℵ̃k : E × E → E the operators Hi are defined by

Hi(ξ, φ)(θ) =

∫ a

0

hi(θ, s, ξ(s), φ(s))ds, a > 0,

and the nonlinear term fi : Θ× E × E × E → E, are a given functions.
The paper is organized as follows. In Section 2, we recall some definitions and

facts which will be needed in our analysis. In Section 3, we prove some existence
and stability results. In the last section, we give an example that provides a relevant
illustration.

2. Preliminaries. We introduce in this section some of the notations, definitions,
fixed point theorems and preliminary facts that will be used in the remainder of
this paper.
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Let us denote by C(Θ, E) the space consisting of all functions defined and con-
tinuous on the interval Θ with values in the space (E, ∥ · ∥), with the standard
norm

∥ξ∥∞ = sup
θ∈Θ

∥ξ(θ)∥.

Next, we consider a division of Θ, i.e., a finite set {θ0, . . . , θm+1} and put Θ0 =
[0, θ1] ,Θk = (θk, θk+1] , Θ̄k = [θk, θk+1] for k = 1, . . . ,m, ξ (θ+) = limθ→θ+ ξ(θ).
We define the space of piecewise continuous functions:

PC(Θ, E) =

{
ξ : Θ → E : ξ|Θk

∈ C (Θk, E), such that ξ
(
θ−k
)
and ξ

(
θ+k
)
exist and

satisfy ξ
(
θ−k
)
= ξ (θk) , for k = 1, . . . ,m

}
.

Note that (PC(Θ, E), ∥ · ∥PC) is a Banach space, with the norm

∥ξ∥PC = sup
θ∈Θ

∥ξ(θ)∥.

Let the Banach space PC1(Θ, E) = {ξ ∈ PC(Θ, E) : ξ′ ∈ PC(Θ, E)}, with
norm

∥ξ∥PC1 = max{∥ξ∥PC, ∥ξ′∥PC}.

2.1. Generalized Banach space.

Definition 2.1. Let X be a vector metric space on K = R or C. A map ∥ · ∥ : X →
Rn

+ is called a norm on X if it satisfies the following properties:

• If ∥ξ∥ = 0 then ξ = (0, . . . , 0);
• ∥λξ∥ = |λ|∥ξ∥ for ξ ∈ X,λ ∈ K;
• ∥ξ + v∥ ≤ ∥ξ∥+ ∥v∥ for every ξ, v ∈ X.

Remark 2.2. The pair (X, ∥ · ∥X) is called a generalized normed space. If the
generalized metric generated by ∥ · ∥X (i.e d(ξ, v) = ∥ξ− v∥X) is complete then the
space (X, ∥ · ∥X) is called a generalized Banach space, where

∥ξ − v∥X =

 ∥ξ − v∥1
...

∥ξ − v∥n

 .

LetX×X = PC(Θ, E)×PC(Θ, E) be endowed with the vector norm ∥·∥X×X de-
fined by ∥v∥X×X = (∥u1∥PC , ∥u2∥PC) for v = (u1, u2). It is clear that (PC(Θ, E)×
PC(Θ, E), ∥ · ∥X×X) is a generalized Banach space.

In the case of generalized Banach spaces in the sense of Perov, the notations of
convergent sequence, Cauchy sequence, completeness, open and closed subset are
similar to those for usual metric spaces.

Definition 2.3. A square matrix M of real numbers is said to be convergent to
zero if and only if, Mn → 0 as n→ ∞.

Theorem 2.4. A square matrix M of real numbers is convergent to zero if and
only if its spectral radius ρ(M) is strictly less than 1. In other words, this means
that all the eigenvalues of M are in the open unit disc i.e. |λ| < 1, for every λ ∈ C
with det (M − λI) = 0, where I denote the unit matrix of Mn×n(R).

Lemma 2.5 ([38]). Let M ∈ Mm×m (R+). Then, the following assertions are
equivalent:
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• M is convergent towards zero,
• Mk → 0 as k → ∞,
• The matrix (I −M) is nonsingular and

(I −M)−1 = I +M +M2 + . . .+Mk + . . .

• The matrix (I −M) is nonsingular and (I −M)−1 has nonnegative elements.

Definition 2.6. Let Q ∈ M2×2(R) is said to be order preserving (or positive) if

p1 ≤ p0, q1 ≤ q0,

imply

Q

(
p0
q0

)
≥ Q

(
p1
q1

)
.

in the sense of components.

Lemma 2.7 ([32]). Let

Q =

(
α −β
−γ δ

)
,

where α, β, γ, δ ≥ 0 and detQ > 0. Then Q−1 is order preserving.

2.1.1. Resolvent operator. We consider the following Cauchy problem{
w′(θ) = Aw(θ) +

∫ θ

0
B(θ − s)w(s)ds; for θ ≥ 0,

w(0) = w0 ∈ E.
(2)

The existence and properties of a resolvent operator have been discussed in [13,
16, 17].

In what follows, we suppose the following assumptions:

(R1) A is the infinitesimal generator of a uniformly continuous semigroup {S(θ)}θ>0,
(R2) For all θ ≥ 0, B(θ) is closed linear operator from D(A) to E and B(θ) ∈

B(D(A), E). For any ξ ∈ D(A), the map θ → B(θ)ξ is bounded, differentiable
and the derivative θ → B′(θ)ξ is bounded uniformly continuous on R+.

Theorem 2.8 ([16]). Assume that (R1)-(R2) hold, then there exists a unique re-
solvent operator for the Cauchy problem (2).

2.1.2. Measure of noncompactness. Now, we give definitions and properties for a
measure of noncompactness.

Definition 2.9. Let X be a generalized Banach space and (A,≤) be a partially
ordered set. A map β : P(X) → A×A× . . .×A is called a generalized measure of
noncompactness (M.N.C.) on X if

β(coC) = β(C) for every C ∈ P(X),

where

β(C) :=

 β1(C)
...

βn(C)

 .

A typical example of a M.N.C. is the Hausdorff measure of noncompactness χ
defined, for all Ω ⊂ X, by

χ(Ω) := inf
{
ϵ ∈ Rn

+ : there exists n ∈ N such that Ω has finite ϵ-net }.

Lemma 2.10 ([26]). Let Ω ⊂ C(a, b) be bounded and equicontinuous. Then,
co(Ω) ⊂ C(a, b) is also bounded and equicontinuous.
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Lemma 2.11 ([18]). Let Ω ⊂ C(a, b) be bounded and equicontinuous, and let β the
Kuratowski’s measure of noncompactness. Then, ξ(θ) = β(Ω(θ)) is continuous and

β

(∫ b

a

Ω(s)ds

)
≤
∫ b

a

β(Ω(ς))ds.

Definition 2.12. Let X,Y be two generalized normed spaces and a map N : X →
Y . N is called anM -contraction (with respect to β) if there existsM ∈Mn×n (R+)
converging to zero such that, for every Ω ∈ P(X), we have

β(N(Ω)) ≤Mβ(Ω).

The next result is concerned with β-condensing or M -contractivity.

Theorem 2.13 ([15]). Let F ⊂ X be a bounded closed convex subset and N : F →
F be a generalized β-condensing continuous mapping, where β is a nonsingular
measure of noncompactress defined on the subsets of X. Then the set

Fix(N) = {x ∈ F : x = N(x)}
is nonempty.

Theorem 2.14 ([23]). Let F be a closed, bounded, and convex subset of X, and let
N : F → F be a continuous operator. For any subset Ω of F , set

N1Ω = NΩ, NpΩ = N
(
co
(
Np−1Ω

))
, p = 2, 3, . . . (3)

Suppose there exists a matrix M that approaches zero and a positive integer p0
such that for any subset Ω of F , we have

β (Np0Ω) ≤Mβ(Ω),

where β is an arbitrary generalized measure of noncompactness. Then, N has at
least one fixed point in F .

Lemma 2.15 ([4]). Let ξ(θ) and b(θ) be nonnegative continuous function for θ ≥ α,
and let

ξ(θ) ≤ σ +

∫ θ

α

b(s)ξ(s)ds, θ ≥ α,

where σ ≥ 0 is a constant. Then

ξ(θ) ≤ σ exp

(∫ θ

α

b(s)ds

)
, θ ≥ α.

