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In this paper, starting from the definition of the Sumudu transform on a general time scale,
we define the generalized discrete Sumudu transform and present some of its basic properties.
We obtain the discrete Sumudu transform of Taylor monomials, fractional sums, and fractional
differences. We apply this transform to solve some fractional difference initial value problems.

1. Introduction

The fractional calculus, which is as old as the usual calculus, deals with the generalization of
the integration and differentiation of integer order to arbitrary order. It has recently received
a lot of attention because of its interesting applications in various fields of science, such as,
viscoelasticity, diffusion, neurology, control theory, and statistics, see [1-6].

The analogous theory for discrete fractional calculus was initiated by Miller and Ross
[7], where basic approaches, definitions, and properties of the theory of fractional sums and
differences were reported. Recently, a series of papers continuing this research has appeared.
We refer the reader to the papers [8-12] and the references cited therein.

In the early 1990’s, Watugala [13, 14] introduced the Sumudu transform and applied it
to solve ordinary differential equations. The fundamental properties of this transform, which
are thought to be an alternative to the Laplace transform were then established in many
articles [15-19].

The Sumudu transform is defined over the set of functions

A= {f(t) | IM, 7,7 > 0, | f(£)| < MelV/7, if t € (-1)] x [O,oo)} (1.1)
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by
1 (® >
F(u) :=S{f}(u) := - J'O fe¥dt, ue(-1,1). (1.2)

Although the Sumudu transform of a function has a deep connection to its Laplace
transform, the main advantage of the Sumudu transform is the fact that it may be used to
solve problems without resorting to a new frequency domain because it preserves scales
and unit properties. By these properties, the Sumudu transform may be used to solve
intricate problems in engineering and applied sciences that can hardly be solved when the
Laplace transform is used. Moreover, some properties of the Sumudu transform make it more
advantageous than the Laplace transform. Some of these properties are

(i) The Sumudu transform of a Heaviside step function is also a Heaviside step
function in the transformed domain.

(i) S{"} () = ntu",

(i) Timy, _, _, F (1) = lim_ _ f(t).
(iv) limy, 5, F (1) = limy_ o £ (£).
(v) Timy -+ £ (£) = limy, o+ F (1)

(vi) For any real or complex number ¢, S{f(ct)}(u) = F(cu).

In particular, since constants are fixed by the Sumudu transform, choosing ¢ = 0, it
gives F(0) = f(0).

In dealing with physical applications, this aspect becomes a major advantage,
especially in instances where keeping track of units, and dimensional factor groups of
constants, is relevant. This means that in problem solving, # and G(u) can be treated as
replicas of t and f(t), respectively [20].

Recently, an application of the Sumudu and Double Sumudu transforms to Caputo-
fractional differential equations is given in [21]. In [22], the authors applied the Sumudu
transform to fractional differential equations.

Starting with a general definition of the Laplace transform on an arbitrary time scale,
the concepts of the h-Laplace and consequently the discrete Laplace transform were specified
n [23]. The theory of time scales was initiated by Hilger [24]. This theory is a tool that
unifies the theories of continuous and discrete time systems. It is a subject of recent studies in
many different fields in which dynamic process can be described with discrete or continuous
models.

In this paper, starting from the definition of the Sumudu transform on a general time
scale, we define the discrete Sumudu transform and present some of its basic properties.

The paper is organized as follows: in Sections 2 and 3, we introduce some basic
concepts concerning the calculus of time scales and discrete fractional calculus, respectively.
In Section4, we define the discrete Sumudu transform and present some of its basic
properties. Section 5 is devoted to an application.
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2. Preliminaries on Time Scales

A time scale T is an arbitrary nonempty closed subset of the real numbers R. The most well-

known examplesare T=R, T =Z,and T = q_Z :=1{q" : n € Z} U{0}, where g > 1. The forward
and backward jump operators are defined by

o(t) :=inf{s € T: 5> t}, p(t) =sup{seT:s<t}, (2.1)

respectively, where inf @} := sup T and sup @ := inf T. A point t € T is said to be left-dense
if t > infT and p(t) = t, right-dense if t < sup T and o(t) = t, left-scattered if p(f) < ¢, and
right-scattered if o(t) > t. The graininess function p : T — [0, o0) is defined by p(t) := o(t) —t.
For details, see the monographs [25, 26].

