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We established the existence of a positive solution of nonlinear fractional differential equations
L(D)[x(t)-x(0)] = f(t,x:),t € (0,b] with finite delay x(t) = w(t), t € [-7,0], wherelim; o f (t, x;) =
+oo, that is, f is singular at t = 0 and x; € C([-7,0],R*°). The operator of £(D) involves the
Riemann-Liouville fractional derivatives. In this problem, the initial conditions with fractional
order and some relations among them were considered. The analysis rely on the alternative of
the Leray-Schauder fixed point theorem, the Banach fixed point theorem, and the Arzela-Ascoli
theorem in a cone.

1. Introduction

Fractional differential equations have gained considerable importance due to their varied
applications in viscoelasticity, electroanalytical chemistry, and many other physical problems
[1-7]. So far there have been several fundamental works done on the fractional derivative and
fractional differential equations [1-4, 6]. These works are in the introduction of the theory
of the fractional derivative and fractional differential equations and provide a systematic
understanding of the fractional calculus such as the existence and the uniqueness of some
analytic methods for solving fractional differential equations, namely, the Green’s function
method, the Mellin transform method, and the power series.
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The existence of positive solutions for fractional differential equations with delay has

been carried out by various researchers [8-17]. In [8] the authors have investigated the
following type of fractional differential equations:

L(D)[x(t) - x(0)] = f(t,x1), te(0,T],

(1.1)
x(t) =¢(t) >0, te[-w,0],
where
n-1 N;
£L(D) =D™ - > pi()D™I, 0<a <---<ay <1, p;(t) = Dapt",
j=1 k=0 (1.2)

N.
p >0, pP V<0, m=0,1,.., [7]] i=1,2,...,n-1,

and D% is the standard Riemann-Liouville fractional derivative, T > 0, w > 0, ¢ € C =
C([~w,0],R*) and f : I x C — R* is a given continuous function, I = [0, T].

As a pursuit of this in this paper, we discuss the existence of positive solutions for
initial nonlinear fractional differential equations with finite delay,

L(D)[x(t) - x(0)] = f(t,x1), te(0,b], s
x(t) =w(t), te[-1,0], '

with initial conditions x(0) = xo, [D*™!x(t)];.g = Xu-1, and [D* ™ x(t)],y = Xu-j, Where
L(D) = D* —Z}:llajD“‘j, aj >0, foralljj=12..,n-1,n-1<a<s<nneN,f:
(0,b] xC — [0,+c0) is a given continuous function so that lim; o f (¢, x;) = +oo (i.e., f is
singular at t = 0), where C is the space of continuous functions from [-7,0] to Rz’ and x; € C
defined by x;(s) = x(t+s) for each s € [-7,0). In the initial conditions of (1.1), we also assume
that

j-1
(1) xp1 20, (i) X0 j > DlakXpinj, Vj=2,3,...,n-1 (1.4)
k=1

The paper is organized as follows.

In Section 2, we provide some definitions about the fractional derivatives and the
fractional integrals as well as we list their basic properties. Required topics of functional
analysis such as Banach fixed point theorem and Leray-Schauder Theorem were also
introduced. Section 3 deals with existence of a positive solution theorem and it gives an
explainable example. The unique positive solution theorem with an explainable example has
been discussed in Section 4.

2. Preliminaries

Preliminaries from fractional calculus [1, 4, 6] and functional analysis [17] are outlined below.
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Let E be a real Banach space with a cone K. K introduces a partial order < in E as
x<yify-xek.

Definition 2.1. For x,y € E, the order interval (x, y) is defined as

(x,yy={zeE:x<z<y}. (2.1)

Theorem 2.2 (Leray-Schauder Theorem [17]). Let E be a Banach space with C C E closed and
convex. Assume U is relatively open subset of C with 0 € U and F : U — C is a continuous,
compact map. Then, either

(i) F has fixed point in U or
(ii) there exists u € oU and y € (0,1) withu = yFu.

Theorem 2.3 (Banach fixed point theorem [17]). Let K be a closed subspace of a Banach space
Q. Let F be a contraction mapping with Lipschitz constant 1(< 1) from K to itself. Then, F has
a unique fixed point x* in K. Moreover, if xo is an arbitrary point in K and {x,} is defined by
Xpi1 = Fx,, n=0,1,2,...), then lim,, _, ., x, = x* € K and d(x,,, x*) < (k"/(1 - k))d(x1, x0).

