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aÇankaya University, Department of Electronic and Communication Engineering, Yukarıyurtçu Mahallesi Mimar Sinan Caddesi Etimesgut, Ankara
06790, Turkey
bÇankaya University, Department of Electrical-Electronics Engineering, Yukarıyurtçu Mahallesi Mimar Sinan Caddesi. Etimesgut, Ankara 06790,
Turkey
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Abstract. Multiple-input single-output systems are employed in free-space optical links to mitigate the degrading
effects of atmospheric turbulence. We formulate the power scintillation as a function of transmitter and receiver
coordinates in the presence of weak atmospheric turbulence by using the extended Huygens–Fresnel principle.
Then the effect of the receiver–aperture averaging is quantified. To get consistent results, parameters are
chosen within the range of validity of the wave structure functions. Radial array beams and a Gaussian weighting
aperture function are used at the transmitter and the receiver, respectively. It is observed that the power scin-
tillation decreases when the source size, the ring radius, the receiver–aperture radius, and the number of array
beamlet increase. However, increasing the number of array beamlets to more than three seems to have neg-
ligible effect on the power scintillation. It is further observed that the aperture averaging effect is stronger when
radial array beams are employed instead of a single Gaussian beam. © 2015 Society of Photo-Optical Instrumentation
Engineers (SPIE) [DOI: 10.1117/1.OE.54.6.066103]
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1 Introduction
Atmospheric turbulence is one of the major performance
limiting factors in free-space optical (FSO) communication
links. Receiver–aperture averaging is commonly used to
reduce the turbulence-induced scintillation effect. The per-
formance improvement of aperture averaging is typically
quantified by the “aperture averaging factor” which is defined
as the ratio of scintillation index of a finite-sized aperture to a
point aperture. The aperture averaging factor for the plane
wave intensity fluctuations is derived by Tatarskii.1 A similar
performance study for a beam wave is also reported.2 A flat-
tened Gaussian beam with a misaligned circular transmitter
aperture in the turbulent atmosphere has been further exam-
ined.3,4 The aperture averaging factor for Gaussian beams
has been analyzed in weak and moderate turbulence condi-
tions by using the statistics of the exponentiated Weibull dis-
tribution family.5 The scintillation index of a flat-topped
beam in weak turbulence is formulated and the aperture
averaging effect is quantified under a flat-topped incidence.6

For an annular beam incidence, the scintillation index in a
weakly turbulent atmosphere is derived at the receiver with
a Gaussian aperture and the aperture averaging factor is
evaluated.7

The employment of multiple transmitter and receiver
apertures for spatial diversity in FSO systems provides addi-
tional advantages over their single-input single-output
(SISO) counterparts and there has been growing literature
on spatial diversity,8–18 which is elaborated below. One
special case of these systems is known as the multiple-input

single-output (MISO) system, where the use of multiple
transmit apertures can help the system to overcome the lim-
itations on the transmit optical power.8,9 The ergodic channel
capacity of an MISO FSO link is investigated10 and it is dem-
onstrated that the capacity improves with the increasing
number of transmit apertures. The outage probability of
MISO FSO links is derived under the assumption of direct
detection receivers and binary pulse position modulation.8,11

The diversity gain order of FSO communication systems
operating in log–normal turbulence-fading channels is quan-
tified.12 The bit error rate performance of MISO FSO systems
with and without channel state information in both spatially
correlated and uncorrelated channels is investigated.13