Lemma 2.16 ([37]). Let ξ(θ) be a nonnegative piecewise continuous function that
satisfies, for θ ≥ θ0, the inequality

ξ(θ) ≤ C +

∫ θ

θ0

V (s)ξ(s)ds+
∑

θ0<θi<θ

βiξ (θi) , for all θ ≥ θ0,

where C ≥ 0, βi ≥ 0, V (τ) > 0, and τi are the first kind discontinuity points of the
function ξ(θ). Then the following estimate holds for the function ξ(θ),

ξ(θ) ≤ C
∏

θ0<τi<θ

(1 + βi) exp

[∫ θ

θ0

V (τ)dτ

]
.

3. Main results. In this section we discuss the existence of mild solution for the
problem (1).
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3.1. Existence of solutions. Let us recollect the following particular measure of
noncompactness that derives from [3], and will be utilized in our main results in
order to establish a measure of noncompactness in the space PC(Θ, E)×PC(Θ, E).

For Π1 ⊂ PC(Θ, E), let us put

Π1|Θ̄k
=
{
ξ ∈ C

(
Θ̄k, E

)
: ξ (θk) = x

(
θ+k
)
, ξ(θ) = x(θ), θ ∈ Θk,

x ∈ Π1; k = 1, . . . ,m
}
.

The set Π1 ⊂ PC(Θ, E) is relatively compact if and only if the set Π1|Θ̄k
is

relatively compact in C
(
Θ̄k, E

)
for k = 0, 1, . . . ,m+ 1.

Now, for a nonempty bounded subset Π1 in the space PC(Θ, E) and I ⊂ Θ, let
ω0(Π1) be the modulus of quasi-equicontinuity of the set of functions Π1 denote

ω0(I,Π1) = lim
ϵ→0

sup
ξ∈Π1

sup{∥ξ(κ)− ξ(τ)∥ ; κ, τ ∈ I, |κ− τ | ≤ ϵ}.

Given the Hausdorff measure of noncompactness ℘ and let ℘̂ be the real M.N.C.
defined on bounded subsets on PC(Θ, E) by ℘̂(H) = supθ∈Θ ℘(H(θ)).

Finally, consider the function χPC defined on the family of subset of H = H1 ×
H2 ⊂ PC(Θ, E)× PC(Θ, E) by the formula

χPC(H1 ×H2) =

(
χ1(H1)

χ2(H2)

)
=

(
maxk=0:m(ω0(Θk, H1), ℘̂1(H1))

maxk=0:m(ω0(Θk, H2), ℘̂2(H2))

)
.

It can be shown similar to [3, 5, 15, 30] that the function χPC is monotone,
regular, and nonsingular measure of noncompactness on the space PC(Θ, E) ×
PC(Θ, E).

Definition 3.1. A function (ξ, φ) ∈ PC(Θ, E)×PC(Θ, E) is called a mild solution
of problem (1) if it satisfies

ξ(θ) = R1(θ)ξ0 +

∫ θ

0

R1(θ − s)f1 (s, ξ(s), φ(s), H1(ξ(s), φ(s))) ds

+
∑

0<θk<θ

R1(θ − θk)ℵk(ξ(θ
−
k ), φ(θ

−
k )); θ ∈ Θ,

φ(θ) = R2(θ)φ0 +

∫ θ

0

R2(θ − s)f2 (s, ξ(s), φ(s), H2(ξ(s), φ(s))) ds

+
∑

0<θk<θ

R2(θ − θk)ℵ̃k(ξ(θ
−
k ), φ(θ

−
k )); θ ∈ Θ.

The following assumption will be needed throughout the paper:

(H1) For i = 1, 2; fi : Θ× E × E × E → E are Carathéodory functions and there
exist pi, qi ∈ L1(Θ,R+) and a continuous nondecreasing functions ψi, ϕi :
Θ → (0,+∞) such that :

∥fi(θ, ξ, v, w(ξ, ξ))− fi(θ, ξ̄, v̄, w(ξ̄, v̄))∥ ≤ pi(θ)ψi(∥ξ − ξ̄∥) + qi(θ)ϕi(∥v − v̄∥),
for ξ, ξ̄, v, v̄, w ∈ E,

with

ψi(θ) ≤ θ, ϕi ≤ θ, and f0i = ∥fi(·, 0, 0, 0)∥ ∈ L1(Θ,R+).

(H2) For i = 1, 2; hi : Dhi
×E×E → E are continuous and there exists a continuous

functions hci , h̄ci : Θ → (0,+∞) such that,

∥hi(θ, s, ξ, v)− hi(θ, s, ξ̄, v̄)∥ ≤ hci(θ)∥ξ − ξ̄∥+ h̄ci(θ)∥v − v̄∥,
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for each (θ, s) ∈ Dhi and ξ, ξ̄, v, v̄ ∈ E,

with

max
{
sup
θ∈Θ

{hci(θ)}, sup
θ∈Θ

{h̄ci(θ)}, sup
(θ,s)∈Dhi

{∥h(θ, s, 0, 0)∥}
}
= max{h∗ci , h̄

∗
ci , h

∗
i } <∞.

(H3) ℵk, ℵ̃k : E × E → E are continuous and there exist positive constants
mi

k, m̃
i
k, i = 1, 2, such that,

∥ℵk(ξ, v)− ℵk(ξ̄, v̄)∥ ≤ m1
k(∥ξ − ξ̄∥) + m̃1

k(∥v − v̄∥),
∥ℵ̃k(ξ, v)− ℵ̃k(ξ̄, v̄)∥ ≤ m2

k(∥ξ − ξ̄∥) + m̃2
k(∥v − v̄∥),

with
m∑

k=0

∥ℵk(0, 0)∥ <∞ and

m∑
k=0

∥ℵ̃k(0, 0)∥ <∞.

(H4) Assume that (R1)− (R2) hold, and there exist MRi
≥ 1 and βi ≥ 0 i = 1, 2,

such that

∥Ri(θ)∥B(E) ≤MRie
−βiθ.

Theorem 3.2. Assume that the conditions (H1)−(H4) are satisfied, and the matrix

M̂ =

MR1

(
∥p1∥L1 +

∑m
k=0m

1
k

)
MR1

(
∥q1∥L1 +

∑m
k=0 m̃

1
k

)
MR2

(
∥p2∥L1 +

∑m
k=0m

2
k

)
MR2

(
∥q2∥L1 +

∑m
k=0 m̃

2
k

)
 (4)

converges to zero. Then the system (1) has at least one mild solution.

Proof. Transform the problem (1) into a fixed point problem, consider the operator
Υ : PC(Θ, E)× PC(Θ, E) → PC(Θ, E)× PC(Θ, E) define by:

Υ(ξ(θ), φ(θ)) = (Υ1(ξ(θ), φ(θ)),Υ2(ξ(θ), φ(θ))),

where

Υ1(ξ(θ), φ(θ)) = R1(θ)ξ0 +
∫ θ

0
R1(θ − s)f1 (s, ξ(s), φ(s), H1(ξ(s), φ(s))) ds

+
∑

0<θk<θ R1(θ − θk)ℵk(ξ(θ
−
k ), φ(θ

−
k )),

Υ2(ξ(θ), φ(θ)) = R2(θ)φ0 +
∫ θ

0
R2(θ − s)f2 (s, ξ(s), φ(s), H2(ξ(s), φ(s))) ds

+
∑

0<θk<θ R2(θ − θk)ℵ̃k(ξ(θ
−
k ), φ(θ

−
k )).

We show that Υ was well defined. Let (ξ, φ) ∈ X ×X, θ ∈ Θ, then we have

∥Υ1(ξ(θ), φ(θ))∥ ≤ ∥R1(θ)∥(∥ξ0∥+ ∥Q1(ξ)∥)

+

∫ θ

0

∥R1(θ − s)∥∥f1 (s, ξ(s), φ(s), H1(ξ(s), φ(s))) ∥ds

+
∑

0<θk<θ

∥R1(θ − θk)∥∥ℵk(ξ(θ
−
k ), φ(θ

−
k ))∥.