The following two concepts are introduced in order to describe classes of functions
that are integrable.

Definition 2.1 (see [25]). A function f : T — Ris called regulated if its right-sided limits exist
at all right-dense points in T and its left-sided limits exist at all left-dense points in T.

Definition 2.2 (see [25]). A function f : T — R is called rd-continuous if it is continuous at
right-dense points in T and its left-sided limits exist at left-dense points in T.

The set T* is derived from the time scale T as follows: if T has a left-scattered maximum
m, then T* := T — {m}. Otherwise, T* := T.

Definition 2.3 (see [25]). A function f : T — R is said to be delta differentiable at a point
t € T* if there exists a number f*(t) with the property that given any ¢ > 0, there exists a
neighborhood U of t such that

|Fo®) - £5)] - f2 (1)) - s]| < elo)) —s| Vs el (2.2)
We will also need the following definition in order to define the exponential function

on an arbitrary time scale.

Definition 2.4 (see [25]). A functionp : T — R is called regressive provided 1 + pu(t)p(t) #0
for all t € T*.

The set R of all regressive and rd-continuous functions forms an Abelian group under
the “circle plus” addition @ defined by

(P q) () =p(t) +q(t) + p(t)p(B)q(t) VteT". (2.3)
The additive inverse ep of p € R is defined by

p(t)

- W e TK. (2.4)

(ep)(t) =
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Theorem 2.5 (see [25]). Let p € R and ty € T be a fixed point. Then the exponential function
ep (-, to) is the unique solution of the initial value problem

yvi=pty,  ylt) =1 2.5)

3. An Introduction to Discrete Fractional Calculus

In this section, we introduce some basic definitions and a theorem concerning the discrete
fractional calculus.
Throughout, we consider the discrete set

Ny :={a,a+1,a+2,...}, where a €R is fixed. (3.1)

Definition 3.1 (see [27]). Let f : N, — R and v > 0 be given. Then the vth-order fractional
sum of f is given by

t—v
AT F(E) = % Z (t—0(s))Lf(s) fort € Ny (3.2)

Also, we define the trivial sum by
ALf(t) = f(t) forte N,. (3.3)

Note that the fractional sum operator A;” maps functions defined on N, to functions defined
on Ny .

In the above equation the term (t — o(s)) L is the generalized falling function defined

by

, . T@+1)
= C(t+1-v) (34)
for any t, v € R for which the right-hand side is well defined. As usual, we use the convention
that division by a pole yields zero.

Definition 3.2 (see [27]). Let f : N, — R and v > 0 be given, and let N € N be chosen such
that N —1 < » < N. Then the vth-order Riemann-Liouville fractional difference of f is given

by

AYF() = ANA;NTVF() for t € Naynoy. (3.5)

It is clear that, the fractional difference operator A}, maps functions defined on N, to
functions defined on N, n_,.

As stated in the following theorem, the composition of fractional operators behaves
well if the inner operator is a fractional difference.
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Theorem 3.3 (see [27]). Let f : N, — R be given and suppose v, > 0 with N =1 <v < N. Then
AL A f() = A f(1) for t € Nasyun-y- (3.6)

A disadvantage of the Riemann-Liouville fractional difference operator is that when
applied to a constant ¢, it does not yield 0. For example, for 0 < v <1, we have

AV = c(t-a)>

a _m. (3.7)

In order to overcome this and to make the fractional difference behave like the usual
difference, the Caputo fractional difference was introduced in [12].

