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A common fixed point theorem for generalized (¢, ¢, L) ,-Weak contraction ina metric space is established. As an application, some
common fixed point results in normed linear spaces are obtained. We also study some results on best approximation via common
fixed point theorems. Our result improves some results from the existing literature. Some illustrative examples to highlight the

realized improvements are also furnished.

1. Introduction

Let (X, d) be a metric space. A mapping T : X — X is said
to be contraction if there exists 0 < k < 1 such that for all
x,y€eX

d(Tx,Ty) < kd(x,y). (1)

If the metric space (X,d) is complete, then the mapping
satisfying (1) has a unique fixed point. This is known as the
Banach contraction principle and is one of the significant
results in nonlinear analysis. Inequality (1) also implies the
continuity of T.

Due to its importance and usefulness, generalizations of
the above contraction principle have been a very active field
of research for the last four decades (see, e.g., [1-27]).

In 1997, Alber and Guerre-Delabriere [1] introduced the
concept of weakly contractive mappings and proved the
existence of fixed points for weakly contractive mappings in
Hilbert spaces. Thereafter, Rhoades [2] assumed ¢-weakly
contractive mappings T' : X — X which satisfies the
condition

d(Tx,Ty) <d (x,y) - ¢(d (x.y)), (2)

where x,y € X and ¢ : [0,00) — [0,00) is a continuous
and nondecreasing function such that ¢(¢t) = 0 if and only

if t = 0 and shows that most of the results of Alber and
Guerre-Delabriere [1] are still true in Banach spaces. If one
takes ¢(t) = kt, where 0 < k < 1, then (2) reduces to (1).

Recently, Zhang and Song [3] used the generalized ¢-
weak contraction and proved the following result.

Theorem 1 (see [3]). Let (X, d) be a complete metric space and
letT: X — X beamap such that forall x, y € X

d(Tx,Ty) < M (x,y) = ¢ (M (x,y)), (3)

where ¢ : [0,00) — [0,00) is a lower semicontinuous
function with ¢(t) > 0 fort € (0, 00) and ¢(0) = 0,

M (x, y) = max {d (x,y),d (Tx,x),d (Ty, y),
(4)
1
Sl (1) +d (x|

Then there exists the unique point u € X such that u = Tu.

Further, using the control function defined by Khan et al.
[4], the above result has been generalized by many authors
(see [5-7]). On the other hand, Berinde [8] introduced the
notion of (k, L)-weak contraction and proved that many well-
known contractive conditions do imply (k, L)-weak contrac-
tion. The concept of (k, L)-weak contraction does not ask k+L



to be less than 1 as happens in condition (1). Afterward, many
authors study this new class of weak contraction and obtained
some significant result (see [8-12]).

Definition 2. Amap T : X — X is called generalized
(¢, §, L) 1 ,-weak contraction, if for each x, y € X

¢ (d(Tx,Ty)) < ¢ (m(x,y)) — ¢ (m(x, y)) + Lo (n(x, y)),

(5)
where f,g: X - X,L >0,
m (x, y) = max {d (fx,9y),d(Tx, fx),d (Ty, gy),
1
5 [d(gy.Tx) +d (fx, Ty)]} (e

n(x, y) = min {[d (Tx, fx) +d (Ty, gy)],
d(gy.Tx),d (fx, Ty)},

and ¢ [0,00) — [0,00) is a continuous monotone
nondecreasing function with ¢(t) = 0 if and only ift = 0
and ¢ : [0,00) — [0, 00) is a lower semicontinuous function
from right such that ¢ is positive on (0, co) and ¢(0) = 0.

If L = 0, then T is said to be generalized (¢, ¢) f g—weak
contraction. If g = f, then T is called generalized (¢, $) ;-
weak contraction. If g = f = identity map, that is, m(x, y)
coincides with M(x, y), then T is called generalized (¢, ¢)-
weak contraction which is exactly the maps studied by Doric
[5]. Again, if L = 0 and ¢(f) = t, then T is called generalized
¢,4-weak contraction which is the same as generalized (f, g)-
weak contraction investigated by Akbar et al. (see [22]) and if
¢(t) = (1-k)t for a constant k with 0 < k < 1, then T is called
generalized ( f, g)-contraction which has been introduced by
Song [21]. In Equation (5), if f = g = I (identity map), then
T is called generalized (¢, ¢, L)-weak contraction.

Remark 3. 1t is obvious that the class of generalized
(¢, $, L) ; ,-weak contraction contains the class of generalized
(@, ¢) /i g-weak contraction and hence contains the class of
generalized ¢ -weak contraction, but the converse is not
true, as shown gy Remark 30.

In this paper, we prove that there is a unique common
fixed point for generalized (¢, ¢, L) ;  -weak contractive map-
pings in a metric space. As an application, some common
fixed point results in normed linear space are obtained. We
apply these theorems to obtain some results on invariant
approximation. Our results generalize and extend the cor-
responding results of [5, 11, 12, 16-23, 28] to the class of
generalized (¢, ¢, L) ; -weak contractive maps.

2. Preliminaries

We need the following known definitions and standard
notations in the sequel.

Let M be a nonempty subset of a normed space (X, || -
). The set By (p) = {x € M : [x — pll = dist(p, M)} is
called the set of best approximants to p € X out of M, where
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dist(p, M) = inf{|ly — pll : y € M}. We denote N and cl(M)
(resp., wcl(M)) by the set of positive integers and the closure
(resp., weak closure) of a set M in X. Let f,T: M — M be
mappings. The set of fixed point of T is denoted by F(T). A
point x € M is a coincidence point (common fixed point) of
fand Tif fx = Tx (fx = Tx = x). The set of coincidence
point of fand T is denoted by C( f, T). The pair { f, T} is called

(1) commuting if fTx = Tfx for all x € M,

(2) compatible [13] if lim, _, [T fx, — fTx,| = 0 when-
ever {x,} is a sequence in M such thatlim, _,  fx, =
lim, _, . Tx, =t for somet € M,

(3) weakly compatible [14] if fTx = Tfx for all x €
C(£, 1),

(4) Banach operator pair [16] if the set F(f) is T-
invariant; that is, T(F(f)) < F(f).

