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Abstract: In this paper, based on fixed entropy, the adiabatic equation of state in fractal
flow is discussed. The local fractional wave equation for the velocity potential is also
obtained by using the non-differential perturbations for the pressure and density of fractal
hydrodynamics.
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1. Introduction

The classical wave equation [1] is an important partial differential equation in the fields of acoustics,
gravitation, chemistry, geophysics, electromagnetism and fluid dynamics. There are some physical wave
types with examples of occurrence, such as acoustic, chemical, electromagnetic, gravitational, seismic,
traffic flow and water waves. The description of the propagation of acoustic waves in the medium have
been widely investigated; see e.g., [2,3]. The theory of the chemical waves was developed in [4,5]. The



Entropy 2014, 16 6255

electromagnetic waves were reported by Rice [6] and Smith et al. [7]. The mathematical models of
gravitational waves can be seen in [8,9], and the theory of seismic waves in geophysics was addressed
in [10,11]. The kinematic waves of traffic flow were analyzed in [12–14], and the wave propagation
analysis in water waves was reported in [15–17].

Recently, the theory of fractional calculus has successfully found many applications in the areas of
physics and engineering [18,19]. The fractional wave equation was utilized to describe some crucial
characteristics of the wave equation for a vibrating string with a differentiable term; see [20–24]
and the references therein. The field equations for fractal media were considered to describe the
hydrodynamic [25], electromagnetic [26] and magneto-hydrodynamic [27] behaviors of flows and the
generalized Navier–Stokes equations for non-integer dimensional space [28]; also, see [29–31].

The framework of continuum mechanics of fractal media defined on Cantor sets was first proposed
in references [32,33]. Differing from the former, the local fractional vector calculus was used to
investigate the partial differential equations arising in mathematical physics [34–37]. For a review of
this topic, we refer the reader to the results [38–41]. The local fractional wave equation was applied to
present the fractal characteristics of the wave equation for a vibrating string with the non-differentiable
terms [42–44] and the fractal waves on shallow water surfaces [45]. The aim of the present paper is to
study linear and nonlinear wave equations under fixed entropy arising in hydrodynamics. This article is
structured as follows. In Section 2, the basic theory of local fractional vector calculus is introduced. In
Section 3, the local fractional linear wave equation in hydrodynamics is presented. In Section 4, the local
fractional nonlinear wave equation is suggested. Finally, Section 5 is devoted to the main conclusions.

2. Local Fractional Vector Calculus

In this section, some definitions of local fractional vector derivative and integrals [26–28], which
appear in the manuscript, are introduced.

Local fractional gradient of the scale function ϕ is [36]:

∇αϕ = lim
dV (γ)→0

 1

dV (γ)

∫∫
©
S(β)

ϕdS(β)

 , (1)

where S(β) is its bounding fractal surface and V is a small fractal volume enclosing P , and the local
fractional surface integral is given by [34–37]:∫∫

u (rP ) dS(β) = lim
N→∞

N∑
P=1

u (rP )nP∆S
(β)
P , (2)

with N elements of area with a unit normal local fractional vector nP , ∆S
(β)
P → 0 as N → ∞ for

γ = 3
2
β = 3α.

The local fractional divergence of the vector function u is defined through [36]:

∇α • u = lim
dV (γ)→0

 1

dV (γ)

∫∫
©
S(β)

u • dS(β)

 , (3)
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where the local fractional surface integral is given by [34–36]:∫∫
u (rP ) · dS(β) = lim

N→∞

N∑
P=1

u (rP ) · nP∆S
(β)
P , (4)

with N elements of area with a unit normal local fractional vector nP , ∆S
(β)
P → 0 as N → ∞ for

γ = 3
2
β = 3α.

3. The Local Fractional Linear Wave Equation

In this section, we discuss the local fractional linear wave equation under the fixed entropy. Let us
consider the hydrodynamic equations arising in an ideal fluid.

