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ARTICLE INFO ABSTRACT
MSC: In this article, we use the Caputo-Katugampola gH-differentiability to solve a class of fractional PDE systems.
26A51 With the aid of Caputo-Katugampola gH-differentiability, we demonstrate the existence and uniqueness out-
26A33 comes of two types of gH-weak findings of the framework of fuzzy fractional coupled PDEs using Lipschitz
igg% assumptions and employing the Banach fixed point theorem with the mathematical induction technique. More-
26D15 over, owing to the entanglement in the initial value problems (IVPs), we establish the p Gronwall inequality
of the matrix pattern and inventively explain the continuous dependence of the coupled framework’s responses
Keywords: on the given assumptions and the e-approximate solution of the coupled system. An illustrative example is
Fuzzy set theory provided to demonstrate that their existence and unique outcomes are accurate. Through experimentation, we
Caputo-Katugampola fractional derivative demonstrate the efficacy of the suggested approach in resolving fractional differential equation algorithms under
operator conditions of uncertainty found in engineering and physical phenomena. Additionally, comparisons are drawn
Coupled fractional PDEs for the computed outcomes. Ultimately, we make several suggestions for futuristic work.

Continuous dependence and e-approximation
Gronwall inequality

1. Introduction

Fractional calculus has evolved into an effective instrument with more appropriate and productive findings in modeling numerous physical
systems in multiple apparently multicultural and pervasive scientific disciplines [1-3]. It has received a significant amount of attention for solving
fractional differential equations (DEs) and nonlinear fractional partial differential equations (FPDEs). Several more disciplines, including aeroelastic
and monitoring strategies, data processing, biomedicine and health sciences. Fatoorehchi and Rach [4] described a method for inverting the Laplace
transforms of two classes of rational transfer functions in control engineering. Aguiar et al. [5] expounded the fractional PID controller applied to a
chemical plant with level and pH control. Recently, fractional differential equations and evolutionary algorithms have proven to be useful resources
for modeling a wide range of manifestations in heat and mass transfer [6], magnetized micropolar fluid [7], nonlinear dynamics [8], mathematical
modeling [9] and radiation Casson flow [10]. It has a wide range of applications in disciplines, including rheological behavior, thermal diffusivity
in substances with recollection, and diffusive dynamic network approaches; see the fundamental monographs and the fascinating research for more
information, see; [11-14].

Recently, Katugampola [15,16] invented an innovative notion of fractional integral/derivative, known as the Caputo-Katugampola fractional
integral/derivative, that also generalizes the Riemann-Liouville (R-L) and Hadamard integral/derivative into a separate manifestation. Katugampola
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[17] investigated the system’s existence and uniqueness (E-U) outcomes for fractional DEs of the C-K derivative, employing the Schauder’s 2nd fixed
point f, » theorem for additional results based on the novel fractional derivative. Almeida et al. [18] investigated the E-U formalism of an IVP for
C-K fractional DEs, and an analytical formulation for resolving this challenge is indeed suggested. The researchers envisaged a discrete rendition of
the C-K derivative and acquired a mathematical strategy for solving a linear fractional DE using the C-K fractional derivative in [19]. Hoa et al. [20]
contemplated the fuzzified fractional DEs considering C-K fractional derivative scheme. Baleanu et al. [21] investigated the dynamic behavior and
stabilization consequences of fractional DEs within the C-K derivative.

However, fuzzy interpretation and fuzzified DEs have been postulated to address uncertainties resulting from insufficient documentation in
several computational or quantitative measurements of such deterministic real-world manifestations, see [22,23]. This hypothesis has been expanded
and formed, and a broadening variety of uses are discussed in [24] and the references therein. Amane et al. [25] presented learning object analysis
through fuzzy C-means clustering and web mining methods. Bhadane et al. [26] proposed the integrated framework for inclusive town planning
using the fuzzy analytic hierarchy method for a semi urban town. Surono et al. [27] contemplated the implementation of Takagi Sugeno Kang fuzzy
with rough set theory and mini-batch gradient descent uniform regularization.

The approach of fuzzified R-L type differentiability depending on Hukuhara differentiability (HD) was introduced in [28,29] and the researchers
developed the presence of certain fuzzy integral equations employing adequate structural rigidity type environments utilizing the Hausdorff estimate
of non-compactness. Diverse HD or generalized HD-type methodologies and techniques were then taken into account in a variety of publications (see;
[30,31]) and we will now summarize most of these findings. The researchers of [32] identified several analyses to show the E-U of solutions to fuzzy
fractional DEs via fractional R-L HD, whereas the researchers of [31,33] mentioned the generalized fractional R-L and Caputo HD of fuzzy-valued
mappings. Rashid et al. [34] classified the configuration to a fuzzy fractional Swift Hohenberg equation using a hybrid transform within the Caputo
generalized HD operator, whereas the scholars of [29,30] formed the E-U of a response to a fuzzified fractional DE via a Caputo type-II fuzzy
fractional derivative and displayed a description of the Laplace transform of type-II fuzzy valued mappings. Arqub [35] explored novel findings
by reproducing the kernel technique for generating solutions of fuzzy Fredholm-Volterra integrodifferential equations. Arqub [36] introduced a
new formulation of series solutions of fuzzy DEs via strongly generalized differentiability. Mazandarani and Najariyan [37] investigated the E-U of
solutions to fractional PDEs having uncertainty using the notions of generalized fractional R-L and Caputo HD of fuzzy-valued mappings, and the
consistency characteristics of the solutions have been provided. Researchers [38] also presented and investigated the fuzzified hyperbolic Darboux
problem with Caputo fractional gH-type derivative:

uDLfi(0.m) =hy(e.n.f1(@.m). Y(e.m) €[0,¢]x[0.d], k=1,2 a.1)

subject to initial condition (ICs) f,(¢,0) = y,(¢) for every ¢ € [0,c] and f,(0,%) = x,(n) for every n € [0,d]. Furthermore, the fractional-order
h=(hy,hy)€(0,1]x(0,1] of Caputo gH-type derivative formulation ;HDﬁ. Also, the E-U outcomes of two classifications of fuzzy solutions for (1.1)
are provided with the help of the Banach and Schauder f, theorems. It is worth noting that the operator gHDﬁ in (1.1) and the obtained findings of
[38] both assume the presence of gH-type and H-difference. Authors [39] used a damping methodology for analytical simulation of fuzzified FPDEs
using Caputo’s gH-type derivative; in this, temporal fractional Caputo derivative for fuzzified sets in the Hukuhara context was formally established.
Furthermore, researchers [40] found fuzzified traveling approximate findings in a variety of particular contexts, including fuzzified condensation
equations, fuzzified Klein-Gordon models and many others.

However, the most important feature of an ecological framework is its ecosystems. Even so, immediately preceding scientists concentrated on
the advancement and preservation of a specific organism and ignored the competitive pressure triggered by the presence of various organisms. If
two or more variables communicate and affect each other, this is referred to as a “coupling” connection [41]. Numerous scientists have expressed
an interest in such widespread and challenging issues, claiming that a dynamic network and methodology could be represented by a solitary DE, as
such coupled processes have garnered a lot of consideration. Dong et al. [42] used the following formula to demonstrate the E-U of solutions for a
coupled scheme of dynamical implicit FDEs:

co — co
{ Deo(t) =h,(t,n(t), “D°e(t)), Vt€[0,1], 1.2)

‘D7 p(t) =hy(t, (t), “D7x(t)), Vt€[0,1],

supplemented with ICs ¢(0) = ¢, and 7(0) = r,. Definitely, one acknowledges that it is also a worthwhile research topic to use fuzzified FPDE
processes in relation to coupling processes, and it is exceptionally beneficial and important to prolong the commensurate approaches to investigate
the coupled structures for fuzzified FPDEs.

In summary, the major contributions of this paper are as follows:

« Inspired by the work of [38,42,43] and other pioneers, in this article, we utilize a novel fuzzy fractional-derivative notion and propose the E-U
consequences for IVP of the coupled framework of C-K fuzzy FPDEs of the type: V (¢,n) € 0=[0,¢] X [0,d] and k=1, 2,

a0y i@, = by (0,1, 5(0. 1),
cuDy B (@) =hy(@.n.£, (0. n)).

£1(9,0) = 0, (9). £,(9,0) = (), V p €0,c],
£,(0,1) = @, (), £,(0,7) = 1, (1), ¥V n € [0.d],

(1.3)

where 6 = (61,6,) and y = (y;,7,) € (0, 11X (0, 1] represents the fractional-orders and p > 0. The C-K gH-type derivative operators ;HDi;p and ;HDV
are similar in sense as (1.1). This represents a major development with fuzzified hyperbolic governing equations.

« We will establish the existence and uniqueness of two types of gH-weak solutions to (1.3), utilizing the mathematical inductive approach and
the Banach fixed point theorem.

« The existence and uniqueness theorems are shown by a concrete example and numerical modeling of the ((ii) (b) mentioned in Definition 2.4)
gH-weak solution for (1.3) is suggested.

o The Gronwall inequality of the vector representation is determined, and the equivalency of (1.3) using a class of dynamical systems of the
Volterra integro-differential equation is demonstrated.
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« Additionally, the continuous dependency on the initial information and e-approximate solution of (1.3) are creatively produced after varying
the ICs, based on the proposed Gronwall inequality of the vector type, which is generated by the factor known as coupling in (1.3).