Apparently, a commuting pair ( f, T) is a Banach operator pair
but not conversely. If (f,T) is a Banach operator pair, then
(T, f) need not be Banach operator pair (see [16]).

The set M is called g-star shaped with g € M if the
segment [, x] = {(1 - k)g + kx : 0 < k < 1} joining g to
x is contained in M for all x € M. The map f defined on M
is said to be (5) afline [18] if M is convex and f(kx+(1-k)y) =
kfx+(1-k)fytorallx,y € Mandk € [0, 1] and (6) g-affine
[18] if M is g-star shaped and f(kx+(1-k)q) = kfx+(1—-k)q
forall x € M and k € [0, 1].

Suppose that M is g-star shaped with g € F(f) andis both
T-and f-invariant. Then T and f are called

(1) C,;-commuting [18] if fTx =Tfxforallx € Cq(f, T),
where Cq(f, T) = UIC(£,T}) : 0 < k < 1}, where
T (x) = (1 -k)g+kTx,

(2) R-subweakly commuting on M [15] if, for all x € M,

there exists a real number R > 0 such that |Tfx -
fTx|l < Rdist(fx, [q, Tx]).

Definition 4. Amap T : M — X is said to be demiclosed
at 0 € X if whenever {x,} is a sequence in M such that {x,}
converges weakly to x € M and {Tx,} converges strongly to
0; then Tx = 0.

Definition 5. A Banach space X is said to satisfy Opial’s
condition if whenever {x,} is a sequence in X such that {x,}
converges weakly to x € X; the inequality

lim inf |x, x| <lim inf |x,- ] )

holds for all y # x. Every Hilbert space and the space [, (1 <
P < 00) satisty Opial’s condition.

Lemma 6. If lim,_, ., d(y,.1,,) = 0 and {y,,} is a Cauchy
sequence, then {y,} is also a Cauchy sequence.

Proof. Since {y,,} is a Cauchy sequence, we have that, for a
given € > 0, there is a n; > 0 such that for every n,m > n, we
have d(y,,,, Vo) < €/3. Also, since lim, |, d(¥,,1,¥,) = 0
we have that, given € > 0, there is an; > 0 such that, for every
n,m > ny, d(y,,1,¥,) < €/3. Now, suppose m,n > m, =
max{n,, n, }; then we have three possibilities.
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(a) If m and n are both even numbers, let m = 2k, n = 2s;
then d(y,,, ¥,,) = d(Vor> ¥25) < €/3 < &.

(b) If mis even and n is odd, let m = 2k, n = 2s + 1; then
by the triangle inequality d(y,,, ,) < d(¥,» Vi) +

AWi1> Yu) = Ao Vasia) + d(Vag25 Yas1) < €/3 +
e/3=2¢/3<e.

(c) If m,n are both odd numbers, let m = 2k+1, n
2s + 1; then using the previous estimate d(y,,, y,,)

IA I

AWars1> Vass1) < AVaats Yasa) + A(Vagins Yaser)
2¢/3+¢/3 =¢.
Therefore {y,} is Cauchy. O
3. Main Results

The following result extends and improves Theorem 2.2 of [5],
Theorem 2.4 of [11], Theorem 2.1 of [12], and Theorem 2.1 of
(18].

Theorem 7. Let M be a nonempty subset of a metric space
(X,d) and f,g, and T are self-mappings of M such that
c(T(M)) € f (M)Ng(M). Assume that cl(T(M)) is complete
and T is generalized (¢, §, L) ; -weak contraction. Then the
pairs (T, f) and (T, g) have a unique point of coincidence in
M. Also, if the pairs (T, f) and (T, g) are weakly compatible,
then M N F(T) N F(f) N F(g) is singleton.

Proof. Let x, € M be an arbitrary point. Since cl(T'(M)) <
f(M) N g(M), we can choose a point x; € M such that y, =
Tx, = fx,.Similarly a point x, € M can be chosen such
that y, = Tx, = gx,. Continuing this process, we obtain
a sequence {y,} in M such that y,, = Tx,, = fx,,,; and
Vo1 = IXypi1 = gXgpy, for every m > 0. If, for some n,
Vome1= Vo> then {y,} turns out to be a constant sequence and
hence it is Cauchy. Now suppose that y,,.; # V5,

Using the fact that T is generalized (¢, ¢, L) -weak

contraction, for each n > 0, we have

@ (d (Vansr> Y2n) = 9 (d (Txp41, Tx,,))
< @ (m (X001, %31)) = b (M (X311 X))

+ Lq) (l’l (x2n+l’ x2n)) ’
(8)

where
m (x2n+1’ xZn)

= max Jld(fo,,H, g'xZn)’ d(Tx2n+1’ Sfxona )’ d(wa ngn) >

2 (g% T0) +d (F T}
1 (Xone1> X2)
= min {[d (Txy,1, fXop01) +d (T g%)] 5
d (g% Txope1) A (11> T )}

3
= min {[d (¥241> Yan) + d (V2> Yan-1)]
d (Yan-1> Yonr1) 0} = 0.
)
Since ¢(0) = 0, therefore we have
@ (d (21> Yan)) < @ (M (X515 X20)) = b (M (X115 %3)) -
(10)
This implies
@ (d (ane1> Y20)) < @ (m (X211, %30)) - (1)