The complete Gamma function I'(a) plays an important role in the theory of fractional
integral and derivatives. A comprehensive definition of I'(«) is provided by the Euler limit as

. n'n®
T = im e ) @rn)’ 2.2)

If a > 0, then I'(a) has the following familiar integral representation:

I'(a) = f:o 1 letdt. (2.3)

In this paper, the Beta function B(a, ) is used. We notice that B(a, ) is closely related to the
Gamma function. If &, § > 0, then it has the integral representation

T(@)T(p)

B(a,p) = fo 11 - )Pt = T p)

(2.4)

The definitions of Riemann-Liouville fractional derivative/integral and their proper-
ties are given bellow.

Definition 2.4. Letx : [a,b] — Rand x € L![a, b]; then the expression
I%x(t) = ! ft (t—s)" x(t)dt, x>a (2.5)
T T) ), ' ' '

is called a left-sided factional integrals of order a.
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Definition 2.5. Let n be a positive integer number and a € (n — 1,n]. Then the left-sided
fractional derivative of a function x : [a,b] — R is defined as

D% x(t) = D"(I""x(t)), t€ [a,b]. (2.6)

We denote D%, x(t) as Dix(t) and I7. x(t) as IJx(t). Further, D*x(t) and I*x(t) are referred as
D*x(t) and I*x(t), respectively.
If the fractional derivative Dﬁx(t) is integrable; then

al b _ b np (=)™
1% <Dax(t)> =1, "x(t) - {Ia X(t)}tzam
1 e 2.7)

- 2P0} ey

wheren-1<p <n, p<a andn € N [9]. Further, if x € C[a, b], then {Is_ﬂx(t)}tza =0 and

(1.4) reduces to

-1 a-j
a1 _ ap NI (t-a)*’
I° (Dax(t)> =" Pxt) - ]Z:1 { D’ ]x(t)}tzair CET (2.8)

3. Existence Theorem

In this section, we show that the initial value problem (1.1) under the conditions among the
initial value (i.e., (1.3)) has a positive solution.

Lemma 3.1. Let g : (0,b] — R be a continuous function and lim;_, o-g(t) = +oo. If there exits o €
(0,1) such that o < a and by letting t° g(t) be a continuous function on [0, b], then H (t) = I*t°g(t)
is continuous [0,b], wheren -1 <a<n, n € N.

Proof. Let us consider L = maxt® g(t), t € [0,b]. Forallt e [0,b) and for given all € > 0,

1 t+e t
H(t+e)-H(t :—f t+€—s“71ds—J‘ t—s)"'ds
[H+e) = HOl = 55| | (re-9) (t-9)
1 t+e t
= —— J. (t+e—-5)""s957g(s)ds — J. (t—5)""'s795%¢(s)ds
L(a)|Jo 0
(3.1)
L t+e 1 t 1
< —— (t+e-5)""s%s - f (t-8)""s%s
I'(a) fo 0
= LB(1 —o,a)|(t+e)"7 -t
 T(a) ' '
Hence we conclude that lim._,o|H(t + €) — H(t)] = 0. We notice that a similar result is

conclusion for |H (b —€) — H(b)|. O
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In the following, we want to show that (1.1) is equivalent to an integral equation.

Theorem 3.2. Suppose that f : (0,b] x C — [0, +o0) is a given continuous function so that
lim;_,of (t,xt) = +oo (ie., f is singular at t = 0), where C is the space of continuous functions
from [-7,0] to R and x; € C defined by x¢(s) = x(t + s) for each s € [-7,0]. If there exists
o€ (0,1)suchthat0 <o <a € (n—1,n)and t° f(t, x;) is a continuous function on [0, b], then the

fractional differential equation

<D“ - niafD“‘]) [x(t) - x(0)] = f(t,x:), te(0,b],

j=1
is equivalent to the integral equation
x(t) = x(0) + A(t) + L) [x(t) = x(0)] + I*f(t,x;), te€[0,b],

where

k=1

n-1 ) 1 n*f*1
M) =S s, = —— (- Y, =1,
® ;‘ J T T(a-j+1) <x’ 2, awie; ) !