Definition 3.4 (see [12]). Let f : N, — R and v > 0 be given, and let N € N be chosen such
that N — 1 < v < N. Then the vth-order Caputo fractional difference of f is given by

CAYF(t) == A;NANF(H)  for t € Nypnoy. (3.8)

It is clear that the Caputo fractional difference operator €AY maps functions defined
on N, to functions defined on N, -y as well. And it follows from the definition of the Caputo
fractional difference operator that

€AY c=0. (3.9)

4. The Discrete Sumudu Transform
The following definition is a slight generalization of the one introduced by Jarad et al. [28].
Definition 4.1. The Sumudu transform of a regulated function f : T, — R is given by

Sa{f}(u) = % J‘OO esqw(o(t), a)f(t)At Yu e D{f}, (4.1)

a

where a € R is fixed, T, is an unbounded time scale with infimum a and D{f} is the set of all
nonzero complex constants u for which 1/u is regressive and the integral converges.

In the special case, when T, = N,, every function f : N, — R is regulated and its
discrete Sumudu transform can be written as

A= 3 () fera @2)

for each u € C\ {-1,0} for which the series converges. For the convergence of the Sumudu
transform, we need the following definition.
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Definition 4.2 (see [27]). A function f : N, — R is of exponential order r (r > 0) if there exists
a constant A > 0 such that

|f(t)] < Ar' for sufficiently large ¢. (4.3)

The following lemma can be proved similarly as in Lemma 12 in [27].

Lemma 4.3. Suppose f : N, — Ris of exponential order r > 0. Then

Sa{f}(u) exists forall u € C\ {-1,0} such that

u+l
—_ . 4.4
” ’>r (4.4)

The following lemma relates the shifted Sumudu transform to the original.

Lemma 4.4. Let m € Noand f : Ny — Rand g : N, — Rare of exponential order r > 0. Then
forallu e C\ {-1,0} such that |(u+1)/u|l >r,

u m 1 m-_1 u k+1

Senl ) = (57) Salfl 0+ 2 3, (57) flka=m), (45)
u+1\m 1m—1 u+1 m-1-k

Su+m{g}(u)=< ” ) Sa{g}(u)—;kzzo< - ) g(k +a). (4.6)

Sa_m{f}(u)=iz<ujl> flk+a-m)
k=0
1 & u 17, u \k
_agr:n<”+1> f(k+a—m)+;k:0<u+1> fk+a—m)
1& u N\ krmtl 1 ml u \k+l
:ﬂé(u+1> f(k+a)+;k2=0<u+1> flk+a-m)
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Sasm{g}(u) = Z( " >k+1g(k+a+m)

U u+1l
1 0 u k-m+1
=ﬂ,§n<u+l> glk+a)

1& k-m+1 1 m-1
LS () sk LB (L

k=0

(Y sisiw- 1S (”:1)m1kg(k+a).

k=0

(4.7)

O

Taylor monomials are very useful for applying the Sumudu transform in discrete
fractional calculus.

Definition 4.5 (see [27]). For each p € R\ (-N), define the puth-Taylor monomial to be

(t-a)t
T(u+1)

hu(t,a) = for t € N,. (4.8)

Lemma 4.6. Let p € R\ (-N) and a,b € R such that b—a = p. Then for allu € C\ {-1,0} such
that |(u+1)/u| > 1, one has

Sp{hu(, @)} (u) = (u+ 1)~ (4.9)

Proof. By the general binomial formula
v < [ o—
(x+y) = Z<k>xky k (4.10)

for v, x, y € R such that |x| < |y|, where

<z) = ’;—K' (4.11)

as in [27], it follows from (4.10) and

( >_( 1) (k;Z’ll), (4.12)
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where k € Ny that

1 -v _ S/k+v-1 k
iy == (0 )y @.13)

forveRand |y| < 1.
And since b — a = y, we have for all u € C\ {-1,0} such that [(u+1)/u| > 1,

1 1
wt (1= (u/(u+1))"*!