As ¢ is a nondecreasing function, therefore for each n > 0 we
have

d (Yans1> You) <M (Xg415 Xo) - (12)
Now from the triangle inequality for d we have

m (x2n+l’x2n)

= max {d(fx2n+1’ngH)’d(TerHl’fx2n+1)’d(Tx2n’gx2n)’
1
5 [d (ngn’ Tx2n+1) +d (fx2n+1’ szn)]}

= max {d ()’2n> J’zn—l) ,d ()’2n+1> J’Zn) ,d ()’271’ yZn—l) >
1
5 [d (Yan-1> Yane1) +d ()’2n7)’2n)]}

< max {d (Y Yan1) >@ (Vansrs Yon) »
1
S 1A G 720) 4 G )1}

(13)

If d(yaper> Y2n) > AV Y2u1)> then mlxy, 1, x,5,) =
A(Vans1> Yan) > 0. It furthermore implies that

@ (d (Vans1> Y20)) < @ (d (Y2pe1> Y20)) = ¢ (d (V2> }Vzn)()l;l)

This is a contradiction; therefore we have

d (Yans1> Yan) <M (Xgpi1> %2) < A (Vo Y1) - (15)

Similarly, it can be shown that
A (Yo Yan-1) S M (X9 X5p1) <A (Vano1s Yona) - (16)
Therefore, for each n > 0, we have

d(yn+1’yn) SWl(xrﬁl’xn) Sd(yn’yn—l)' (17)

Thus, the sequence {d(y,,,> ¥,)} is monotone nonincreasing
and bounded. So there exist r > 0 such that

Jim d (Y0 y,) = imom (x,,0,%,) =7 (18)



After letting n — o0 in (10), we obtain ¢(r) < @(r) — ¢(r),
which is a contradiction unless » = 0.
Hence

Jim d (¥, y,) = 0. (19)

Because of (19) and Lemma 6, to show {y,} to be a Cauchy
sequence in M, it is sufficient to show that {y,,} is a Cauchy
in M.

Suppose not, then there exists € > 0 for which we can
find subsequences {y,,,,)} and {y,,} of {y,,} with n(k) >
m(k) > k such that, for every k, d(¥k) Yank)) = € and
A(Yamky> Yanik)-2) < €. So we have

e<d (y2m(k)’ J’zn(k))

<d (y2m(k)’ Vanky-2) + A (yZn(k)—Z’ J’zn(k)—1)

(20)
+d (yZn(k)—l’ )’Zn(k))
<e+d (y2n(k)—2’ y2n(k)—1) +d (yZn(k)—l’ y2n(k)) .
Now using (19), we have
khjgo A (Yammy> Yonik)) = € (21)

Moreover, using the known relation |d(x,z) — d(x, y)| <
d(y, z), we obtain

|d (,VZm(k)>)’zn(k>—1) -d (yZm(k)’ )’Zn(k))l <d (}’2n<k)> y2n(k)—(1)')
22

Then by using (19) and (21), we get
kh_{féo d (Yam@y Yanky-1) = €- (23)
Again from the relation

|d (yZn(k)—l’ )’zm(k)+1) -d (yZn(k)—l’ y2m(k))|

(24)
< d (Vam@yr1> Yam@e) »
using (19) and (23), we get
klingo d (Yan(o-1> Yam(iye1) = €- (25)
Now from
|d ()/zm(k)+1> y2n(k)) -d (yZm(k)H’ )’zn(k)—l)|
(26)
< d (Vanty Yan(o-1) »
using (19) and (25), we get
klingod (V21> Yantiy) = €- (27)

Again, using the fact that T' is generalized (¢, ¢, L) ; -weak
contraction, we get

¢ (d (J’zm(k)+1> yZn(k)))
=¢(d (Tx2m(k)+1’ TxZn(k)))
(28)

<o (m (%215 x2n(k))) - ¢ (m (%2m@y+1> X2n()

+Lo(n (sz(k)w x2n(k))) >
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where
m (x2m(k)+1’ x2n(k))
= max ‘{d (fom(k)H’ ngn(k)) .d (Tme(k)H’ fx2m(k)+1) >
d (TxZn(k)’ ngn(k)) ]

1
5 [d (ngn(k)’ szm(k)+1) +d(f: xzm(k)+1>Tx2n(k))]}

= max {d (y2m(k)’ )’2n(k)—1) ,d (yZm(k)H’ }’2m(k)) >
d (yZn(k)’ y2n(k)71) >
1
5 [d (yZn(k)—D y2m(k)+1) +d (yZm(k)’ y2n(k))]}
1
— max{e,O,O,E (e+e)} =€ ask — oo.

[Using (19), (21), (23),(25)]
(29)

And
1 (Xomy 1> Xan(k))
= min {[d (T2 fXompynr) + & (TXan> 9X2n10) |
d (ngn(k)’ TXomiiye1) A (FXom@e1s TxZn(k))}
= min {[d (Vamye1 Yam) + & Vantiop Yaniio-1)]
d ()’m(k)—p )’2m(k)+1) .d (,Vzm(k)> )’zn(k))}

— 0 ask— co. [Using(19),(21),(25)]
(30)
Letting k. — 00 in (28), we get
pe)<gle)-¢(e), ©))

which is a contradiction with € > 0. Thus {y,,} is a Cauchy
sequence and hence {y,} is a Cauchy sequence; therefore by
the completeness of cl(T(M))there is some z € cl(T(M)) such
that

lim y, = nh_,néoTxn = nh_{%ofxznn =z= nli_)rréogx2n+2- (32)

n— 00

Further, (T(M)) € f(M)Ng(M); therefore there exist u, v €
M such that

fu=z=gv (33)

Since T is generalized (¢, ¢, L) ; .-weak contraction, therefore
@ (d (T, fxp,1))

= ¢ (d(Tu, Txy,)) (34)

< ¢ (m(u,x5,)) = ¢ (m (w, x3,)) + Lo (n (1, x,))
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where
m (u, X,,)
= max {d (fu g3,) o (T, fu) o (T 95,
1
2 [d(gx0 Tu) +d (i T, )1 | -
n (1, x,,)

= min{[d (Tu, fu) +d (Tx, 9%5,)] >

d (gx2n’ Tu) ’ d (fu’ TxZn)} .
Now using (32) and (33), we can write

m (u, x,,) — d (Tu, z), n(u,x,,) — 0 asn— oo.