1

-/\n—l = m, ,Z(I) = ]glalﬁx(t)

Proof. From (3.2), we have

n-1
I*{D*[x(t) - x(0)]} - Za,-I"‘{D""f [x(t) - x(0)] } = If(t,x;), te(0,b].

j=1
By using (2.7), we conclude that

n-1 a-j
x]t

I*{D*[x(t) - x(0)]} = [x(t) — x(0)] - Ta—j+1)

j=1

andfork=1,2,...,n-1,

n—k-1

k—
1{D**[x(t) - x(O)]} = I*[x(t) - x(©)] = Y,

j=1

x,+kt -
T(a j+ 1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

Note that, by Lemma 3.1, I*f(t, x;) = I“(t°t° f(t, x;) exists and D*I*f(t,x;) = f(t,x;), as
t79 f(t, x¢) is continuous and I*f(t,x;) € C[0,b]. In view of (3.5), (3.6), and (3.7), (3.2) is

equivalent to the following integral equation:

x(t) =x(0) + A(t) + Z(I) [x(t) —x(0O)] + I*f(t,x), te€ (0,b],

(3.8)
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where

S 1 n-j-1 .
)‘(t):jgl)tjt /, )Lj:m<x]'— Zakxk+,- , ]21,...,11—2,

k=1
(3.9)

1

An-t = Ia-n+1)’

n-1
L(I) = > alUx(t).
j=1

The proof is completed. Therefore, by Theorem 3.2, the other expression of (1.1) is given as
follows:

x(t) = (3.10)

x(0) + A(t) + Z(I)[x(t) - x(0)] + I*f(t,x;), te€(0,b],
x(t) = w(t), te[-1,0],

where A(t) and £(I) are mentioned in above.
Lety : [-7,b] — [0, +c0) be function defined by

w(0), te[0,b],
y(t) = { (3.11)
(U(t) 2 O/ te [_T/O]/

for each z € C([0, b], R) with z(0) = 0; we denote by z the function define by

7 Olb 7
Z(t) = {Z(t) Felb.b] (3.12)
0, t € [-1,0].

We can decompose x(-) as x(t) = z(t) + y(t), t € [-7,b], which implies that x; = Z; + y;, t €
[0, b]. Hence by Theorem 3.2, (1.1) is equivalent to the following integral equation:

z(t) = Mt) + 2(Dz(t) + If (L Z + i), te[0,b]. (3.13)

SetQ = {z € C([0,b],R), z(0) =0}, and for each z € Q, let ||z||, be the seminorm in Q defined
by

l1zll, = 1zO) ]l + [zl = llzll = sup{|z(#)| : £ € [0, b]}. (3.14)
Q is a Banach space with norm || - ||. Let K beacone of Q. K = {z € Q: z(t) >0, t € [0,b]}
and

K* = {x € c<[—T, b],RZ‘)) cx(t) =w(t) >0, te[-1,0] } (3.15)

Define the operator F : K — K by
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Fz(t) = A(t) + 2(D)z(t) + I°f (, Z +vi), t€[0,b]. (3.16)

Theorem 3.3. Suppose that f(t,x;), t € (0,b], xy € C, is a continuous function and
lim;_, o+ f(t,-) = +oo. If there exits o € (0,1) such that 0 < 0 < a € (n—1,n) and t° f(t, x;) [
a continuous function on [0, b], then the operator F, defined as (3.12), maps bounded set into bounded
sets in K, continuous and completely continuous.

Proof. For all u € K, since Fu(t) = A(t) + L(I)u(t) + I*f(t, u; + y;) by Lemma 3.1 and the
nonnegativeness of f, we obtain F : K — K.

Since t° f (t, x¢) is continuous on [0, b] x [0, +o0), there exists a positive constant N such
that t° f (¢, x;) < N. Hence

If(t,zi +yi) = I (£ f (£, x1))

< NIt ° F( ) f (t—5)""'sds (3.17)
Nt*° Nb*—°
= T B(l-o0,a) < T@ —B(1-o0,a).

Let G C K be bounded, that is, there exists a positive constant L such that ||z||y < L, for all

z € C. In view of (3.13), for each z € G, we obtain

IFz(t)]| < M)+ 12Dz + [I°F (£, Z + i) |

Nbllfo'

<||A(t S B(1 -0,

<| ()||+||z||bj§1r( D T@ (1-0,a) -
bf a—o

<||)L(t)||+LZI_( 0 Fi’a) B(1- 0, ).