« To the best of our knowledge, the suggested method has not been extensively investigated for solving fuzzy mathematical frameworks in the
context of C-K gH-differentiability up to this point. The findings of the experiment show that the suggested approach is not only effective but also
offers advantageous insights for a variety of tasks in engineering and physical processes like viscoelasticity.

« In a nutshell, a comparison analysis with the previous findings is conducted in order to show its efficacy. Also, the graphical illustrations have
been presented in closed form with fuzzy solutions.

Remark 1.1. (i) When y = (1, 1), then (1.3) having ICs reduces to an IVP as follows:

cu D 1 (@.m) =hy (0. 0.8 (0. m).

*h(en) _
1 0o = (@11, (@.m). y

f1(9,0) =& (@), £1(0,n) =& 1),
£,(,0) = x1(p), £,00,m) = x,(m),

for every (¢,7n) €[0,¢] X [0,d], k= 1,2, where § is similar to as defined in (1.3). Also, if 6 = (1, 1), then (1.4) changes to the format

0%t (@.n)
—zalw;;n :hl((P’ n, fz((ﬂs n),
") _
100 = Ma(@.n.f(0.m), 1.5)

f,(0,0)=§,(p), £,0,n) =& (),
£,(9,0) = x1(9), £,0.7) = 1),

for every (¢,7n) € [0,c] X [0,d].

(ii) Riquier [44] evaluated a problem analogous to (1.5) more than 100 years ago, to the extent that we understand. Throughout the twentieth
century, several European intellectuals published several articles on related topics (see, [45,46]). Kazakov [47,48] initially described the “General-
ized Cauchy problem” as a PDE issue comprised of two formulae, where even the right side varies on an arbitrary mapping that is not distinguished
in this formula, and both data points and boundary requirements are stipulated on both axes. In [44], author presented implementations of the
generalized Cauchy IVP.

(iii) Whilst the (1.4) and (1.5) are structurally similar to Riquier [44] and author [47], they depend heavily on gH-form formulations. As a
result, we note that (1.4) and (1.5) are novel and haven’t been documented in the literature.

The rest of the article is structured as follows: We outlined several essential ideas and other preliminary information related to fuzzy-valued
fractional calculus in Section 2. In Section 3, we provide a numerical illustration that employs the Banach fixed point theorem to demonstrate the
E-U of two types of gH-weak solutions for (1.3). Furthermore, by altering the ICs, (1.3) will be comparable to a novel category of dynamic C-K
type fractional order-coupled Volterra integro-differential frameworks is delivered in Section 3. The outcomes show that the solutions to (1.3) are
continuously dependent on the initial values, and the e-approximate solutions to (1.3) are provided. We present our numerical results and numerical
experiments in Section 4 to illustrate the robustness of the suggested method. In order to assess our method for handling fuzzy real phenomena,
we include fuzzy mathematical representations in the context of engineering. Section 5 provides a conclusion as well as suggestions for further
investigation.

2. Basics on fuzzy-valued fractional calculus

To deal with (1.3), we first use several concepts introduced by Long et al. [38] and Hoa et al. [20] for fractional Caputo and C-K h,H-derivative
and integrals of fuzzified valued multivariate mappings, respectively.

For the sake of brevity, assume that there are fuzzy numbers F,, spaces Wl, Wz : R [0, 1], the functions that they are normal, fuzzy convex,
upper semi-continuous and compact. Introducing v-level sets of F, »x : R~ [0, 1]

Lt = {peR :x(p)20v}, if v, €(0,1],
cl{peRx(p)>0}, if v,=0,

where the closure of the set is denoted by c/. For each x € Wl, 1=1,2 and v; € [0, 1]. Thus, the v;-level set of the F, of x is the closed bounded

interval [}{D_l , }{;'] ], where x, and ;{:l presents the leftmost endpoint and rightmost end point of x, and suppose [x]"1 = ;t;r] — %, denotes the diameter

of the v;-level sets of x. For 1= 1,2 the supremum metric on W, is classified as

d (e, A)= sup max{|;{v_1 —/1;1|,|uu+1 —,1;1|}, Vx,AEW,.
01€[0,1]

For every x,A € W, v, €[0, 1], we have

[ + A1 =[]0 + [AI (2.1)

and if x © A exists. Now the H-difference is described as

[ © A" =[xy = Ayt = AF 1. 2.2)

Lemma 2.1. ([49]) For every yu,w, A,e € W,, (1=1,2), the respective features are as follows:
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(0] d_oo(/t +w,A+e)< Jm(y, A+ d_w(w,e).
(i) If u© w and A © e hold, then d ,(u © w, 1O ) < d_ (4, A) +d . (w,e).

Remark 2.1. The outcomes of Lemma 2.1 (ii) are predicated on the presence of H-difference, that will be employed to demonstrate the key findings.

Definition 2.1. ([50]) Suppose there is a mapping 4 € (T, Wl) defined to be gH-type differentiable in accordance to ¢ at (¢g,ny) € O, if 3 a
component %ﬁ:}’"o) € W), such that (¢, + 7, 1,) € J exists for every relatively small i, (¢, + A, 1) © aM@g + A, 1) and

My +N,n9) © quMey+Rng) M@, ng)
im = ,
) h dp

where 1© yx represents the gH-type difference of 1 € W, and x € E,, which has the F,, of form f, if it exists such that

(@ A=x+u or
A - 2.3
Oax =1 <= {(b)x=/1+(—l)/4. 23)

With this, M((g—(‘;’"") € W), is termed as the gH -type derivative of 4 at (¢, 7,) with regard to ¢ as long as the leftmost limit holds.
Analogously, the gH-type derivative of 4 at (¢, 7,) with regard to » rightmost limit holds.

Remark 2.2. From Definition 2.1, the presence of the gH-type difference is a fundamental requirement for the gH-type derivative of F,, of A having
reverence to ¢ or 7, that would confirm the idea of C-K gH-type derivative in (1.3) and correlating outcomes described in this article.

In accordance with the research of [20], we provide the additional interpretations and terminologies for the space C(03, W),) of all fuzzified-valued
continuous mappings and the space £,(0, W,) of Lebesque integrable fuzzified-valued mappings on ¥ = [0, ¢] X [0,d]; here 1=1,2.

Definition 2.2. Assume that O = [0,¢] X [0,d], & = (6,,6,), ¥ = (y1,72) € (0,1] X (0,1], £, € LU, W) n LL(@, W)), £, € L@, W) n L', W,),
£, (@, )]t = [f’ ((p, r]),flf)'l (o,m)] and [f,(@,m]*! = [fz’r (o, n),fzjl (@, n)]. Afterwards, depending on the level set, proceed as follows:

[Frgtti@m]” = [RFIolt, (oun, FEI00e T (o)
and
(KT o.m]™ = [RF 15, (0., R I1IY (0.0)].

the fuzzy R-L generalized fractional integral of orders 6 and y for fuzzy-valued multivariable mappings f; (@, #) and f, (@, ), respectively, is charac-
terized by

P21
RLIO?F, (o, 7// P~ (g — sP)017 1477 (P — t7)027 1 (s, t)dtd 2.
(p.m) = NERIRCS "7 (p” —s") (¢ ) (s,t)dtds 2.4
and
RLIfo (@.n) = g/’/sﬂ 1((pp—s”)7'_lt” 1((p/7_t/7)72—1f (s, t)dtds. (2.5)
! T(r)(r,) ! '

Definition 2.3. Suppose for every € > 0, 3 ,%, > 0 such that for every (¢,4,f;) € U x C(U,W,) and (¢@,#,f,) € U x (U, W,) having |¢ —

@ol + 11 =ngl +d; (£,'¥) < gy and |@ — @l + |1 = gl + d (£, ¥) < §0, do (1 (.71, £2), by (@, 19, D)) < € and d o, (hy (@, 1,£1), Wy (@, 10, P)) <&,
then the functions h; : U x C(O,W,) = W, and h, : U x C(U,W,) » W, termed as jointly continuous at point (¢, %y, ®) € U X C(B, W,) and
(@o» 9> ) € O x L0, W), respectively.

