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Abstract

Starting from the definition of the Sumudu transform on a general nabla time scale,
we define the generalized nabla discrete Sumudu transform. We obtain the nabla
discrete Sumudu transform of Taylor monomials, fractional sums, and differences. We
apply this transform to solve some fractional difference equations with initial value
problems.
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1 Introduction

The fractional calculus deals with integrals and derivatives of arbitrary orders. Many sci-
entists have paid a lot of attention to this calculus because of its interesting applications in
various fields of science, such as viscoelasticity, diffusion, neurology, control theory, and
statistics; see [1-6].

The analogous theory for discrete fractional calculus was initiated by Miller and Ross
[7], where basic approaches, definitions, and properties of the theory of fractional sums
and differences were reported. Recently, a series of papers continuing this research has
appeared. We refer the reader to the papers [8—16] and the references cited therein.

In the early 1990s, Watugala [17, 18] introduced the Sumudu transform and applied it
to solve ordinary differential equations. The fundamental properties of this transform,
which is thought to be an alternative to the Laplace transform, were then established in
many articles [19-23].

The Sumudu transform is defined over the set of functions

A= {f(t)|EIM, 7,72 >0, [f(t)‘ <Me|?t/‘,ift e (-1) x [0,oo)}

by
Flu) = SYf)w) = - / FOetd, we(cnm).
0

Without doubt, the Sumudu transform of a function has a deep connection to its Laplace
transform. However, the Sumudu transform is a bit superior as it may be used to solve
problems without resorting to a new frequency domain because it preserves scales and
unit properties. By these properties, the Sumudu transform may be used to solve intricate
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problems in engineering and applied sciences that can hardly be solved when the Laplace
transform is used. Moreover, some properties of the Sumudu transform makes it more
advantageous than the Laplace transform. Some of these properties are as follows.

(1) S{t"}(u) = nlu".

(2) limy_, 4, F(u) = limy, _oo f(£).

(3) limy_,, F(u) =lim, oo f(2).

(4) Tim, .= f(£) = lim, g+ F(1).

(5) For any real or complex number ¢, S{f(ct)}(u) = F(cu).

Particularly, since constants are fixed by the Sumudu transform, choosing ¢ = 0, it gives
F(0) = £(0).

In dealing with physical applications, this aspect becomes a major advantage, especially
in instances where keeping track of units and dimensional factor groups of constants is
relevant. This means that in problem solving, # and F(u) can be treated as replicas of ¢
and f (), respectively [24].

Recently, an application of the Sumudu and double Sumudu transforms to Caputo frac-
tional differential equations is given in [25]. In [26], the authors applied the Sumudu trans-
form to fractional differential equations.

In [27], the authors obtained the discrete Sumudu transform of Taylor monomials, frac-
tional sums, and fractional differences and applied this transform to solve a fractional dif-
ference initial value problem.

Starting with a general definition of the Laplace transform on an arbitrary time scale, the
concepts of the /-Laplace and consequently the discrete Laplace transform were specified
in [28]. The theory of time scales was initiated by Stefan Hilger [29]. This theory is a tool
that unifies the theories of continuous and discrete time systems. It is a subject of recent
studies in many different fields in which a dynamic process can be described with discrete
or continuous models.

In this paper, starting from the definition of the Sumudu transform on a general nabla
time scale, we define the nabla discrete Sumudu transform and present some of its basic
properties.

The paper is organized as follows. In Sections 2 and 3, we introduce some basic concepts
concerning the calculus of time scales and discrete fractional calculus, respectively. In
Section 4, we define the nabla discrete Sumudu transform and present some of its basic
properties. Section 5 is devoted to some applications.

2 Preliminaries on time scales

A time scale T is an arbitrary nonempty closed subset of the real numbers R. The most
well-known examplesare T=R, T=Z,and T = q_Z :={q" :n € Z} U {0}, where g > 1. The
forward and backward jump operators are defined by

o(t):=inf{seT:s>¢t} and p(t):=sup{seT:s<t},

respectively, where inf := supT and sup := infT. A point ¢ € T is said to be left-dense
if £ > inf T and p(¢) = ¢, right-dense if £ < sup T and o (¢) = ¢, left-scattered if p(t) < ¢, and
right-scattered if o (¢) > ¢£. The backwards graininess function v : T — [0, 00) is defined by
v(t) := £ — p(t). For details, see the monographs [30, 31].