(36)
Therefore, lettingn — 0o in (34), we get
@ (d(Tu,z)) <9 (d(Tu,z)) — ¢ (d(Tu,z)). (37)

This is true only if d(Tu, z) = 0; thatis, Tu = z = fuand u is
coincidence point of T and f.

Since T is generalized (¢,¢,L) -weak contraction,
therefore

¢ (d (g%3n42, TV))
= ¢ (d (Tx34,T))

< @ (m(x201,v)) = ¢ (M (X311, v)) + Lo (1 (%341, )) »
(38)

where

m (Xos17)

= max {d (X201 9V) A (T 15 fXope1) - d (T, gv)

[d (g9 Tp0r) + d (frau TV

N | =

n (x2n+1’ V)
= min {[d (TXy1> fXop1) +d (Tv, gv)],

d (9V> Tx2n+l) N (fx2n+1’ TV)} .
(39)

Therefore, (32) and (33) imply

m(Xpuv) — d(Tv2), 1 (x,v) —0
(40)

as n — 0o.
Then, letting n — oo in (38), we obtain
@d(z,Tv) <e(d(z,Tv)-¢(d(z,Tv)). (41)

This is true only if d(T'v, z) = 0; thatis, Tv = z = gvand v is
coincidence point of T and g. Thus the pairs (T, f) and (T, g)
have a common point of coincidence in M.

If the pairs (T, f) and (T, g) are weakly compatible, then
Tz=Tfu= fTu= fzand Tz = Tgv = gTv = gz and hence
Tz = fz = gz. Now, we have to show that Tz = z.

Further, using the fact that T'is generalized (¢, ¢, L) -
weak contraction, we have

¢ (d(Tz,2)) = ¢(d(Tz,Tv))
<@ (m(z,v) - ¢ (m(z,v) + Lo (n(z,v)),

(42)
where

m(z,v)

= max {d (fz,9v),d(Tz, fz),d (Tv,gv),

S ld(gnT2) +d(f2 )}

- max {d(Tz, 2),0,0, % [d(z,T2) +d (T, z)]} (43)

=d(Tz,z2),
n(z,v)

=min{[d (Tz, fz) +d (Tv, gv)],
d(gv,Tz),d(fz,Tv)} = 0.
Then from (42), we get
¢(d(Tz,2)) < ¢ (d(Tz,2)) - ¢ (d(Tz,2)). (44)

This is true only if Tz = z which implies Tz = fz = gz = z.
Moreover, it can be easily shown that this z is unique and
hence M N F(T) n F(f) n F(g) is singleton.
If we take f = g = identity mapping in Theorem 7, then
we have the following result. O

Corollary 8. Let M be a nonempty subset of a metric space
(X,d) and let T be a self-mapping of M such that cl(T(M)) <
M. Assume that cl(T(M))is complete and T is generalized
(@, ¢, L)-weak contraction. Then M N F(T) is singleton.

Corollary 9 (see [5], Theorem 2.2). Let (X, d) be a complete
metric space and let T be a self-mapping of X. If T is generalized
(@, p)-weak contractions, then there is a unique fixed point of
T.

In Corollary 8, if ¢(t) = t and L = 0, then Theorem 1 can
be obtained as a particular case of the following result.

Corollary 10. Let M be a subset of a metric space (X,d)
and let T be a self-mapping of M such that cl(T(M)) € M.
Assume that cl(T (M)) is complete and T is generalized ¢-weak
contractions. Then M N F(T) is singleton.

Remark 11. (1) In Theorem 7, if L = 0,¢(t) = t and ¢(t) =
(1 = k)t for a constant k with 0 < k < 1, then we obtain
Theorem 2.1 of Song [21] as a particular case of Theorem 7.

(2) In Theorem 7, if L = 0,¢(t) = t and ¢(t) = (1 — k)t
for a constant k with 0 < k < 1, then for g = f = identity
map (resp., g = f) we obtain Theorem 2.4 of Berinde [11]
(resp., Theorem 2.1 of Abbas and Ili¢ [12]) as a particular case
of Theorem 7.



As an application of Corollary 8, we obtain the following
general common fixed point result.

Theorem 12. Let M be a nonempty subset of a metric
space (X,d) and T, f, and g are self-maps of M. Assume
that cl(T'(M)) is complete, T is generalized (¢, ¢, L) /i g—weak
contraction, F(f)NF(g) is nonempty, and cl(T(F(f)NF(g))) <
F(f)NF(g). Then M N F(T) N F(f) N F(g) is singleton.

Proof. (T(F(f) N F(g))) is complete by the completeness
of cI(T(M)). Also, for all x,y € F(f) n F(g), we have by
generalized (¢, ¢, L) ; ,-weak contractiveness of T

¢ (d(Tx,Ty))
<@ (m(x,9) - ¢(m(x, )+ Lo (n(x y)) (45)

=M (x,y)) = ¢(M(x,y)) + Lo (N (x,9)),

where N(x, y) = min{[d(Tx, x) + d(Ty, )], d(y, Tx), d(x,
Ty)}.