For all (¢,n) € 6 =[0,c] X [0,d], suppose

Y(@,n) =w,(n) + [0 (@) © @;(0)], (2.6)
D(p.m) = 1,(m) + L11(@) © 1,(0)], 2.7)

where o, € C([0,¢], W)), @, € C([0,¢], W,), @, € C([0,d], W,) and y, € C([0,d], W,) are the provided mappings such that w, (1) © w,(0) and y, (1) ©
x1(0) hold, respectively. Then, we have

b ©7) = {£ € 0B W) 1 (o) © (<1 KELIPh (0. x(.) exists Vigpm) €T |, 28)
Cf;fai W)= {fl €LD.W)) 1 D, ) © (=1) §F L7 hy(@.n. £y (9.1)) exists Y(g,n) € 6} 2.9)

where ¥(.,.) and @(.,.) are stated in (2.6) and (2.7), respectively. Also, stating C (0, Wml W) ={h: OxLO, Wml) > W, | as joinily continuous }
for every m;,n =1,2 (m; # n) and for k,y=0,1,2 and 1 = 1,2, C";]‘fl(ﬁ, W,) by a collection of mappings ® : U c R? = W), contains partial gH

derivatives onward to order k in regard to ¢ and onward to order ; in regard to # in O. In C(0, W), assume the supremum metrics 0 stated as
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0(f;.£) = sup d(f;(p.m.5(@.m), (2.10)
(p.m€V

and specify the weighted metric d_,1 for ¥ =(r;,ry) €0, 1] x [0, 1] as follows

d, (@.m= sup {@"n2d(@(p.n).5(@. 1)} (2.11)
(.)ED

Definition 2.4. Assume that 5 = (8,,5,), ¥ = (y1,7,) € (0,11% (0, 1], f, € Cgfl(zs, W,) and f, € Eﬁfl(zs, W,). Defining the C-K gH-type derivative of
order ¢ in regard of ¢ and # of the mappings f| as

0%ty (p.n)
RLy 1-65p 1
gH 0+f1((.0'1) r Lyt (W)

61+6
— P2 _ Py -5 fl(s t)
= T —6)r(1 -5y /((p )l (nf —tP)T2 —— 350t dtds (2.12)

as well as create the C-K gH-type derivative of order y in regard of ¢ and # of the mappings f; as

0’6 (g, )
< DIE (o, RLII w( 2 )
gH 0+ 2(‘/’ n = —a(pai’]
71472 0%, (s, t
=—r /(rp =)yt -t 2 )dtds, (2.13)
ra-yprd —-ry) Jsot
if the rightmost representations are described, where 1 =6 =(1-6;,1-6,), 1—y)=(1—y;,1=y,) €[0,1) X [0, 1). We identify different instances
that are homologous to (a) and (b) in (2.3) and f, € Wl is termed
(i) (a) C-K gH-differentiable of order § in regard to ¢ and #, that represents o | B (@.m) 1f ( .) as a gH-type derivative in type I (that is.,

k=1in (1.3)) at (¢, 7).
(ii) (b) C-K gH-differentiable of order § in regard to ¢ and 7, that represents ¢ o idd (p,n) if —‘( .) as a gH-type derivative in type II (that
g gH 2 1 ty Y
is., k=11in (1.3)) at (@, 7).

Remark 2.3. When 6 =y = (1, 1), in Definition 2.4, then we have

O°f P°f
¢ D= —1 ¢ D= —Z(p.n), V(p.n) €D,
oH dg0n (@.m), ¥V (o.n)

gH -

Lemma 2.2. Assume that P(.,.) and ®(_,.) are defined analogously in (2.6) and (2.7), and Z,(@,n) € C(O, W),) is continuous for 1= 1,2. Then the fuzzified
mappings

Z,(p.m) =@, m) + FEI7 2 (9 ) @2.14)
and

Zy(@.) = D(@.m) © REI7zy(00.1) (2.15)
are (a) C-K gH-differentiable and (b) C-K gH-differentiable (if it exists), respectively. Also,

aD "Ly (@) = 21 (@.m) (2.16)

and

aDY Lo(o.n) = =21 (1). (2.17)

Proof. Implementing operator D *? to both sides of (2.14), focused on the ¢ D *’f,(@,n) interpretations in the particular instance (i) of Defini-

tion 2.4 for f; € CgH(U, Wl), next, according to [20] and (2.1) that

— 8 _
Yp.m,, + L 2 (@) )

0% (
5307 1 _ | RLy1-6;p
[;HDl Z (@] = [F L. < d@on

8
RLZI—ﬁ;p<az(‘P((p’n);Ll + f L] (@) >]

F ~ot+ 6(p0;1
F ot dpon
el (2.18)

Furthermore, ;HD?;”Zl (@,n) =2,(@,n).
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Analogously, implement operator ;HD‘;” on both sides of (2.15). After which, predicated on Definition 2.4 particular instance (ii) and utilizing

the idea of [20] and (2.2), we have ;HD?" Z,(@,n) = —17,(@, 1), which is the required result. []

Lemma 2.3. Assume that ¥(.,.) and ®@(.,.) are stated before in (2.6) and (2.7), respectively, suppose that there be continuous mappings h; € C;(O, Wz, W,)
and h, € C (0, W;, W), and suppose the mappings are fuzzy valued f; € Bz’;(ﬁ, W) andf, € Cié (O, W,). Then, (1.3) with ICs is identical to the subsequent
nonlinear fractional coupled Volterra integro-differential system. For every (¢,n) € O,

£(p.m) =¥(@.m) + RLL3 (0,1, b5 (00, 1)
fork=1 (2.19)

N
f(0.1n) = D(@.m) + RLT  hy (.81 (0. 0)
or

6

f,(0,m) =¥(@,m) © (=1) -1 hy (9.1, 82(0, )

fork=2. (2.20)
£,(¢.1) = ©(@.1) © (=) L1 hy (9. 1., (0.1))

Proof. Considering f; € []z’é(U, W) and f, € Cz’é(U, W,) fulfill (1.3) having ICs, then one acknowledges that the resulting adequacy verifiable
evidence procedure is identical to the evidence of Lemma 4.1 in [38], and it is excluded.
When k =1 and consider there is a solution (fl((p,n), £, (o, ;1))01 of (2.19) and take z;(¢,n) =h,(¢,n.f,(@,n)). It continues to follow from (2.19)

that after implementing the C-K fractional differential operator ;HD(IW to both sides of the first equation of (2.19), as a result of (2.16) that

§ 5:
D fi(@.m =z1(.n).

which means

cuD{ 711 (0. = hy (@, 1. 82 (@, ).
Besides that, f,(¢,0) = 0,(p), f,(0,1) = ®,(0,1) = w,(1) according to the first equation of (2.19). We acquire, accordingly to the following formula
of (2.19),

WD h(@.m =hy(@.n.f1(0.n). £2(9.00=71(9). £,0.1)=r,(n).

Therefore, (fl((p, n), 5 (@, ;1))”1 is the solution to (1.3) having ICs.
For k =2, we apply C-K fractional differential operator gHDg;" to both sides of the first formula in (2.20). Then, from (2.20), one obtains

SaDS B (@) = 21 ().

That is., ;HDZ;" £, (o, n) =h, (@, n,£,(@,n)). Moreover, using (2.20) we have that f; (¢, 0) = @, (@), f,(0,7) = w, (). Furthermore, we uniformly obtained
the second equation of (2.20),

w5y B(@.m =hy(@.n.51(0.n). £2(9.00=21(). £,0.1)= r ().

which completes the proof. []

Remark 2.4. In view of Long et al. [38] only provided adequacy, we extend the established task by proposing superiority and stipulation of analogy
to (1.3) having ICs in Lemma 2.3.
v

For every 7,0, € [0, 1], and for each vector w; = (;) , Wy = (/1

> € L(0, W) x (B, W),), suppose that

||| = =max {ivil.nany
=max {0(f,,0),0(1,0)}

:max{ sup max{lv;l,lv;’]l}, sup max{l/lljll,l/l:ll}},
(p.mEV,v €[0,1] (@.m€V €[0,1]

Lif o=n=0,
0 otherwise.

Therefore, utilizing the notions of [38] and [42], we observed that C(0, Wl) X (O, Wz) is a Banach space. Considering

where 6((p, n)

P={ <;> € 0O, W) X (O, W) V(e 1), A, 1) = 0, V(fp,n)eﬁ},

then P is normal and regenerating cone of C(0, W, ) X (O, W,). The semi-order “<” in (0, W,) X (U0, W,) is obtained from cone P, i.e., & <&, <

&H-§ ePforg = <Z> &= <A> € L, W) x (U, W,).

<t
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In [42,51], authors only provided the Gronwall variant of the version for a univariate mapping. We demonstrate the succeeding form of Gron-
wall’s variant in the vector type of a bivariate mapping by Theorem 3.2 of [52] or Lemma 2.3 of [42], which is essential for acquiring our major
findings.

Lemma 2.4. Suppose that h, € C (O, W,,W,) and h, € C (5, W,, W,) holds Lipschitz assumptions having constants £, and L,. That is., there exist
positive real constants £, and L, such that, ¥ ¢, 40, € C(U, W,) and 9,,9, € (T, W),),

dy, (hl((ﬂ, 71,191)sh1((ﬂ,7]a'92)) <L1d,(91,9,),
d (hz((/’, 1,61),hy (@, 1, 92)) < Lyd (6, 0,).

Surmise that Gronwall variant having vector formulation
V(p,n) <AV(p,n)+G

. f1,(o.m) hy(@.n) n n 0 Ly gtag! RL78:p RLY:P
exists, where Vig.m) = ¢ | ). Glom={ ) " ) € CO, W) XCO,W,), A= £, RLTO? 0 and £y "1 ;" and £y =1, denotes
’ ’ F To+

the fractional integrals of Caputo-Katugampola type. Furthermore, if the aforementioned requirements are true:
B)Vay,b,é,7,L,L,€(0,1),
(B,) max{L,L,} < M, where

p~nAn)(tr —aP)i(sP —bP)2 p~1+02)(tr — a)d1 (sP — bP)%2 }

M= max{ T(; + DI, + D) ’ I'é; + DI'(6, + 1)

[so]
then V(p,n) < Y, A¥CG, where A" = A(A™) and A® = I, the identity matrix.
k=0

Proof. Introducing the function T : C(U, W,) X C(O, W,) = C(O, W;) X (O, W) as
(TYV)@,m) =AV(p,n) +G.