The following two concepts are introduced in order to describe the classes of functions
that are integrable.
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Definition 2.1 [30] A function f: T — R is called regulated if its right-sided limits exist
at all right-dense points in T and its left-sided limits exist at all left-dense points in T.

Definition 2.2 [30] A function f : T — R is called ld-continuous if it is continuous at

left-dense points in T and its right-sided limits exist at right-dense points in T.

The set T is derived from the time scale T as follows: If T has a right-scattered mini-
mum #1, then T, := T — {m}. Otherwise, T, := T.

Definition 2.3 [30] A function f: T — R is said to be nabla differentiable at a point ¢ €
T, if there exists a number fV(¢) with the property that given any ¢ > 0, there exists a
neighborhood U of ¢ such that

[f(p(t)) —f(s) —fv(t)(p(t) —s)| < 8|p(t) —S| forallse U.

We shall also need the following definition in order to define the nabla exponential func-

tion on an arbitrary time scale.

Definition 2.4 [30] A function p: T — R is called v-regressive provided 1 — v(¢)p(t) #0
forallt e T,.

Theset R, of all v-regressive and 1d-continuous functions forms an Abelian group under
the ‘circle plus’ addition @ defined by

p®q)(t) :=p() + q(t) - v(t)p(t)gq(t) forallte T,.
The additive inverse ©p of p € R, is defined by

p(t)

———— forallteT,.
1-v()p(t)

(©p)() = -

Theorem 2.5 [30] Let p € R and ty € T be a fixed point. Then the nabla exponential
Sfunction e, (-, ty) is the unique solution of the initial value problem

yW=pl)y, o)=L

We next define the nabla Taylor monomials and later generalize them for noninteger

orders.

Definition 2.6 [31] The Taylor monomials are the functions 1, : T x T — R, n € Ny, and
are defined recursively as follows:

ho(t,s)=1 forallt,seT,

and for n € Ny,

t
h,41(t,8) = / h,(t,s)Vt fort,seT.
S
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Throughout, we shall consider the discrete time scale
T=N,:={a,a+1,a+2,...}, wherea e R is fixed.
In this case, when p(t) = p, where p € R := C\ {1} and ¢t = a, it is easy to see that
ep(t,a) = (1-p)*™,
and for all nonnegative integers #,

(t-a)"
n

hy,(t,a) =

3 Anintroduction to nabla discrete fractional calculus

For any function f : N, — R, we define the backwards difference, or nabla operator, V,
by (VA)(t) :=f(¢) — f(t — 1) for ¢t € N,,1. In this paper, we use the convention that Vf(¢) :=
(Vf)(t). We then define higher order differences recursively by V*f(¢) := V(V"7}f(2)) for
t € Nuyy, n € N. In addition, we take V° as the identity operator.

Definition 3.1 [16] Letf:N, — Rand « > 0 be given. Then the ath-order nabla fractional
sum of f is given by

VA f(t) = ﬁ / (t- p(s))ﬁf(s)Vs fort e N,.

Also, we define the trivial sum by V,°f(¢) := f(¢) for t € N,,.

The term (£ — p(s))*~! in the above definition is the so-called generalized rising function
defined by

. I'(t+a)
@

for any ¢, € R for which the right-hand side is well defined. As usual, we use the conven-
tion thatif £ € {0,-1,-2,...} and t + « ¢ {0,-1,-2,...}, then t* := 0.

Definition 3.2 [16] Letf:N, — R and « > 0 be given, and let N € N be chosen such that
N —1<a < N. Then the ath-order Riemann-Liouville nabla fractional difference of f is

given by
Vef(e) := VNV NOf(t)  fort e Nyin.
For o = 0, we set VOf(¢) :=f(¢) for t € N,,.