From (H1), we have

||f1(s, ξ(s), φ(s), H1(ξ(s), φ(s)))|| ≤ p1(s)ψ1(∥ξ∥X) + q1(s)ϕ1(∥v∥X)

+ ∥f1(s, 0, 0, 0)∥.
Also, we have

∥ℵk(ξ, v)∥ ≤ m1
k(∥ξ∥X) + m̃1

k(∥v∥X) + ∥ℵk(0, 0)∥.
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Then, we get

∥Υ1(ξ(θ), φ(θ))∥ ≤MR1∥ξ0∥+MR1 (∥p1∥L1ψ1(∥ξ∥X) + ∥q1∥L1ϕ1(∥ξ∥X))

+MR1

∫ θ

0

f01 (s)ds+MR1

m∑
k=0

(m1
k(∥ξ∥X) + m̃1

k(∥v∥X))

+MR1

m∑
k=0

∥ℵk(0, 0)∥.

Similarly, we obtain

∥Υ2(ξ(θ), φ(θ))∥ ≤MR2∥φ0∥+MR2 (∥p2∥L1ψ1(∥ξ∥X) + ∥q2∥L1ϕ2(∥φ∥X))

+MR2

∫ θ

0

f02 (s)ds+MR2

m∑
k=0

(m2
k(∥ξ∥X) + m̃2

k(∥v∥X))

+MR2

m∑
k=0

∥ℵ̃k(0, 0)∥.

Then

∥Υ(ξ, φ)∥X×X <∞.

Obviously, the fixed points of operator Υ are mild solution of the problem (1).
We use Theorem 2.13 to prove that Υ has a fixed point.
Step 1. Υ is continuous.

Let (ξn, φn)n∈N be a couple of sequences such that (ξn, φn) → (ξ∗, φ∗), then for
θ ∈ Θ, we have

∥(Υ1(ξn, φn))(θ)− (Υ1(ξ
∗, φ∗))(θ)∥

≤MR1

∫ θ

0

∥f1(s, ξn(s), φn(s), H(ξn(s), φn(s)))

− f1(s, ξ
∗(s), φ∗(s), H(ξ∗(s), φ∗(s)))∥ds

+MR1

m∑
k=0

∥ℵk(ξn(θ), φn(θ))− ℵk(ξ
∗(θ), φ∗(θ))∥.

By the continuity of h1, we get

h1(θ, s, ξn(s), φn(s)) → h1(θ, s, ξ
∗(s), φ∗(s)) as n→ +∞.

And we have

∥h1(θ, s, ξn(s), φn(s))− h1(θ, s, ξ
∗(s), φ∗(s))∥ ≤ h∗c1∥ξn(s)− ξ∗(s)∥

+ h̄∗c1∥φn(s)− φ∗(s)∥.
By Lebesgue dominated convergence theorem, we obtain∫ θ

0

h1(θ, s, ξn(s), φn(s))ds→
∫ θ

0

h1(θ, s, ξ
∗(s), φ∗(s))ds, as n→ +∞.

Also, the continuity of ℵk, give

ℵk(ξn(θ), φn(θ)) → ℵk(ξ
∗(θ), φ∗(θ)) as n→ +∞.

Hence, from the continuity of the function f1 and the Lebesgue dominated con-
vergence theorem, we get

∥Υ1(ξn, φn)−Υ1(ξ
∗, φ∗)∥X → 0, as n→ +∞.
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Similarly, we get

∥Υ2(ξn, φn)−Υ2(ξ
∗, φ∗)∥X → 0, as n→ +∞.

Thus, Υ is continuous.
Let Bδ be defined by Bδ = {(ξ, φ) ∈ X × X : (∥ξ∥X , ∥φ∥X) ≤ (δ1, δ2)}, with

δi > 0. The set Bδ is bounded, closed and convex of X ×X.
Step 2.
Claim 1. Υ(Bδ) ⊂ (Bδ).

Let (ξ, φ) ∈ Bδ and θ ∈ Θ, from (H1)− (H3), it follows that

∥Υ1(ξ(θ), φ(θ))∥ ≤MR1
(∥ξ0∥+ ∥p1∥L1ψ1(δ1) + ∥q1∥L1ϕ1(δ2))

+MR1

∫ θ

0

f01 (s)ds

+

m∑
k=0

(
m1

k(δ1) + m̃1
k(δ2)

)
+

m∑
k=0

∥ℵk(0, 0)∥.

Similarly, we obtain

∥Υ2(ξ(θ), φ(θ))∥ ≤MR2 (∥φ0∥+ ∥p2∥L1ψ2(δ1) + ∥q2∥L1ϕ2(δ2))

+MR2

∫ θ

0

f02 (s)ds

+

m∑
k=0

(
m2

k(δ1) + m̃2
k(δ2)

)
+

m∑
k=0

∥ℵ̃k(0, 0)∥.

Then

∥Υ(ξ, φ)(θ)∥ ≤

MR1

(
∥p1∥L1 +

∑m
k=0m

1
k

)
MR1

(
∥q1∥L1 +

∑m
k=0 m̃

1
k

)
MR2

(
∥p2∥L1 +

∑m
k=0m

2
k

)
MR2

(
∥q2∥L1 +

∑m
k=0 m̃

2
k

)
(δ1

δ2

)

+


MR1(∥ξ0∥+

∫ θ

0

f01 (s)ds+

m∑
k=0

∥ℵk(0, 0)∥)

MR2
(∥φ0∥+

∫ θ

0

f02 (s)ds+

m∑
k=0

∥ℵ̃k(0, 0)∥)

 .

Since M̂ converges to zero, then
(
I − M̂

)
is invertible and its inverse

(
I − M̂

)−1

has nonnegative elements. Hence

M̂−1


MR1(∥ξ0∥+

∫ θ

0

f01 (s)ds+

m∑
k=0

∥ℵk(0, 0)∥)

MR2
(∥φ0∥+

∫ θ

0

f02 (s)ds+

m∑
k=0

∥ℵ̃k(0, 0)∥)

 ≤
(
δ1
δ2

)
.

Thus

∥Υ(ξ, φ)∥X×X ≤
(
δ1
δ2

)
.

Claim 2. The set Υ(Bδ) is equicontinuous.
For (ξ, φ) ∈ Bδ and κ1, κ2 ∈ Θ, we have

∥Υ1(ξ, φ)(κ1)−Υ1(ξ, φ)(κ2)∥
≤ ∥R(κ1)−R(κ2)∥(∥ξ0∥)
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+

∫ κ1

0

∥R(κ1 − s)−R(κ2 − s)∥
(
p1(s)ψ1(δ1) + q1(s)ϕ1(δ2)

)
ds

+MR1

∫ κ2

κ1

(
p1(s)ψ1(δ1) + q1(s)ϕ1(δ2)

)
ds+MR1

∑
κ1<θk<κ2

∥ℵk(ξ(θ
−
k ), φ(θ

−
k ))∥

+
∑

0<θk<κ1

∥R1(κ1 − θk)−R1(κ2 − θk)∥∥ℵk(ξ(θ
−
k ), φ(θ

−
k ))∥.

By the strong continuity of R1(·) and (H1)-(H3), we obtain

∥Υ1(ξ, φ)(κ1)−Υ1(ξ, φ)(κ2)∥ → 0 as κ1 → κ2.

Similarly, we get

∥Υ2(ξ, φ)(κ1)−Υ2(ξ, φ)(κ2)∥ → 0 as κ1 → κ2.

Hence, the set Υ(Bδ) is equicontinuous.
Step 3. Υ is generalized χPC-condensing operator.

Let Ω ⊂ Ω1 × Ω2, then Υi (Ω) , i = 1, 2 are bounded and equicontinuous on Θ.
From (H1) and (H3), we have

℘i {fi(θ,Ω(θ), Hi(Ω(θ)))} ≤ pi(θ)℘1 {Ω1(θ)}+ qi(θ)℘2 {Ω2(θ)} ,

and

℘i

{
ℵ̂k
i (Ω(θ))

}
≤ m1

k℘1 {Ω1(θ)}+ m̃1
k℘2 {Ω2(θ)} ,

where

(ℵ̂k
1 , ℵ̂k

2) = (ℵk, ℵ̃k).