1 & /k k
()R
1& kil
:;§)<k+ﬂ><u:‘-1>+

k+ u)t u N\ k+l
=_Z< #) <u+1>

o L+ 1)

(u+1)" =

(4.14)

1& u k+1
= - kzzéh#(k +b,a)(—)
= Sb{hﬂ('/ a)}(u)

Definition 4.7 (see [27]). Define the convolution of two functions f, g : N, — R by
t
(fxg)(t):=> f(r)glt—r+a) forteN,. (4.15)

Lemma 4.8. Let f,g: N, — R be of exponential order r > 0. Then for all u € C\ {-1,0} such that
[(u+1)/u|l>r,

Sa{f * g}w) = (u+1)Sa{f} (w)Sa{g}w). (4.16)
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Proof. Since

1 & k+1
Sulf+8l@ =4 2 (157) Fre)k+a)
1& 1 k+a
= % (u ) Zf(r)g((k +a)-r+a) (4.17)
1 & k k+1
=;k§§(u’il) fr+a)gk-r+a),

the substitution 7 = k — r yields

Su{f * g}(u) = %i i ( u >T+r+1f(r s @)g(r+ a)

7=0 r=0 u+1l
~n(GE G o) (GE G Tea)

forallu € C\ {-1,0} such that |(u+1)/u| > r. O

Theorem 4.9. Suppose f : N, — Ris of exponential order r > 1 and let v > 0 with N -1 <v < N.
Then for all u € C\ {-1,0} such that |(u+1)/u| > r,

Saﬂ,{A;”f}(u) =(u+ l)vSa{f}(u), (4.19)
S AT w g
a+v—N{ a f}(”) = m a{f}(u)' (4.20)

Proof. First note that the shift formula (4.5) implies that for all u € C\ {-1,0} such that
[((u+1)/u|>r,

S n (87100 = L3 (LY Az kv a vy N)

o u+1l
N-
= (7) el 8200+ %kﬂ ) Al f s avy-N) (42D

= () a7 F ) ),
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taking N zeros of A" f into account. Furthermore, by (4.9), (4.15), and (4.16),

(-2 >k+1A;"f(k +a+v)

Mis

San (82"} @) =

P u+1l
1L u \FE (k+a+v-o@r)
_Zkgo<u+1> =~ r'(v) f(r)
+1 k+a
_ %Z (ujl)k 'S fhya((k +a) -1 +a,a-(v-1))
k=0 r=a
o . (4.22)
= S () b a- 1) (k4 )
k=0
=Sa{f *hy1(,a— (v=-1))} (u)
= (u+DSe{f}w)Sa{hya(,a— (v -1))}
= (w+1)(u+1)""Se{f} (w)
= (u+1)"Sa{f}(w).
Then we obtain
_ u \N _
Saw-N {82 F}0) = (5) Sam (AL} (W)
N (4.23)
= mga{f}(u)-
O

Theorem 4.10. Suppose f : N, — Ris of exponential order r > 1 and let v > Qwith N-1 <v < N.
Then for all u € C\ {-1,0} such that |(u+1)/u| > r,

v (u + 1)N7v = k—N A v—-N+k
SasN-v{ALF} () = u—NSa{f}(u) = D U NAYNE f(a+ N - ). (4.24)
k=0

Proof. Let f,r,v,and N be as in the statement of the theorem. We already know from Theorem
3.8 in [28] that (4.24) holds when v = N, that is,

N-1
Sa{ANf}(u) - uiNSa{f}(u) - kzo ukN AR £ (a). (4.25)
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If N-1<v<N,then0< N -v <1 and hence it follows from (3.6), (4.19), and (4.25) that

Sarn-v{A2F} (1) = Saono{ AN AN ()

1 -1

_ u_NSa+N—V{A;(N_V)f}(u) _ 2 uk—NAkA;(N—V)f(a +N - V) (426)
N-v —
- ) - 3 N AN @ N =)
k=0
O

In the following theorem the Sumudu transform of the Caputo fractional difference
operator is presented.