Thus, F(K) is bounded. In the following text, we would like to show that F is continuous.
Let vy € K and ||og]| = co, if v € K and ||v — v|| < I, then ||v]| < [ + cp; by the continuity of
t° f(t,zi +y), we know that t? f(t,z; +y;) is uniformly continuous on [0, b] x [0, ¢]. Thus, for
all € > 0 there exists a 6 > 0 such that

|t0f(t,ﬁt + yt) - t"f(t,@ + yt)l <eg, (319)

forallt € [0,b] and u, v € [0, c] with |u - v| < 6. Obviously, if ||u — v|| < §, then vy(t), v(t) €
[0,c] and |v(t) — vo(t)| < 6 for each t € [0, b]. Hence, we have

[t7f (b0 +ye) —t7f (8,00 + i) | <€, (3.20)

forallt € [0,b] and v € K with ||v— Uo” < 6. Forallt € [0,b],letu,v € K,and |u(t) —v(t)| < 6,
we choose 6 < e(z (x]b]/F(] + 1))) . By using (3.20), we get
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) +[I(f (s + ) = f (o0 + )|

0 + [T f (L +y) -t f (LD + 1)) |

< u- vnbz TG '+ 3

(3.21)

_ a-1 —U o _ g0
r(a)f)‘l%f (t=8)""s7|s7f (£, + ye) = s f (£, Dr + yr) |ds

a-1 s ©
< - ”bzl"( + 1) F(Lt) 0<t<bf (t=s) ds

”bzr( +1) F([X)O<t<bta "Bl ~o.m)

<(1+b"%)B(l1-0,a)e.

Finally, we want to prove that the operator F is equicontinuous. Let G C K be bounded, that
is, three exits a positive constant I such that ||u|| <, for all u € G. Suppose, u € K,t, r € [0, b]
and t < r. For a given € > 0, there exists 6 > 0, so that if [t — 7| < §, then

|Fu(t) - Fu(r)|
<M = A+ [L(Du(t) = LMu(r)| + [1°f (8 +ye) = 1°f (r, -+ yy) |

n-— n-1

Z T — o |+

i=1 =1

1 la
| r-s)d
;ll_ frs s

rl— J. (t-sy ' —@r-s)lds

1_(1“) f (t—8)" s f (5,15 + ys ) ds — J: (r—s)* s f (s,Us + ys)ds
<22Ab“1+lzr( +1) Elj [Ir—t|f+|rj—tf|]
NB(1-o0,a)

a-0 _ a0 |

I'(a) |
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n— n-—

Z<+1>

1

1

2NB(1-o0,a)

F(a) peo.

(3.22)

Set A = max{3A1/¢,3A,/¢,A3, Ay, ..., A1}, where

ol . lagb 2la;
=S (2000 + faj
i1 r(j+1) F(]+1)

Ay = ﬁ(l\; B(1 - 0,a)b™, (3.23)

i=1,2,...,n-1.
Aje2 = Z:‘F(1+1) J

Case 1. If 0 < |r—t| <1 < b, we choose 6 =¢/(3(n—1)). Hence,

n-1

|Fu(t) — Fu(r)| < A + 3A +A |-t
j=1 (3.24)

§A+3A+(n 1)Ab < Ae.

m

Case 2. If 0 <1 <|r—t| < b, wechoose 6 = {e/(3 (n- 1))}1/("71). Hence,

n-1

|Fu(t) - Fu(r)| < A + 3A +A > r—tff
=1 (3.25)

<-A+ 3A+ (n-1)A6""! < Ae.

QW m

Therefore, F(G) is equicontinuous. The Arzela-Ascoli Theorem implies that F(G) is compact.
Thus, F : K — K is completely continuous. O

Theorem 3.4. With all the details of (1.1)-(1.3), further, if o exists in (0,1) such that 0 < 0 < a €
(n-1,n), n €N, and t° f (t, x;) is a continuous function on [0, b], then (1.1) has at least one positive
solution x* € K*, satisfying ||x*|| < max{||w||, h}, where h = 2A/(1 — A) + 1 and A is a positive
constant which is observed in the proof of the theorem.