Then, we have

℘i(ΥiΩ(θ)) ≤MRi

∫ θ

0

℘i {fi(s,Ω(s), Hi(Ω(s)))} ds+MRi

∑
0<θk<θ

℘i

{
ℵ̂k
i (Ω(θ

−
k ))
}

≤MRi

∫ θ

0

(pi(s)℘1 {Ω1(s)}+ qi(s)℘2 {Ω2(s)})ds

+MRi

m∑
k=0

(
m1

k℘1 {Ω1(θ)}+ m̃1
k℘2 {Ω2(θ)}

)
≤MRi

(
∥pi∥+

m∑
k=0

m1
k

)
℘1 {Ω1(θ)}

+MRi

(
∥qi∥+

m∑
k=0

m̃1
k

)
℘2 {Ω2(θ)} .

Since Υ(Bδ) is equicontinuous, we get

χPC(ΥΩ) ≤

MR1

(
∥p1∥L1 +

∑m
k=0m

1
k

)
MR1

(
∥q1∥L1 +

∑m
k=0 m̃

1
k

)
MR2

(
∥p2∥L1 +

∑m
k=0m

2
k

)
MR2

(
∥q2∥L1 +

∑m
k=0 m̃

2
k

)
(χ1 (Ω1)

χ2 (Ω2)

)
.

As a consequence of Theorem 2.13, we deduce that Υ has a fixed point (ξ, φ) in
X ×X, which is a mild solution of problem (1).

The next result is concerned with generalized Darbo’s fixed point theorem.
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Theorem 3.3. Assume that the conditions (H1) − (H4) are satisfied, and we as-
sume that the functions pi, qi in (H1) they belong to the space C(Θ,R+), such
that

p∗i = max{sup
θ∈Θ

(pi(θ)), sup
θ∈Θ

(qi(θ))}.

Also we assume that ℵk, ℵ̃k are compact and M̂ converges to zero. Then, the
system (1) has at least one mild solution.

Proof. From the Step of the Proof of Theorem 3.2 , the operator Υ is continuous
and we have Υ(Bδ) ⊂ (Bδ). Then we prove that there exist an iteration of order p0
of operator Υ such that the operator Υp0 be M -contractivity.

Let Ωi = co (Υi (Bδ)) i = 1, 2. Lemma 2.10 implies that Ωi ⊂ Bδ, i = 1, 2 are
bounded and equicontinuous, and Υ : Ω1 × Ω2 → Ω1 × Ω2 is a continuous and
bounded operator. Similarly to the Step 3 of the Proof of Theorem 3.2, Υi (Ω), i =
1, 2 are bounded and equicontinuous on Θ. Now, using Lemma 2.10 and equation
3, we conclude that Υp

iΩ, i = 1, 2 are bounded and equicontinuous. For each p =
1, 2, . . ., we have

℘̂i(Υ
p
iΩ) = sup

θ∈Θ
℘i(Υ

p
iΩ(θ)).

Then, we have

℘i(Υ
1
iΩ(θ)) ≤MRi

∫ θ

0

pi(s) (℘1 {Ω1(s)}+ qi(s)℘2 {Ω2(s)}) ds

≤MRi
(p∗i θ) (℘1 {Ω1(θ)}+ ℘2 {Ω2(θ)}) .

For Υ2
i (Ω) = Υico(Υ

1
i (Ω)), we get

℘i(Υ
2
iΩ(θ)) ≤MRi

∫ θ

0

℘i

{
fi(s, co(Υ

1
i (Ω))(s), Hi(co(Υ

2
i (Ω))(s)))

}
ds

+MRi

∑
0<θk<θ

℘i

{
ℵ̂k
i (co(Υ

1
i (Ω)))

}
≤MRi

∫ θ

0

pi(s)MRi (p
∗
i s)

(
℘1 {Ω1(s)}+ ℘2 {Ω2(s)}

)
ds

≤
(
(MRi

p∗i )
2 θ

2

2

)(
℘1 {Ω1(θ)}+ ℘2 {Ω2(θ)}

)
.

Also, for Υ3
i (Ω) = Υi

(
co(Υ2

i (Ω))
)
, we obtain

℘i(Υ
3
iΩ(θ)) ≤MRi

∫ θ

0

℘i

{
fi(s, co(Υ

2
i (Ω))(s), Hi(co(Υ

2
i (Ω))(s)))

}
ds

+MRi

∑
0<θk<θ

℘i

{
ℵ̂k
i (co(Υ

2
i (Ω)))

}
≤MRi

∫ θ

0

p∗iMRi

(
(p∗i )

2 s
2

2

)(
℘1 {Ω1(s)}+ ℘2 {Ω2(s)}

)
ds

≤
(
(MRi

p∗i )
3 θ

3

3!

)(
℘1 {Ω1(θ)}+ ℘2 {Ω2(θ)}

)
.

Suppose that

℘i(Υ
p
iΩ(θ)) ≤

(
(MRi

p∗i )
p θ

p

p!

)(
℘1 {Ω1(θ)}+ ℘2 {Ω2(θ)}

)
.
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Hence, for any θ ∈ [0, T ], we obtain

℘i(Υ
p+1
i Ω(θ)) ≤MRi

∫ θ

0

℘i {fi(s, co(Υp
i (Ω))(s), Hi(co(Υ

p
i (Ω))(s)))} ds

+MRi

∑
0<θk<θ

℘i

{
ℵ̂k
i (co(Υ

p
i (Ω)))

}
≤MRi

∫ θ

0

p∗i

(
(MRi

p∗i )
p s

p

p!

)(
℘1 {Ω1(s)}+ ℘2 {Ω2(s)}

)
ds

≤
(
(MRi

p∗i )
p+1 θp+1

(p+ 1)!

)(
℘1 {Ω1(θ)}+ ℘2 {Ω2(θ)}

)
.

Then, if we put

σi
p =

(MRi
p∗i T )

p

p!
,

and

Mp =

σ1
p σ1

p

σ2
p σ2

p

 ,

it follows that

χPC(Υ
pΩ) ≤MpχPC(Ω).

Its clear that

lim
p→+∞

σi
p = 0.

Then, there exist p1, p2 ∈ N, such that for all p > max(p1, p2), we have

(σ1
p, σ

2
p) < (1, 1).

Thus, for

p0 = min{p ∈ N : ∥Mp∥M2×2(R+) < 1},
we get

ρ(Mp0) ≤ ∥Mp0∥M2×2(R+) < 1.

Thus, from Lemma 2.5, we deduce that Mp0
converges to zero. Applying now

Theorem 2.14, we conclude that Υ has at least one fixed point, which is a mild
solution of problem (1).

Remark 3.4. If we don’t assume that ℵk, ℵ̃k are compact, we can assume in
Theorem 3.3 that (

MRi max

{
m∑

k=0

mi
k,

m∑
k=0

m̃i
k

})
< 1.

Thus, we get

℘i(Υ
p
iΩ(θ)) ≤ (MRi

)p

 p∑
j=0

ξj(p
∗
i )

j(l∗i )
p−j θ

j

j!

(℘1 {Ω1(θ)}+ ℘2 {Ω2(θ)}
)
,

where our sequence (ξj) is defined by

ξj =

{
ξj−1

(
p−j+1

n

)
; j ∈ {1, . . . , p},

1; j = 0,
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and

l∗i = max

{
m∑

k=0

mi
k,

m∑
k=0

m̃i
k

}
.

Then, if we put

σ̂i
p = (MRi

)p
p∑

j=0

ξj(p
∗
i )

j(l∗i )
p−jT j

j!

and

M̂p =

σ̂1
p σ̂1

p

σ̂2
p σ̂2

p

 ,

it follows that

χPC(Υ
pΩ) ≤ M̂pχPC(Ω).

Consequently, we have that

ξn =

{
ξn−1

(
m−n+1

n

)
; n ∈ {1, . . . ,m},

1; n = 0,

is a novel representation of binomial coefficients in a recurrence relation, and it
gives all Pascal’s triangle lines as well as the binomial formula. Then, using this
sequence, all of the results obtained using Newton’s binomial formula or Pascal’s
triangle may be proven.

3.2. Results of Ulam’s type stability. In this section, we introduce Ulam’s type
stability concepts for the equation (1).