The existing works summarized above for the spatial
diversity systems have mainly assumed a plane wave,
which is a theoretical assumption of the wave propagation
that remains unrealistic for practical implementation. For
this reason, there is a considerable interest in using realistic
beamshapes.14–18 For example, using a Gaussian beams
array, i.e., a number of Gaussian beams which come together
with a specific distance at the transmitter and a point detector
at the receiver, on-axis scintillation of MISO systems has
been examined by using the extended Huygens–Fresnel prin-
ciple.14 A similar study has been reported by using the Rytov
method.15 Furthermore, the propagation factor, which is a
common measure of the beam quality of a Gaussian beams
array, is investigated for MISO systems.16 Field correlation
analysis of MISO system with a Gaussian beams array is also
evaluated for heterodyne detection.17 Finally, the on-axis
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scintillation index is formulated for MISO FSO systems with
overlapping Gaussian beams and a point detector.18 In this
paper, we consider an MISO FSO system consisting of a
radial transmit array with Gaussian sources and a finite-
sized detector. We derive the average received intensity as a
function of the receiver coordinates in the presence of weak
atmospheric turbulence by using the extended Huygens–
Fresnel principle. This allows us to calculate the power scin-
tillation index and the receiver–aperture averaging factor.
Based on these performance metrics, we examine the effect
of several parameters such as the receiver–aperture radius, ring
radius, number of beamlets, and the source size on the scin-
tillations and thus the receiver–aperture averaging factor.

2 System Model and Performance Analysis

2.1 System Model

We consider an MISO FSO system as illustrated in Fig. 1.
We assume a radial laser transmit array consisting of N
Gaussian beamlets, with αs being the source size of the
Gaussian beamlets, i.e., the beam-waist radius of each beam-
let. Since the Gaussian beamlets are taken to be collimated,
the beam-waist radius and the Gaussian source size are equal
to each other at the transmitter plane. Beamlets are located
equi-distant from each other on a ring with radius r0. At the
receiver side, there is a finite aperture receiver with radius Rr
that has a Gaussian aperture function.

2.2 Calculation of the Average Power

We first calculate the average intensity at the receiver plane,
which is then used to calculate the average power hPi and the
average of the square of the power hP2i. This enables us to
calculate the power scintillation index and the receiver–aper-
ture averaging factor.

The source field expression for a laser array with
Gaussian sources can be expressed as14

uðsx; syÞ ¼
XN
n¼1

expf−kαn½s2x þ s2y

− 2r0ðsx cos φn þ sy sin φn − 0.5r0Þ�g; (1)

where αn ¼ 1∕ð2kα2sÞ, φn ¼ 2πðn − 1Þ∕N, s ¼ ðsx; syÞ is
the source transverse coordinate, k ¼ 2π∕λ is the wave
number, and λ is the wavelength. From the extended

Huygens–Fresnel integral, the average intensity at the
receiver plane is found to be1

hIðpÞi ¼ 1

ðλLÞ2
Z

∞

−∞

Z
∞

−∞

Z
∞

−∞

Z
∞

−∞
ds21ds

2
2uðs1Þu�ðs2Þ

× exp

�
jk
2L

½ðp− s1Þ2 − ðp− s2Þ2�− ρ−20 ðs1 − s2Þ2
�
;

(2)

where j ¼ ffiffiffiffiffiffi
−1

p
, � is the complex conjugate, p ¼ ðpx; pyÞ is

the receiver transverse coordinate, ρ0 ¼ ð0.546C2
nk2LÞ−3∕5 is

the coherence length of a spherical wave propagating in
the turbulent medium, and C2

n is the index-of-refraction
structure constant. In the extended Huygens–Fresnel princi-
ple, the field at the receiver is obtained by the convolution of
the spherical wave response of the turbulent medium and
the source field. Equation (2) is found by employing the
extended Huygens–Fresnel principle. This is the reason why
in Eq. (2), the spatial coherence length ρ0 is taken for the
spherical wave. Solving Eq. (2) by the repeated use of
Eq. 3.323.2,19 we obtain

hIðp;LÞi ¼ π2

ðλLÞ2
XN
n¼1

XM
m¼1

1

t21t
2
2

expð−r20α−2sn Þ

× exp

�
−

k2

4t21L
2
p2
x þ

r20 cos
2φn

4t21α
4
s

−
r0 cos φn

2t21α
2
s

jk
L
px

�

× exp

�
w2
2x

4t22

�
exp

�
w2
2y

4t22

�

× exp

�
−

k2

4t21L
2
p2
y þ

r20 sin
2φn

4t21α
4
s

−
r0 sin φn

2t21α
2
s

jk
L
py

�
;