As stated in the following two theorems, the composition of fractional operators behaves
well if the inner operator is a fractional difference.

Theorem 3.3 [14] Let o, > 0. Then

VAVAE(E) = VAR (D). (31)

a
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Theorem 3.4 [14] For o, it > 0,

V Af(8) = VITRf(2). (3.2)

Theorem 3.5 Let o > 0 and k € Ny be given. Then

k-1

VYA = VR - Y

Jj=0

Vif(a+j+1) oy et
t—a-—j) "7 t € Nyik. 3.3
e - k+]+1)( a=J) Jor £ € Naw (33)
Proof Let k € Ny be given and suppose « ¢ {1,2,...,k — 1}. We first state the following
identity which follows from the product rule for the nabla operator:

Vi[ (- p(s))" f(S)]=( p(S))a_ Vif(s) = (@ =D(t+1-p(s)” f(,O(S))

Then we have

VO V(D) = ﬁ (£ - p(s)" V£ (s)

s=a+k+1

(t - p()* T 1) &
= %V’( 1f( )|a+k + % Z (t+1 ,O(S)) Vk 1f(p(s))

s=a+k+1

(t—a—-k+1)~T

k-1
) V& f(a+k)

= V() -

t-1

1
+msg(t PS)) 2y 'f(s)

(t—a—k+1)T 1 <
RV R gy D)

(t—a-k+1)*7

= v ekl - VA (a + k)

')
—(@-2) k-2 (t—oz—k+2)E 2
_VLZJrkZV f(t)—wv f(ﬂ+k—1)
AL (’; : D 91+ b,

Continuing in this manner and summing by parts k — 2 more times yields

k-1

- — Vlfﬂ+]+1) na—k+]

ViV ®) = Vi) - Z Mo —k+j+1) (t-a—pr.
j=0

Now assume that o € {1,2,...,k —1}. From (3.1), (3.2), and the previous case, we have

V@ VKE () = viev-kaye vh (1)

— Vk—ot V—kka(t)
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k-1 o ;
; Vifla+j+1) i
=vkel -y —————(t-a-
[f () ]Z(; G e
— Vk_af(t) kil: ij(ﬂ +j+ 1) Vk—ot(t )1_
) T+ “
k-1 o ; .

_ Vifla+j+1) CG+1) Ny zarm
:Vkoz £ — f— _ nj-(k-a)
F ; MG+ TG-t—a-1y 477

Vk—af(t kXI: Vl.f a +] + 1) (t ‘)Dt—kﬂ'
g Ma-k+j+1) J
with allowance for the convention = I, =0 for k € Ny. This completes the proof. g

A disadvantage of the Riemann-Liouville fractional difference operator is that when ap-
plied to a constant ¢, it does not yield 0. For example, for 0 < « < 1, we have

. ct-a)
Vie= "
rad-ow)

In order to overcome this and to make the fractional differences behave like the usual
differences, we define the Caputo nabla fractional difference operator, different from the
definitions given in [10] and [32], as follows.

Definition 3.6 Let f: N, — R and « > 0 be given, and let N € N be chosen such that
N —1<a < N. Then the ath-order Caputo nabla fractional difference of f is given by

V() = VN VNF()  for t e Ny
For o = 0, we set Vf(¢) := f(¢) for t € N,.

Now it follows from the definition of the Caputo nabla fractional difference operator
that for « > 0, we have

CVZ‘C =0.

Corollary 3.7 Letf:N, — Randa > 0 be given, and let N € N be chosen such that N -1 <
o <N. Then

N-1 j . _
V() = VD) - Y Z({(Zixig(t —a—
j=0

Proof By using Theorem 3.5, we see that

Cvef(t) = VN V()

wrn S Vfla+j+1) =
:Vuf(t)—;m(t—ﬂ—]) /. 0
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Corollary 3.8 Letf:N, — Randa >0 begiven, and let N € N be chosen such that N —1 <

o <N. Then
-a Cgya - Vlf(a"']"'l) nj
Vain Va,f(t) =f(@) - Z 7‘(1' —a-jy.
Jj=0 ’
Proof

VA CVEf() = VA VN V() = VNI ()
N-1 ; .
0= 3, TS D 0.

j=0

4 The discrete nabla Sumudu transform
Definition 4.1 The nabla Sumudu transform of a regulated function f : T, — R is given

by

Salf}(m) := i /wée% (p(t),u)f(t)Vt for all u € D{f},

where a € R is fixed, T, is an unbounded time scale with infimum a, and D{f} is the set
of all nonzero complex constants u for which % is v-regressive and the integral converges.