Proof. We know that the operator F : K — K is continuous and it is completely continuous by
Theorem 3.3. Here we show that there exists an open set U C K, with z#yF(z) fory € (0,1)
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and z € 0U. Let z € K be any solution of z = yF(z), y € (0,1). According to the Theorem 3.3,
since F : K — K is continuous and it is completely continuous, we have

z(t) = yFz(t) = y{A(t) + ZD)z(t) + If (t, Ze + yi)},  t€[0,D]

n-1 n-1
<YLY+ Y ai|Uz@t)| + |[1°f(t,Z +
;1 i ;1 7| | |1 (£, 2+ y1) | (3.26)

< a-1_-o0_0
S;l)ub +z ”ZF( +1) I"(a) f (t—35)""'s7s f(s,Zs + ys)ds|.

Since there exists a positive constant N such that ||s° f(s,Zs + ys)|| < N, as 59 f(s,zs + ys) is
continuous on [0, b], therefore

z(t) < Z)L b+ ||z||ZF( " 1) N)B(l o, ). (3.27)
Set A = max{A1, Ay, A3}, where
A= 12/\,-191', A= ]zr (],“i g s FJ(V o B-0.a). (3.28)
Equation (3.20) implies that
Izl < A1+ ||z]|Az + Az < 2A + | z]|A. (3.29)

Therefore, we conclude that ||z||(1-A) < 2A. Then, as a result, any solution z = yF(z) satisfies
|z|| #h. Let U = {z € K : ||z|]| < h}. Theorem 2.2 guarantees that F has a fixed point z € u. By
using Theorem 3.2, (1.1) under the conditions of (1.3) has a positive solution x* € K satisfying
llx* || < max{llewl], h}. O

Example 3.5. Consider the following nonlinear fractional differential equation:
L(D)[x(t) - x(0)] =t"* x;, te(0,1],

(3.30)
x(t) =—-sint>0, te[-1,0],

where £(D) = D¥? - D¥? - DV2. Here,ay = a, =1, a =5/2 € (2,3), n =3 and f(t,x;) =
t71/2x; such that lim; o+ f (t,-) = +o0. We select 0 = 11/12, 0 < 0 < a. Hence t° f (t,-) = t°/12x;
is continuous on [0, 1]. We consider the initial conditions

x(0)=0, x = D3/2x(t)|t_0 =2, x=D"%@)|_ =1, m>x>0.  (331)
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By using Theorem 3.2, the nonlinear fractional differential equation (3.20) is equivalent to an
integral equation given below

{A(t) +2(D)x(t) = P2(FY2 x,), te(0,1],
x(t) = (3.32)
x(t) = —sinart, te[-1,0],

where in the view of the procedure proving Theorem 3.2, we have

z , 1 1
.)L(t) — ./\] t5/2—] — t3/2 + t1/2’
].Zl r'(5/2) r'(1/2)
. t (3.33)
L(Dx(t) = Dlajlx(t) = f0(1 + (t—s))x(s)ds.
j=1
In addition of that we have that A = max{Aj, Ay, A3}, where
A ix b =M+ L] d
1= o’ =M 2 = = ,
el r(1/2) T(5/2) 3vx
2 a; 1 3
Ay = J__—14+-=2, (3.34)
;‘r(] +1) 22
N 115\ 4N _/1 5
As=—=—B(1-—=,=)=—=B(—,=), N=|['"2x].
3T T80 ( 1 ’2> 37 (12’2)’ I

Therefore, by using the Theorem 3.4, (3.30) has at least one positive solution x* € K*
satisfying ||x*|| < max{||w||, h} where ||w| = max_i¢<o|—sinat|=1land h=A/(1-A)+1, A=
max{Al,A2,A3}.

4. Unique Existence of Solution

In this section, we give conditions on f and aj, ay, ..., a,, which render a unique positive
solution to (1.1).

Theorem 4.1. Let f : (0,1) x [0,00) — [0, o0) be continuous and lim;_, ¢+ f (t,) = +o0. Suppose

that there exists o € (0,1) sothat0 < 0 < a € (n—1,n), n € N, and t° f (¢, x;) is a continuous
function on [0, b]. If further, the following conditions are satisfied

(H1) t° f(t, x¢) is Lipschitz with respect to the second variable with Lipschitz constant p, that is,

|1 (t, ) ~ 19 f(t, z0)| < plT-Tll, Vu, veK, te(0,b], (4.1)
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(H2)

] //lbd—c

n-1 b
Zl r(+1)  T@)

B(l-o0,a)<1, (4.2)

where x(t) = u(t) + y(t) and z(t) = v(t) + y(t); then (1.1) under the conditions of (1.3)
has a unique positive solution.