Initially, we demonstrate that T is a nondecreasing operator. In reality, allowing &; = (“ > <& = <l§>, ie.,

u(o,n) < i, n)
Y (@,n) €[0,¢] x[0,d],
Me,n) < Me,n)

then

TE, —TE =AE —Ag

R ) 0
- C RLI sP( R ) = 6 .
2F Lor HTH
Therefore, T is a non-decreasing operator. Further, we have to show that ||A|| < 1. In fact, since
lEl=1 < max{ sup max{lyu’ll,lﬂlfll},( sup max{lllljll,llm}}:l,

(@.m€V €[0,1] @.mEV.L €[0.1]
Definition 2.2 is strung around it, so

A= e, ]
< sup max {£1 ﬁLIgf,ﬂz ﬁLIgf
1€ lI=1

{ s max (g Ll supmax {11}
(@.m€EV,v1€[0,1] (.m€0,0€[0,1]

<max{L,L£,} sup max

{ p~ntn)(tP —ar)ri(sP —bPY2 p~G1+82)(tr — ar)di(sP — bP)% }
(@.n€0

Ly + DOy + 1) ’ (6, + DIG, + 1)
<1,

and in light of Theorem 3.2 in [52], which shows that T has a unique f p»as VY*and lim T"Q = Q*.
n—oo
Now, G is assumed to be the initial iterative process influence, that can be acquired by performing the relevant computation:
vo = Q,
YV =TVy=AG+G,
V=TV, =A’G+AG+G,

n
Vo =TV, =A"G+ - +AG+G= ) A*G,
k=0
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V* = lim P, _ZA““

n-oo
k=0

As a result, Lemma 2.3 of [42] shows that V(¢,n) < Y, AKG. This concludes the proof. []
k=0

3. Existence and uniqueness results

Employing computational induction technique and the Banach f, hypothesis, we show the E-U of two types of gH-weak findings, known as
(a)-weak result and (b)-weak finding, for (1.3) with ICs. An illustrative example is also provided to validate the information described in this part.

Theorem 3.1. Suppose that h; € C (0, W,, W) and h, € C (O, W,, W),) fulfills the Lipschitz assumptions; then (1.3) having ICs has a unique (a)-weak
solution described on O.

Proof. The implementation of Picard’s iterative process is applied to prove the Theorem 3.1. For this purpose, we identify two functional T; :
CO, W) = L0, W) and T, : (O, W,) ~ C(B, W) as follows

T, (@.m) :=W(@.m) + FEI0 0y (0.0, (. m) + RELV (0,18, (0. 1)),
To(E(@,m) 1= D(@,m) + L1 by (.0, W, n) + RETF by (0,085 (0, 1)

So, T; and T, are involved with y(@,#) and ¢(@, ), respectively. We now recognize from Lemma 2.1 (i) that
d_oo(Tl(ul),'ﬂ'l(uz))

(FET2 1y (0.0, D@ ) + FETT o (@, m,uy (0, 1)),
REL0 by (0.0, (0, ) + RET) o (@, n,ux(@,))

pPGr+ip //sﬂ L — Pyl (5 — oy
< F(51)F(5z)

<dy (Y., ¥(@,m) +dg, {

X ((RET) g5, Gy (5,0), KET] (o) )t
and according to
deo ( RVT]h(s,ty (5,0), KET7 ho(@, (o) )

p2—(n +72)£2

n
1o _ o \i—lgp—17p _ -17
< TGOT () O/O/S” (x ="y~ P — 227 (g (w, ), up(w, @) dpd .

Utilizing the fact of (2.11) that

d oo (T (u)), Ty (1))

® n

2—(51+6,) 2—(y1+7r2)

< prTNTVLy pTIITRIL, //s”_l(x” _Sp)él—ltﬂ—l(yﬂ _tﬂ)52—1
LPI6,) T /

t
x( / / N Y U G (L ¢")’2"d_w(u1(w,¢),u2(w,¢))d¢dw)dtds
0 0

B p4—(51+52+y1+y2)£1Ezr(yl)r(h) 2y1+51_1’12y2+52_1
- L2y + 62y, + 65)

that is identical to

d_17y(”17u2),

ptOrttnTn) L £ Ty (yy)
T2y +6))T 2y, +6,)

Then, for every n € N, we established the functionals:

@ T (T (), Ty (uy)) < @O (uy,up). (3.1)

T € (. =T (T 1 (0. m), Ty Ra(.m) =T (T, (B, 1)),
and demonstrate that the respective variant exists, employing mathematical induction:
oo (T uy (@, 1), T ur (0, 1))
p2(2n) w8 +6+7) +72)£"£"r(3,1 (7,)
F((n + Dy + n6pI((n + Dy, + né,)

(n+Dy+ndé;—1

’1("+l)y2+n62_ld_l—y(ul’u2)a (3.2

that also indicates that T, is a contraction mapping (CM) if n is large enough.
For n =1, we get (3.2) from (3.1).
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When n =k, suppose (3.2) also satisfies, accordingly,

doo (T uy (@.1), Tfuy (@, 1))
p2(2lk) NG +62+y1+72)£k£k1-(y1 (r,)
= F(([k + Dy, +ké)D((k + Dy, + ké,)
Then we find when n =k + 1,

(+1)y; +ks; -1

(kk+1)yy +kér —1 d_l

n —y g, up).

oo (TF uy (0, ), T s (@, m))

85, 5
RETI0 (0.0, @(0,m) + RETF 0y (0,1, Twy (,1m)
RLZ hy (@0, (0, m) + FELEhy (0.0, T uy(0,m))

P, 1 S51—14p-1 5y-1
< sP~ (xﬂ Sﬂ) B (yﬂ tﬂ) 2~
Iﬁ(51)r(52)

dy (P, 1), ¥(@.1)) +dy, {

me(’;LI@hz(s,t,vkul(s O). KL T o1, Thuy(s. 1) ) dtds

and since

0o (K427 1056, T, (5,0, BET7 o, Thus(s,0) )

Ci+l=y 1=y,
440 LN (5 454y ) -
p o+, Sy, A [,k[,kdl_y(lll,uz)

: ES eI / / 0D( —y 11D — g0y d gy
1 2

Here ¢, =(k+ 1)y, + ké, — 1, (1=1,2), it is clear that

doo (T g (0, 1), TiH iy (0,1))

@ n
Sk//sp—l((pp_sﬂ)él—ltp—l(,,p_tﬂ)éz—l
0 0

S t

><</I//KZ(”_I)(S'”—WI”)“_Idu//qbfz(”_l)(t”—¢‘1’)72_'d¢>dtds
0 0

~ p2(2(k+1))—(k+])(51 +6y+71 +J/2)[:|11(+1 Eﬂ;+lr(yl )1—*(}/2)
T T((k+2)y; + (k+ DDk +2)y, + (k + 1)6,)

A )

(k+2)y) +(k+1)6; -1

(k4+2)y, +(k+1)6,—1 d_l

n 7,,(U1’u2),

where k = A RGERTE which indicates that (3.2) is true for n =k + 1 and we have
4n— n(51+52+y1+;/2)£n £nr~ T
0y (T Ty < = R I A
AR T I((n+ Dy + (0 + Dy, + néy) -

for every n € N. This yields that

(p4—(61 +8+71 +;/2)£1 Loan +8; by2+52)n

— Y,

;
noeo T((n + Dy + n8L((n + Dy, + 16,)

indicate that 'I]'l“ is a CM when n is sufficiently large. With the analogous argument, we can deduce that '[I'z‘1 is a CM when n is sufficiently large.
Therefore, 3 a one and only one (i, 0;) € W, X W, such that the aforementioned assumptions hold:

£ (0.m) =YW@, + P17 (0.1, (@, 1) + K1 Do (@, 0,81 (0,m),
£5(¢.1) = B(@,m) + FE1 7y (0,1, (@) + L7y (0,1, 85(0, ),
which is the (a)-weak result of (1.3) having ICs. []

Furthermore, we will demonstrate the E-U of the (b)-weak solution for (1.3) with ICs in the upcoming sections by making the appropriate
suppositions for ﬁh‘ (0, Wz) described by (2.8) and CEZ(U, Wl) calculated by (2.9):

(ql)[] ©, Wz)#ﬂ, C (O, W) #8.
(q,) I £5(., )GC 1(G W), then Q(., )GC (B, W),), where

Qg.m) =¥(@.m) © (=1) REI"hy (9.1.85(¢.1)). ¥ (9.1) €T
When f(,,.) € ng (U, W), here

V(,n) = D(@.m © (=) {17 (.. 81 (0. 1), ¥ (9.1) €T.
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Theorem 3.2. Suppose the assumption stated above (q,) satisfies. Also, suppose that h; € C (O, W,, W) and h, € C (O, W,, W) fulfills the Lipschitz
assumptions. Then (1.3) with ICs has unique (b)-weak solution.