In the special case, when T = N, every function f : N, — R is regulated and its discrete
nabla Sumudu transform can be written as

1A (u-1\""
SAf}(u)z;Z(T) Ffla+k)

k=1

for each u € C \ {0,1} for which the series converges. For the convergence of the Sumudu
transform, we need the following definition.

Definition 4.2 [16] A function f : N, — R is of exponential order r > 0 if there exists a
constant A > 0 such that

[f(6)] <Ar™* for sufficiently large ¢.

Lemma 4.3 Supposef:N, — R is of exponential order r > 0. Then

u-1

Sa{f}u) exists for all u € C\ {0,1} such that <r.

Proof Let |f(¢)| < Ar~* for t > a + N. Then we have

1 (u-1\""
Sa{f(t)}(u)=;Z( - ) fla+k)

k=1

oo

- 12(”"1)kf(a+k+1)
u u

k=0
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fla+k+1)

u-1 k
( )f(a+k+1),
17

1l
Q|-
b4
Mz
N
N
S
[—
N——"
>~

>
Il

+
N
e

T
Z

and therefore we obtain

N-1 k 00
[Salr 0} < 32(” )f(a+/<+1) ol Z( = ) [fla+k+1)
"0 “lien
1N1<u—1)k 1, &
== fla+k+1)|+|—|A- < ) |tk
18 (u-1)\* 1 o0 k
< ;k_()( ” )f(a+k+1) b e _ZNQ_>
< OQ. 0

The proof of the following lemma is obvious.

Lemma 4.4 Let f,g: N, — R be of exponential order with |f(¢)| < Ar{* and |g(¢)| < Bry*

for large t. Then for |”7’1| < min{ry, rp}, we have

Saleyf + c2g}(u) = Sa{f Hu) + Sa{g} ().

Remark 4.5 Let R = limsup,_, ., |f(a + k + 1)|VX. Then one of the following cases holds:
(i) If0 < R < 00, then the series in the definition of the nabla Sumudu converges for all
u such that |”7‘1| > R and diverges elsewhere;
(i) If R =0, the series converges for all u;
(iii) If R = oo, the series diverges everywhere, except perhaps when u = 1.

The following lemma of uniform convergence can be proved easily.

Lemma 4.6 IfA > R, the series in the definition of Sumudu is convergent for all u such that
|5 > A.

Lemma 4.7 (Initial value) Suppose that the nabla discrete Sumudu transform of f : N, —
R exists, then

lir{1i Sa{f}u) =f(a +1).

Proof The proof can be done by taking term by term limit as u — 1*. O

Lemma 4.8 (Final value) Suppose that the nabla discrete Sumudu transform of f : N, — R

exists, then

uEI:tnoo Sa{f}(u) - tll}gof(t)

Page 8 of 17
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Proof Consider

(u=D)Sa{f (¢ +1) = f(O} (@) = (= D[Sa{f (¢ + 1)} @) - Sa{f ()} @)]
= (W =D[Sen{fO}@)] - Sf O} @)].

By shifting property, we have

u

(= DSa{f (¢ + 1)~ (O} ) = (e - 1)[%&{;%)} - flar 1)~ Sa{f(w}}
= Sa{f(t)} —f(&l +1).