Let ∆̂1, ∆̂2 ≥ 0; k = 1, . . . ,m, and ∆i ∈ PC (Θ,R+) be nondecreasing. We
consider the following inequalities:

∥ξ′(θ)−A1ξ(θ)− f1 (θ, ξ(θ), φ(θ), H1(ξ(θ), φ(θ)))−
∫ θ

0
B1(θ − s)ξ(s)ds∥

≤ ∆1(θ), for θ ∈ Θ̃,

∥φ′(θ)−A2φ(θ)− f2 (θ, ξ(θ), φ(θ), H1(ξ(θ), φ(θ)))−
∫ θ

0
B2(θ − s)φ(s)ds∥

≤ ∆2(θ), for θ ∈ Θ̃,

∥ξ(θ+k )− ξ(θ−k )− ℵk(ξ(θ
−
k ), φ(θ

−
k ))∥ ≤ ∆̂1, k = 1, . . . ,m,

∥φ(θ+k )− φ(θ−k ) + ℵ̃k(ξ(θ
−
k ), φ(θ

−
k ))∥ ≤ ∆̂2, k = 1, . . . ,m.

(5)
Consider the space

X̃i = {ξ ∈ PC1(Θ, E) : ξ(θ) ∈ D(Ai)}.
The following concepts are inspired by the papers [39, 42, 41] and the references

therein.

Definition 3.5. The system (1) is generalized Ulam-Hyers-Rassias stable with

respect to (∆1,∆2, ∆̂1, ∆̂2) if there exists cf1,ℵk,∆1
, cf2,ℵ̃k,∆2

> 0 such that for each

solution (ξ, φ) of the inequalities system (5) there exists a mild solution (ξ̂, φ̂) ∈
X̃1 × X̃2 of the system (1) with

∥ξ(θ)− ξ̂(θ)∥ ≤ cf1,ℵk,∆̂
(∆1(θ) + ∆1), θ ∈ Θ,
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and

∥φ(θ)− φ̂(θ)∥ ≤ cf2,ℵ̃k,∆̂
(∆2(θ)) + ∆2), θ ∈ Θ.

In another sense

∥(ξ(θ)− ξ̂(θ), φ(θ)− φ̂(θ))∥

≤ max
(
cf1,ℵk,∆̂

, cf2,ℵ̃k,∆̃

)(
∆1(θ) + ∆2(θ) + ∆̂1 + ∆̂2

)
, θ ∈ Θ.

Remark 3.6. A function (ξ, φ) ∈ X̃1 × X̃2 is a solution of inequalities (5) if and
only if there exist G1,2 ∈ PC(Θ, R) , gk, ĝk ∈ R such that:

• ∥Gi(θ)∥ ≤ ∆i(θ); θ ∈ ℵk, ∥gk∥ ≤ ∆̂1, ∥ĝk∥ ≤ ∆̂2,

• ξ′(θ) = A1ξ(θ)+f1 (θ, ξ(θ), φ(θ), H1(ξ(θ), φ(θ)))+
∫ θ

0
B1(θ−s)ξ(s)ds+G1(θ),

θ ∈ Θ̃,

• φ′(θ) = A2φ(θ) + f2 (θ, ξ(θ), φ(θ), H1(ξ(θ), φ(θ))) +
∫ θ

0
B2(θ − s)φ(s)ds +

G2(θ), θ ∈ Θ̃,
• ℵk(ξ(θ

−
k ), φ(θ

−
k )) = ξ(θ+k )− ξ(θ−k ) + gk, k = 1, . . . ,m,

• ℵ̃k(ξ(θ
−
k ), φ(θ

−
k )) = y(θ+k )− φ(θ−k ) + ĝk, k = 1, . . . ,m.

Remark 3.7. If (ξ, φ) ∈ X̃1×X̃2 is a solution of inequalities (5), then (ξ, φ) ∈ X×X
is a solution of the following integral inequalities

∥ξ(θ)−R1(θ)ξ0 −
∫ θ

0

R1(θ − s)f1 (s, ξ(s), φ(s), H1(ξ(s), φ(s))) ds

−
∑

0<θk<θ

R1(θ − θk)ℵk(ξ(θ
−
k ), φ(θ

−
k ))∥

≤MR1

∫ θ

0

e−β1(θ−s)∆1(s)ds+MR1m∆̂1; θ ∈ Θ,

∥φ(θ)−R2(θ)φ0 −
∫ θ

0

R2(θ − s)f2 (s, ξ(s), φ(s), H2(ξ(s), φ(s))) ds

−
∑

0<θk<θ

R2(θ − θk)ℵ̃k(ξ(θ
−
k ), φ(θ

−
k ))∥

≤MR2

∫ θ

0

e−β2(θ−s)∆2(s)ds+MR2m∆̂2; θ ∈ Θ.

To discuss stability, we need the following additional assumption:

(H∆) We assume that for ∆i ∈ PC(Θ,R+) a nondecreasing function there exists
c∆i > 0, such that ∫ θ

0

∆i(s)ds ≤ c∆i
∆i(θ).

Theorem 3.8. Assume that (H1)− (H4) and (H∆) are satisfied and and M̂ con-
verges to zero. Then the system (1) is generalized Ulam–Hyers–Rassias stable with

respect to (∆1,∆2, ∆̂k, ∆̃k).

Proof. Let (v, v̂) be a solution of the system of inequalities (5) and (ξ, ξ̂) ∈ X × X
be the mild solution of the system (1) with, (ξ(0), ξ̂(0)) = (v(0), v̂(0)) = (ξ0, φ0).
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Then we get

ξ(θ) = R1(θ)ξ0 +

∫ θ

0

R1(θ − s)f1

(
s, ξ(s), ξ̂(s), H1(ξ(s), ξ̂(s))

)
ds

+
∑

0<θk<θ

R1(θ − θk)ℵk(ξ(θ
−
k ), ξ̂(θ

−
k )); θ ∈ Θ,

ξ̂(θ) = R2(θ)φ0 +

∫ θ

0

R2(θ − s)f2

(
s, ξ(s), ξ̂(s), H2(ξ(s), ξ̂(s))

)
ds

+
∑

0<θk<θ

R2(θ − θk)ℵ̃k(ξ(θ
−
k ), ξ̂(θ

−
k )); θ ∈ Θ.

In other hand, we get∥∥∥∥∥v(θ)−R1(θ)ξ0 −
∫ θ

0

R1(θ − s)f1 (s, v(s), v̂(s), H1(v(s), v̂(s))) ds

−
∑

0<θk<θ

R1(θ − θk)ℵk(v(θ
−
k ), v̂(θ

−
k ))

∥∥∥∥∥
≤MR1

∫ θ

0

e−β1(θ−s)∆1(s)ds+MR1
m∆̂1; θ ∈ Θ,∥∥∥∥∥v̂(θ)−R2(θ)φ0 −

∫ θ

0

R2(θ − s)f2 (s, v(s), v̂(s), H2(v(s), v̂(s))) ds

−
∑

0<θk<θ

R2(θ − θk)ℵ̃k(v(θ
−
k ), v̂(θ

−
k ))

∥∥∥∥∥
≤MR2

∫ θ

0

e−β2(θ−s)∆2(s)ds+MR2
m∆̂2; θ ∈ Θ.

Hence, for θ ∈ Θ, we have

∥v(θ)− ξ(θ)∥ =

∥∥∥∥∥v(θ)−R1(θ)ξ0 −
∫ θ

0

R1(θ − s)f1

(
s, ξ(s), ξ̂(s), H1(ξ(s), ξ̂(s))

)
ds

−
∑

0<θk<θ

R1(θ − θk)ℵk(ξ(θ
−
k ), ξ̂(θ

−
k ))

−
∫ θ

0

R1(θ − s)f1 (s, v(s), v̂(s), H1(v(s), v̂(s))) ds

+

∫ θ

0

R1(θ − s)f1 (s, v(s), v̂(s), H1(v(s), v̂(s))) ds

−
∑

0<θk<θ

R1(θ − θk)ℵk(v(θ
−
k ), v̂(θ

−
k ))

+
∑

0<θk<θ

R1(θ − θk)ℵk(v(θ
−
k ), v̂(θ

−
k ))

∥∥∥∥∥
≤MR1c∆1∆1(θ) +MR1m∆̂1
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+MR1

∫ θ

0

p1(s)ψ1(∥v(s)− ξ(s)∥) + q1(s)ϕ1(∥v̂(s)− ξ̂(s)∥)ds,

+

m∑
k=0

(m1
k(∥v(θ−k )− ξ(θ−k )∥) + m̃1

k(∥v̂(θ−k )− ξ̂(θ−k )∥)).