Hence T is generalized (¢, ¢, L)-weak contraction map-
pingon F(f)NF(g). Ascl(T(F(f)NF(g))) < F(f)NF(g), thus,
by Corollary 8, T has a unique fixed point z in F(f) N F(g)
and, consequently, M N F(T) N F(f) N F(g) is singleton. [

Corollary 13. Let M be a nonempty subset of a metric space
(X, d) and (T, f) and (T, g) are Banach operator pairs on M.
Assume that cl(T(M)) is complete, T is generalized (¢, ¢, L) 9"
weak contraction, and F(f) N F(g) is nonempty and closed.
Then M N F(T) N F(f) N F(g) is singleton.

Proof. Since (T, f)and (T, g) are Banach operator pairs on M,
therefore T(F(f) N F(g)) € F(f) N F(g); then by closedness
of F(f) N F(g) we have c(T(F(f) N F(g))) € F(f) nF(g). By
Theorem 12, T has a unique fixed point z in F(f) N F(g) and,
consequently, M N F(T) n F(f) N F(g) is singleton. L]

In Theorem 12, if L = 0, then we easily obtain the
following results which properly contain Theorem 3.3 of
Akbar et al. [22].

Corollary 14. Let M be a nonempty subset of a metric
space (X,d) and T, f, and g are self-maps of M. Assume
that cl(T(M)) is complete, T is generalized (¢, ¢) f’g—weak
contraction, F(f)NF(g) is nonempty, and cl(T(F(f)NF(g))) <
F(f) N F(g). Then M N F(T) N F(f) N F(g) is singleton.

In Corollary 14, if ¢(t) = t and ¢(t) = (1 — k)t for a
constant k with 0 < k < 1, then for g = f we obtain the

following result which improves Lemma 3.1 of Chen and Li
[16] and Theorem 2.2 of Al-Thagafi and Shahzad [19].

Corollary 15. Let M be a nonempty subset of a metric space
(X,d) and T, f and g are self-maps of M. Assume that
cl(T(M)) is complete, T is generalized f-contraction, F(f) N
F(g) is nonempty, and cl(T(F(f) n F(g))) < F(f) n F(g).
Then M N F(T) N F(f) N F(g) is singleton.

The following theorem properly contains Theorem 3.8
and Corollary 3.9 of Akbar et al. [22].
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Theorem 16. Let M be a nonempty subset of a normed [resp.,
Banach] space X and T, f, and g are self-maps of M. Suppose
that F(f)NF(g) is g-star shaped, cl(T(F(f)NF(g))) < F(f)n

F(g) [resp., wel(T(E(f) 1 F(g))) € F(f) N F(@)), and T, f,
and g satisfy

¢ (k[|Tx - Ty|)
< ¢ (my (x,y)) — k¢ (m, (x, ) + kLo (n, (x, y)),

forallk € (0,1) and x, y € M, where

(46)

(a) ¢ : [0,00) — [0,00) is a continuous monotone non-
decreasing function with ¢(t) = 0 if and only ift = 0,
(b) ¢ : [0,00) — [0,00) is a lower semicontinuous func-

tion from right such that ¢ is positive on (0,00) and
$(0) =0,

(c) my(x, y) = max{| fx — gyl dist(fx, [g, Tx]), dist(gy,
(g, TyD), (1/2)[dist(gy, [q, Tx]) + dist(fx, [q, TyD]},

(d) n,(x, y) = min{[dist( fx, [q, Tx]) + dist(gy, [g, Ty])],
dist(gy, [q, Tx]), dist( fx, [q, Ty])}.

Then M N F(T) n F(f) N F(g) # ¢ provided that cl(T(M))
is compact [resp., wcl(T(M)) is weakly compact] and Tis
continuous [resp., I — T is demiclosed at 0, where I stands for
identity map].

Proof. Foreachn € N,wedefine T, : F(f)NF(g) — F(f)n
F(g)byT,x = (1 -k,)g+k,Txforall x € F(f)NF(g)and a
fixed sequence of real numbers k,, (0 < k,, < 1) converging to
1. Since F(f)NF(g) is g-star shaped and cl(T'(F(f)NF(g))) <
F(f)NF(g) [resp., wel(T(F(f)NF(g))) < F(f) N F(g)], we
have (T, (F(f)NF(g))) € F(f)NF(g) [resp., wcl(T,,(F(f)N
F(g))) € F(f) n F(g)] for each n € N. Let ¢, = k, ¢ and
L, = k,L. Then by using (46), for all x, y € F(f) N F(g), we
have

¢ (|Tx - T,y|)
=9 (kn ”Tx - Ty")
< @ (my (%, y)) =k, b (my (x, y)) + kLo (n, (x, )

=@ (my (x,9)) = ¢, (m (x, ) + Lo (n, (x,9)),
(47)

where
m (x, Y)

= max { | fx - gyl dist (fx, (9. Tx]), dist (93, [4, Ty]),

% [dist (gy, [¢, Tx]) + dist ( fx, [g, T)’])]}

< max { ||fx - gy| ) "fx - Tnx" > “g)’ - Tn)’” ’

1
5 llgy =Tl + |- Tl
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ny (%, )
= min {[dist (fx, [g, Tx]) + dist (g, 9. Ty])]»
dist (gy, (9, Tx]). dist (fx, [q, Ty])}
< min {[]| fx — T,x| + gy - T,y[]

lgy = Tux|| . | fx = Ty} -
(48)

Clearly, ¢, : [0,00) — [0,00) is a lower semicontinuous
function from right such that ¢, is positive on (0, co0) and
¢,0) = 0and L, > 0. Thus, for each n € N,T, is
generalized (¢, ¢,,L,) f g—weak contraction. As cl(T'(M)) is
compact [resp., wcl(T'(M)) is weakly compact], therefore,
for each n € N, cl(T,(M)) is compact [resp., wcl(T,(M))
is weakly compact]. Thus, cI(T,(M)) [resp., wcl(T, (M))] is
complete for each n € N. By Theorem 12, for each n > 1, there
exists {x,} in M such that x, = f(x,) = g(x,,) = T, (x,).