On the other side, we have

(u=DSa{f(t+1) - f(O)} @)

00 k-1
Z(u;l) D’(a+k+ 1) —f(u+k)](u)

_u—l

k=1
. " (u-1\*

:nll>nolo ( - )(f(a+k+1)—f(a+k))

k=1

2
=lim{—<u_1)f(a+l)+[u—_1—<u—_l) }j(a+2)+--.
n—00 u u u
1

+ - — (@a+n)+|— ) fla+n+1);.
u u u
Thus, we have

Jim S {f () }w) ~fla+1)
2
= lim lim {-— u-l (@a+1)+ u-l (u-1 (@+2)+--
u—+o00 n—o00 u u u
n-1 n n+l
+[<u;1) —(”7_1> }/(a+n)+<u;1) f(a+n+1)}.

Since the series converges uniformly, we can interchange the order of the limits on the
right-hand side of the above equality. Thus, we have

MErinooSa{f(t)} —fla+1) = nli)nolo—f(a +1)+fla+n+1).
Hence,
i, S.0/0) - 0 :

Theorem 4.9 (Uniqueness theorem) Let f : N, — R be a function. Then S, {f}(u) =0 if
and only if f(t) =0, Vt € Ngy.
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Proof If f(t) = 0, YVt € N1, then clearly, by the definition of the Sumudu transform,
Sa{f}(z) = 0. Suppose that S,{f}(z#) = 0. Then we have

1 -1 -1\"
—|:f(a+1)+ (u—)f(a+2)+~~~+ (u_) f(a+n+1)+---] =0. (4.1)
u u u
Since the series converges uniformly, taking the limit of the left side as u — 1, we get
fla+1)=0.
Dividing (4.1) by # —1 and taking the limit as # — 1, we get f(a + 2) = 0. Continuing this,
we obtain
fla+l)=f(a+2)=---=0. O

Corollary 4.10 Let f,g: N, — R be such that S, {f(t)} and S,{g(t)} exist and S {f(¢)} =
Sa{g(t)}7 thenf(t) :g(t), Vte I\Iaﬂ-

Proof By the linearity it is obvious. 0

Below we state the definition of the Taylor monomials which are very useful for applying
the Sumudu transform in discrete fractional calculus.

Definition 4.11 [16] For each « € R\ {-1,-2,-3,...}, define the ath-Taylor monomial to
be

(t-a)*
INa+1)

ho(t,a) = fort e N,.

The following lemma is crucial for finding the Sumudu transform of fractional order
nabla Taylor monomials.

Lemma 4.12 [16] Fora € R\ {0,%1,%2,...} and n € Ny, we have that

; ()'T(=0)
Q+a)' = Fan)

Theorem 4.13 Fora e R\ {-1,-2,-3,...}, we have

u-1

Sa{ha(-,a)}(u) =u® for <1

u

Proof By Lemma 4.12, we have for o € R\ {0,£1,£2,...}

1 (u-1\""
Sa{ha(-,u)}(u)=—2< ) ho(k + a,a)

u P u
1S (u-1\" 'k +a)
:E;( u ) T (e +1)

u-1 k(1+a)E
) I'(k+1)

&‘Ill*—‘

e
—
N
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- u—-1\\F I'(~a)
‘Ekz(_( u )) T(k+ DI (~a — k)

S (CO)EHEY)

where the last equality follows from the generalized binomial theorem.

Now, when « = n € Ny, the proof follows by induction on 7. For n = 0, we have

1S (u-1\"
Sa{ho(- @) }(u) = Sa{1}(w) = - Z(—) =1

u
k=1

Suppose for 0 < n < m that S,{h,(-,a)}(u) = u". Then by using the integration by parts

formula for nabla time scale, we have

1o (u-1\""
Saflma( @)} @) = - Z(7> Hnii(k + a,a)

k=1

1 ~1\F
= —[—u(u ) hua(k + a,a)
u u k=0

= (u-1\""
+uz<—> hm(k+a,a):|.
k=1 u

oo

Because |”7‘1| <1, one has limkﬁw(%‘l)khmﬂ(k + a,a) = 0. Moreover, it can be easily

observed that 4,,,,1(a,a) = 0 for m € Ny. Hence,

o] k-1
Sa{lm (@)} () = Z(M;l) Bk + a,a) = uSa{ (- @) } () = ™.