(3)

where

t1 ¼ ð0.5α−2s − 0.5jkL−1 þ ρ−20 Þ0.5;
t2 ¼ ð0.5α−2s þ 0.5jkL−1 þ ρ−20 − t−21 ρ−40 Þ1∕2;

w2x ¼ r0

�
cos φm

1

α2s
þ cos φn

1

t21α
2
sρ

2
0

�
þ jkpx

L

�
1 −

1

t21ρ
2
0

�
;

w2y ¼ r0

�
sin φm

1

α2s
þ sin φn

1

t21α
2
sρ

2
0

�
þ jkpy

L

�
1 −

1

t21ρ
2
0

�
:

The average power detected by a finite-sized receiver hav-
ing a Gaussian aperture function is calculated as

hPi ¼
Z

∞

−∞

Z
∞

−∞
hIðpÞi exp

�
−
jpj2
R2
r

�
d2p; (4)

where Rr is the radius of the receiver aperture. Substituting
Eq. (3) into Eq. (4) and performing the integrations, we
obtain

Fig. 1 Schematic illustration of multiple-input single-output (MISO)
free-space optical (FSO) system for N ¼ 3 radially located sources
at the transmitter and an aperture with radius Rr at the receiver.
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hPi ¼ π3
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where
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The average of the square of the power as detected by a
finite-sized receiver having a Gaussian aperture function is
found as

hP2i ¼
Z

∞

−∞

Z
∞

−∞

Z
∞

−∞

Z
∞

−∞
hIðp1ÞIðp2Þi

× exp

�
−
jp1j2 þ jp2j2

R2
r

�
d2p1d2p2: (6)

The derivation and the resulting expression for hP2i are
provided in the Appendix.

2.3 Performance Metrics

In this paper, we adopt two performance metrics, namely,
power scintillation and the aperture averaging factor. The
power scintillation quantifies fluctuations in the received
irradiance and is defined as20

m2
p ¼ hðP − hPiÞ2i

hPi2 ¼ hP2i
hPi2 − 1: (7)

In the region of weak fluctuations,m2
p takes typical values

that are much less than unity. On the other hand, the
receiver–aperture averaging factor quantifies the relative
gain in power scintillation with respect to a point receiver.
It is defined as

GR ¼ m2
p

m2
p

				
Rr¼0

; (8)

where m2
pjRr¼0 is the power scintillation index for a point

aperture, i.e., the intensity scintillation index. For an effective
aperture averaging, the power scintillation detected by a
finite-sized aperture must be lower than the scintillation
detected by a point aperture.

3 Numerical Results
In this section, we present numerical results for power scin-
tillation and the aperture averaging factor derived in the pre-
vious section based on Eqs. (7) and (8). We are particularly
interested in quantifying the effect of the receiver–aperture
radius, the ring radius, the number of beamlets, and the
source size on these performance metrics. We note that the
parameters are chosen within the validity range of the wave
structure function which depends on ðλLÞ1∕2 ≫ jsdj ≫ l0 for
the case of C2

n ¼ constant, with l0 being the inner scale of
turbulence. Thus, system parameters of the MISO system
are chosen within the range of validity of the wave structure
functions that limit the employed ring diameters and the
beam diameters to physically small dimensions. We assume
that the wavelength is chosen as λ ¼ 1.55 μm. In our eval-
uations, the beamlets forming the source array are taken to be
collimated so that they are co-aligned in the transmit plane
with the divergence covering the Gaussian aperture in the
receiver plane.