Also we get

∥v̂(θ)− ξ̂(θ)∥ =

∥∥∥∥∥v̂(θ)−R2(θ)ξ0 −
∫ θ

0

R2(θ − s)f2

(
s, ξ(s), ξ̂(s), H2(ξ(s), ξ̂(s))

)
ds

−
∑

0<θk<θ

R2(θ − θk)ℵk(ξ(θ
−
k ), ξ̂(θ

−
k ))

−
∫ θ

0

R2(θ − s)f2 (s, v(s), v̂(s), H2(v(s), v̂(s))) ds

+

∫ θ

0

R2(θ − s)f2 (s, v(s), v̂(s), H2(v(s), v̂(s))) ds

−
∑

0<θk<θ

R2(θ − θk)ℵ̃k(v(θ
−
k ), v̂(θ

−
k ))

+
∑

0<θk<θ

R1(θ − θk)ℵ̃k(v(θ
−
k ), v̂(θ

−
k ))

∥∥∥∥∥
≤MR2

c∆2
∆2(θ) +MR2

m∆̂2

+MR2

∫ θ

0

p2(s)ψ2(∥v(s)− ξ(s)∥) + q2(s)ϕ2(∥v̂(s)− ξ̂(s)∥)ds,

+

m∑
k=0

(m2
k(∥v(θ−k )− ξ(θ−k )∥) + m̃2

k(∥v̂(θ−k )− ξ̂(θ−k )∥)).

Thus,

∥v(θ)− ξ(θ)∥+ ∥v̂(θ)− ξ̂(θ)∥

≤MR(cmax +m)(∆1(θ) + ∆2(θ) + ∆̂1 + ∆̂2)

+MR

∫ θ

0

(p1(s) + p2(s))(∥v(s)− ξ(s)∥+ ∥v̂(s)− ξ̂(s)∥)ds,

+ 4MR

m∑
k=0

m̃k

(
∥v(θ−k )− ξ(θ−k )∥+ ∥v̂(θ−k )− ξ̂(θ−k )∥

)
,

where

cmax = max(c∆1
, c∆2

), m̃k = max
{
mi

k, m̃
i
k

}
.

From Lemma 2.16, we get

∥v(θ)− ξ(θ)∥+ ∥v̂(θ)− ξ̂(θ)∥

≤MR(cmax +m)(∆1(θ) + ∆2(θ) + ∆̂1 + ∆̂2)

×
∏

0<θk<θ

(
1 + 4MRm̃∗

)k
e(MR∥p1+p2∥).
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Now, if we put

Ξfi,ℵk,ℵ̃k,c∆i
=MR(cmax +m)e(∥p1+p2∥)

∏
0<θk<θ

(
1 + 4MRm̃∗

)k
,

then we have for all θ ∈ Θ

∥v(θ)− ξ(θ)∥+ ∥v̂(θ)− ξ̂(θ)∥ ≤ Ξfi,ℵk,ℵ̃k,c∆i

(
∆̂1 + ∆̂2 +∆1(θ) + ∆2(θ)

)
,

which implies that the system (1) is generalized Ulam–Hyers–Rassias stable with

respect to (∆1,∆2, ∆̂k, ∆̃k).

3.3. Data dependance. Now, we prove the continuous dependence of solutions
on initial conditions. For every (ξ0, φ0) ∈ E × E, we denote by (ξ (·, ξ0) , φ (·, φ0))
the solution of (1).

We need the following condition:

(H5) p1 = q1, p2 = q2, and MR(l
∗
1 + l∗2) = max(MR1

,MR2
)(l∗1 + l∗2) < 1.

Theorem 3.9. Assume that conditions (H1) − (H5) hold, with matrix M̂ defined
in (4) converges to zero. Then (ξ0, φ0) → (ξ (·, ξ0) , φ (·, φ0)) is continuous.

Proof. Let (ξ0, φ0) , (x̂0, φ̂0) ∈ E × E. From Theorem 3.3, we see that there exist

(ξ (·, ξ0) , φ (·, φ0)),
(
ξ̂
(
·, ξ̂0

)
, φ̂ (·, φ̂0)

)
∈ X × X such that

ξ(θ, ξ0) = R1(θ)ξ0 +

∫ θ

0

R1(θ − s)f1 (s, ξ(s, ξ0), φ(s, φ0), H1(ξ(s, ξ0), φ(s, φ0))) ds

+
∑

0<θk<θ

R1(θ − θk)Ik(ξ(θ
−
k , ξ0), φ(θ

−
k , φ0)); θ ∈ Θ,

φ(θ, φ0) = R2(θ)φ0 +

∫ θ

0

R2(θ − s)f2 (s, ξ(s, ξ0), φ(s, φ0), H2(ξ(s, ξ0), φ(s, φ0))) ds

+
∑

0<θk<θ

R2(θ − θk)Īk(ξ(θ
−
k , ξ0), φ(θ

−
k , φ0)); θ ∈ Θ,

and

ξ̂(θ, ξ̂0) = R1(θ)ξ̂0 +

∫ θ

0

R1(θ − s)f1

(
s, ξ̂(s, ξ̂0), φ̂(s, φ̂0), H1(ξ̂(s, ξ̂0), φ̂(s, φ̂0))

)
ds

+
∑

0<θk<θ

R1(θ − θk)Ik(ξ̂(θ
−
k , ξ̂0), φ̂(θ

−
k , φ̂0)); θ ∈ Θ,

φ̂(θ, φ̂0) = R2(θ)φ̂0 +

∫ θ

0

R2(θ − s)f2

(
s, ξ̂(s, ξ̂0), φ̂(s, φ̂0), H2(ξ̂(s, ξ̂0), φ̂(s, φ̂0))

)
ds

+
∑

0<θk<θ

R2(θ − θk)Īk(ξ̂(θ
−
k , ξ̂0), φ̂(θ

−
k , φ̂0)); θ ∈ Θ.

We put Qξ(θ) = ξ (θ, ξ0), then we get

∥Qξ(θ)−Qξ̂(θ)∥ ≤MR1
∥ξ0 − ξ̂0∥+MR1

∫ θ

0

(
p1(s)ψ1(∥Qξ(s)−Qξ̂(s)∥)

+ q1(s)ϕ1(∥Qφ(s)−Qφ̂(s)∥)
)
ds
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+MR1

m∑
k=0

(
m1

k∥Qξ(θ
−
k )−Qξ̂(θ

−
k )∥+ m̃1

k∥Qφ(θ
−
k )−Qφ̂(θ

−
k )∥

)
.

Similarly, we obtain

∥Qφ(θ)−Qφ̂(θ)∥ ≤MR2∥φ0 − φ̂0∥+MR2

∫ θ

0

(
p2(s)ψ2(∥Qξ(s)−Qξ̂(s)∥)

+ q2(s)ϕ2(∥Qφ(s)−Qφ̂(s)∥)
)
ds

+MR2

m∑
k=0

(m2
k

(
∥Qξ(θ

−
k )−Qξ̂(θ

−
k )∥+ m̃2

k∥Qφ(θ
−
k )−Qφ̂(θ

−
k )∥

)
.

Then,∥∥∥Qξ(·)−Qξ̂(·)
∥∥∥
X
+ ∥Qφ(·)−Qφ̂(·)∥X

≤

∥∥∥ξ0 − ξ̂0

∥∥∥+ ∥φ0 − φ̂0∥

1−MR(l∗1 + l∗2)

+
MR

1−MR(l∗1 + l∗2)

∫ θ

0

(p1 + p2)(s)
(∥∥∥Qξ(s)−Qξ̂(s)

∥∥∥+ ∥Qφ(s)−Qφ̂(s)∥
)
ds.

Then, by Lemma 2.15, we get∥∥∥Qξ(·)−Qξ̂(·)
∥∥∥
X
+ ∥Qφ(·)−Qφ̂(·)∥X

≤

∥∥∥ξ0 − ξ̂0

∥∥∥+ ∥φ0 − φ̂0∥

1−MR(l∗1 + l∗2)
exp

(
MRT∥p1 + p2∥L1

1−MR(l∗1 + l∗2)

)
.