Proof. Utilizing the supposition (g,), we are considerate that two H-differences

(@, © (=) REL hy (9. 1.£5(00. 1)

and

() © (=) {1 ho (1. £y (0, m)
exist V (p,n) € O.
According to the supposition (q,), it is appropriate to describe the functionals TTI : [AI{L' (O,W,) > [AIZ)Z (U, W),) and TIZ : ﬁg}z O, W)~ f)l;,‘ ©, W)
as follows
RL 75:p RL VP

T (@, n) :=¥(@,n © (=1 F I hy (0,1, D0, ) © FFI] 0y (9, .81 (0,1)),

Ty (6 (@,m) 1= D(@,m) © (=) FL T by (0,1, W, 1) © RL15 hy (0.1, E2(0, 1)),
that further shows that 1]'1 and 'I]'2 are related to f,(¢,#) and f, (@, ), respectively. As a result of Lemma 2.1 (ii), we have

doo (Ty(u)), To(wy))

p4—(51+52+J’1+72)[,1£2F(]/1)F()’2) q0271+51_1n272+52_1d_ g, uy)
T2y, + 6Ty, + 6,) 1=y 720

which leads to

@' T d g (Ty(uy), Ty ()
- pACrtdtridr ) £ Ty (y,)
- L2y, + 602y, + 65)

Qe ;172+52J1_y(u1,u2).
As a verification of Theorem 3.1, we employ the inductive technique to acquire the functional sequence {'[Tz" Jnu>1 formed by

T (£ (@.m) =T, (T, (0. m)

and
~ . . 4n—n(6]+62+y|+y2)£;1£;anyl+n§|bny2+n§21—*(yl)r(},2) ~
di—y (T uy, Ty'uy) < 1 (U, ).
I'((n+ Dy + né))I((n + 1)y, + nd,)
Such as
i p4n—n(¢31 +63+7] +y2)£?ﬁgany1+n61 bny2+n62 F(yl )F()/Q)
m =
n-oo I'((m+ Dy +né)I((n + D)y, + nd,)

If n is sufficiently large, it describes a contraction mapping as T2". Analogously, it is recognized that Tl“ is also a CM when n is sufficiently large. As
a result, 3 a unique (f,f,) € W; x W), for which the respective expressions represent:

£1(@.m) :=P(@.m) © (-1) REI77h (0. 1. D(@. 1) © RETVPhy (0. 11.£, (0. 1)),
fy(@.1) 1= (@, m) © (=1) "I} hy (0,0, ¥(,m) © RL15 hy (. n.Ey(@.m). O

3.1. Continuous dependence and e-approximation

By re-configuring the initial settings and applying Lemmas 2.3 and 2.4, we demonstrate the continuous reliance of two types of gH-weak results
on beginning data and e-approximation findings of the dynamic model for (1.3) with ICs. Furthermore, we will demonstrate that the aforementioned
is a subcase of the former.

To begin, take into account that findings are continuous based on the starting documentation.

By reconfiguring ICs of (1.3), we obtain a novel unified framework for fuzzified fractional PDEs:

gH 0 pf1 (o.n) =hy(@,n. 5, (@, 1)),

n D0 B(@.m) =hy (.., (0. ).
fi(p.0)=w1(9), £,(,0)=1(p),
£,00,n) =wy (), £,00,m) = xp1(n),

(3.3)

or

ol DY, (@, 1m) = hy (0,7, £, ),

c V3P —
) Do Ba(@.m) =y (0, 1.1, (0, 1)), 3.4)

£,(0,0) = w,(9), £(@,0)= x12(),
£,00,n) = w3 (). £,(0,1) = xon(n),

10
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and choosing (u(.,.), v; (., T and @y (., .), Ua (s N be p;-weak solutions of (3.3) and (3.4) for p; = (a), (b), respectively, therefore, we have

ui(@.m) =", (@.n) + RETZhy (.10, (0.1),
vi(@,n) =@y (p. 1) + § RLI iy (. n,uy (@, 1), (3.5)
uy(@,1) = Yo (@, 1) + RLIO hy (@, 7, 0,(@, 1)), '
(@) = @y (@,1m) + FETT Mo (,m,ux (0, 1)),

or
uy(@.m) =¥, (@.1) © (=) REIZ (9. 1,01 (0.1)),
v (@) =D (p.1) O (- I)RLI "hy (@, 1. uy (9. 1)), 3.6)
(@) =W(@. 1) © (- 1)“1‘S hy (.1, 020, 1), ’
vy (1) =D (@, 1) © (— I)RLI "hy (.1, 13 (0. 1)),

where

Yi(o,m=E&11(@) + &1 © &11(0), D1(@,m) = x11(®) + x21(n) © x1:(0),
W@, 1) =&12(0) + En (M) © £12(0), Py (@, 1) = x12(@) + x22() © 112(0).
Theorem 3.3. Under the assumption of Lemma 2.4 and h, € C (0, W,, W) and h, € C (5, W,, W,) fulfills the Lipschtiz assumptions. If (u;(.,.),v;(., )T

and (u,(.,.), 05(., DT are p1-weak solutions of (3.3) and (3.4) for p; = (a), (b), respectively, with the respective starting values are (¥, ® 1)T and (¥,, (I>2)T,
several times; then the succeeding variant stands true:

—(61+62) 981 o2

4 o0
Ynw)) (YL, | Torireen 0 3 ak (L@ 0) 37)
Y(vy,00) )~ \ Y(@y, Py) 0 P Al 2 | L LYY, ¥y )’ :
T+ DLy 1) J*=0

where A corresponds to Lemma 2.4.

: N ; ; :
Proof. Choosing z;(¢,n) = ;HD Pu(@,n), z2o(@,n) = ;HDI Puy (@, 1) wy (@, 1) = ;HDT ?v,(@,n) and wy(p,n) = SHD; ?v,(@,n), then, without loss of

generality, we take into account (3.5) as describes:

(@)=Y (@.m) + FEI2P 2 (p.1). ur(@.m)=Pol.m) + RET0 25(0.m),

vi(@,m) =@ (@, m) + RETF wi(@.m), vy(@.m) = Dol m) + RFETF wi(e,n), Y (9.n) €D.

Therefore, (1.3) having ICs can be written as

{zl(cp, =y (@1, (@.) + REIIw, (1),

w, (@, 1) =ho(@, 1, %, (@, m) + RLL 2, (0, ),

and

25(@.1) = hy (9.1, D3(@.1) + FHL7 w0 (. 1),
wy(@,1) =hy(, 1, ¥ o0, 1) + RLI L2y (.1).

In view of Lemma 2.1 (i), we have

z(@, M, 25(@. 1))

d,,
< (hl((p,n, 1@m+ RETwi(,m) +hy (0,1, Do (0, m) + RLI”W.((p,n)))

(
d,
oo (11 (0.1.920. ) + KETF w1 (.m) + 1y (9.1, @5(0. ) + KETF ws(o))
S Lydeo (Py(@.m), Do, ) + L4 FF17 oy (wy (@, 1), 10(0, ).

Analogously, we have

do (w0,(@.1). (0. 1) < Lod, (¥1(0.1). Yol 1) + L3 RETTP A, (2, (0. 1), 22(00.1)).

Taking into account Lemma 2.4, we have

<gioo<z1<cp,n>,Z2(¢,n>>)< 0 LyptIpf (_@(zlw,m,zxw,n)))
o (W1 (@, 1), w0, (0, 1)) L, RETYY 0 w (W1 (@, 1), Wy (@, 1))

<£ 145 (@1 (0, 7), Dy (@, '1)))
L,d ( 1(@. ), ¥o(@.m))

<i b <£ 1o (@1 (.1). s (o, n»).
& EzRLI i 0 Lod e, (Y1 (@.10). ¥a(@.1))

11



S. Rashid, F. Jarad and H. Alamri Ain Shams Engineering Journal 15 (2024) 102782

Therefore, utilizing Lemma 2.1 (i) and Lemma 2.3, we can write

(a_l'm(ul&p,n),uz(cp,n))) - ( do (¥, (9. 1). ¥ (0. 1) ) NEEray
do (01 (@, 1), 05 (@, m)) do (@1(@, 1), @y (0. 1)) 0o Repry

< L1d (@ (0, 1), @y (@, 1))
A¥ ! 2 3.8
é) <£z w (P10, 1), P10 n))) 38)

Considering (2.10) on domain O, it is observed from (3.8) that

(Y(ul,u») < <Y(‘I’1,‘I/2)>+ RIS 0 iﬂ(ﬁlm’vq’z))
Y(v,00) ) =~ \ (D, Dy) 0 Ry )& LY (P, ¥,)
5~ 61+52)201 %2

YY) |, | Terren 0 O sk (LY (@), ;)

< 1 2 . )

<Y(q)1’ @,) 0 1) ar 2 %A L9, %) (3.9)
L@y +Dl(rp+1) )57

This is the desired result (3.7), which indicates that the finding is still reliant on the initial data for (1.3) with fuzzified coupled equations that can
be derived in the domain O. In a similar way, we have an analogous solution for (3.6). This has an immediate consequence. []

In what follow, we suggest the e-approximate solution of (3.3) or (3.4).