In Fig. 2, we illustrate the variation of the power scintil-
lation against the ring radius for different numbers of beam-
lets. Specifically, we assume N ¼ 1, 2, 3, a receiver aperture

Fig. 2 The power scintillation versus the ring radius r 0 assuming L ¼ 5000 m, Rr ¼ 5 cm,
C2

n ¼ 2 × 10−15 m−2∕3 for different number of beamlets N and the source size αs values.
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radius of Rr ¼ 5 cm, a link distance L ¼ 5000 m, and a
structure constant of the atmosphere C2

n ¼ 2 × 10−15 m−2∕3.
The transmit aperture radius is assumed to linearly change
with the ring radius αs ¼ r0∕2 cm to prevent overlapping.
It is observed that the power scintillation decreases as the
ring radius and number of beamlets increase.

In Fig. 3, we keep a transmitter ring radius of r0 ¼ 1.2 cm
constant and illustrate the variation of power scintillation
with respect to source size αs assuming beamlet numbers
of N ¼ 1, 2, 3. We consider a system with a link distance
L ¼ 5000 m, receiver–aperture radius of Rr ¼ 5 cm and
structure constant C2

n ¼ 2 × 10−15 m−2∕3. It is observed that
as the source size increases, the scintillation decreases.
Similar results are also pointed out in our earlier work,21

which emphasize that significant scintillation reduction can
be obtained through proper parameter choices. The change in
the source size, i.e., the beam-waist, also causes a change in
the beam divergence which will result in large or small beam-
steering effects originating from atmospheric turbulence.
Since in our formulation the second-order effects are also
involved through the average power, our presented model
accounts for the beam-steering as well.

In Figs. 4 and 5, we plot the variation of the power scin-
tillation with respect to the number of beamlets in an MISO
FSO system and investigate the effects of various system
parameters on the performance. In Fig. 4, we assume a link
distance of L ¼ 5000 m, transmitter ring radius of r0 ¼
1 cm, receiver–aperture radius of Rr ¼ 5 cm, structure con-
stant C2

n ¼ 2 × 10−15 m−2∕3, and αs takes values between
0.5 and 0.8 cm. It is observed that the power scintillation
decreases when the number of beamlets increases. Further-
more, scintillation reduction is obtained as the source size
increases. It is also observed that the power scintillation
starts to attain the same values when N > 3. In Fig. 5, we
assume a link distance of L ¼ 5000 m, αs ¼ 0.5 cm, struc-
ture constant C2

n ¼ 2 × 10−15 m−2∕3, receiver–aperture radius
Rr takes values of 5 and 6 cm, while the transmitter ring radius
r0 is set as 0.75, 1, 1.25, and 1.5 cm. It is observed that as the
transmitter ring radius increases, the power scintillation index
decreases. Also, an increase in αs results in a reduction in the
scintillations.

In Fig. 6, we illustrate the averaging factor using Eq. (8)
and demonstrate its change with respect to the receiver–aper-
ture radius Rr. We assume a link distance of L ¼ 5000 m,

Fig. 3 The power scintillation versus the source size αs at L ¼ 5000 m, Rr ¼ 5 cm, r 0 ¼ 1.2 cm, C2
n ¼

2 × 10−15 m−2∕3 for different N values.

Fig. 4 The power scintillation versus the number of beamlets N at L ¼ 5000 m, Rr ¼ 5 cm, r 0 ¼ 1 cm,
C2

n ¼ 2 × 10−15 m−2∕3 for different αs values.
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transmitter ring radius of r0 ¼ 1 cm, αs ¼ 0.5 cm, and
structure constant C2

n ¼ 2 × 10−15 m−2∕3. It is observed
from Fig. 6 that the aperture averaging factor decreases
with an increase in the receiver–aperture radius. Further-
more, when the number of transmitter beamlets is
increased, the scintillation index is decreased which, in
turn, causes the aperture averaging factor to decrease.
From the figures in this section, it is seen that no additional
power scintillation index benefit is gained when more than
three beamlets are used. For example, in Figs. 4 and 5, the
power scintillation index fairly abruptly becomes a very
flat line. This is attributed to the situation where, as the
number of beamlets reaches a certain value, the footprint
of the received optical beam that falls within the receiver
aperture does not show much variation, thus an additional
beamlet in the array does not cause further change in the
scintillations.