Thus∥∥∥Qξ(·)−Qξ̂(·)
∥∥∥
X
+ ∥Qφ(·)−Qφ̂(·)∥X → 0, as (ξ0, φ0) →

(
ξ̂0, φ̂0

)
.

4. An example. In order to give verification of the existence, data dependance
and Ulam-Hyers-Rassias stability of solutions, we consider the following class of
partial integro-differential system:

∂
∂θ
ζ1(θ, x) =

∂2ζ1(θ,x)

∂2x
+

∫ 0

θ
Γ(θ − s) ∂

2ζ1(s,x)

∂2x
ds+

η(θ+1) sect(
7
√

θ9+1)

(1+|ζ1(θ,x)|)

×
(∫ 1

0
e−st−s

113
|ζ1(θ, x)|+ |ζ2(θ, x)|ds

)
, θ ∈ I and x ∈ (0, π),

∂
∂θ
ζ2(θ, x)− ∂2ζ2(θ,x)

∂2x
−

∫ θ

0
Γ(θ − s) ∂

2ζ2(s,x)

∂2x
ds

=
tan

(
(θ2+1)−2

)∫ 1

0

cos2(s+ θ)

55
|ζ1(θ, x)|+ |ζ2(θ, x)|ds

2−sin(2t)+sin(2(θ+1))
, θ ∈ I, x ∈ (0, π),

∆ζ1(θk, x) = αk
ζ1(θ

−
k

,x)√
1+|ζ1(θ−k ,x)|

, for θk = 1
2k
, k = 1 : 8, and x ∈ (0, π),

∆ζ2(θk, x) = βk
ζ2(θ

−
k

,x)√
1+|ζ2(θ−k ,x)|

, for θk = 1
2k
, k = 1 : 8, and x ∈ (0, π),

ζ1(θ, 0) = ζ1(θ, 1) = ζ2(θ, 0) = ζ2(θ, 1) = 0, for θ ≥ 0,

ζ1(0, x) = ζ01 (x), ζ2(0, x) = ζ02 (x), if θ ∈ Θ, and x ∈ (0, π),

(6)



IMPULSIVE INTEGRO-DIFFERENTIAL SYSTEMS 19

where I = [0, π], Γi : R+ 7→ R are continuous, σ1, σ2 ∈ R, η ∈
(
0, π−1

)
, λ̂ ∈ {0, 1},

αk, βk ∈ (0, e−π). To rewrite system (6) in the abstract form, we introduce the
space X = L2(0, π) and we define the operator Ai as follows:{

D(Ai) = {ϖ ∈ L2(0, π) / ϖ, ϖ′′ ∈ L2(0, π) , ϖ(0) = ϖ(π) = 0},
(Aiϖ)(x) = ∂2ϖ(θ,x)

∂x2 .

It is well known that Ai generates a strongly continuous semigroup (Si(θ))θ≥0,

which are dissipative and compact with ∥Si(θ)∥ ≤ e−ε2i θ, and for some bi >
1
ε2i
,

we assume that ∥Γi(θ)∥ ≤ e−ε2i θ

bi
, and ∥Γ′

i(θ)∥ ≤ e−ε2i θ

b2i
. It follows from [16] that

∥Ri(θ)∥ ≤ e−κiθ, where κi = 1− b−1
i .

We define also the operators Bi(θ) : H 7→ H as follows:

Bi(θ)z = Γi(θ)Aiz, for θ ≥ 0, z ∈ D(Ai).

More appropriate conditions on operators Bi, (H4) hold with MRi
= 1 and

βi = 1− b−1
i .

We put ζ(θ)(x) = ζ(θ, x), for θ ∈ [0,+∞), and define

f1(θ, ϕ1, ϕ2, H1(ϕ1, ϕ2)(x)) =
η(θ + 1) sect( 7

√
θ9 + 1)

(1 + |ϕ1(θ, x)|)

×
(∫ 1

0

e−st−s

113
|ϕ1(θ, x)|+ |ϕ2(θ, x)|ds

)
,

f2(θ, ϕ1, ϕ2, H2(ϕ1, ϕ2)(x)) =
tan

((
θ2 + 1

)−2
)

2− sin(2t) + sin(2(θ + 1))

×
∫ 1

0

cos2(s+ θ)

55
|ϕ1(θ, x)|+ |ϕ2(θ, x)|ds,

ℵk(x(θ
−
k ), φ(θ−k )) = αk

ϕ1(θ
−
k , x)√

1 + |ϕ1(θ
−
k , x)|

,

ℵ̃k(x(θ
−
k ), φ(θ−k )) = βk

ϕ2(θ
−
k , x)√

1 + |ϕ2(θ
−
k , x)|

.

Using these definitions we can represent the system (6) in the following abstract
form 

x′(θ) = A1x(θ) + f1 (θ, x(θ), φ(θ), H1(x(θ), φ(θ)))

+

∫ θ

0

B1(θ − s)x(s)ds, for θ ∈ Θ\Θ̂m,

φ′(θ) = A2φ(θ) + f2 (θ, x(θ), φ(θ), H1(x(θ), φ(θ)))

+

∫ θ

0

B2(θ − s)x(s)ds, for θ ∈ Θ\Θ̂m,

ℵk(x(θ
−
k ), φ(θ

−
k )) = x(θ+k )− x(θ−k ), k = 1, . . . ,m,

ℵ̃k(x(θ
−
k ), φ(θ

−
k )) = φ(θ+k )− φ(θ−k ), k = 1, . . . ,m,

(x(0), y(0)) = (ξ0, φ0).
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For θ ∈ Θ, we have

|f1(θ,κ1(θ),κ2(θ), H1(κ1(θ),κ2(θ)))− f1(θ, κ̂1(θ), κ̂2(θ), H1(κ̂1(θ), κ̂2(θ)))|

≤ sect( 7
√
θ9 + 1)

113
(|κ1(θ)− κ2(θ)|+ |κ̂1(θ)− κ̂2(θ)|) ,

and

|f2(θ,κ1(θ),κ2(θ), H2(κ1(θ),κ2(θ)))− f2(θ, κ̂1(θ), κ̂2(θ), H2(κ̂1(θ), κ̂2(θ)))|

≤ 1

220
tan

((
θ2 + 1

)−2
)
(|κ1(θ)− κ2(θ)|+ |κ̂1(θ)− κ̂2(θ)|) .

We have that ψi(θ) = ϕi(θ) = θ, are continuous nondecreasing functions from
(0,+∞) to (0,+∞), i = 1, 2. And, we have

p1(θ) = q1(θ) =
sect( 7

√
θ9 + 1)

113
∈ L1(Θ,R+),

p2(θ) = q2(θ) =
1

220
tan

((
θ2 + 1

)−2
)
∈ L1(Θ,R+).

Now, about h1, h2,ℵk and ℵ̃k, we have

|h1(θ, s,κ1,κ2)− h1(θ, s, κ̂1, κ̂2)| ≤
e−st−s

113
(|κ1(θ)− κ2(θ)|+ |κ̂1(θ)− κ̂2(θ)|) ,

|h2(θ, s,κ1,κ2)− h2(θ, s, κ̂1, κ̂2)| ≤
cos2(s+ θ)

55
(|κ1(θ)− κ2(θ)|+ |κ̂1(θ)− κ̂2(θ)|) ,

|ℵk(κ1,κ2)− ℵk(κ̂1, κ̂2)| ≤ αk (|κ1(θ)− κ2(θ)|+ |κ̂1(θ)− κ̂2(θ)|) ,

|ℵ̃k(κ1,κ2)− ℵ̃k(κ̂1, κ̂2)| ≤ βk (|κ1(θ)− κ2(θ)|+ |κ̂1(θ)− κ̂2(θ)|) ,

hc1 = h̄c1 =
1

113
, hc2 = h̄c2 =

1

55
, m1

k = m̃1
k = αk, m

2
k = m̃2

k = βk,

∥p1∥L1 = ∥q1∥L1 ≃ 9.7× 10−3, ∥p2∥L1 = ∥q2∥L1 ≃ 7× 10−3,(
∥p1∥L1 +

8∑
k=1

m1
k, ∥p2∥L1 +

8∑
k=1

m2
k

)
≃
(
3.56× 10−1, 3.53× 10−1

)
,

(p∗1, p
∗
2) =

(
5.7× 10−3, 7.1× 10−3

)
, MR(l

∗
1 + l∗2) ≃ 0.69 < 1.