Theorem 4.11. Suppose f : N, — Ris of exponential order r > 1 and let v > Qwith N-1 <v < N.
Then for all u € C\ {-1,0} such that |(u+1)/u| >r,

N-v N-1
Su+N—v{CAZf}(u) = % [Su{f}(u) - ukAkf(a)]. (4.27)
k=0

Proof. Let f,r,v, and N be as in the statement of the theorem. We already know from (4.25)
thatov = N, (4.27) holds. If N-1 <v < N, then 0 < N —v < 1 and hence it follows from (4.19)
and (4.25) that

Saen-v{ CALF L) = Saenn { AT AN | ()
= (u+ 1)N‘”Sa{ANf} (1) (4.28)

_ ()™

N-1
N [Sa{f}(u) - ukAkf(a)]-
k=0

Lemma 4.12. Let f : N, — R be given. For any p € Ngand v > 0 with N -1 <v < N, one has

CAVPF(t) = CAYAPF(t)  for t € NN o (4.29)
Proof. Let f, v, N, and p be given as in the statement of the lemma. Then

CAZ+Pf(t) — A;(N+p_v_P)AN+pf(t)
= AN ANAPF (1) (4.30)
=CAVAPF (D).
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Corollary 4.13. Suppose f : N, — Ris of exponential order r > 1, v > Qwith N -1 <v < N and
p € No. Then for allu € C\ {-1,0} such that |(u+1)/ul > r,

v (u+ 1)N v N+p-1
Su+N—v{ +pf} W (u) - kAkf(a) . (4.31)
Proof. The proof follows from (4.25), (4.27), and (4.29). O

5. Applications

In this section, we will illustrate the possible use of the discrete Sumudu transform by
applying it to solve some initial value problems. The following initial value problem was
solved in Theorem 23 in [27] by using the Laplace transforms.

Example 5.1. Suppose f : N; — R is of exponential order r > 1 and letv > 0 with N -1 < v <
N. The unique solution to the fractional initial value problem

AZH}—Ny(t) = f(t)/ te Na

(5.1)
Afy(a+v-N)=A;, ke{0,1,...,N-1}, A, eR
is given by
N-1
yt) = Y ap(t—a) N AT F(t), €Ny n, (5.2)
k=0
where
v—N+k k k-p i
_ +v Ny(a) _ (_1)] o M(k) (k —p)
“"‘r(v+k N+1)‘§0]§0—k! (k=7) p j Ap (5.3)

fork e {0,1,..., N -1}.

Proof. Since f is of exponential order r, then S,{ f}(u) exists for all u € C\ {-1,0} such that
|(u+1)/u| > r. So, applying the Sumudu transform to both sides of the fractional difference
equation in (5.1), we have for all u € C \ {-1,0} such that |(u+1)/u| > r,

Sa{ AL, NV} (W) = Sa{f} (). (5.4)

Then from (4.24), it follows

N-v N-1
g sy} — 3% VAN y(a) =, £ ) 55
k=0
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and hence
_ uN & k AV- N+k
Su+v—N{y}(u) - (u + 1)N Z (u 1)N v a+v Ny( ) (56)
By (4.20), we have
uN
mga{f}(u) = Saw-N{AZ f}(w). (5.7)

Considering the terms in the summation, by using the shifting formula (4.5), we see that for
eachk € {0,1,...,N -1},

uk
(u+ )N
= <ﬁ>k(u+ 1)V+k—N
- (Jﬁ 1>kSa+"+k‘N{hv+k—N(’/ a)}(u) (5.8)
1 k=t u i+l )
= Saiv-N{hvsk-n (-, @) } (1) - o % <u " 1) hyik-n(i+a+v—N,a)

= Sarv-N{hvik-n (-, a) } (1)
since

(i +v— NN

Tv+k-N+1)

~ Fi+v-N+1) (5.9)
T Ti-k+DI(v+k-N+1)

hyi-N(i+a+v—N,a) =

=0

forie {0,...k—-1}.
Consequently, we have

N-1
u+v N{ }(u) a+v—N { A;vf} (u) + Z +1],\I+Nky(a)Sa+v N{hv+k—N(’r (1) } (u)
= (5.10)