k=1
The proof is now complete. O

Definition 4.14 [16] Define the convolution of two functions f,g: N, — R by

(f xg)(t) = /tf(t —p(s) +a)g(s)Vs, forteN,. (4.2)
Theorem 4.15 [16] Let o € R\ {0,-1,-2,...} and f : N, — R, then
Vf (@) = (ha-1( @) £ () (2). (4.3)

Theorem 4.16 Let f,g: N, — R be of exponential order r > 0. Then for all u € C \ {0,1}

such that |”7‘1| <r,

Salf * g}(u) = uSa{f}(u)Sa{g}(u). (4.4)
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Proof Letf, g, and r be as in the statement of the lemma. Then

Salf *ghu) = — ki( ) (f xg)a + k)
B0
Yy

k k-1
(u 1) (k—p(s) +a)gla +s)
k=1 s=1

k=1 a+k
) > fla+k=p(s)+a)gls)

s=a+l

1 &2y 1\
LT seroaens
s=1 k=s
L& (u_l)s-l x (u—l)k_l
-2 gats)) | — ) flath)
= uS,{g}(m)Sa{f} ()

forall # € C\ {0,1} such that |”7‘1| <r.

Theorem 4.17 Suppose f : N, — R is of exponential order 0 <r <1 and let a > 0.

forallu e C\ {0,1} such that |"7—1| <r, we have

Sa{Vi4f Hu) = uSa{f}(w).

Proof

Sa{ V@) = Sa{ha(-a) % £ () }(w)
= uSa{la1( @)} ()Salf} ()
= w7 S, {f V()
= u*S,{f}w).

Theorem 4.18 Forf:N, — R, we have
1
Sant {VfHu) = — (Sanl{f}w) —f(a+1))
forall u e C\ {0,1} satisfying
lim e_1(k,0)f(a+1+k)=0.
k—o00 u
Proof

San{VfHu)

1o (u-1\""
:;;( - ) Via+1+k)

Page 12 of 17

O

Then

(4.5)

(4.6)
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1| fu-1\* IS u-1\"
:;|:(”u )f(a+1+k)|80+;k21:<uu ) f(a+1+k):|
- = (Senlf)e) ~fla+1)
provided (4.6) holds. O

We can now generalize this result for an arbitrary positive integer # as follows.

Theorem 4.19 Forf:N, — R, we have

N
Saon (VY100 = o SenlF16 3 NIV (a )

k=1

forall u e C\ {0,1} satisfying
lim e 1 (k,0)V'f(a+N+k)=0, 0<i<N-L
k— o0 u
Proof The proof follows from Theorem 4.18 by applying induction. g

Theorem 4.20 Forf:N, — R, we have

u N LN Nk
Sa+N{f}(u):(m> Sa{f}(u)—;Z(m> fla+1+k).

k=0

Proof

1 o0 u— k-1 0 u—1 k-N-1
SMN{f}(u):;Z( ) f(a+n+k)—; Z(T) fla+k)

k=1 k=N+1

1 0 u k N-1 N u—1\N-
- fla+k) - < ) f(a+k):|
n n N—k
_ (%) Sa{f}(u)—Z(u_ulmf(mk)
k=1
u n 1 N-1 u N-k
= <m) Sa{f}(u) - ;g(;) fla+1+k). 0

The following theorem presents the Sumudu transform of the nabla fractional difference

of a function.

Theorem 4.21 For f:N, — R, we have

sa+N{v;f}<u>=i(u”j ) Salf}w) - NHZ(

ua

) (N’“)f(a+k+1)

-1

Z VNV, N f) @+ N),
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forallu € C\ {0,1} satisfying

Jim eg (K, 0)(VIV, N ) a+n+k) =0, 0<i<n-L

Proof The proof can be done by replacing f by V,, (Nfa)f in Theorem 4.19 and then using

Theorem 4.17.

In the following theorem, the Sumudu transform of the Caputo nabla fractional differ-

ence is given.