The equation for the conservation of mass in fractal flow reads [36,37]:

∂αρ

∂tα
+∇α · σ = 0, (5)

where the fractal density denotes ρ (x, t) and the fractal flux denotes σ (x, t) = ρ (x, t) υ (x, t).
Cauchy’s equation of motion of flows on Cantor sets was suggested as: [37]

ρ
Dαυ

Dtα
= −∇αp (ρ) + ρb, (6)

where Dαυ
Dtα

= ∂αυ
∂tα

+ υ · ∇αυ.
From (6), making b = 0 and ∇αυ = 0, the linear local fractional Euler equation arising in

hydrodynamics is suggested as:

ρ
∂αυ

∂tα
+∇αp (ρ) = 0. (7)

We present the small perturbations for the pressure and density of hydrodynamics, namely,

p = p0 + p̃, (8)

ρ = ρ0 + ρ̃. (9)

Using (5), (7), (8) and (9), we obtain:

∂αρ̃

∂tα
+∇α · σ = 0, (10)

and
ρ0
∂αυ

∂tα
+∇αp̃ (ρ) = 0, (11)

where the adiabatic equation of state in fractal flow is given as:

p (r, t) = p0 +
ρ̃α (r, t)

Γ (1 + α)

[
∂αp

∂ρα

]
s

+O (ρα) , (12)

with the constant entropy s.
Define the quantity:

c2 =

[
∂αp

∂ρα

]
s

, (13)
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then from (12), we have:

p (r, t) = p0 +
ρ̃α (r, t)

Γ (1 + α)
c2 +O (ρα) . (14)

Hence, the linear equations in fractal flow reads as:

∂αρ̃

∂tα
+ ρ0∇α · υ = 0, (15)

ρ0
∂αυ

∂tα
+∇αp̃ (ρ) = 0, (16)

p̃ = ρ̃c2. (17)

Following (15) and (16), we obtain:

∂α

∂tα

(
∂αρ̃

∂tα
+ ρ0∇α · υ

)
= ∇α ·

(
ρ0
∂αυ

∂tα
+∇αp̃ (ρ)

)
, (18)

which leads to:
∂2αρ̃

∂t2α
= ∇2αp̃ (ρ) , (19)

where∇2α = ∇α · ∇α [36,37].
Submitting (17) into (19) gives the local fractional wave equation:

∇2αp̃ (ρ)− 1

c2

∂2αp̃

∂t2α
= 0. (20)

If the density ρ is not independent of t, then we obtain the local fractional wave equation:

ρ∇α ·
(

1

ρ
∇αp

)
− 1

c2

∂2αp

∂t2α
= 0. (21)

The local fractional wave equation for the particle velocity also is suggested as:

1

ρ
∇α
(
c2ρ∇α · υ

)
− ∂2αυ

∂t2α
= 0, (22)

or

∇α
(
c2∇α · υ

)
− ∂2αυ

∂t2α
= 0. (23)

Define the local fractional velocity potential:

υ = ∇αϕ. (24)

Submitting (24) into (23), we obtain:

∇α

(
c2∇2αϕ− ∂2αϕ

∂t2α

)
= 0, (25)

which reduces to the local fractional wave equation for the velocity potential:

c2∇2αϕ− ∂2αϕ

∂t2α
= 0. (26)
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For a semi-infinite fractal string with a fixed end, the local fractional linear wave equation in the
one-dimensional case can be written as [43,44]:

∂2αϕ

∂x2α
− ∂2αϕ

∂t2α
= 0, (27)

with the initial value conditions:

ϕ (0, t) = γ (t) ,
∂αϕ

∂tα
= κ (t) , (28)

and the boundary value conditions:

u (x, 0) = f (x) ,
∂αu (x, 0)

∂xα
= g (x) . (29)

4. The Local Fractional Nonlinear Wave Equation

In this section, we present the local fractional nonlinear wave equation under fixed entropy arising in
fractal hydrodynamics.