N-1
=ga+,,_N{ S ANy (@) v N () + A, f}(u)

k=0
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Since Sumudu transform is a one-to-one operator (see [28, Theorem 3.6]), we conclude that
fort € NgivonN,

N-1
y(t) = Y AV NS y(@hyaon(t a) + A f(1)
k=0

(5.11)
& AnRy@ SN
- k_O<F(V+k N+1)>(t_a)+Aa (),
where
N+k k p
_Bawny@ _ ANk k—p> ‘ B
T(v+ k- N+1)‘§,§ k! (k-J) <p)< j )Ayarv=N), (5.12)
(see [27, Theorem 11]). =

Example 5.2. Consider the initial value problem (5.1) with the Riemann-Liouville fractional
difference replaced by the Caputo fractional difference.

CAZH} Ny(t) = f(t)/ te Na/

A*y(a+v-N)=A;, ke{0,1,...,N-1}, Ay €R.

(5.13)

Applying the Sumudu transform to both sides of the difference equation, we get for
allu e C\ {-1,0} such that [(u+1)/u| > r,

Se{CAL, ¥} () = Sa{f} ). (5.14)
Then from (4.27), it follows

(u+ DN

—~ [N J(w) - Zu"Ak] Sa{ f} (). (5.15)

By (4.20), we have

7

Uk Ay + LN_VSa{f}(u)

Sa+v-N {y} (u) = (u N 1)

I

(5.16)

zZ
L

uF Ak + Sav-n { A} (w).
0

P
Il

Since from [28], we have

So{tt}(u) = nlu", neNy, (5.17)
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hence

N-1 k
t—a-v+N)= Z
y(t) = % Ak% + A f(b). (5.18)
Remark 5.3. The initial value problem (5.1) can also be solved by using Proposition 15 in [12].

Example 5.4. Consider the initial value problem

CAY () -CAY, y()=0, teN,
o ! (5.19)
Afy(a+v-N) = Ay, ke{01}), A eR,

where 0 < v < 1. Applying the Sumudu transform to both sides of the equation and using
(4.31) and (4.27), respectively, we get

u+ 1) u+ 1)
( u2) [Saﬂ’*l{y}(”) - Ap - uAl] - Q [Saw,l{y}(u) - AO] =0. (5.20)
Hence we get
Aq
Sarv-1{y}(u) = (Ag— Aq) + T (5.21)
Since from [28], we have
¢ 1 (1+Mu
So{ 1+ ) ) = g for || <1, (5.22)
then
y(t) = (Ag— Ay) + A2 (5.23)
References

[1] A. A. Kilbas, H. M. Srivastava, and J. J. Trujillo, Theory and Applications of Fractional Differential Equa-
tions, vol. 204 of North-Holland Mathematics Studies, Elsevier Science, Amsterdam, The Netherlands,
2006.

[2] S. G. Samko, A. A. Kilbas, and O. I. Marichev, Fractional Integrals and Derivatives—Theory and
Applications, Gordon and Breach Science Publishers, Linghorne, Pa, USA, 1993.

[3] 1. Podlubny, Fractional Differential Equations, vol. 198 of Mathematics in Science and Engineering,
Academic Press, San Diego, Calif, USA, 1999.

[4] R. L. Magin, Fractional Calculus in Bioengineering, Begell House Publisher, Redding, Conn, USA, 2006.

[5] B.J. West, M. Bologna, and P. Grigolini, Physics of Fractal Operators, Institute for Nonlinear Science,
Springer, New York, NY, USA, 2003.

[6] N. Heymans and I. Podlubny, “Physical interpretation of initial conditions for fractional differential
equations with Riemann-Liouville fractional derivatives,” Rheologica Acta, vol. 45, pp. 765-771, 2006.



16 Abstract and Applied Analysis

[7] K. S. Miller and B. Ross, “Fractional difference calculus,” in Proceedings of the Univalent Functions,
Fractional Calculus, and Their Applications, pp. 139-152, Nihon University, 1989.