Again the compactness of cl(T'(M)) implies that there
exists a subsequence {T'x,,} of {Tx,} such that Tx,, — z €
c(T(M)). Since {Tx,,} is a sequence in T(F(f) N F(g)) and
(T(F(f)NF(g))) < F(f)NF(g), therefore z € F(f)NF(g).
Moreover

Xy =T, (x,) =(1-k,)q+k,Tx,, — z. (49)

As T is continuous on M, we have Tz = z. Thus M N F(T) N
E(f)NF(g) #¢.

Next, weak compactness of wcl(T'(M)) implies that there
exists a subsequence {T'x,,} of {Tx,} such that T'x,, converges
weakly to z € wcl(T(M)). Since {Tx,,} is a sequence in
T(E(f) n F(g)) and wel(T(F(f) 1 F(g))) < F(f) n F(g),
therefore z € F(f) N F(g). Also we have (I - T)x,, — 0
asm — oo. Further, demiclosedness of I — T at 0 implies
z =Tz. Thus M n F(T) N F(f) N F(g) # ¢. O

Corollary 17. Let M be a nonempty subset of a normed [resp.,
Banach] space X and T, f, and g are self-maps of M. Suppose
that F(f) N F(g) is g-star shaped and closed [resp., weakly
closed] and (T, f) and (T, g) are Banach operator pairs and
satisfy (46). Then M N F(T) N F(f) N F(g) # ¢ provided that
cl(T(M)) is compact [resp., wel(T(M)) is weakly compact] and
Tis continuous [resp., I — T is demiclosed at 0, where I stands
for identity map].

In Theorem 16, if ¢(t) = t and ¢(t) = (1/k — 1)t for a
constant k with 0 < k < 1, then we easily obtain the following
result.

Corollary 18. Let M be a nonempty subset of a normed [resp.,
Banach] space X and T, f, and g are self-maps of M. Suppose
that F(f)NF(g) is g-star shaped, cl(T(F(f)NF(g))) < F(f)n
F(g) [resp, wel(T(F(f) N F(g))) € F(f) N F(g)l, and T, f,
and g satisfy

|Tx - Ty| <m, (x,y) + Ln; (x,y) Vx,y €M, (50)

where
m (x, J’)

,dist (fx, [g, Tx]), dist (g, [q. Ty])

= max{ | fx - gyl

3 [dist(gy. [0 T]) + dist (/. [g. D]

ny (%, y) = min {[dist (fx, [g, Tx]) + dist (gy. [9, Ty])],

dist (gy, [g, Tx]). dist (fx, [, Ty])} -
(51)

Then M N F(T) n F(f) N F(g) # ¢ provided that cl(T(M))
is compact [resp., wcl(T'(M)) is weakly compact] and T is
continuous [resp., I — T is demiclosed at 0, where I stands for
identity map)].

Remark 19. (1) By comparing Theorem 2.3(i) of Abbas and
1li¢ [12] with the first case of Corollary 18 (when g = f), their
assumptions “M is g-star shaped, cl(T(M)) < f(M), and f
and T are weakly compatible on M” are replaced with “F( f)
is g-star shaped and cl(T'(F(f))) < F(f)”

(2) By comparing Theorem 2.3(ii) of Abbas and Ili¢ [12]
with the second case of Corollary 18 (when g = f), their
assumptions “M is g-star shaped, cl(T(M)) € f(M), f and
T are weakly compatible on M, f is weakly continuous, and
f — T is demiclosed at 0” are replaced with “F( f) is g-star
shaped, wcl(T'(F(f))) € F(f), and T is weakly continuous.”

(3) By comparing Theorem 2.4 of Song [21] with the first
case of Corollary 18 (when L = 0), his assumptions “M is
g-star shaped, c(T'(M)) <€ f(M)) N g(M), the pairs (T, f)
and (T, g) are C,-commuting, and f and g are g-affine and
continuous on M” are replaced with F(f) n F(g) is g-star
shaped and cI(T'(F(f) N F(g)) < F(f) N F(g)”

(4) By comparing Theorem 2.2(i) of Hussain and Jungck
[20] with the first case of Corollary 18 ( when L = 0),
their assumptions “M is complete and g-star shaped, f
and g are continuous and affine on M, T(M) < f(M) n
g(M), g € F(f)NF(g),and (T, f) and (T, g) are R-subweakly
commuting pair on M” are replaced with “F(f) N F(g) is g-
star shaped and cI(T(F(f) N F(g))) € F(f) N F(g)”

(5) By comparing Theorem 2.2(ii) of Hussain and Jungck
[20] with the second case of Corollary 18 (when L = 0), their
assumptions “M is weakly compact and g-star shaped, f and
g are affine and continuous on M, T(M) € f(M)Ng(M),q €
F(f) n F(g), (T, f) and (T, g) are R-subweakly commuting
pair on M, and f — T is demiclosed at 0” are replaced with
“wcl(T'(M)) is weakly compact, F(f) N F(g) is g-star shaped,
wcl(T(F(f) N F(g))) € F(f)NF(g), and I — T is demiclosed
at0”

Corollary 20. Let X be a normed space [resp., Banach] X and
T, f, and g are self-maps of X. If p € X and D € B, (p),
D, := DNF(f)NF(g) is g-star shaped, cl(T(D,)) < D, [resp.,
wcl(T(Dy)) < Dy], c(T(D)) is compact [resp., wcl(T(D))
is weakly compact], T is continuous on D [resp., I — T is



demiclosed at 0, where I stands for identity map], and (46)
holds for all x, y € D, then By, (p) N F(T) N F(f) N F(g) + ¢.