In view of (6), making b = 0 the local fractional Euler equation is presented as:

ρ
∂αυ

∂tα
+∇αp (ρ) + ρυ · ∇αυ = 0. (30)

The adiabatic equation of state reads as:

p (r, t)

= p0 + ρ̃α(r,t)
Γ(1+α)

[
∂αp
∂ρα

]
s

+ ρ̃2α(r,t)
Γ(1+2α)

[
∂2αp
∂ρ2α

]
s

+O (ρ2α)

= p0 + ρ̃α(r,t)
Γ(1+α)

c2 + 2cρ̃2α(r,t)
Γ(1+2α)

[
∂αc
∂ρα

]
s

+O (ρ2α)

≈ p0 + ρ̃α

Γ(1+α)
c2,

(31)

where s is the fixed entropy, and the speed of fractal sound in an ideal fluid is:

c =

√[
∂αp

∂ρα

]
s

. (32)

From (6) and (30), we get:

∂α

∂tα

[
∂αρ̃

∂tα
+∇α · (ρυ)

]
= ∇α ·

(
ρ
∂αυ

∂tα
+∇αp (ρ) + ρυ · ∇αυ

)
, (33)

which refers to:

∂2αρ̃

∂t2α
+∇α ·

[
∂α (ρυ)

∂tα

]
= ∇α ·

(
ρ
∂αυ

∂tα
+∇αp (ρ) + ρυ · ∇αυ

)
, (34)

Making use of (34), we give:

∂2αρ̃

∂t2α
+∇α ·

(
ρ∂αυ

∂tα
+
υ∂αρ

∂tα

)
= ∇α ·

(
ρ
∂αυ

∂tα
+∇αp (ρ) + ρυ · ∇αυ

)
, (35)
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which leads to:
∂2αρ̃

∂t2α
+∇α ·

[
υ∂αρ

∂tα

]
= ∇α · (∇αp (ρ) + ρυ · ∇αυ) . (36)

Setting:

∇α ·
[
υ∂αρ

∂tα

]
= 0, (37)

from (36), we obtain:
∂2αρ̃

∂t2α
= ∇α · (∇αp (ρ) + ρυ · ∇αυ) . (38)

In view of (5), we write (38) as:

∂2αρ̃

∂t2α
= ∇2αp+∇2α (ρυ · υ) . (39)

Using (31), we have:

∇2αp = ∇2α

(
p0 +

ρ̃α

Γ (1 + α)
c2

)
, (40)

which leads to:

∇2αp = ∇2α

(
c2

Γ (1 + α)
ρ̃α
)
. (41)

In view of (39), we write:

∇2α (ρυ · υ) ≈ 1

ρ0

∇2αc2
(
ρ̃2α
)
. (42)

From (39), we obtain:
∂2αρ̃

∂t2α
= ∇2α

(
c2

Γ (1 + α)
ρ̃α
)

+
1

ρ0

∇2αc2
(
ρ̃2α
)
. (43)

Making φ = ρ̃α

ρ0
, from (39), we have:

ρ0
∂2αφ

∂t2α
= ρ0∇2αc2

(
φ

Γ (1 + α)
+ φ2

)
, (44)

which reduces to the local fractional nonlinear wave equation:

∂2αφ

∂t2α
= ∇2αc2

(
φ

Γ (1 + α)
+ φ2

)
. (45)

If the fractal dimension α is one, then (45) can be written as: [46]

∂2φ

∂t2
= ∇2c2

(
φ+ φ2

)
. (46)

The local fractional nonlinear wave equation (45) can be written as:

∂2αφ

∂t2α
= η∇2αφ+ µφ∇2αφ, (47)

where η = c2

Γ(1+α)
and µ = 2c2.

Following (47), we have the local fractional nonlinear wave equation in the one-dimensional case:

∂2αφ

∂t2α
= η

∂2αφ

∂x2α
+ µφ

∂2αφ

∂x2α
(48)
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subject to the initial-boundary value conditions:

φ (0, t) = γ (t) ,
∂αφ

∂tα
= κ (t) , (49)

φ (x, 0) = f (x) ,
∂αφ (x, 0)

∂xα
= g (x) . (50)

5. Conclusions

In this work, the linear and nonlinear wave equations in hydrodynamics via the local fractional vector
calculus are derived using the non-differential perturbations for the pressure and density of the fractal
hydrodynamics; both the local fractional linear and nonlinear wave equations for the velocity potential
under fixed entropy are obtained, and the local fractional linear and nonlinear wave equations in the
one-dimensional case are also discussed.
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