Our results indicate that the overall aperture averaging
effect is a combination of the reduction in the scintillations
due to multibeaming and due to the finite receiver aperture.
In the absence of turbulence, our equations yield zero

scintillations, thus aperture averaging is of no concern
when there is no turbulence.

4 Conclusion
In this paper, we examined the effects of aperture averaging in
an MISO FSO system. It is found that the power scintillation
decreases as the ring radius and the number of beamlets
increase. The effect of the ring radius to reduce the power scin-
tillation is more pronounced for a larger number of beamlets.
It is also observed that the power scintillation changes negli-
gibly when N becomes larger than 3. This is thought to origi-
nate due to the situation where, at a sufficiently large number
of beamlets, the received optical beam within the receiver–
aperture area does not show much variation with the addition
of another beamlet. It is also found that the increase in the
source sizes decreases the power scintillation. The power scin-
tillation decreases as the receiver–aperture radius increases.
An increase in the transmitter ring radius also causes a
decrease in the scintillation index. The aperture averaging fac-
tor decreases with an increase in the receiver–aperture radius.
The effect is stronger as the number of beamlets increases.

Fig. 5 The power scintillation versus the number of beamlets N at L ¼ 5000 m, αs ¼ 05 cm, C2
n ¼ 2 ×

10−15 m−2∕3 for different r 0 and Rr values.

Fig. 6 The receiver–aperture averaging factorGR versus the radius of the receiver aperture radius Rr at
L ¼ 5000 m, αs ¼ 0.5 cm, r 0 ¼ 1 cm, C2

n ¼ 2 × 10−15 m−2∕3 for different N values.

Optical Engineering 066103-5 June 2015 • Vol. 54(6)

Gökçe et al.: Aperture averaging in multiple-input single-output free-space optical systems

Downloaded From: http://opticalengineering.spiedigitallibrary.org/ on 03/09/2017 Terms of Use: http://spiedigitallibrary.org/ss/termsofuse.aspx



Appendix
This appendix shows the calculation of hP2i. First, we need
to calculate hIðp1ÞIðp2Þi given by

hIðp1ÞIðp2Þi ¼
1

ðλLÞ4
Z

∞

−∞

Z
∞

−∞
d2s1

Z
∞

−∞

Z
∞

−∞
d2s2

Z
∞

−∞

Z
∞

−∞

× d2s3

Z
∞

−∞

Z
∞

−∞
d2s4uðs1Þu�ðs2Þuðs3Þu�ðs4Þ

× exp

�
jk
2L

ðjp1− s1j2 − jp1 − s2j2þ jp2 − s3j2 − jp2 − s4j2Þ
�

× hexp½ψðs1;p1Þþψ�ðs2;p1Þþψðs3;p2Þþψ�ðs4;p2Þ�i;
(9)

where ψðs; pÞ is the Rytov solution of the random part of the
complex phase of a spherical wave propagating from the
source point ðs; z ¼ 0Þ to the receiver point ðp; z ¼ LÞ
with z being the propagation axis. The fourth-order medium
coherence function given in the last line of Eq. (9) is used as
the given in Ref. 2. Employing Eq. (1) and the related equa-
tions of Ref. 2 in Eq. (9) and using the resulting Eq. (9) in
Eq. (6), the equation for hP2i is obtained. Applying
Eq. 3.323.2 of Ref. 19 which is ∫ ∞

−∞dx expð−t2x2 � qxÞ ¼
ðπ0.5∕tÞ exp½q2∕ð4 t2Þ�, ½Reðt2Þ > 0� and performing the 8-
fold integration over the source transverse coordinates and
the 4-fold integration over the transverse receiver coordi-
nates, we find

hP2i ¼ expð4σ2χsÞ
ðλLÞ4
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Here, AAy, BBy, CCy, JJy, and q2py are attained by,
respectively, replacing all of the cos functions in
AAx; BBx; CCx; JJy, and q2px by the sin functions.
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