Remark 21. Corollary 20 improves Theorem 2.8 of Hussain
and Jungck [20], Theorems 3.1-3.4 of Song [21], and Corollary
2.5 of Al-Thagafi and Shahzad [19]. It is also noted that
Corollary 3.13 of Akbar et al. [22] is a special case of
Corollary 20.

We denote by £, the class of closed convex subsets of X
containing 0. For M € £, we define M, = {x e M:|x| <
2|Ipll}. Clearly B,,(p) < M, €&,.

Theorem 22. Let X be a normed [resp., Banach] space and
T.f,g:X — X.Ifp € Xand M € £, such that T(M,) € M,
cl(T(MP)) is compact [resp., wcl(T(Mp)) is weakly compact],
and |Tx—pll < |x—pll forall x € M,, then By, (p) is nonempty,
closed, and convex with T'(By,(p)) € By/(p). If; in addition, D
is a subset of By(p), Dy := D N F(f) N F(g) is g-star shaped,
cl(T(Dy)) € Dy [resp., wel(T'(Dy)) € Dyl, T is continuous on
D [resp., I — T is demiclosed at 0, where I stands for identity
map], and (46) holds for all x, y € D, then By (p) N F(T) N
F(f)NF(g)+¢.

Proof. We may assume that p ¢ M. If y € M \ M, then
[yl > 2| pll and so

Iy =2l =yl -lpl > ol = dist(p. M) (52)

Thus dist(p, MP) = dist(p, M). Assume that cl(T(MP)) is
compact; then by the continuity of norm, there exist z €
cl(T(Mp)) such that [z — p|| = dist(p, cl T(Mp)).

If we assume that wel(T'(M,,)) is weakly compact, then by
using Lemma 5.5 of [24, p. 192] we can show the existence of
zZ € wcl(T(MP)) such that [z p|| = dist(p, wcl T(MP)). Thus,
in both cases, we have

dist (p, M,,) < dist (p,cl T (M,)) < dist (p, T (M,))

<|Tx-pl <lx -l

(53)

for all x € M, It follows that ||z — pll = dist(p, M). Thus
By (p) is nonempty, closed, and convex with T(B,,(p)) <
Byi(p). The compactness of cl(T'(M p)) [resp., weak compact-
ness of wcl(T'(M,))] implies that cl(T(D)) is compact [resp.,
wcl(T(D)) is weaf(ly compact]. Then by Corollary 20, B,,(p)N
F(T)NF(f)NF(g) #¢. o

Remark 23. (i) Theorem 22 extends Theorems 4.1 and 4.2 of
Al-Thagafi [17], Theorem 2.6 of Al-Thagafi and Shahzad [19],
Theorem 2.14 of Hussain and Jungck [20], and Theorem 8 of
Habiniak [23].

(ii) Theorem 3.15 of Akbar et al. [22] is a particular case
of Theorem 22.

4. Examples

Now, in order to support the usability of our results, we
present the following nontrivial examples.
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Example 24. Let X = [0, c0) be endowed with the Euclidean
metric d(x, y) = |x — y| and let M = {0, 1,2, 3} and define
T, f,g: M — Mby

0123 0123
T‘(oooz)’ f‘<0131>’

(0123
9= <0 31 3>'
Here F(f) = {0, 1} and F(g) = {0, 3} so that F(f)NF(g) = {0}
is nonempty and (T(F(f) n F(g))) = {0} € F(f) N F(g).
Also c(T(M)) = {0, 2}, being a finite set, is complete. Define
@,¢ :[0,00) — [0,00) by

(54)

o=  $(t) = g (55)

Now we will show that T is generalized (¢, ¢, L) -weak
contraction for L > 7/2.Let x, y € M with x # y and consider
the following possible cases.

(i) If (x, ¥) € {(0,3),(3,1),(2,3)}, then d(Tx,Ty) = 2,
m(x, y) = 3,and n(x, y) = 1. So,

¢ (m(x, ) - ¢(m(x,y)) + Lo (n(x, y))
:¢(3)_¢(3)+L(P(1) (56)
. 12—5+L>4:(p(d(Tx,Ty)),
forall L > 0.

(ii) If x = 3,y = 0, then d(T'x, Ty) = 2, m(x,y) = 3/2,
and n(x, y) = 1. So,

¢ (m(x,y)) - ¢ (m(x,y)) + Lo (n(x, y))
=0(3)-4(3)+ o (57)
_ % +L24=¢(d(TxTy)),

forall L > 5/2.
(iii) f x = 1, y = 3, then d(Tx, Ty) = 2, m(x, y) = 2, and

n(x, y) = 1. So,
¢ (m(x,y)) - ¢ (m(x,y)) + Lo (n(x, y))
=¢(2)-¢(2)+Le(1) (58)

=3+L>4=9(d(TxTy)),

forall L > 1.
(iv) If x = 3,y = 2, then d(Tx, Ty) = 2, m(x, y) = 1, and
n(x, y) = 1. So,
¢ (m(x,y)) - ¢(m(x,y)) + Lo (n(x, y))

:%+L24:(p(d(Tx,Ty)),

forall L > 7/2.
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W If (x,y) € {(0,1),(1,0),(0,2),(2,0),(1,2), (2, 1)},
then d(Tx,Ty) = 0 and hence inequality (5) is
obviously satisfied.

So, in view of the above discussion, we concluded that T
is generalized (¢,¢,L) -weak contraction for L > 7/2.
Therefore, all the conditions of Theorem 12 are satisfied and
hence T, f, and g have a common fixed point. Here it is seen
that 0 is the unique common fixed point of T, f, and g.