Definition 3.1. Suppose there is a mapping (fl (o,m).5 (o, n))T termed as the e-approximate solution of (3.3) and (3.4); here & = (£,é) if
(fl (. m), 5 (e, r/))T fulfills a coupled system of fuzzified FPDEs as follows

de ( 6;”f1(¢,n),hl((p,n,fz((p,n))>Sé
d (gHDy *t5 (@, m), hy (0,1, F1 (o, n)))

Theorem 3.4. Under the assumption of Lemma 2.4 and h, € C;(O,W,,W,) and h, € C;(O,W,,W),) fulfills the Lipschtiz assumptions, for 1 =
1,2, (u,(., .),v,(.,.))T is independently the approximate &,-solutions of (3.3) and (3.4), where € = (£, &) with the respective starting values are (‘P,,Q)T.
Then the succeeding variant stands true:

61482 281 2

Y (uy,uy) Y(¥,,¥,) [+ DG, +1) 0 O k(LY (@, @)+ +5,
< 1 2 E .
<Y(U1,Uz) “\Y (D, D,) + 0 P NHarip2 - A LYY, W)+ +6 )] (3.10)

T(r + DLy 1) J*=0

where A corresponds to Lemma 2.4.

Proof. By means of Definition 3.1, clearly, we observe that for 1 = 1,2,

do (QH D1, (@.n).h (@ r/,fz,((p,n)))_ &,

V3P (3.11)
A (5D} "o, (081 (o) ) <,

. 5 5 ; .
Choosing z,(@,n) = ;HD] Pu(@,n), zo(@,n) = SHD] Puy (@, n), w (@, 1) = ;HD}I/'UUI(Q), n) and w,(@,n) = gHD;”uz((p, #). Generally, concerning to
(3.5), one recognizes that (3.11) is similar to

d_oo(zl((p,n),hl <(PJ1‘D,((PJ’I) + RETIw (, r/))) <é,
JDO(LU,((p,n), h2<(ﬂs n¥,(@.m)+ P15z (o n)))

for 1=1,2. As h; and h, fulfills the Lipschitz assumptions, so that, following Lemma’s 2.1 (i), 2.3 and 2.4 that

<;ioo<z1<rp,n>,z2<¢,n>>)< U P 44 (_Jw<z1<¢,n),z2<(p,n>>>
w (W1 (@. 1), Wy (0, 1m)) Ly RLTY? 0 o (W01 (@. 1), wy (@, 1))

<£ 1o (@1 (@, 1), @y (@ 1) + € +éz>
Lody, (W1 (@), Wale.m)) + &) + &,

k(£ d (<I>1(fp m), Oy(@,n) + €, + &,
<ZA < (Y1 (0. m), Y1 (o, n))+61+82)

and
<c_i_ (ul((p,n),uz(@n))) <<t}_m(‘P1(<p,n),‘P2((p,n))>+ KLY 0
do (01 (@), 02(@.1) ) = \deo (1 (0.1). D1(0.1)) RLgre o

12
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< ZA.k < £yd (<1>1((p,n) Dy (, M) + £+, > (3.12)

(Y1 (@), Wale.m) + &+,
Letting the upper estimate of aforesaid (3.12) on the domain U, further, utilizing (2.10), we have

41482 281 2

Y(uy,u,) Y(¥,¥,) [+ DG, +1) 0 O k(LY (@), D))+ +5,
< 1 2 .
<Y(U1,U2) “\Y (D, D,) + 0 P NHaripr2 Z_:A LYYW, W)+ +6 ) (3.13)

T+ D0 +1) JK=0

This indicates that (3.10) satisfies. Analogously, we get a similar consequence relating to (1.3). This completes the proof of Theorem 3.4. []
Remark 3.1. For £, =&, =0 (1=1,2), then (3.10) yields (3.7) for the continuous reliance of the findings of (1.3) on the initial data.

According to Example 5.1 of [38], which is the illustration subjectively and comprehensively exemplifies the E-U outcomes of Theorems 3.1 and
3.2

Example 3.5. The subsequent coupled system of fuzzified FPDEs is supposed: for every (¢,#) € O =[0,¢] x[0,d] and k=1,2

D (@1 = €1 (@M@ 1) + 6.1,
aDL B (0. = 01 (0. (@.1) + 03(0. 1),
f,(¢.0)=1£,(0,7) =1,(0,0) = -2E,

£,(¢.0) =1£,(0,7) =£,(0,0) =2E,

(3.14)

where 6,y € [0,1] X [0, 1], ¢, (@, 1), S (@, 1), 61(@,n) and o, (@, n) are the polynomial mappings and = is a fuzzy number.

Clearly, the mappings h; (¢, 7.£5(¢. 1)) 1= ¢1 (0. My (@, 1)+ 6, (p, n) and hy (. 7.8, (9. 1)) := o1 (@, W, (@. 1)+ 065(¢, ) in (3.14) satisfy the Lipschitz
assumptions having £ = ) mz)ixU [¢i(@,n)| and L, = (mz)ixU |o1 (@, n)| and hence (3.14) satisfies as a unique (a)-weak solution in C(O, W) X C(T, W,).
@€ @€

Furthermore, let us demonstrate the presence of the (b)-weak ﬁndings for (3.14). To initiate, select § =y =0.667, a; = 1,b; =0.5, p=

135173, _ __ 98 4/3,4/3 S EAVEMVE — 98 A/3,4/3

L @ = 550 (@) = grgaE 1 010 = FrgEEe and o2(@.1) = 3oz @ 1 then (3.14) reduces
to the coupled PDE:

¢ 2/31 __ -9 1/3,1/3 — o*3yt13,

qHD%/3 lfl((p, n= —2(r(09%))2<p nfy(p,m) — 20, 33))2(/7 n

¢ /3 4/3 4/3

Dy T hen =g 33))2(‘” fi(e.m+ 550 33))2(" n (3.15)

f1(p,0)=1£,(0,n) =1,(0,0) =

£,(9,0) =1£,(0,n) =£,(0,0) = 2E.
Thus, the Lipschitz parameters are directly achieved as £; = m and £, = m with W(@,n) =—-2E and ®(p,n) =28

In the present review, we will fuzzify the predetermined solutions using the Buckley-Feuring approach proposed by Long et al. [38], we obtain
A@,n,8),V(p,n,BE)) =(-2E—-E Eopns 25 — EW), thus, by the Buckley-Feuring approach [49] for (3.15) to check the situation (q;) in Theorem 3.2.

In Example 3.5, employing the Gaussian F,, = along with the membership mapping Z(t) = 1/ exp(9(t — Q,))?, having Q, as a crisp number. The
7;-cuts and v, -cuts of E are independently presented as

—y/—=In7; 3Q; ++/=In7 )
3 > ,

3Q
[ ()] = (—

3
3 — /-1 3Q 1
[Q(v)). Q)] = ( ! g/TUl 1+ ;/Tvl)

and the extended principle’s continuity demonstrates that the fuzzified findings of (3.15) are

[A((p,Ql,E)]T' _ <_2<391 —+/=Int )_ (352] —+/—Ing )(pn’_2<3§21 +4/=Int )_ (391 +14/=Int, )(pﬂ),

3 3 3 3

and

3 3 3 3

[V((p,Ql,E)]UI _ <2<3QI —4y/—1Iny, ) _ (391 —y/—1Iny, >¢n,2<391 +4/—1nov; ) _ (391 +4/—1nv, )(M>.

Now we demonstrate that the requirement (q,) in Theorem 3.2 is satisfied, and we demonstrate the E-U of the (b)-weak findings for (3.15).
For simplicity, choosing K = ﬁ’ we have

(=D RL12%hy (. 1. 5 (0. 1)] "
n

// p— ltp 1((pp sp) 1/3(11;7 tp) 1/3 l/3tl/3dsdt
0

2/3K[f 7]
T 20067)2

13
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o 7
2/3 =
+2/7 / ]C[_‘]Tl //spfltpfl((pp _sp)fl/S(rIp _tp)71/3sl/3t]/3dsdt
((0.67))2
0 0

(6171 0P on 2023 [E]7 %2
+ )
2 9
which indicates

len[(=1) RET2h, (g, 1, Fy(um))]  <0.2823y/=Tnr,,

therefore

len[W(e, 1" < len[(=1) RET b, (0. 1.8y (0.m))] ™.
According to result of [53], it is noted that the H-difference ¥(¢,#n) © (—l)ﬁLléf;phl (@, 1,5, (@,n)) holds.
It describes from the preceding evidence that

391—\/TT1)’_2<391+\/TT1>>

3 3

(w1 = (=2(
and

(=D REZ2 %0, (. 1. br (0. m)] ™ = (

18pn — 5¢?n2 3Q —/—Int| 18¢n —5¢%*4* 32 + y/—In1 )
3 .