Proof. As it was pointed out in the previous section, (1.1) is equivalent to (3.13). Thus, for
u, v € K we obtain

[Fu(t) — Fo(t)| = |2(Du(t) — LT)o(r)| + [1°f (t, 4 + yi) — I°f (r,0 + yr) |

5 Ty = £+ )]

+ I f(Lu+y) -t f (Ko + )|

<llu- mZF(] +1)

(4.3)

1 _ le —0| o0 — g0
WBE%(J‘ (t-s) |s?f(t,u +yi) —s°f (8,0 + yi)|ds

”bz r( + 1) F(cx) 0%

f (t-s)"1s7%ds

.u”u _U”b a-o
< xt*°B(1 -
e - U”bzr( +1) T(a) o4 (1-0,a)

j=1

n-1 b pa-o
<Jlu _v||b{zr(“]+ 0 #r(a) B(1- G,Lt)},

where F is given in (3.16). Hence, in view of the Theorem 2.3, F will have a unique fixed point
in K, which is the unique positive solution of (1.1). O

Example 4.2. Consider the nonlinear fractional differential equation given below

L(S)ds, te0,a], n>0,

L(D)[x(t 0
D) -xO1 =7 | 2 wo

x(t) =-sint >0, te][-x0],

where £(D) = D*/? — q;D%? — g,D'/? with initial conditions x(0) = 0, x; = D*2x(t)|= =
2, x0 = D?x()jm0 = 1, x1 > x > 0,0 < ap < 1/(4x), 0 < a, < 8/x% and
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n = 3x%7/16B(1/12,5/12). Here lim;_o:f(t,x;) = +oo. We select ¢ = 11/12; then
0 < 0 < aand t°f (t, x;) = t712 f(t,x;) is continuous on [0,or]. Now, we review the
Lipschitz condition with respect to the second variable. Note that from equations (3.11)
and (3.12), for x;,z; € C([-r,0],R2?), we have x; = u; + Yo, 2t = Uy + Yy, t € [-or,or] and
xr=ult) +y(t), z=ov(t)+yt), t € (0,x]) where u,v € K. Without loss of generality, we
suppose that x;(s) > y:(s), for all s € [-ur,0]. Then, for each t € (0, ],

—t

|t11/12f(t, xp) — V12 f () Zt)| _ ﬂfn/uf ‘
—Jr

0
11/12
= ﬂt f
t—o

0
< ﬂtll/lz f
t—ar

L+x(t+s) 1+z(t+s)
T+x2(t+s) 1+2z2(t+5s)

1+x(s) 1+z(s)
1+x2(s) 1+ z2(s)

1+x(s) 1+z(s)
1+x2(s) 1+ x2(s)

(4.5)
0 —
<7 maxtll/uf |x(s) Z(S)|ds
Ost<r w1+ x2(s)
e (0
< nllx(t) - z(t) || maxt - ds
_ _ /12, ¢\ — 0 23/12
= e ollmax #1772 - ) = /P~ .
Hence, the condition of (H1) holds with y = 72/127. On other hand, we have
alb a2b2 #ﬂ.ll/12 < 5 >
15 ‘ 46
ro "te e P\izrn) €O (4.6)

Thus, (4.4) satisfies the conditions required by the Theorem 4.1. This Theorem implies that
the nonlinear equation (4.4) has a unique solution in K. By using the Theorem 3.2, (4.4) is
equivalent to the following integral equation:

x(t) = ﬁ (2 = E) 32 4 G5 12 4 ag Ix(t) + aaPx(t) + P2 f (¢, x1). (4.7)
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The solution of (4.4) is x(t) = limy,_ 1%, (t), where x;,41(t) = Fx,(t). Therefore, the iterated
sequence is given by

-t 1+ x(s)
PV SR V- SN A V. f d
x1(t) = a1 +ap + NG _,,—1+x2(s) s
=atP? + aptV/? + 11e_t15’/2 1 In 1+# tan~'t
- o 2 Vi 2 \1+x2 '
JCQ(t) = <a1I + (12[2 + I5/2>X1(t) + X1 (t), (48)

n L
Xpt1(t) = Z(alI +a ] + I5/Z>n lxl(t), n=12,....
i=0
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