Remark 25. (1) In Example 24, it is to be noted that the maps
T, f,and g do not satisfy the conditions (1.1) and (3.1) of [22]
at the points x = 3,y = O;x = 1,y = 3andx = 3,y =
2. Therefore, Theorems 2.2 and 3.3 of [22] cannot apply to
Example 24.

(2) In Example 24, the maps T, f, and g do not satisfy the
condition (3.1) of [26] at the points x = 3, y = 0;x = 0, y = 3.
Therefore, Theorem 3.5 of [26] cannot apply to Example 24.

Example 26. Let X = M = [0,1/2)U(1/2, 1] be endowed with
the Euclidean metricd(x, y) = |x—y|and defineT:M — M

[03)v(53)

> X € 03_ U o o >

2 2°3
2

(60)

We observe that c(T(M)) = {1/3,2/5} € M and also being
a finite set cl(T'(M)) is complete. Define the function ¢, ¢ :
[0,00) — [0, 00) by
3
@ (t) =2t o) = Et’ vt > 0. (61)
Now, we prove that T is generalized (¢, ¢, L)-weak contrac-

tion mapping for L > 0, that is, to verify the following
inequality:

¢ (d(Tx,Ty))

(62)
<o (M(x,y)) - ¢ (M(x,y)) + Lo (N (x,)),
where
M (x, y) = max {d (x,y),d (Tx,x),d (Ty, y),
SO dTlf

N (x,y) =min{[d(Tx,x) +d (Ty, y)],
d(y,Tx),d (x,Ty)}.

If x = y € M, then d(Tx,Ty) = 0 and hence inequality
(62) trivially holds. Let x, y € M with x # y; then we have
the following two possibilities.

() If x € [0,1/2) U (1/2,2/3),y € [2/3,1], then
d(Tx,Ty) = 1/15and d(y, Ty) € [4/15,3/5].

9
Therefore
2 1 1
¢ (d(Tx,Ty)) = 5 S Ed(%Ty) < EM(x,y)
= 2M (x.7) - SM (x,) (64
=9 (M(x, ) - ¢(M(x,y)).
This yields that
¢ (d(Tx,Ty))
(65)

<@ (M(x,y) - ¢(M(x,)) + Lo (N (x,9))

holds for all L > 0.

(i) If x € [2/3,1],y € [0,1/2) U (1/2,2/3), then by
interchanging the role of x and y in case (i), inequality
(62) follows.

Thus we checked that T is generalized (¢, ¢, L)-weak contrac-
tion for all L > 0. Therefore, all the conditions of Corollary 8
are satisfied and hence T has a fixed point in M. Here it is seen
that 1/3 is the unique fixed point of T'.

Remark 27 In Example 26, X is not complete since the
sequence {(1/2)(1 — 1/n)} is not Cauchy in X. Therefore,
Theorem 2.2 of [5], Theorem 2.1 of [6], Theorem 2.4 of [11],
and Corollary 3.1 of [25] cannot apply to Example 26.

Remark 28. Theorem 12 and first case of Theorem 7 are not
true if we relax the condition cI(T'(F(f)NF(g))) < F(f)NF(g)
and c(T'(M)) € f(M) n g(M), respectively. This can be seen
by the following example.

Example 29. Let X = R with the usual metricand M = [0, 1].
DefineT, f,g: M — M by

2
T(x)=140, xe —,1],
3
1
1, x=-,
2
1 2 1
2 “[“3)‘{5}’
5 (66)
F=1o, xe[g,l],
1 1
e X ==,
3 3

g(x) =

Then F(f) = {1/2,1/3}, F(g) = [1/2,2/3); therefore F(f) N
F(g) = {1/2} is nonempty. Also, cI(T'(M)) = {0,1/3, 1}, being
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a closed subset of complete metric space, is complete. Further,
f(M) =1{0,1/3,1/2} and g(M) = [1/2,2/3) gives f(M) N
g(M) = {1/2}. Here, we observe that c(T'(F(f) N F(g))) =
{1} € F(f) N F(g) and cl(T(M)) € £(M) N g(M).
Define the function ¢, ¢ : [0,00) — [0, 00) by

Pt) =t ¢(t)=t>, Vt=0. (67)
Then by using the routine calculation as is done in Exam-
ple 24, one can easily check that T is generalized (¢, ¢, L) (-
weak contraction for all L > 6. Hence all the conditions of
Theorem 12 and first case of Theorem 7 except cl(T'(F(f) N
F(g))) < F(f) n F(g) and l(T(M)) < f(M) n g(M),
respectively, are satisfied. Note that F(T) N F(f) N F(g) = ¢,
C(f,T) ={1/3}u[2/3,1],and C(g,T) = ¢.

Remark 30. (1) In Example 24, T is generalized (¢, ¢,L) ;-
weak contraction for L > 7/2 but it is not generalized
(¢, $) ;,-weak contraction at x = 3,y = 0 for any ¢ and
¢ defined in (5) and hence T is not generalized ¢ -weak
contraction. Note that F(T) n F(f) n F(g) = {0}.

(2) In Example 29, T is generalized (¢, ¢,L) -weak
contraction for L > 6 but it is not generalized (¢, ¢) ; ,-weak
contraction at x = 2/3, y = 1/2 for any ¢ and ¢ defined in (5)
and hence T is not generalized ¢ ,-weak contraction. Note
that F(T) N F(f) N F(g) = ¢.

5. Conclusions

We introduce a new class of generalized (¢, ¢, L) -weak
contraction as a generalization of several known contractions
and present a sufficient condition for the existence and
uniqueness of common fixed point. Moreover, we also prove
some invariant approximation result as an application and
supporting examples are also given.
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