18 ’ 18 3
Letting

Q. ) =¥(@.m) © (~1) REL*Phy (0. 1.8, (0. 1)),

therefore, in view of Example 5.1 in [38], we have

Q.| = <—36— 18¢pn + 5¢*n? 3Q) —\/=Int; —36 — 18¢pn + 5¢*n* 32, +/—In7 )

18 3 ’ 18 3
and
—36 — 18¢n + 50212
18
According to the preceding procedure, we have

len[Q(p.m)]™ =0.667y/~InT,

. - YIF 2/3 22/351122
[ B2y (o, Qo] = L0y 2 BT
and

2

3 —36¢pn — 10¢%n*
len[(~1) RL12/*hy (9.1, Q)| = 0.667 —lnrl(M>

36
<0.2823v/~Int,,

which demonstrates that the H-difference

W(@.n) © (=1) K12 *7hy (9.0, Q(e0.1)
holds.
Similarly, we have
[£,0 0P on  2p23(E) @
2 9

(DR 0y (. .y (0.n))] " =
and

—36¢n — 10(02;12 )

len|(=1) KLy (.. By (. 1)) = 0.667 —1an< =

<0.33734/—=Ino;.
It follows that
len[®(, 1" 2 len[(=1) RETY* (o, .1 (0, )]
It is clear that V(p,n) = ®(p,n) © (—1)I§{32ph2((p, n.£,(@,n)) holds using the results of [53] and

len[(=1) BT hy (.. V(g.m))] ™ <0.3373y/=Tno,.

In other words, the H-difference ®(¢,n) & (—1)1313;ﬂh2(¢, 1, V(@, 7)) exists. Hence, (3.15) has a unique ((b))-weak results in C(05,, W,) X C(O;, W,).
Fig. 1 indicates the surface view of [A(p,Q,E)]"! with lower and upper accuracies. With the regulating parameters ¢, » and the fluctuating
values of 7; € [0, 1], the graph anticipates the lower and upper solutions.

14
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A, 1, )

[ JLower sol at

Il Upper sol at 7 =
I Lower sol at 7 = 0.9
I Upper sol at 7 = 0.9
I Lower sol at

)

A, Qo,
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[ JLower sol at 73 =1
=1
mn= 0.9

T = 0.9
n= 0.8
T = 08

Fig. 1. Three-dimensional view for fuzzified findings of (3.15) when Gaussian fuzzy numbers are [E]™t = [3_— ‘;lm', vy ‘;lm‘] with 7; € [0, 1].

Lower sol at 7 =1 ‘ ‘ ‘ ‘ ‘
0.03/——Upper sol at 7 =1
—e— Lower sol at 7, = 0.9
0.02|—*— Upper sol at 74 =0.9 A
0.4 | —a—Lower sol at 7, = 0.8 " |
— Lower sol at 7, =1 — 0.01 Upper sol at 7, = 0.8 —
M 02| 4 Uppersolat 7=1 1 m
& o|—s—Lower sol at 7 =0.9 4 g 0
S —oe—Upper sol at 3 =0.9 S
= 02 , =
< —«—Lower sol at 71 = 0.8 < 001} .
0.4 Upper sol at 74 = 0.8 ] %\\
0.02 ’
I
-0.03 ,
0 o1 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
T1 T1
(a) (b)

Fig. 2. Two-dimensional view for fuzzified findings of (3.15) when Gaussian F s [E]" = [3_— ‘;lm‘, y-hnn “;lm'] with 7; € [0, 1].

[CJLower sol at v
I Upper sol at
Lower sol at v

) Upper sol at
[ Upper sol at

(¢, 0, E)

=

(a)

Fig. 3. Three-dimensional view for fuzzified findings of (3.15) when Gaussian F, s [E]" = [3_— V;lm)‘, EAAVSIITY V;Inv‘] with v, €[0,1].

Fig. 2 indicates the two-dimensional view of [A(¢p, Q,,E)]"" with lower and upper accuracies. With the regulating parameters ¢ and fixed = 0.7,
the fluctuating values of 7; € [0, 1], the graph anticipates the lower and upper solutions.

Analogously, Fig. 3 indicates the surface view of [V(¢,Q,,E)]"! with lower and upper accuracies. The graph predicts the lower and upper
solutions with the governing parameters @, # and the varying values of v; € [0, 1].
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0.015 ‘ ‘ ‘ Lower sol at v; = ‘ ‘ 7
= Upper sol at v; =1
0.01 - ——@— Lower sol at v; = 0.9 |
r === Upper sol at v; = 0.9 04 Lower sol at v; =1
\ Lower sol at v; = 0.8 =—©— Upper sol at v; =1
— 0.005 ¢ Upper sol at v; = 0.8 ".\.;. —~ 02 —&— Lower sol at v; = 0.9 7
[11«1 [Ii: === Upper sol at v; = 0.9
C;“ 0 SF 0 Lower sol at v; = 0.8 g
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= -0.005 - , > 021 1
{
001+ i -04 b
O'GP-*//'/‘?
-0.015 - | i i i i | | | | q | ! i T | | | |
0 0.1 02 03 04 05 06 07 08 09 1 0 0.1 02 03 04 05 06 07 08 09 1
v v
(a) (b)

Fig. 4. Two-dimensional view for fuzzified findings of (3.15) when Gaussian fuzzy numbers are [E]" = [

3—y/=Inv, , 3+\/;lnu, ] with v € [0, 1]

3

Fig. 4 indicates the two-dimensional view of [V(g,£2,,E)]"! with lower and upper accuracies. The graph predicts the lower and upper solutions
with the governing parameters ¢ and the varying values of v; € [0, 1] when #=0.7.

If the crisp quantity Q; is found in the membership mappings of the F s, the illustration of the recombination solution and its level set is altered
with several explanatory factors, as shown in Figs. 1, 2, 3 and 4. Nevertheless, we may further obtain the impression when Q, is constantly changing.
This should be accelerated.

4. Application in engineering

In this part, we demonstrate the technical soundness of the suggested approach using several mathematical simulations and a handful of potential
applications in engineering. The C-K fuzzy fractional differentiability of order 6 € (0, 1] is the basis for the absolute errors of the issues under multiple
scenarios, which show the efficacy of the continuous dependence and e-approximation approach.

Keep in mind that the approaches’ effectiveness is evaluated by calculating their absolute errors. For a constant ¢ and different choices of 7,

the formulas £(¢,n) = |h,(¢.n) — H (o, n)| and E((p, n= Ee((p, n)— ﬁe((p, n)| yield the error solutions and h,(¢,n) = (ge((p,n),ﬁe((p, r])) are proven

the approximate solutions, while H,(@,#) = (Ee((p,n),ﬁe((p,n)) is the exact solution. Regarding this, the suggested approach has a comparison in
absolute errors with the existing methods [55] and [56], respectively.

This example demonstrates one potential implementation of the FFD model in the viscoelasticity domain. Viscoelasticity is the quality of sub-
stances that, when subjected to stretching, display both viscosity and elastic features. As a consequence, a substance may exhibit time-dependent
behavior, whereby its reaction to displacement or stress may vary with time. Depending on the speed at which we transmit strain or how long the
pressure or displacement continues to exist, basic synthetic substances respond to it in a similar way. When constructing equipment that operates
with or interfaces with organic substances or polymer compounds, researchers must have a solid understanding of viscoelasticity in order to prevent
incidents like the Big Dig ceiling collapse, which occurred on July 10, 2006 [54].

In mathematical terms, we take into account viscoelasticity within fuzzy-valued mappings that indicate unpredictability. Let us begin by inves-
tigating the connection involving stress and strain for Newtonian substances (Newton’s law) and solids (Hooke’s law), respectively:

{am=sam
-4
Cin =0-em).
In (4.1), J and © denote the viscosity and spring constant, respectively. However, given that strain is proportional to both the first and zeroth

differentiation of strain for fluids and solids, it makes sense to assume that, in the case of “intermediate” materials, stress may be related to the
stress derivative of “intermediate” (classical derivative).

(4.1)

fm= GQHDZ"’e(n), 6€(0,1), p>0. (4.2)

Here, (4.1) indicates Hooke’s law and (4.2) signifies the Scott Blair law model which contains the C-K gH derivative of stress and strain that can be
subsequently expanded by including more terms on each side, this results in a generalized Voigt model:

£(m) = Se(n) + 6/ D°Pe(r). (4.3)

It explains how an immovable sheet submerged in a Newtonian fluid moves.

Currently, we employ the fuzzy IVP e, the fuzzy-valued mapping {(1), and the idea of C-K gH-differentiability for the first order derivative of
e(n), €' (n), to attempt to explore this issue in a real-world scenario.