Theorem 4.22 For f:N, — R, we have

1/ u 1A Nk
SMN{Cv;‘f}(u):—[(—) Sf100-5 3 (%) farien

<

u“ u—1

k=0

N
- Z W NIkl (g 4 N)i|

k=1

forall u e C\ {0,1} satisfying
kli)n;oee%(k,o)vif(a +N+k)=0, 0<i<N-L
Proof
San{“Vef}@) = Saun ;1’:,‘“>va}(»¢)

)

u—-1 _
ai% DYNf(a+ N +k)

u-1

(@a+N + k- p(s))N-1

Q|

>k 1 a+N+k

Af\

I'(N - )

s= a+N+1

u—1\" (k= p(s)N-ot
u ) I'N -a«)

R
M~

Mz 10Me 10e 1

s=1

N

I'N -a)

i
M+ 70

u=1\ k= ps)
(*7)

u—1\k2 pN-aT
u ' N —«a)

&II|>—'
M2

@
Il
=
T
—_

[ee]

M2

I
N
T

1
uSa{hn-a-1( @) }(@)San {VVf } (1)
uh Sain { VNf} (u)

VNf(a+N +5)
VNf(a+N +5s)

VNf(a+N +5)

u—1\K1 gN-e1 u—1\1 N
< ” ) F(N—a);( ” ) Vif(a+N +5)

N
ulN= [MLNSMN Y =Y u NV fa+ N)}
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1 u \V 15w \VF
ZT{(ﬁ) SAf}(u)—;Z(m) fla+1+k)

k=0

N
- Z uk_N‘IVk_lf(a + N):|. 0

k=1
The discrete Mittag-Leffler function was defined in [16] by
Epup(t,a) =y P harip(t,a), (4.7)
k=0

where @ >0, 8 € Rand |p| < 1.
In the following theorem, we establish the Sumudu transform of the Mittag-Leftler func-
tion.

Theorem 4.23 For |P| <1, a >0, B € R and |pu®| <1, we have

ub
Sa{Epap(t,a)} () = T
Proof
o0 00 ﬂ
SelBparp(t-a)} ) = Y P Salhaksp (L)} = Y puF = JW' 0
k=0 k=0

5 Application
In this section, we will illustrate the possible use of the discrete Sumudu transform by

applying it to solve some initial value problems.

Example 5.1 Consider the initial value problem

Vay(t) = ry(t) =f(8), teNg, A <1
ya+1) =y, y€R,
where y,f:N, > Rand 0 <« < 1.
We begin by taking the Sumudu transform of both sides of the equation, starting at a + 1.

Keeping in mind that V;(lfa)y(t) = y(a+1) = yp, by using Theorem 4.20 and Theorem 4.21,

we get

o—1 a-1

Saly}@) = [ =10 ~fla+ D]y + uSof ) T ——
[A =My —f(a+D)]Su{Epau1(t:a)} W) + uSa{f}()Sa{ Epuai(t: a)} (u)
[@=2)yo —f(a+1)]SelEraai(t; @)} @) + Sa{f (€) * Es a1t @) } (w).

Thus, we have

y(t) = [(1 - )»))/0 _f(d + 1)]E)L,01,01—1(t7 d) +f(t) * EA,a,a—l(t! 61).
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Example 5.2 Consider the initial value problem

V() =f(t), tENa,
ya+1)=y0, yo€R,
where y,f:N, > Rand 0 <a <1.

Taking the Sumudu transform of both sides of the equation, starting at 4 + 1, and using
Theorem 4.20 and Theorem 4.22, we get

Saly}u) = yo + u*SalfHw) - u*fla+1)
= yOSa{l}(M) + uSa{ha—l(t: ﬂ)}(”)ga{f}(u) _f(a + I)Sa{ha—l(t: a)}(”)

Therefore, we have

¥(@) = yo + ha1(8,a) % f () - f(a + Dha-(t, a)

L (- ple)* T (t=p)*
=9 + ——f(s)-fla+1)—————
’ 3; ™) ™)

B ~(t-p(s)* !
=Y0+ s§2 Wﬂs)

=90+ V5 f(2).
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