Then, we get ρ(M̂) ≃ 0, 709, hence the matrix M̂ converge to zero.
Also, we get

I − M̂ =

(
0, 644 −0, 356
−0, 353 0, 647

)
.

Therefore, we can take

δ1 ≥ 2.22337∥ζ01∥H + 1.22337∥ζ02∥H ,

and

δ2 ≥ 1.21306∥ζ01∥H + 2.21306∥ζ02∥H .
Also, for all p ≥ 2, we obtain

σ1
p ≤ 0, 018; σ2

p ≤ 0, 022.

Then, for all p ≥ 2, we have

ρ(Mp) ≤ ∥Mp∥M2×2(R+) < 1.
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Thus, all conditions of Theorem 3.2, Theorem 3.8 and Theorem 3.9 are verified.
Then, the problem (6) has at least one mild solution, which is generalized Ulam-
Hyers-Rassias stable.

5. Conclusions. In the present study, we explore the existence of mild solutions,
Ulam-Hyers-Rassias stability, and continuous dependence of instantaneous impul-
sive integro-differential systems through the utilization of resolvent operators in the
sense of Grimmer. To attain the desired outcomes for the specified problem, we
employed a fixed-point approach in conjunction with techniques involving measures
of noncompactness and convergence to zero matrices within generalized Banach
spaces. Additionally, we present an illustrative example showcasing the practical
application of our key findings. Our results make a significant contribution to the
literature in this field and are novel in the given configuration. We anticipate that
this research could pave the way for diverse avenues of exploration, including but
not limited to hybrid systems, problems incorporating infinite delays, and potential
extensions to the fractional case. It is our hope that this article will serve as a
starting point for future endeavors in these areas.
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Ulam-Hyers stability results of k-generalized ψ-Hilfer boundary value problem, Nonlinear
Stud., 29 (2022), 359-379.

[36] A. Salim, J. E. Lazreg, B. Ahmad, M. Benchohra and J. J. Nieto, A study on k-generalized
ψ-Hilfer derivative operator, Vietnam J. Math., 52 (2024), 25-43.

[37] A. M. Samoilenko and N. Perestyuk, Differential Equations with Impulse Effect, Visha Shkola,

Kyiv, 1987.

[38] R. S. Varga, Matrix Iterative Analysis, Springer Ser. Comput. Math., 27. Springer-Verlag,
Berlin, 2000.

[39] J. Wang, L. Lv and Y. Zhou, Ulam stability and data dependence for fractional differential
equations with Caputo derivative, Electr. J. Qual. Theory Differ. Equ., (2011), No. 63, 10

pp.

[40] X. Yu and J. Wang, Periodic boundary value problems for nonlinear impulsive evolution
equations on Banach spaces, Commun. Nonlinear Sci. Numer. Simulat., 22 (2015), 980-989.

[41] A. Zada, S. Faisal and Y. Li, On the Hyers-Ulam stability of first-order impulsive delay

differential equations, J. Funct. Spaces, (2016), 8164978, 6 pp.

http://mathscinet.ams.org/mathscinet-getitem?mr=MR664046&return=pdf
http://dx.doi.org/10.1090/S0002-9947-1982-0664046-4
http://mathscinet.ams.org/mathscinet-getitem?mr=MR719448&return=pdf
http://dx.doi.org/10.1016/0022-0396(83)90076-1
http://dx.doi.org/10.1016/0022-0396(83)90076-1
http://mathscinet.ams.org/mathscinet-getitem?mr=MR1418859&return=pdf
http://dx.doi.org/10.1007/978-1-4613-1281-9
http://mathscinet.ams.org/mathscinet-getitem?mr=MR3683347&return=pdf
http://dx.doi.org/10.1002/mma.4350
http://dx.doi.org/10.1002/mma.4350
http://mathscinet.ams.org/mathscinet-getitem?mr=MR233016&return=pdf
http://mathscinet.ams.org/mathscinet-getitem?mr=MR4590259&return=pdf
http://dx.doi.org/10.1007/s12215-022-00818-8
http://dx.doi.org/10.1007/s12215-022-00818-8
http://dx.doi.org/10.3390/fractalfract6030130
http://dx.doi.org/10.3390/fractalfract6030130
http://dx.doi.org/10.3390/fractalfract6030130
http://mathscinet.ams.org/mathscinet-getitem?mr=MR4509850&return=pdf
http://dx.doi.org/10.1002/mma.8417
http://dx.doi.org/10.1002/mma.8417
http://mathscinet.ams.org/mathscinet-getitem?mr=MR2154141&return=pdf
http://dx.doi.org/10.1016/j.jmaa.2004.10.069
http://dx.doi.org/10.1016/j.jmaa.2004.10.069
http://mathscinet.ams.org/mathscinet-getitem?mr=MR126028&return=pdf
http://mathscinet.ams.org/mathscinet-getitem?mr=MR3052162&return=pdf
http://dx.doi.org/10.7153/dea-04-32
http://mathscinet.ams.org/mathscinet-getitem?mr=MR2869720&return=pdf
http://mathscinet.ams.org/mathscinet-getitem?mr=MR3152176&return=pdf
http://dx.doi.org/10.2478/s11533-013-0367-9
http://dx.doi.org/10.2478/s11533-013-0367-9
http://mathscinet.ams.org/mathscinet-getitem?mr=MR216057&return=pdf
http://mathscinet.ams.org/mathscinet-getitem?mr=MR2483674&return=pdf
http://dx.doi.org/10.1016/j.mcm.2008.04.006
http://dx.doi.org/10.1016/j.mcm.2008.04.006
http://mathscinet.ams.org/mathscinet-getitem?mr=MR2457824&return=pdf
http://mathscinet.ams.org/mathscinet-getitem?mr=MR4576977&return=pdf
http://dx.doi.org/10.1007/s12215-022-00770-7
http://dx.doi.org/10.1007/s12215-022-00770-7
http://mathscinet.ams.org/mathscinet-getitem?mr=MR4431547&return=pdf
http://mathscinet.ams.org/mathscinet-getitem?mr=MR4679791&return=pdf
http://dx.doi.org/10.1007/s10013-022-00561-8
http://dx.doi.org/10.1007/s10013-022-00561-8
http://mathscinet.ams.org/mathscinet-getitem?mr=MR1753713&return=pdf
http://dx.doi.org/10.1007/978-3-642-05156-2
http://mathscinet.ams.org/mathscinet-getitem?mr=MR2832769&return=pdf
http://dx.doi.org/10.14232/ejqtde.2011.1.63
http://dx.doi.org/10.14232/ejqtde.2011.1.63
http://mathscinet.ams.org/mathscinet-getitem?mr=MR3282475&return=pdf
http://dx.doi.org/10.1016/j.cnsns.2014.10.010
http://dx.doi.org/10.1016/j.cnsns.2014.10.010
http://mathscinet.ams.org/mathscinet-getitem?mr=MR3481130&return=pdf
http://dx.doi.org/10.1155/2016/8164978
http://dx.doi.org/10.1155/2016/8164978


IMPULSIVE INTEGRO-DIFFERENTIAL SYSTEMS 23

[42] A. Zada and S. O. Shah, Hyers-Ulam stability of first-order non-linear delay differential equa-
tions with fractional integrable impulses, J. Math. Stat., 47 (2018), 1196-1205.

Received February 2023; revised November 2023; early access December 2023.

http://mathscinet.ams.org/mathscinet-getitem?mr=MR3974504&return=pdf
http://dx.doi.org/10.15672/hjms.2017.496
http://dx.doi.org/10.15672/hjms.2017.496

	1. Introduction
	2. Preliminaries
	2.1. Generalized Banach space

	3. Main results
	3.1. Existence of solutions
	3.2. Results of Ulam's type stability
	3.3. Data dependance

	4. An example
	5. Conclusions
	REFERENCES