[8] F. M. Atici and P. W. Eloe, “A transform method in discrete fractional calculus,” International Journal
of Difference Equations, vol. 2, no. 2, pp. 165-176, 2007.

[9] E M. Atici and P. W. Eloe, “Initial value problems in discrete fractional calculus,” Proceedings of the
American Mathematical Society, vol. 137, no. 3, pp. 981-989, 2009.

[10] E M. Atic1 and P. W. Eloe, “Discrete fractional calculus with the nabla operator,” Electronic Journal of
Qualitative Theory of Differential Equations, no. 3, pp. 1-12, 2009.

[11] T. Abdeljawad and D. Baleanu, “Fractional differences and integration by parts,” Journal of
Computational Analysis and Applications, vol. 13, no. 3, pp. 574-582, 2011.

[12] T. Abdeljawad, “On Riemann and Caputo fractional differences,” Computers & Mathematics with
Applications, vol. 62, no. 3, pp. 1602-1611, 2011.

[13] G. K. Watugala, “Sumudu transform: a new integral transform to solve differential equations and
control engineering problems,” International Journal of Mathematical Education in Science and Technology,
vol. 24, no. 1, pp. 3543, 1993.

[14] G. K. Watugala, “The Sumudu transform for functions of two variables,” Mathematical Engineering in
Industry, vol. 8, no. 4, pp. 293-302, 2002.

[15] M. A. Asiru, “Sumudu transform and the solution of integral equations of convolution type,”
International Journal of Mathematical Education in Science and Technology, vol. 32, no. 6, pp. 906-910,
2001.

[16] M. A. Asiru, “Further properties of the Sumudu transform and its applications,” International Journal
of Mathematical Education in Science and Technology, vol. 33, no. 3, pp. 441-449, 2002.

[17] F.B.M. Belgacem, A. A. Karaballi, and S. L. Kalla, “Analytical investigations of the Sumudu transform
and applications to integral production equations,” Mathematical Problems in Engineering, no. 3-4, pp.
103-118, 2003.

[18] F. B. M. Belgacem and A. A. Karballi, “Sumudu transform fundemantal properties investigations and
applications,” Journal of Applied Mathematics and Stochastic Analysis, vol. 2006, Article ID 91083, 23
pages, 2006.

[19] A. Kiligman and H. Eltayeb, “On the applications of Laplace and Sumudu transforms,” Journal of the
Franklin Institute, vol. 347, no. 5, pp. 848-862, 2010.

[20] E B. M. Belgacem, “Introducing and analysing deeper Sumudu properties,” Nonlinear Studies, vol. 13,
no. 1, pp. 23-41, 2006.

[21] F. Jarad and K. Tas, “Application of Sumudu and double Sumudu transforms to Caputo-Fractional
dierential equations,” Journal of Computational Analysis and Applications, vol. 14, no. 3, pp. 475483,
2012.

[22] Q. D. Katatbeh and E. B. M. Belgacem, “Applications of the Sumudu transform to fractional
differential equations,” Nonlinear Studies, vol. 18, no. 1, pp. 99-112, 2011.

[23] M. Bohner and G. Sh. Guseinov, “The h-Laplace and g-Laplace transforms,” Journal of Mathematical
Analysis and Applications, vol. 365, no. 1, pp. 75-92, 2010.

[24] S. Hilger, “Analysis on measure chains—a unified approach to continuous and discrete calculus,”
Results in Mathematics, vol. 18, no. 1-2, pp. 18-56, 1990.

[25] M. Bohner and A. Peterson, Dynamic Equations on Time Scales, Birkhduser, Boston, Mass, USA, 2001.

[26] M. Bohner and A. Peterson, Advances in Dynamic equations on Time Scales, Birkhduser, Boston, Mass,
USA, 2003.

[27] M. T. Holm, The theory of discrete fractional calculus: development and application [Ph.D. thesis], 2011.

[28] E Jarad, K. Bayram, T. Abdeljawad, and D. Baleanu, “On the discrete sumudu transform,” Romanian
Reports in Physics. In press.



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