Let us examine the fuzzy framework that describes how a stiff plate moves when submerged in a Newtonian fluid:

%0 _a_m _ 3p10P 8 24p2 00
g Dor 0 +eln) =" = 5 = Smpm + T 4.4
e(O,r):[—l+r,1—r], 6§€(0,1], p>0, tel[0,1], y€[0,1]

for which e € f; € C(05, W) n L' (5, W) indicates a continuous fuzzy mapping and =0 =1.
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Table 1
Comparison analysis of the absolute error £ for viscoelasticity when p =1 and 6 = 0.96.

r H/(Lx)  &1x) ELY) (55D  ELr) (56D  H(lr)  E(L1) E(Lv) ([55) (L) ([56])

0 0.18732 5.010050E-4 1.010055E-3 3.010053E-1 0.87126 5.542000E-4 1.084000E-3 2.894931E-1
0.1 0.15642 4.906505E-4 9.906755E-4 3.906630E-1 0.83123 4.650750E-4 9.501500E-4 2.968828E-1
0.2 0.18073 4.053467E-4 8.353522E-4 3.453994E-1 0.80562 4.175635E-4 8.155127E-4 2.960875E-1
0.3 0.22869 3.596683E-4 7.596941E-4 3.596812E-1 0.77534 3.686555E-4 7.573110E-4 2.819464E-1
0.4  0.28912 3.535201E-4 6.435693E-4 3.635447E-1 0.73210 3.157595E-4 6.457595E-4 3.075564E-1
0.5 0.31672 2.418016E-4 5.118828E-4 3.418422E-1 0.70012 2.459165E-4 5.118330E-4 3.040526E-1
0.6 0.33657 2.189691E-4 4.189810E-4 3.389751E-1 0.67634 2.037750E-4 4.187550E-4 3.097247E-1
0.7  0.39452 1.663159E-4 3.163298E-4 3.632290E-1 0.59891 1.525400E-4 3.173080E-4 3.109852E-1
0.8  0.39823 1.067701E-4 2.077710E-4 3.777058E-1 0.56891 1.043350E-4 2.048670E-4 3.108110E-1
0.9  0.47231 5.120056E-5 1.020078E-4 3.120067E-1 0.52319 5.165150E-5 1.130300E-4 3.106350E-1
1 0.49001 9.976778E-9 9.4976070E-7 3.197872E-1 0.50000 9.957552E-9 9.415103E-7 3.168396E-1

By means of Definition 2.4, we have

c 5:p _ 4 ﬁ _ 3p1=0y3=8 042848
qDore-(nr)+e_(nv)=n" = 5 = Famem + S, (45)

e_(0,r)=—1+1t, 6€(0,1], p>0, re][0,1], nE][0,1]

and

¢ pop A 300 2407700
aDor e +e (nr)=n"— 5 — Z=s o) (4.6)

e, (0,r)=1-1, 6€(0,1], p>0, t€[0,1], n€[0,1]

have the integer-order solution as:

e(1.9)=(x~ DE;, [~ Z| +0/" o0 = 0B - (222) eore, weto.1,

p
n 5 4.7)
» v
e (0= (1= 0B, [ = L]+ [ 07 0 = 07 B | - (52 ) c@do, veo.1]
0
for which ¢() = #* — g - 3";;2’;; ’ 4 24??:’3;;_5. In view of (4.5)-(4.7) and Theorem 3.2, choosing N =2, we can express the lower and upper
estimates of the fuzzy solution scheme as:
1
e_(n,0.1)=(-0.4543 —0.0269 0.0598) 2n—1 (4.8)
872 —8n+1
and
1
e, (n,0.1)=(0.6831 0.5221 0.1892) 2n—1 . (4.9)
82 —8n+1

It is actually possible to find a novel approximate solution by varying the higher and lower numbers. On the other hand, this strategy will result in
a greater number of inaccuracies; this is one of the primary distinctions between our suggested perspective and classical techniques that examined
the outcome by merely utilizing the lower and upper approximations without taking the fuzzy condition into account. Thus, we simply verify the
fact that e_(#,0.1) is less than e, (5,0.1) at the conclusion of the estimate. Actually, we execute it to get a more accurate outcome that has fewer
errors.

Table 1 presents the relationship between the absolute errors of the suggested procedure and utilizing the technique of Mazandarani and Kamyad
[55] and the scheme applied by Bhrawy et al. [56] at ¢ = 1. It is evident that the suggested approach uses just a handful of values for [55] to obtain
an accurate estimate alongside the integer-order solution. Table 1 shows that the fractional Euler technique [55] does not constitute an excellent
choice for complex FFDE structures due to its inadequate precision. Additionally, the suggested approach is contrasted with the laguerre mapping
[56], which has an identical number of functionalities. However, our technique performs more efficiently at the culminating points of r-cuts in
addition to having improved precision.

Absolute error is shown for multiple values of the C — K gH-differentiability in Fig. 5(a). It should be noted that the numerical estimate of the
classical FDE comes together to the analytical solution as 6, p gets closer to 1 (i.e., the error diminishes progressively). Absolute error is shown for
multiple values of r in Fig. 5(b). It is evident that the absolute inaccuracy is reducing for the fractional order 6 = 0.96 (see; Fig. 5(c)). It is crucial to
remember that this trend fails to appear as the number of weak solutions increases because the suggested approach consistently corresponds to the
result.

Fig. 6(a) shows the closed form solution, which is specified on the domains # € [0, 1] and t € [0, 1]. The weak fuzzified solution for (4.4) is found
and shown in Fig. 6(b). Clearly, the weak fuzzified solution is exceptionally precise throughout the interval points, especially close to the starting
and end points, as Figs. 5(c)) and 6 demonstrate. The profiles of Figs. 6(a) and (b) are nearly identical, notwithstanding this.
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Fig. 5. Viscoelasticity: (a) Absolute errors £ and € of the suggested technique for various values of fractional order using C-K gH differentiability (b) for various
values r when 6 = 0.96 (c) Absolute error £ for rt €[0,1], # €[0,1] p=1 and § =0.96.

Exact sol.
Approximate sol

(a) (b)

Fig. 6. Three-dimensional view for fuzzified findings (a) the exact solution and (b) the fuzzy solution of the motion model of a rigid plate immersed in a Newtonian
fluid when 6§ = 1.

It seems that the fractional Euler method is not an appropriate option for certain types of FDE, particularly if we demand better precision, even if
the [55] execution is much more straightforward than our suggested solution. Table 2 demonstrates that the result may be obtained for iterating up
to 10, that the maximum absolute error is 3.096967 E—4 and that the computational cost on an Intel (Core i7) 3.40G H z processor is 6.9832 seconds.
Moreover, authors [56] might only obtain a maximum absolute error of 8.657634 E—3, and the computation cost is 12.59 seconds, assuming the
same number of iterations. The last approach obviously has a greater computation cost than what we suggested, but it additionally features a much
smaller maximum absolute error. This is for two very significant considerations.
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Table 2
Comparison analysis of the maximum absolute error £ for vis-
coelasticity when p =1 and 6 =0.96.

Technique max(£) Processing time (seconds)

Suggested approach ~ 3.09697E-4  6.9832
[55] 3.5672E-1 0.00989
[56] 8,65763E-3  12.5900

5. Conclusion

The primary goal of this research is to demonstrate several requisite comparison formalisms that will be used to achieve our core concept.
We take into account an IVP for the C-K fuzzy coupled system of FPDEs and employ the mathematical inductive procedure via the generalized
Lipschitz assumptions to verify the E-U of the solution. The results of fuzzy FPDEs must be applied to governing equations in the context of the
C-K gH-type derivative. We demonstrated the E-U of two sorts of gH-weak solutions utilizing the Banach f, hypothesis and the mathematical
inductive technique. Furthermore, we illustrated the E-U theorems graphically and suggested analytical computations of the gH-weak findings for
the proposed framework. The transformation of (1.3) to a collection of dynamic fractional coupled Volterra integro-differential frameworks was
established and the vector type’s Gronwall variant has been acquired.

Besides that, after modifying the ICs, the continuous dependence on the provided information and e-approximate results of (1.3) were formed
creatively on the justification of the advanced Gronwall variant of the matrix pattern, which is due to the interacting component in (1.3). Application
from an engineering perspective has been provided in the graphical and simulation contexts. In comparison with the previous findings, the approach
provided by [55] and [56] is the simplest to put into practice, but it has restrictions and an inadequate degree of correctness when it comes to
offering a numerical solution for a variety of fuzzy fractional situations. Indeed, our system has several features over previous FFDE procedures,
including (i) excellent preciseness, (ii) inexpensive computation cost and (iii) straightforward execution.

While this research currently only addresses FPDEs, we plan to use the similar methodology presented in this paper to expand our research to
encompass additional forms of mechanisms, including fuzzy random FDE, fuzzy functional FDE, nonlinear systems, time-delay, neural networks,
signal processing, associative memory, pattern recognition and other mathematical and engineering problems. Both variational inequalities and
optimization challenges can be successfully resolved using it. How can the existence and uniqueness of fuzzy optimum control solutions involving
parameters be established by employing the output of fuzzy fractional systems of PDEs employing projection operators? On the other hand, the
proposed methodology can be extended to time delays, stochastic disturbances, and fractional derivatives of the Atanagana-Baleanu gH type. These
are the kinds of concerns that should be addressed during the subsequent stage of this project. This is a significant piece of research that merits more
investigation.

Nomenclature

PDEs Partial differential equations;
FPDEs Fractional partial differential equations;

DEs Differential equations;

FDEs Fractional Differential equations;
gH Generalized Hukuhara;

IVP Initial value problems;

C-K Caputo-Katugampola;

ICs Initial Conditions;

fp fixed point;

CM Contraction mapping;

E-U Existence-Uniqueness.
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